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ON ZAGREB INDICES OF DOUBLE VERTEX GRAPHS

S. SAMPATH KUMAR1, R. SUNDARESWARAN1, M. SUNDARAKANNAN1

Abstract. Let G = (V,E) be a graph with at least 2 vertices, then the double vertex
graph U2(G) is the graph whose vertex set consists of all 2-subsets of V such that two
distinct vertices {x, y} and {u, v} are adjacent if and only if |{x, y} ∩ {u, v}| = 1 and
if x = u, then y and v are adjacent in G. Similarly, the complete double vertex graph,
denoted by CU2(G), has vertex set consists of all unordered pairs of elements of V and
two distinct vertices {x, y} and {u, v} are adjacent if and only if |{x, y} ∩ {u, v}| = 1
and if x = u, then y and v are adjacent in G. In this work, we compute the zagreb indices
of double vertex and complete double vertex graphs.

Keywords: Double vertex graph, Complete Double vertex graph, Zagreb Index, Hyper-
Zagreb index.
AMS Subject Classification: 05C72

1. Introduction

We consider, a finite undirected and connected graph G = (V,E) with neither loops
nor multiple edges. The order and size of G are denoted by n and m, respectively. The
degree of a vertex v in G is the number of edges incident to v and is denoted by degG(v).
For graph theoretic definitions which are not seen here can be found in [14].

In [1,3], the authors introduced the following definition. The double vertex graph (resp.
complete double vertex graph) U2(G) (resp. CU2(G)) of G is the graph whose vertex set
consists of all 2-subsets of V (resp. all unordered pairs of elements of V ) such that two
distinct vertices {x, y} and {u, v} are adjacent if and only if |{x, y} ∩ {u, v}| = 1 and if
x = u, then y and v are adjacent in G, see Fig. 1.

Let x and y be any two vertices of the connected graph G. Then

degU2(G) =

{
degG(x) + degG(y), x not adjacent to y

degG(x) + degG(y)− 2, x adjacent to y

Similarly, if x and y are any two vertices of the connected graph G, then

degCU2(G) =

{
degG(x), x = y

degG(x) + degG(y), x 6= y

1 Department of Mathematics,SSN College of Engineering, Chennai, India.
e-mail: ssamkumar.2008@gmail.com; ORCID: https://orcid.org/0000-0001-7234-26147.
e-mail: sundareswaranr@ssn.edu.in; ORCID: https://orcid.org/0000-0002-0439-695X.
e-mail: sundarakannanm@ssn.edu.in; ORCID: https://orcid.org/0000-0001-8902-1307.

§ Manuscript received: February 27, 2019; accepted: August 31, 2019.
TWMS Journal of Applied and Engineering Mathematics, Vol.10, No.4 © Işık University, Department
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Figure 1. Double Vertex Graph and Complete Double Vertex Graph of C5

In [11], Gutman and Trinajstić introduced Zagreb indices. The first and second Zagreb
indices are

M1(G) =
∑

uv∈E(G)

degG(u) + degG(v) =
∑

u∈V (G)

degG(u)2

M2(G) =
∑

uv∈E(G)

degG(u)degG(v)

Some recent results on the Zagreb indices were reported in [4–7,12], where also references
to the previous mathematical research n this area can be found. These indices , reflect
the extent of branching of the molecular carbon-atom skeleton, and can thus be viewed as
molecular structure-descriptors [2, 13].

Do šlić [8] introduced the first and second Zagreb co-indices as
M1(G) =

∑
uv 6∈E(G)

degG(u) + degG(v)

M2(G) =
∑

uv 6∈E(G)

degG(u)degG(v)

The Forgotten topological index [9] is defined as
F (G) =

∑
u∈V (G)

degG(u)3 =
∑

uv∈E(G)

[degG(u)2 + degG(v)2].

Shirdel et al. [15] introduced The modified version of Zagreb indices, named “hyper-
Zagreb index” and is defined as:

HM(G) =
∑

uv∈E(G)

[degG(u) + degG(v)]2.

In this paper, we calculate first and second Zagreb indices of the U2(G) and CU2(G).
Throughout this paper, we denote {ui, uj} as uiuj .

2. Zagreb indices of Double vertex and Complete Double vertex Graphs

Theorem 2.1. Let G be a graph with n ≥ 2 with m edges. Then
M1(U2(G)) = (n− 6)M1(G) + 4m(m + 1).

Proof: By definition,
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M1(U2(G)) =
∑

uiuj∈V (U2(G))

degU2(G)(uiuj)
2

=
∑

uiuj∈E(G)

degU2(G)(uiuj)
2 +

∑
uiuj /∈E(G)

degU2(G)(uiuj)
2

=
∑

uiuj∈E(G)

(degG(ui) + degG(uj)− 2)2 +
∑

uiuj /∈E(G)

(degG(ui) + degG(uj))
2

=
∑

ui,uj∈V (G),i<j

[degG(ui)
2 + degG(uj)

2 + 2degG(ui)degG(uj)]

− 4
∑

uiuj∈E(G)

[degG(ui) + degG(uj)] + 4
∑

uiuj∈E(G)

1

= (n− 1)
∑

ui∈V (G)

degG(ui)
2 +

∑
ui,uj∈V (G),i<j

[2degG(ui)degG(uj)]

− 4M1(G) + 4m

= (n− 5)M1(G) + 4m + 2M2(G) + 2M2(G)

= (n− 5)M1(G) + 4m + 4m2 −M1(G)

= (n− 6)M1(G) + 4m(m + 1).

Theorem 2.2. Let G be a graph with n ≥ 2, then
M2(U2(G)) = (3m + 4)M1(G) + (n − 12)M2(G) − 2F (G) + 12t(G), where F (G) is the
Forgotten topological index and t(G) is the number of triangles in G.

Proof:
Let G be a graph with vertex set V (G) = {u1, u2, . . . , un} and let V (U2(G)) = {uiuj :

1 ≤ i < j ≤ n}. Then by definition,
M2(U2(G)) =

∑
(uiuj)∼(uiu`)

degU2(G)(uiuj)degU2(G)(uiu`)

=
∑

ui∈V (G)

∑
uju`∈E(G−ui)

degU2(G)(uiuj)degU2(G)(uiu`)

First we partition the edge set of G − ui into three sets R1, R2 and R3 as follows, see
Fig. 2.

Let R1 = {uju` ∈ E(G) | (uiuj)(uiu`) ∈ E(U2(G)), uiuj , uiu` 6∈ E(G)},
R2 = {uju` ∈ E(G) | (uiuj)(uiu`) ∈ E(U2(G)), uiuj ∈ E(G) and uiu` 6∈ E(G)}
R3 = {uju` ∈ E(G) | (uiuj)(uiu`) ∈ E(U2(G)), uiuj , uiu` ∈ E(G)} .

uiui ui

ujuj uju`u` u`

�
�

�
�

�
�

�
�

�
�

�
�

R1 R2 R3

Figure 2. Edges of type R1, R2, R3 of E(G− ui)
( dotted lines and bold lines indicate non-adjacency and adjacency, respectively.)
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It is straightforward to see that the edge induced subgraph 〈R1 ∪R2 ∪R3〉 is isomorphic
to G− ui, 1 ≤ i ≤ |V (G)|.

Hence,

M2(U2(G)) =
∑

ui∈V (G)

{ ∑
uju`∈R1

i 6=j,`

{(degG(ui) + degG(uj))(degG(ui) + degG(u`))}

+
∑

uju`∈R2

i 6=j,`

{(degG(ui) + degG(uj)− 2)(degG(ui) + degG(u`))}

+
∑

uju`∈R3

i 6=j,`

{(degG(ui) + degG(uj)− 2)(degG(ui) + degG(u`)− 2)}

}

=
∑

ui∈V (G)

{ ∑
uju`∈R1

i6=j,`

{
degG(ui)

2 + degG(ui)degG(uj) + degG(ui)degG(u`) + degG(uj)degG(u`)
}

+
∑

uju`∈R2

i 6=j,`

{
degG(ui)

2 + degG(ui)degG(uj) + degG(ui)degG(u`) + degG(uj)degG(u`)

−2degG(ui)− 2degG(u`)

}
+

∑
uju`∈R3

i 6=j,`

{
degG(ui)

2 + degG(ui)degG(uj) + degG(ui)degG(u`) + degG(uj)degG(u`)

−2degG(ui)− 2degG(uj)− 2degG(ui)− 2degG(u`) + 4

}}
Combing the first four terms of each of the sums over R1, R2 and R3, we have

M2(U2(G)) =
∑

ui∈V (G)

{ ∑
uju`∈E(G−ui)

{
degG(ui)

2+degG(ui)degG(uj)+degG(ui)degG(u`)

+degG(uj)degG(u`)

}
+

∑
uju`∈R2

i 6=j,`

{−2degG(ui)− 2degG(u`)}

+
∑

uju`∈R3

i 6=j,`

{−2degG(ui)− 2degG(uj)− 2degG(ui)− 2degG(u`) + 4}

}

M2(U2(G)) =
∑

ui∈V (G)

{
|E(G− ui)|degG(ui)

2 + degG(ui)M1(G− ui) + M2(G− ui)

}
+

∑
ui∈V (G)

{ ∑
uju`∈R2

i 6=j,`

{−2degG(ui)− 2degG(u`)}

+
∑

uju`∈R3

i 6=j,`

{−2degG(ui)− 2degG(uj)− 2degG(ui)− 2degG(u`) + 4}

}
= S1 + S2, where

S1 =
∑

ui∈V (G)

{
|E(G− ui)|degG(ui)

2 + degG(ui)M1(G− ui) + M2(G− ui)

}
and
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S2 =
∑

ui∈V (G)

{ ∑
uju`∈R2

i 6=j,`

{−2degG(ui)− 2degGu`)}+

∑
uju`∈R3

i 6=j,`

{−2degG(ui)− 2degG(uj)− 2degG(ui)− 2degG(u`) + 4}

}
Now,

S1 =
∑

ui∈V (G)

{(
|E(G)|−degG(ui)

)
degG(ui)

2+degG(ui)

[
M1(G)−

∑
ur∈N(ui)

(degG(ui) + degG(ur))

]
+M2(G)−

∑
ur∈N(ui)

{
degG(ui)degG(ur)

}}
= |E(G)|M1(G)−

∑
ui∈V (G)

degG(ui)
3 + 2|E(G)|M1(G)−

∑
ui∈V (G)

degG(ui)
3

−
∑

ui∈V (G)

degG(ui)
∑

ur∈N(ui)

degG(ur) + |V (G)|M2(G)−
∑

ui∈V (G)

degG(ui)
∑

ur∈N(ui)

degG(ur)

= 3|E(G)|M1(G)− 2
∑

ui∈V (G)

degG(ui)
3 + |V (G)|M2(G)− 2

∑
ui∈V (G)

degG(ui)
∑

ur∈N(ui)

degG(ur)

= 3|E(G)|M1(G)− 2
∑

ui∈V (G)

degG(ui)
3 + |V (G)|M2(G)− 4M2(G),

since
∑

ui∈V (G)

degG(ui)
∑

ur∈N(ui)

degG(ur) = 2M2(G)

= 3mM1(G)− 2F (G) + (n− 4)M2(G).

S2 =
∑

ui∈V (G)

{ ∑
uju`∈R2

i 6=j,`

{−2degG(ui)− 2degG(u`)}+
∑

uju`∈R3

i 6=j,`

{
− 2degG(ui)

−2degG(uj)− 2degG(ui)− 2degG(u`) + 4

}}

=
∑

ui∈V (G)

{ ∑
uju`∈R2

i 6=j,`

{−2degG(ui)− 2degG(u`)}+
∑

uju`∈R3

i 6=j,`

{
− 2degG(ui)

−2degG(uj)− 2degG(ui)− 2degG(u`)

}
+ 4t(ui)

}
,

where t(ui) is the number of triangles containing ui.
In the sums over R2 and R3, we investigate how many times, the term degG(ui) is

counted. Hence,

S2 =
∑

ui ∈ V (G)

 ∑
ur∈N(ui)

∑
uru`∈E(G)

u` 6=ui

(−2degG(u`)) +
∑

ur∈N(ui)

∑
uru`∈E(G)

u` 6=ui

(−2degG(u`)) + 4t(ui)


= 2 ∗

∑
ui∈V (G)

{ ∑
ur∈N(ui)

(−2degG(ur)degG(ui) + 2degG(ui))

}
+ 12 t(G),

= −4
∑

ui∈V (G)

{ ∑
ur∈N(ui)

degG(ui)degG(ur)
}

+ 4
∑

ui∈V (G)

∑
ur∈N(ui)

(
degG(ui)

)
+ 12 t(G)

S2 = −8M2(G) + 4
∑

ui∈V (G)

degG(ui)
2 + 12 t(G) = −8M2(G) + 4M1(G) + 12 t(G)
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Therefore, M2(U2(G)) = 3|E(G)|M1(G) − 2F (G) + (|V (G)| − 4)M2(G) − 8M2(G) +
4M1(G) + 12 t(G)

= (3m + 4)M1(G) + (n− 12)M2(G)− 2F (G) + 12 t(G),
where F (G) is the Forgotten topological index and t(G) is the number of triangles in

the graph G.

Theorem 2.3. Let G be a graph with n ≥ 2. Then, M1(CU2(G)) = (n− 1)M1(G) + 4m2.

Proof.
M1(CU2(G)) =

∑
(uiuj)∼(uiu`)

[
degCU2(G)(uiuj) + degCU2(G)(uiu`)

]
=

∑
ui∈V (G)

{ ∑
ui=uj

uiu`∈E(G)

[
degCU2(G)(uiui) + degCU2(G)(uiu`)

]
+

∑
ui 6=uj

uju`∈E(G)

[
degCU2(G)(uiuj) + degCU2(G)(uiu`)

]}

=
∑

ui∈V (G)

{ ∑
ui=uj

uiu`∈E(G)

[degG(ui) + degG(ui) + degG(u`)]

+
∑

ui 6=uj

uju`∈E(G)

[degG(ui) + degG(uj) + degG(ui) + degG(u`)]

}

= (n− 1)M1(G) + 4m2

Theorem 2.4. Let G be a graph with n ≥ 2. Then,
M2(CU2(G)) = 3mM1(G) + (n− 2)M2(G)− F (G).

Proof.
M2(CU2(G)) =

∑
(uiuj)∼ (uiu`)

[
degCU2(G)(uiuj)degCU2(G)(uiu`)

]
=

∑
ui∈V (G)

{ ∑
ui=uj

uiu`∈E(G)

[
degCU2(G)(uiui)degCU2(G)(uiu`)

]
+

∑
ui 6=uj

uju`∈E(G)

[
degCU2(G)(uiuj)degCU2(G)(uiu`)

]}

=
∑

ui∈V (G)

{ ∑
ui=uj

uiu`∈E(G)

[
degG(ui)

(
degG(ui) + degG(u`)

)]

+
∑

ui 6=uj

uju`∈E(G)

[(
degG(ui) + degG(uj)

)(
degG(ui) + degG(u`)

)]}

=
∑

ui∈V (G)

{ ∑
ui=uj

uiu`∈E(G)

[
degG(ui)

2 + degG(ui)degG(u`)
]

+
∑

ui 6=uj

uju`∈E(G)

[
degG(ui)

2 + degG(ui)degG(u`) + degG(ui)degG(uj) + degG(uj)degG(u`)
]}
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=
∑

ui∈V (G)

{ ∑
urus∈E(G)

[
degG(ui)

2 + degG(ur)degG(us)
]

+
∑

uju`∈E(G)
i 6=j, `

[degG(ui)degG(uj) + degG(ui)degG(u`)]

}

=
∑

ui∈V (G)

|E(G)|degG(ui)
2 + M2(G) +

∑
uju`∈E(G)

i 6=j, `

[
degG(ui)

(
degG(uj) + degG(u`)

)]
= |E(G)|M1(G) + |V (G)|M2(G) +

∑
ui∈V (G)

{degG(ui)M1(G− ui)}

= |E(G)|M1(G) + |V (G)|M2(G) +
∑

ui∈V (G)

degG(ui)

{
M1(G)−

∑
ur∈N(ui)

(
degG(ui) + degG(ur)

)}
= 3mM1(G) + (n− 2)M2(G)− F (G).

3. Hyper-Zagreb index of Double vertex Graphs

The hyper-Zagreb index of G is defined as HM(G) =
∑

uv∈E(G)

[degG(u) + degG(v)]2. In

this section we calculate HM(U2(G)) and HM(CU2(G)).

Remark 3.1. We know that, HM(G) =
∑

uv∈E(G)

[degG(u) + degG(v)]2 = F (G) + 2M2(G).

Proof. HM(G) =
∑

uv∈E(G)

(degG(u) + degG(v))2

=
∑

uv∈E(G)

(degG(u)2 + degG(v)2 + 2degG(u)degG(v))

=
∑

uv∈E(G)

(degG(u)2 + degG(v)2) + 2
∑

uv∈E(G)

degG(u)degG(v)

= F (G) + 2M2(G).

Theorem 3.1. Let G be a graph with n ≥ 2. Then
F (U2(G)) = (6m + 12)M1(G) + (n− 10)F (G)− 12M2(G)− 8m.

Proof. F (U2(G)) =
∑

uiuj∼uiu`

(deg2U2(G)(uiuj) + deg2U2(G)(uiu`))

=
∑
ui

∑
uj∼u`

(
deg2U2(G)(uiuj) + deg2U2(G)(uiu`)

)
=
∑
ui

{ ∑
uju`∈R1

[
(degG(ui) + degG(uj))

2 + (degG(ui) + degG(u`))
2
]

+
∑

uju`∈R2

[
(degG(ui) + degG(uj)− 2)2 + (degG(ui) + degG(u`))

2
]

+
∑

uju`∈R3

[
(degG(ui) + degG(uj)− 2)2 + (degG(ui) + degG(u`)− 2)2

]}
=
∑
ui

{
2|E(G− ui)|deg2G(ui) + F (G− ui) + 2diM1(G− ui)

}
+
∑
ui

{ ∑
uju`∈R2

(−4degG(ui)− 4degG(uj) + 4)

+
∑

uju`∈R3

(−8degG(ui)− 4degG(uj)− 4degG(u`) + 8)

}
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= 6mM1(G) + (n− 6)F (G)− 4M2(G) +
∑
ui

∑
uju`∈R2

4 +
∑
ui

∑
uju`∈R3

8

+
∑
ui

∑
ur∈N(ui)

((degG(ur)− 1)(−4degG(ui)))− 4
∑
ui

∑
ur∈N(ui)

(degG(ui)(degG(ui)− 1))

= 6mM1(G)+(n−6)F (G)−4M2(G)+
∑
ui

4(degG(ui)(degG(ui)−1)−2t(ui))+
∑
ui

8t(ui)−

8M2(G) + 4M1(G)− 4
∑
ui

∑
ur∈N(ui)

(deg2G(ui)− degG(ui))

= 6mM1(G) + (n− 6)F (G)− 4M2(G) + 4M1(G)− 8m− 24(G) + 24t(G)− 8M2(G) +
4M1(G)− 4F (G) + 4M1(G)

= (6m + 12)M1(G) + (n− 10)F (G)− 12M2(G)− 8m.

Theorem 3.2. Let G be a graph with n ≥ 2. Then F (CU2(G)) = (n−5)F (G)+2HM(G)+
6mM1(G)− 4M2(G).

Proof. We know that F (CU2(G)) =
∑

uiuj∼uiu`

(deg2CU2(G)(uiuj) + deg2CU2(G)(uiu`))

=
∑

ui∈V (G)

{ ∑
uiui∼uiu`

(
deg2CU2(G)(uiui) + deg2CU2(G)(uiu`)

)
+

∑
uiuj∼uiu`

(
deg2CU2(G)(uiuj) + deg2CU2(G)(uiu`)

)}
=

∑
ui∈V (G)

{ ∑
ui∼u`

(
deg2G(ui) + (degG(ui) + degG(u`))

2
)

+
∑

uj∼u`

(
(degG(ui) + degG(uj))

2 + (degG(ui) + degG(u`))
2
)}

=
∑

ui ∈ V (G)

{
deg3G(ui) +

∑
ui∼u`

(degG(ui) + degG(u`))
2

+
∑

uj∼u`

(
2deg2G(ui) + deg2G(uj) + deg2G(u`) + 2degG(ui)(degG(uj) + degG(u`))

)}
=
∑

ui ∈ V (G)

{
F (G) + 2HM(G)

+
∑

uj∈V (G)

(
2|E(G− ui)|deg2G(ui) + F (G− ui) + 2degG(ui)M1(G− ui)

)}
= (n− 5)F (G) + 2HM(G) + 6mM1(G)− 4M2(G).

Corollary 3.1. The hyper-Zagreb index of the double vertex of graph U2(G) of G is
HM(U2(G)) = (12m + 20)M1(G) + (2n− 36)M2(G) + (n− 14)F (G)− 8m + 24t(G).

Proof. By Remark 3.1, HM(G) = F (G) + 2M2(G) and now the proof follows from
Theorems 2.2 and 3.1.

Corollary 3.2. The hyper-Zagreb index of the complete double vertex of graph CU2(G)
of G is HM(CU2(G)) = 12mM1(G) + (2n− 8)M2(G) + 2HM(G) + (n− 7)F (G).

Proof. Now the proof follows from Remark 3.1 and Theorems 2.4 and 3.2.
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