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1. Introduction

Ordinary differential equations are frequently used in mathematical modelling
in order to analyse and understand variety of real world problems. Hence,
finding the solution to these equations is very crucial. In this study, we are
interested in finding the numerical solution of the general fourth order initial
value problem of the form

yiv =f(x, y, y
′

, y
′′

, y
′′′

), x ∈ [a, b],

y(a) =η0, y
′

(a) = η1, y
′′

(a) = η2, y
′′′

(a) = η3.
(1)

Equation (1) can be solved by reducing it into an equivalent system of four first-
order IVPs equations and then several suitable numerical methods for solving
this systems are employed. However, [11] had shown that replacing this ap-
proach by direct method will reduce computational work. Since then, direct
methods were widely used for solving IVPs (see [3], [5], [6] and [8]).

Recently, scholars have proposed a hybrid block methods for solving equa-
tion (1) directly in order to avoid the shortcoming in reduction method and
to take the advantages of hybrid and block methods which includes overcom-
ing zero stability barrier and generating numerical solutions simultaneously[7].
Some work in hybrid block methods can be found in [1], [2], [9], [10], and [4].

2. Methodology

In deriving the new method, the following power series is used as an approximate
solution to (2). Power series as below is used for the derivation the new method

y(x) =

d+c−1
∑

i=0

ai

(

x− xn

h

)i

, n = 0, 1, 2, ..., N − 1, x ∈ [xn, xn+1], (2)

where d = 4 and c = 5 denote the number of interpolation and collocation
points respectively, h = xn − xn−1 and a = x0 < x1 < ... < xN−1 < xN = b.

Interpolating (2) at xn, xn+ 1
4
, xn+ 1

3
, xn+ 2

3
and collocating the fourth deriva-

tive of (2) at all points in the interval i.e at xn, xn+ 1
4
, xn+ 1

3
, xn+ 2

3
and xn+1

produce a system of equations which can be written in matrix form
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


























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(3)

Using Gaussian elimination method, the values of a′
is, i = 0(1)8 in equation

(2) are obtained. The values of a′
is are then substituted into equation (2) to

yield a continuous implicit scheme of the form

y(x) =
∑

i=0, 1
4
, 1
3
, 2
3

αi(x)yn+i +
1

∑

i=0

βi(x)fn+i +
∑

i= 1
4
, 1
3
, 2
3

βi(x)fn+i (4)

Differentiating equation (4) once, twice and thrice, we obtain

y
′

(x) =
∑

i=0, 1
4
, 1
3
, 2
3

d

dx
αi(x)yn+i +

1
∑

i=0

d

dx
βi(x)fn+i

+
∑

i= 1
4
, 1
3
, 2
3

d

dx
βi(x)fn+i, (5)

y
′′

(x) =
∑

i=0, 1
4
, 1
3
, 2
3

d2

dx2
αi(x)yn+i +

1
∑

i=0

d2

dx2
βi(x)fn+i

+
∑

i= 1
4
, 1
3
, 2
3

d2

dx2
βi(x)fn+i, (6)

y
′′′

(x) =
∑

i=0, 1
4
, 1
3
, 2
3

d3

dx3
αi(x)yn+i +

1
∑

i=0

d3

dx3
βi(x)fn+i

+
∑

i= 1
4
, 1
3
, 2
3

d3

dx3
βi(x)fn+i, (7)
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where

α0 =
((h− 3x+ 3xn)(h− 4x+ 4xn)(2h − 3x+ 3xn))

(2h3)

α 1
4
=

(64(x − xn)(h− 3x+ 3xn)(2h− 3x+ 3xn))

(5h3)

α 1
3
=

−(9(x− xn)(h− 4x+ 4xn)(2h − 3x+ 3xn))

h3

α 2
3
=

(9(x− xn)(h− 3x+ 3xn)(h− 4x+ 4xn))

(10h3)

β0 =
((x− xn)

4

24
+

(471353h2(x− xn)
2)

209018880
−

(19(x − xn)
5)

(240h)

+
(31(x − xn)

6)

(360h2)
−

(27(x− xn)
7)

(560h3)
+

(3(x− xn)
8)

(280h4)

−
(14381h(x − xn)

3)

1105920
−

(17329h3(x− xn))

104509440)

β 1
4
=

−((352(x − xn)
6)

(675h2)
−

(64(x− xn)
5)

(225h)
−

(476041h2(x− xn)
2)

24494400

+
(16(x− xn)

8)

(175h4)
+

(7357h(x − xn)
3)

129600
+

(24449h3(x− xn))

12247200)

−
(64(x− xn)

7)

(175h3)

β 1
3
=

−((1507h2(x− xn)
2)

516096
+

(9(x − xn)
5)

(40h)
−

(39(x− xn)
6)

(80h2)

+
(207(x − xn)

7)

(560h3)
−

(27(x − xn)
8)

(280h4)
−

(7513h(x − xn)
3)

368640

+
(73h3(x− xn))

1290240)

β 2
3
=

−((3(x− xn)
6)

(50h2)
−

(9(x − xn)
5)

(400h)
−

(38957h2(x− xn)
2)

38707200

+
(27(x− xn)

8)

(1400h4)
+

(5561h(x − xn)
3)

1843200
+

(2053h3(x− xn))

19353600)
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−
(171(x − xn)

7)

(2800h3)

β1 =
((17(x − xn)

6)

(2160h2)
−

(x− xn)
5

(360h)
−

(62887h2(x− xn)
2)

627056640

−
(x− xn)

7

(112h3)
+

(x− xn)
8

(280h4)

(215h(x − xn)
3)

663552

+
(3119h3(x− xn))

313528320)

Equation (4) is evaluated at the non-interpolating point xn+1 while its deriva-
tives is evaluated at all points to produce the discreet schemes. The discreet
schemes and its derivative are joined to form a block of the form

A[3]4Ym = B[3]4R
[3]4
1 + h4

[

D[3]4R
[3]4
2 + E[3]4R

[3]4
3

]

, (8)

where A[3]4 , B[3]4 , R
[3]4
1 ,D[3]4 , R

[3]4
2 , E[3]4 and R

[3]4
3 are shown in Appendix A.

Multiplying equation (8) by the inverse of A[3]4 , we have

IYm = B̄
[3]4
1 R

[3]4
1 ++h4

[

D̄[3]4R
[3]4
2 + Ē[3]4R

[3]4
3

]

, (9)

so B̄
[3]4
1 , D̄[3]4 and Ē[3]4 are also clear in Appendix A

3. Analysis of the Method

3.1. Order of the Methhod

The linear difference operator L associated with (9) is defined as

L[y(x);h] = Î Ŷm − ˆ̄B[3]4R
[3]4
1 − h4

[

ˆ̄D[3]4R
[3]4
2 + ˆ̄E[3]4R

[3]4
3

]

(10)

where Î is identity matrix and ˆ̄B[3]4 , ˆ̄D[3]4 , ˆ̄E[3]4 are 4 × 4 coefficients matri-

ces of the main block Ŷm=[yn+ 1
4
, yn+ 1

3
, yn+ 1

4
, yn+ 2

3
]T . Expanding Ŷm and R

[3]4
3

components in Taylors series respectively and collecting their terms in powers
of h yields

L[y(x), h] = C̄0y(x) + C̄1hy
′

(x) + C̄2hy
′′

(x) + · · · (11)
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Definition 1. One step hybrid block method (9) and its linear operator
(10) are said to have order p, if C̄0 = C̄1 = C̄2 = · · · = C̄p+4 = 0 and C̄p+4 6= 0
with error constants vector C̄p+4.

Expanding (9) about x = xn using Taylor series
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Therefore,

C̄0 = C̄1 = C̄2 = · · · = C̄8 = 0,

and C̄5+4 6= 0.

Hence, the new method is of order [5, 5, 5, 5]T with error constant

[1.667949e−9 , 5.369218e−9 , 7.168291e−8 − 2.362547e−6 ]T .

3.2. Zero Stability

One step hybrid block method (9) is said to be zero stable if the first character-
istic polynomial π(z) having roots such that |zr| ≤ 1, and if |zr| = 1 then the
multiplicity of zr must not greater than two. Applying this in our method Ŷm

where Î represents 4× 4 identity matrix and B̂ denotes the coefficients matrix
of yn yields

Π(r) = |z Î − B̂|

=

∣

∣

∣

∣

∣

∣

∣

∣

z









1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









−









0 0 0 1
0 0 0 1
0 0 0 1
0 0 0 1









∣

∣

∣

∣

∣

∣

∣

∣

= r3(r − 1)

whose solutions are r = 0, 0, 1, 1. Hence, the new main block method in (9) is
zero stable. This implies, the new hybrid block method is convergent since it
is zero stable and consistent (p ≥ 1), see Henrici, 1962.

3.3. Region of Absolute Stability

The locus method is employed to draw the region of absolute stability. Substi-
tuting the test equation y

′′′′

= −λ4y in (9) where h̄ = λ4h4 and λ = df
dy

gives

characteristic function Π(r) = ρ(r) − h̄σ(r). let r = eiθ = cos θ − i sin θ and
considering real part yields

h̄(θ, h) =
2367600721920000(cos(θ)− 1))

(3 cos(θ)− 368)
, (12)

which gives the region stability of the method as shown in Figure 1.
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Figure 1: Region stability of new method

4. Numerical Experiments

In this section, the performance of new one step hybrid block has been tested on
one non-linear IVP and two linear IVPs. For each example, computed solution
(COP), exact solution (EXT) and absolute errors (ERR) were determined using
Matlab code, see Table 1 – Table 3.

Problem 1.

yiv − (y
′

)2 + yy
′′

+ 4x2 − ex(1− 4x+ x2) = 0,

y(0) = 1, y
′

(0) = 1, y
′′

(0) = 1, h =
1

100
.

Exact solution: y(x) = x2 + ex.

Problem 2.

yiv + y
′′

= 0, y(0) = 0, y
′

(0) =
−1.1

72 − 50π
,

y
′′′

(0) =
1.2

144 − 100π
, h =

1

320
, y

′′

(0) =
1

144− 100π
.

Exact solution: y(x) = 1−x−cos x−1.2 sinx
144−100π .
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x New method, P = 5 see [9], P = 6
EXT 1.0031396535277390 1.003139653527739149

0.003125 CPS 1.0031396535277384 1.003139653526590265
ERR 6.661338e−16 1.148884e−12

EXT 1.0063086345037620 1.006308634503762010
0.006250 CPS 1.0063086345037602 1.006308634484910542

ERR 1.776357e−15 1.8851468e−11

EXT 1.0095069735890709 1.009506973589071086
0.009375 CPS 1.0095069735890683 1.009506973491318106

ERR 2.664535e−15 9.7752980e−11

EXT 1.0127347015406345 1.012734701540634377
0.012500 CPS 1.0127347015406303 1.012734701224875248

ERR 4.218847e−15 3.15759129e−10

EXT 1.0159918492116857 1.015991849211685747
0.015625 CPS 1.0159918492116808 1.015991848424806972

Error 4.884981e−15 1.15463e−10

Table 1: Comparison of the new method with [9] for solving Problem
1, where h = 1

320

Problem 3.

yiv − x = 0, y(0) = 0, y
′

(0) = 1, y
′′

(0) = 0,

y
′′′

(0) = 0, h =
1

320
.

Exact solution: y(x) = x5

120 + x.

5. Conclusion

We have derived a new hybrid block method for the solution of linear and non-
linear forth order initial value problems. The obtained numerical results show
the efficiency of the developed method in term of accuracy. Its performance
is clear better than existing method through Table 1, Table 2 and Table 3.
The new method developed is also found to be consistent, zero-stable, and then
convergent.
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x New method, P = 5 [10], P = 6
EXT 0.001300799589367158 0.00130079934027

0.103125 CPS 0.001300799589367138 0.00130079934027
ERR 1.929880e−17 0.498732999343e−15

EXT 0.002531773700195635 0.00253177321538
0.206250 CPS 0.002531773700195563 0.00253177321538

ERR 7.199102e−17 0.676542155631e−15

EXT 0.003652478978884993 0.00365247827946
0.306250 CPS 0.003652478978884832 0.00365247827947

ERR 1.608956e−16 0.313507900196e−14

EXT 0.004695953231804849 0.00469595233257
0.406250 CPS 0.004695953231804570 0.00469595233258

ERR 2.792905e−16 0.943602834758e−14

EXT 0.005657642360593461 0.00565764127720
0.506250 CPS 0.005657642360593029 0.00565764127722

ERR 4.310788e−16 0.221168569570e−13

Table 2: Comparison of the new method with [10] for solving Problem
2, where h = 1

320 .
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6. Appendix A
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66187782427598326333440

256705178760118261h3

5049727052886835200
−54043195528445957h3

2837267765243412480
1128902306594203963h3

340472131829209497600
−11240984669916761383h3

33093891213799163166720

410390516044136261h3
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−45598946227126277h3

2837267765243412480
17509995351216483281h3

680944263658418995200
−13132496513412497447h3
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110461336172888059h2
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−61344832346180833h2

2269814212194729984
169571081282125711h2
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−71670565944950881h2

272377705463367598080
248260929458798581h2

3366484701924556800
−23h2

540
2395915001761102769h2

680944263658418995200
−1297036692682703329h2

3151799163218967920640

1681343860884985h2

9974769487183872
−250199979298361h2

16888498602639360
4707762810477948923h2

226981421219472998400
−1345075088707988933h2

817133116390102794240

11821949021847541h2

41561539529932800
0 10214163954876279913h2

75660473739824332800
1513209474796482569h2

272377705463367598080
323h
900

−2061h
10240

801h
51200

−167h
92160

266212777973455981h
664984632478924800

−19h
120

3h
200

−29773797536504953h
17023606591460474880

14011198840708199h
83123079059865600

3152519739159347h
11821949021847552

11h
75

−28022397681416407h
4255901647865118720

128h
225

−9h
40

292593238290726857h
591097451092377600

13669128556511233h
132996926495784960
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