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Abstract: Using the apparatus of traditional differential geometry, the transport theorem is derived
for the general case of a M-dimensional domain moving in a N-dimensional space, M <N . The
interesting concepts of curvatures and normals are illustrated with well-known examples of lines,
surfaces and volumes. The special cases where either the space or the moving subdomain are
material are discussed. Then, the transport at hypersurfaces of discontinuity is considered. Finally,
the general local balance equations for continuum of arbitrary dimensions with discontinuities are
derived.
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1. Introduction

The transport theorem is a fundamental theorem used in formulating the basic conservation and
balance laws in continuum mechanics (mass, momentum, and energy), which are adopted from
classical mechanics and thermodynamics where the system approach is normally followed.
Analogous to the classical Reynolds transport in continuum mechanics, the surface transport theorem
is essential in the study of thin films undergoing large deformations, in epitaxial growth and in the
study of phase boundary evolution. It is also important in the modeling of a singular surface which
carries a certain structure of its own as it migrates. There is a vast literature on transport theorem and
many references can be found in [1-3].

Betounes formulated and proved the general transport theorem associated with the motion of
an arbitrary p-dimensional submanifold in a » -dimensional semi-Riemannian manifold [4]. He

used the language and notation of modern differential geometry on manifolds e.g., [5,6], which is
inconvenient for engineering and physics applications. Here, we formulate and prove the theorem
using the language and concepts of traditional differential geometry and tensor calculus (e.g., [7,8]).
Moreover, we apply the transport theorem to hypersurfaces of discontinuities and discuss the
applications in continuum mechanics.

Petryk and Mroz derived the expressions for the first- and second-time derivatives of integrals
and functionals defined on volume and surface domains which vary in time [9]. Their result is more
general then the classical transport theorem as it pertains to piecewise regular surfaces and contains
the edge terms. Cermelli et al. proved a transport theorem for smooth surfaces which evolve with
time in Euclidean space, expressed in terms of the parameter-independent derivatives [10]. Recently,
Sequin et al. extended the 3D transport theorem to rough domains of integration [11].

The need for the transport theorem arises in different contexts and consequently requires
different derivation methods. The space-time approach [12] was used in [13] to derive the transport
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theorem for moving surface in a moving 3D region. A general transport theorem for moving surfaces
based on the theory of generalized derivatives in n-dimensional space is presented in [14].

Two interesting attempts to present a unified approach to the topic of continuum mechanics on
arbitrarily moving domains are given in [15,16]. They point out that it is desirable to formulate the
transport theorem in a single unified way by using the classical approach expressed in terms of
standards quantities from differential geometry and explicitly displaying the features that are
common to all submanifolds, regardless of their finite dimensions.

This paper is organized as follows: In Sections 2 and 3, we consider geometry and kinematics in
higher dimensions with special emphasis on the definitions of curvature and normals. Section 4
contains the derivation of the generalized transport theorem. In Section 5, we illustrate the concepts
with well-known examples of lines, surfaces and volumes. In Section 6, we consider dependence of
parametrization, i.e., on the choice of coordinates. In Sections 7-9, we consider the cases where the
space and/or the moving subdomain are material in the sense of material in continuum mechanics.
In Section 10, we consider a moving domain with hypersurfaces of discontinuity. Finally, in Section
11, we use the transport theorem to formulate the general local balance equations for continuum of
arbitrary dimensions with discontinuities.

2. Geometry of V;, (1) CVy

Here and throughout i, j,k assume values 1 to N, the Greek letters o, 3, v, 6, A, A
and I' assume values from 1 to M; p, o range from 1 to M —1, and n, 7 range from 1

to N —M . The range and the summation convention will apply unless stated otherwise.
Consider a N-dimensional Riemannian space V) with positive definite metric tensor g, , for

an allowable coordinate system x¥, k=1,2,., N .We shall denote a typical point in ¥y by x(xt)

. Vectors
g Ox
k=
ox*
represent the basis in ¥y, . The reciprocal basis gk is defined by g iz gk = 5? , jk=12,.,N.

Let V), beasubspaceof Vy,ie., V,, CVy.Further, we assume that the Riemannian subspace

Vi changes it position continuously with respect to time ¢ in V. We emphasize it by writing

Vi (6). Let u® (a=1,2,..,M) be its intrinsic coordinate system:
Vu@®: x=x(uz), @

where u or u® we denote a typical point of ¥, (¢). It is possible to rewrite in component form, i.e.,

k_ kg a "
Xt =x"u",1), rank{aua]zM. 2)
Equivalently,
Vy0: Ok n=0, 7=1,2,.,.N-M, ©)
where
rank 8f(:)]:N—M. (4)
Ox

To illustrate dual representations (2) and (3), consider the representations of V;(t) in E;. The
family of curves in Ej, given in the parametric form

x' =a(t)cosu, x> =a(t)sinu, x> =b(t)sin2u,
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may be represented as the intersection of circular cylinders:
FOC =6+ —a)? =0,
and as hyperbolic paraboloids:

f(z)(xl,xz,x3;t) = Lt)lex2 X =0.
a(t)

Each of the two representations has advantages and further we shall make use of both. While
the representation (2) provides a convenient description of kinematics of ¥, (¢), it is dependent on
parametrization. On the other hand, the representation (3) is independent of parameterization, i.e.,
independent of the choice of intrinsic coordinate system »“. It means that any transformation of
intrinsic coordinate systems:
ou®

u® =u® (U0, JUt ="
oU

=0,

does not change the representation (3). Consequently, the vectors gradf (77), m=12,.,.N—M, are

independent of parameterization »“. Moreover, they are linearly independent because of (4), and
may be taken as the base in Vy_,,, the complement of V,(r) in Vy.

Consider a different parametrization U such that u = u(U,¢) . Then,

Vi @): x=xU,t)= xuU,1),t) . (5)
From this, we have:
_ou”
I aUF a’
where
i = i
a,(u’,0)= Ox _19% | ind Ap(UA )= aXF - _6xp
u® | Ou oU oU

are the basis vectors of V), (r) with respect to coordinate systems u® and U’ , respectively.

Moreover, since x* (u®,t) in (2) satisfies (3), it follows that:

ar ™ axk
ox* ou®

= gradf™ .q, =0, (6)

whence we conclude that gradf™ are orthogonal to a,, and hence to any vector in ¥, (¢). They
are also orthogonal to covariant base vectors a® in V,,(¢) defined through the relations

a® ag = (‘5/% . Since the set of vectors a, and grad/(™ are linearly independent, they may be taken

«Q

as the base vectors of the space V. It is important to notice that unit vectors

n'™ = gradr(™ / ‘ gradf ™

are also independent of parameterization. Moreover, from (8), it follows that:

n™.q =0. )

«
Further, we make use of vectors n,, reciprocal to n™ in ¥,_,,, defined by:
n(ﬂ) 'l'l(o.) :6;.T, ™,0 :1,,N—M .
Here, n'™ and n., are both orthogonal to V), (¢), but neither set need not be orthonormal. In

Vy_a » we may consider n™ (or n(,) ) as non-holonomic basis. Let

2 =™ a T T det(n™) = 0.
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Then, upon defining 7,y * By =Ny, it follows that:

nﬂ'TnTU _ (5(7;, Rxy =Ny n™ , n(7T) — " Ny -

Coefficients 7, and »™ may be used as a tool for raising and lowering indices for the

quantities defined in the above defined non-holonomic basis. Note that »™™ do not depend on

parameterization of ¥), (), and neither do the coefficients n.,, nor vectors n(r) .

TO/

Then, vectors g* at the points xof V,,(r) may be decomposed as:

kK k k axk k k
8§ =X 5o a” +n(7r)n(7r)/' xk o = ax_a = gk by, M)y =8 .n(ﬁ) :
o

This relation is of crucial importance for decomposition of any tensor quantity defined on 7, (¢) into
tangent components in V), (#) and normal componentsin Vy_,, .
We will often make use of the relation between metric tensors of V,,(¢) defined in two

coordinate systems »“ and U4, i.e., the relation

—k ~1 / 6
I o ox" ox' Ou” Ou
AAA(U st)*gkl aUA aUA = a5 aUA aUA . (8)
Then,
A= AU ) =J%a, AUA, 1) =det(4 1) >0. )

The metric tensor «,4(r) and the volume element dv,,(r)of V), (¢) are given by the expressions

axk ox!
aag()=8u 5

a(t) = det(agg)> 0, dvp () =a"dry) ),
Ou® Ou ‘
|

where d7) (1) = ‘d(a)u is the extension [8].

3. Kinematics of V), () CVy
Making use of (3), we obtain:
()
(e +gradf™ .v=0,
ot
where v =dx/dt.By d/dt we denote the time derivative along u“ = const . Note that:

1 af(ﬂ)

PO gL o
¥ gy ™| (10)

represents the scalar-normal velocity in n(™ direction which is independent of parameterization.
Then, we can write:

v=2v%, + V(W)n(ﬂ) =V + V(W)n(ﬂ) , (11)
where
Vian = vaaa

denotes the component of v in V;,(¢). This notation for vectors in ¥, (¢)is used throughout the

paper. Obviously, it is dependent on parameterization since a,, are.
Note that V(ﬂ)n(w) is independent of parameterization, so that v depends on

parameterizations only through v, . This property of v, is very important for writing various

forms of transport theorem.
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We will consider the coordinate system U 4" as a convected system in ¥, (). In continuum

mechanics, the terms material or Lagrangian coordinates are used for convected coordinates, since
the material particles can be labeled by these coordinates and, as such, they do not change their values
during the motion of the material body. Note that, for a moving non-material domain, the choice of
convected coordinates is arbitrary. However, once chosen, they remain fixed. The final result-the
transport theorem-will be expressed in terms independent of the choice of coordinates.

At any time ¢, we consider the relation

ou®

u® =u® U0, JUN ==
U

=0,

as the coordinate transformation between the convected coordinate system U“ and intrinsic
coordinate system u“.Further, we consider

y_ o

ot
as the velocity of x eV, (r) in Vy along the path of convected coordinates U 4 Ge, U =c4,
where € are some constants. Generally, we denote by 6/6: the time derivative of any quantity
TU A,t) , while keeping U 4 _ ¢ Of course,
ST, T, 1)
ot o

In particular: 6x/é6t = 0x/ot.
From (5), we obtain the relation between velocities v and ¥V of the point x €V, (¢):
Ox bx dx Ox ou® u”
Ve—=—=—f———=

_ =X = +% a, . 12
ot 6t dt Py Ot YT e (12)

From (12), (10), and (7), we conclude that:

AR

VO —pop™ g g™ — )
n vV-n ‘gradf 1 or (13)

thus proving that the scalar-normal velocity in n{™ direction is independent of parameterization.
Instead of (13), a more compact representation is given by:

ou®
V= V(ﬂ—)n(ﬂ') +Vtan; Vtan =" +7 aq - (14)
Alternatively,
a A
Vo =VA4,; 74 =] 9u” |OU
ot | gu®

We may also write:

V= V(ﬂ,)n(ﬂ) +Vians V(7r) = nTl’TV(T)
In particular, for the hypersurface (M = N —1): T mp=1,and Vq = v,

4. Generalized Transport Theorem in V),

Let o(x,t)be defined on R;, (r). We want to calculate

o
5 etendvay
Ry (1)
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«
along the path of convected coordinates U* . Since digu” = 682 TdU 4 then according to [8] (p.
262):
dV(M):\/EdT(M):\/Z‘d(a)Ma‘:\/Z‘d(a)UA‘ (15)

Next, making use of (5), we write:
(.0 = p(x(w(U,0),0),0) = $(U, 1) .
Thus, in view of this and (15) we have:

s

b > o 9p e
S5t f (’O(x’t)dv(M) = fg(@\/z)‘d(a)l/ = flE\/Z‘HPE\/Z

Ry (1) Ry Ry

‘d(a)Ua

’ (16)

where R,, is defined with respect to convected coordinates U, and therefore the integration with

respect to U“is independent of ¢.Now, we show in Appendix A, that:

0 1 04 1 AA O0Ayp . ()
9 Jd=—_04_ 2 4414 A _ [Aldivy v, —VPK, ),
8t\/— 24 Ot 2\/7 ot \/7( TV Vian (™ (17)

where
. AA
divy Vign =477 Vn= a*’v, 3
and
AA
Kimy = A7) Ay«
where 2, Alry 18 defined in Appendix A.

The geometric meaning of K, is evident from

On On
_ A () . o v () .
K(Tr) =—A4 aUA = —DIVVM (t)n(ﬂ) = —a( . 8u(1 = —leVM (l)n(ﬂ.) 7 (18)
which is independent of parameterization. Further,
d 6 Iy ¢ A (m)
—oU,t)=—p(x,t) = —+gradp-V=—+gradp-(V"4, +V'"’/n
8t<ﬁ( ) &sﬂ( ) 5 1 erade 5 B SD( A (w))
=02 VA VO gradg ny = 224V, Grady o + V02
3t (9t M I’l(ﬂ)
where
Grady, o =p.4 AL and 29—
VP =PoA an = gradp-n(,.
M)
The expression
— 8_§0+V(7r) agp
ot 8n(7r)

o

represents the normal time derivative of ¢ following convected V), (¢).Clearly, ¢ isindependent

of parameterization.

Remark 1. To justify its name, we write V™ N in aunique compact invariant form as:

Vl’l n= V(ﬂ—)ll(ﬂ.) ,
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where n is a unit vector orthogonal to Ry, (¢). Then, we have:

v, = \/V(W)V(p)n(ﬂ).n(p) - \/%V(ﬂv(m,

and m= V(W)n(ﬁ) / V,, . Accordingly, we have simple expression for V: V=V, +V,n. Since Vi, -n=0
, we have V, =V -n, which is of the form of classical expression for the scalar normal-velocity of the surface

evolving in three dimensional Euclidean space. Then:
;: 3¢+V(n) dp _0O¢

0
E 6n( ) E-FV(W)grade.n(W) :6_f+vngfad<p-n.

The case N =3 has been discussed previously in [10,15].

ou®

Remark 2. Making use of a® = T AT, it easy to see that:
ou

r . .
GradVM Y=e,r A = @5y aa = gradVM (t)(p, DIVVM Vtan = leVM (Z)Vta_n .
Therefore,

0 _

6 5] a]
E‘P(Uat) = EW(XJ) = ¢+ Vin 'GradVMW =@+ Vi 'gradVM90 . (19)

After substituting (18) and (19) into (16), we obtain:

6
5 f <p(x, t) dV(M)
Ry (1)
=/ [<p—|— Vian - Gradyy, |+ (Divy,, Vi —V“T)K(,r))lﬂ [dgsy U |
Ry
= f [[ o+ Vian gradVM (t)‘p] +e (diVVM (t)Vtan - V(W)K(ﬂ')) dv(M) :
Ry (1)
However,
Vian 'gradVM HY+ QQdiVVM (t)Vtan = diVVM () (¢Vian) s
so that

5 ; .
= [ ety = [ '[@‘W(W)K(w)]JFdWVM(r) (@Wran )| Dar) - (20)

Ry (1) Ry (1)

Further, using divergence theorem we obtain (when the boundary consists of “material” points
defined by convected coordinates, see Appendix B):

6 o
= [ wtwndan = [ [‘P‘W(’r)&ﬂ]%ﬁ | Vanvarndiorn @
Ry (1) Ry (1) ORy (1)

where v, ;) is normal to ORy(t) but tangent to Ry () . The scalar normal velocity of
ORy (1) C Ry (1),
Vo =Vian Y -1)-

is intrinsic to the motion of dR), (¢) . (See [10] for the case N = 3). Finally, the transport theorem with

respect to convective coordinate reads:
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) o
Ry (1) Ry () IRy (1)

We emphasize that the first integral is intrinsic to R, (#), while the second integral is intrinsic with
respect to OR, (¢) . Since the first integral on the right-hand side of (22) is invariant to any
parameterization we may equally apply it for parameters «“ . In this case, the scalar normal velocity

of OR,, (¢) with respect to parameters u“,i.e., YaR,, (1) ¥ (M-1) needs to be used (Appendix B). Then,

we write the generalized transport theorem with respect to non-convective coordinates »“ in the
form:

6 [a)
= [ etendvon= [ [‘P_‘PV(TF)K(W)]dV(M)+ I evory, o0 v ndory (23
Ry () Ruy () ORyy (1)

5. Examples

In this section, we consider familiar special cases and motivate the subsequent analysis of
material domains and propagating discontinuity fronts. The section ends with the analysis of the
capillary flow problem, which encompasses many of the special cases.

In all the cases below, the transport theorems holds also for the coordinates u“, i.e., (22), when
we substitute §/6¢ with d/dt and V,=V-v=V,, -v, with YaR,, (1) ¥(M—1) + AS defined in

Appendix B.

5.1. 3D Domain Moving in 3D Space

M=N=3, K=0 and V©=0. Let Ry()=V (1), ORy(t)=0V(), dVz =dV and
dV(3y = da . Then, from (22):
d _ 1))
o enay= [ SEavs [ oV,da,
140 140) v (1)
where V, =V, -v; v isunitvectorin V() orthogonalto V() [1,10,12,13].

On the other hand, the familiar form of the transport theorem for the material body »(r) and
the material field &(x,7) given per unitmass[y(x,7)= p(x,H)P(x,f) where p(x,t) is mass density],
reads:

d d 0P
= [ w(x.ndv = - [ ppav = [ P 4 (24)

at 0 v

The volume ¥V (¢) in (24) is the material volume and the motion of the each material point v(x,?) is

fully defined as the motion of point mass p(x,t)dV .

5.2. Surface Moving in 3D Space
M=2;N=3.Let: Ry()=A(t) with unit normal n, K =K = —div,yn . Then, from (22),
with dv(yy = ds , we have:
if (x,0dd = [ 9% Ly n-gradg— VK |da+ § o, ds
a J O e R TE v (25)
A1) A(0) dA(t)
5.3. Line Moving in a 3D Space

M=1, N-M=2.Let s@)(s; <s<s,) be the arc length. Equivalently, the intersection of
surfaces S™@) : MGk H=0 , 7=12, defines s() . We denote by n., and
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K(ry = —divg (n(;) the unit normal to S™(z) and its total curvature. V(™ is defined through
(13). Then, from (22), we have:

d 0
o f p(x,t)ds = f [8—f + gradep- V(”)n(w) - @V(“)K(W) ds+¢V, |f12 )
s(t) s(t)

5.4. Closed Line Moving in a 3D Space

Define the unit tangent, normal, and binormal, ¢, m and b, in the standard way, the curvature

K (K(Tr)n(ﬂ) =xm)and V,n= V(W)n(w) =(V,,m+V,b). Then:

d B Oy
7 gg o(x,t)ds = f [E+(me +Vb)-gradp —V, Kk |ds .
s(t) s(t)
As a special case, we compute the change of the total line energy arising from the line energy
density ¢(x,t)= o = constant :

d
7 f ods = —agg Vkds. (26)
s(1) s(1)

In anticipation of the next example, we establish the relationship between the normal line
velocity ¥,,m and one of the surfaces. Let the surface with the normal n'?) be a material surface,

moving with the velocity w(?) . The line then glides on this surface with the velocity ev? relative

to the surface (2). The unit normal-tangent vectors point outside the respective surfaces:

The normal component of the line velocity the normal-tangent component relative to the surface (1)
are then:

v, = [w(2) +§v(2)},m; V, = [W(2) +§v<2)}.v(1), 27)

5.5. Interface Energies for Liquid Drop on a Solid Surface

The free liquid—gas interface a(s) has the unit normal »') pointing outside the liquid and
interface energy ~ . The drop slides on the solid (rigid) surface A4(r) with the unit normal n(?)
pointing inside the solid and outside the liquid. The difference between solid-liquid and solid-gas
interface energiesis Ay . The velocities of two surfaces are denoted w'?) and w(?). The total interface

energy can be written as:

I’:f’yda—i—fA'ydA.
a(r) A(t)

The rate of change of the 1st integral is given by (25). The boundary of the 2nd domain 9A(¢)

now represents the line of discontinuity, so that the rate of change of the 2nd integral is
d
= f AvydA = ¢‘ A~Eds . (28)
A1) s()
Then, from (25) and (28):
ar _ — f wl) . nWKda +~ 35‘ [w(Q) + Ev(z)}- v ds + Ay 95‘ &ds, (29)
dt a(t) s(1) s(t)
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where K is twice the mean curvature of the surface a(z).

5.6. Capillary Flow

We consider an incompressible liquid flowing over a rigid solid and the surrounded by a gas
with negligible viscosity and mass density, so that, without loss of generality, we assume the uniform
vanishing pressure in the gas. The motion of the solid surface w(?) is prescribed and the triple line
glides on the solid surface with the relative velocity f'v(z) .

The total energy of the system can be written as the sum of the bulk energy (kinetic +
gravitational potential), the interface energies and the line energy:

E= f[%pv-v—i—pw(x)}dl/—i—fvda—kfAydA+§ads,
40 a(t) A(t) s(7)

where (x) isthe gravitational potential. Although the liquid—gas interface is not a material surface,

the normal component of its velocity is identical to corresponding component of the material velocity
of the fluid:

w0 — g

Using (24), (26), (27) and (29), the rate of change of the total energy is
aE = f 0 -vdv — f vKn(l) -vda
@ ato)

+ 56 [vv(z) UM Ay — v -m}gds + fﬁ vw(Z) v ds,
s(1) s(t)

dv
—+ grad
PR U

(30)

where we have taken into account that for the rigid body motion w?):

95‘ I{W(2> -mds =0.
s(t)

The last term in (30) is the correction arising from the rigid body motion of the whole assembly. To
illustrate that point, consider a uniform translation w?) = const. The last term in (30) is then:

ww(2)~ f yWds = ww(2)~ f knWda .
s(t) a(t)

The liquid—gas surface contribution in (30) (for pure translation of the solid substrate) can then be
written as:

—f ~kn (v —w)da .
a(t)

The energy balance requires that the total power input P be equal to the sum of the rate of total
energy and dissipation rate D . We include the incompressibility condition, div(v)= 0, with the

Lagrange multiplier field p which is recognized as the pressure in the fluid:

dE
P= | T-vdd=—+D— | pdiv(v)dv,
/i) dt v{> ey

where T represents the traction vector exerted by the solid on the liquid. We assume, without loss
of generality, that the pressure in the (inviscid) gas vanishes, so that the traction on a(s) vanishes.

The flow at the re-entrant corner where the two surfaces intersect is singular (Taylor 1960).
Within the sharp interface model the typical solution is to allow slip in some vicinity of the triple line
[17]. Thus, at the solid surface we allow for slip, but not separation/penetration:
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n? . (v—w@)=0, (32)
The dissipation includes viscous dissipation in the bulk and the dissipation at the triple line:

D= = [ t:grad(w)av+ § Ocds, (33)
v(t) s(t)

where t is the viscous stress (deviatoric for incompressible fluid: tr(r)=0) and Q is the power
conjugate of the triple line glide. Although we allow the slip at the solid surface, the dissipation (33)
does not include this slip, owing to the choice of the external power input: T -v . Had we represented
the external power as T-w!?), the slip dissipation would have to be included. We will shortly see that
the triple line dissipation is necessary if the experimentally observed difference between advancing
and receding triple lines is to be described. The 2nd law of thermodynamics for isothermal processes
reduces to the requirement that dissipation be positive. Assuming that the constitutive law for the
fluid satisfies this requirement on its own (as it does for Newtonian fluids), it follows that the triple
line force Q0 must have the same sign as the triple line glide ¢ . The simplest linear constitutive law
is 0=C¢ (C>0).

Upon substitution of (30) and (33) into (31) and some manipulation, we obtain the power balance
equation:

f [T—n(z) -(r—pI)]mdA
A1)

= f vdv+ f[n(l)-(t—pl)—wKn(l) -vda
() a(r)

+ [*yv(z) W Ay —orv® m 4 Q}fds + 95‘ Aw @y s,
s(f) s(t)

(34)

p% + pgrady —div(t— pl)

<

The simplest method for deriving the strong form of governing equations is to formulate the
weak form directly via the Principle of virtual power (PVP) [18,19]. Application of the PVP yields the
following governing equations and boundary conditions:

¢  The natural boundary condition on A(z) :
T=n®? (t—pl).

e The governing (Cauchy) equations of motion in v(¢):
dv .
pz+ pgrady —div(t— pI)=0.

e  The capillary jump in normal stress across a(¢): t— pI = vKI . The deviatoric nature of the

viscous stress t then implies that on a(z):
1=0; p=—K.

The sign in the pressure jump condition is the consequence of the choice of n!) as outward normal
to the liquid surface.
e The contact angle condition: ~cosf+ Ay+okcosf+Q =0 ; with the contact angle 6 :

v .y = cosh ; and the angle between the line normal and inside tangent (—v(z)) :
—v(2).m = cos3 . This condition can be written with reference to the equilibrium contact angle:

Ay +okcosf
v

0 = 7(cosb —cosb); cosfy = — (35)
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In relation to (35) we note that, in the absence of line energy (o = 0 ), the equilibrium contact angle
satisfies the standard condition

A’Y o Vsolid/ gas — Vsolid /liquid
Y v

costy = —

Moreover, from (35) for the advancing contact line
E>0=>0>0=0>40,.

Conversely, for the receding contact line the contact angle is smaller than the equilibrium contact
angle. This is consistent with experimental observations [20]. Moreover, failure to include the triple
line dissipation implies that the contact angle is always equal to the equilibrium one [21], which is in
direct contradiction to experimental results.

Finally, we note that to complete the formulation, a definition of the slip constitutive law on
A(t) isneeded. This is beyond the scope of the current paper. We only note that such definition will

not change any of the derived equations.

6. Transport Theorem Depending on Parametrization

In some cases, it is useful to use transport theorem in terms depending on parameterization. This
can be done simply if we substitute (19), now written as:

6 o
5 P01 = ¢+ Vian - grady, ¢

into (20). It is convenient to put it in more familiar form:

6
5 f (,Q(X,t)dV(M)
Ry ()
bdp(x,1) .
=/ [TVtan'gradVM‘P+‘PVtandlvVM () =V DK |dvar)
Ry (1)
However: —Vy,, -grady ¢ +divy, (¢Vian ) = @divyy (1) Vian , SO that
i DAy = i di V-VvPk
5 f e(x,0)dvyy = f 6—t¢+¢( vy VY — (w)) V(M)

Ry () Ry (1)

Further,
—V(W)K(W) = V(”)diVVM ol =divy, () (V(W)n(ﬂ) ) —grady (I)V(W) My =
= divy, (Vi) )

Hence, divy, (1)Vian — VK () = divy, ) (Vtan + v(”)n(ﬂ)) = divy, )V, so that

6 bp(x,t) .
5 f (X, 0)dvpry = f [T—f—gpdlvVM oM
Ry (1) Ry (1)

dV(M) .

7. Migrating V,,(+) in N-Dimensional Fluid

The transport relation given by (23) permits us to consider several particular cases of importance
in continuum mechanics in a unified way. We consider N-dimensional fluid in analogy to 3-
dimensional fluid. First, we denote by w(x,) the velocity of the fluid. We may write it as:

W= W(W)n(ﬁ) +Wtan ,
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where

Wian = Wa, .
Then, v, =v—w represent is the relative velocities of motion of V), (r) with respect to the fluid. We

may decompose it as:

Vp =V—W= (V(ﬂ) —wm )n(7r) +Vian —Wtan -
Now, looking at the transport theorem the only term which may be influenced by motion of the fluid
is YaR,, (1) Viur-n- For definiteness we write:

o . ng )
Yy *qBRM(t) w and ‘8RM(t) =V Vo,

for the relative velocities of motion and normal migrational velocity of AR, (#) with respect to the

fluid. Then, since n(,-v, , =0,

yme —y iy, = V=W Vi1,
|oRy; (1) r Y M- loRy, (1) "V m-1) tan "Y1

and hence:
YoRr,, (t) V-1 = \8R () +Wean " Yor

Upon substituting this into (23), we obtain:

d
& f p(x,t)dvyy =
Ry (D)

f @Y— QOV( )K( )]dV(M)+ f ( ‘8R (t)+wtan V(M 1) dV(M -
Ry (1) ORy (1)

Next, we use the divergence theorem, in the form

f OWtan V-1V —1) = f divy, (1) (@Wan)dViary -
OR ) (1) Ry (1)

to obtain the transport theorem for migrating V), (¢) in the fluid, in the form

d
= [ x,0dv

dt
Ry (1)
L _ (36)
= f [SO— SDV(W)K(W) +diVVM (gDWtan)] dV(M) + f SDV‘(;ani (t)dv(M—l)'
Ry (1) IRy ()

8. Migrating Normal Time Derivative V,,(s) in the Fluid

The normal time derivative of ¢ following the convected V), ()

= a_(p + V(ﬂ') 8_(‘0
ot an(ﬂ)

has to be modified for the migration V), (¢) through the fluid. We start from (36), rewritten as:

d
p f e(x,0dvyy =
Ry (1)

f [<P VIO o)+ grady, (10 Wian +odivy, (z)Wtam]“’V(M)+ f ok, (,)dV(M)~
Ry (1) IRy (1)

Taking into account:
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0
gradp = agp,kgk =0 (x,];a‘* + n(kﬂ)n(”)) =grady ()p+ anw n(™
(m)

7

(m)

it follows: grady, ()¢ Wy = gradp-wy,, (since m™-wy,, =0). Therefore,

5 0 0
ptgrady ()P Wian = Livm L2y gradp- Wi, =
6t an(ﬂ)

_ 9 (m) _ Oy
iy + grady (V N —i—wt.dn) -y +gradp-V ,
where
V= V(ﬂ)n(ﬂ) + Wian

represents the migrational normal velocity for V;,(t) computed relative to the fluid. Indeed, relative
to the fluid:

Vw=V"—wn.

Define the normal time derivative of ¢(x,r) following V,,(#) and corresponding to the

migrational normal velocity field V :

a a
o = a_f+ gradp-V = p+grady (@ Weay -

The corresponding transport theorem reads:

d

Z f @(x,t)dv(M)
Ry (1)

= f ( ®_ovMK | +odivy, w )dv + f v gy

= ® ¥ (m) TPy Wean |@V(ar) WaRM(,) (M—1) -
Ry (1) ORy (1)

9. Material V,,(¢) in N-Dimensional Fluid

Assume that V), (¢#) is material, i.e., convected with the fluid (in analogy with material domains

of 3 or fewer dimensions). Then, fluid velocity w is the material velocity for V,,(¢r),i.e., V=w, the

migrational normal velocity field for V;, (¢) coincides with the fluid velocity, w= V(W)n(ﬂ) +Wian,

ﬁ(p(x,t) =%, V™8 —0.Then, transport theorem reads:

5t ORy (1)
1) op(x,t .
5 f @(x,t)dv(M) = f l%_@(w-n(ﬂ'))[((ﬂ.) —l—(pleVM(t)Wtan dV(M) .
Ry (1) Ry (1)

Then, we note that:
~w-n ™K ) =(w-n™ )ivy, (e =
= divy,, (oW 0y —ngrygrad, - ven™) =divy, (w2 ingy,
so that:
f(w.n(w) WKy +divy, () Wian = divy, () (w~n(”))n(7r) + Wian | = divy, ()W -

Therefore, the transport theorem becomes:
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0 o .
5 f e(x,t)dvyy = f [§<p(x,t)+<pd1vVM "W
Ry (1) Ry ()

dV(M) .

As a special case, we consider V), (z) is material but R, (¢) is not. Then, V(,TI;i o> 0, and,

d do(x,t) .
E f go(x,t)dv(M) = f {T—i-goleVM (Z)W
Ry (1) Ry (1)

mig
dvany+ [ Var, (i@ -1)-
ORy (1)

10. Surfaces of Discontinuity

Examples of such singular surfaces are the interfaces within heterogeneous media, shock waves
in gases, vortex sheets in fluids separating a main stream from the dead water, and cracks in solids.
Moving surfaces of discontinuity are often related to waves. In these cases, the transport theorem has
to be modified in order to include the influence of surfaces of discontinuity X(s) on

o
5 f p(x,t)dv.
v(t)

We generalize the transport theorem for the integral
6

5 f e(x,1)dvyy)

Ry (1)

to a region R, (¢) containing a hypersurface X,,_ ;(r) across which ¢(x,f) may suffer a jump

discontinuity.

Definition 1. An oriented smooth surface X,,_,(¢t) in a region Ry, (¢) is called a singular hypersurface
relative to a field o(x,t) defined on Ry, (¢t), if ¢(x,t) is smooth in Ry \X,,_; and suffers a jump
discontinuity across X,,_(¢) . The jump of ¢(x,t)is defined as:

[el=¢"—¢~

+ —
where ¥ and ¥ are the limits from the two sides of i -1(1) , in the sub-regions of Ry (1) designated as

Ry () g Rar(6)

Let X, ,(0): x(u®,t)=0.Denote by B -1y its outward unit normal and by @ velocity of its

points. Then, w, = ®- ), _y, is the normal speed of X),_,(¢) positive when pointing into Ry (0).

/
Upon applying (21) to the two regions Ri;(t) and Ry (t), bounded by X,,_,(#), and, respectively,

by OR}; (t) and ORy; (1), we write the transport theorem as:

(5 o
5 f o(x,0dvpy = f [@@V(W)K(n)]dV(M)

Ry (1) Ry (1)
+ f 0 Vian V(-1 dva -1 — f [e]o- par—ndvan -1y,
ORy; (1) oy

or, using the Green—-Gauss theorem, as:
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6 o .
< f P(x, vy = f o=@V IOK oy +divy (V) |dvur
Ry (1) Ry (1) 37)
+ f [[QO(V—C!)>]][,L(M71)CIIV(M71)
(o)

11. General Balance Laws

The basic laws of mechanics in 3D can all be expressed, in general, in the following form,

%[Wv:afp%ndwl% ” (38)

for any bounded regular subregion P of the body #, and the vector field n, the outward unit
normal to the boundary of the region £, in the current configuration. The quantities ¢ and o, are
tensor fields of order m,and &, isa tensor field of order m +1.

The relation (38) — the general balance of ) in integral form — asserts that the rate of increase of
the quantity v inapart P of abody is affected by the inflow of 9 through the boundary of P and
the production of ¢ within P. &, is the flux of ¢, and o, is the source of ¢ . In general, the
source ¢, may include external and internal sources.

We state general balance laws for R, () CVy containing a hypersurface X,, () across
which ¢(x,7) may suffer a jump discontinuity. Inspired by the above balance law, we write:

6
5 [ endvan = [ @ mop, oyt [ opdvany (39)
Ry (1) ORy (1) Ry (1)
where nyp () is the outward unit normal to the boundary 0R), of R, ,while &, and o, arethe

flux and the source of «.

From (39), we can obtain the local balance equation at a regular point, as well at a singular point.
First, we apply the Green—Gauss theorem to the first integral on the right side of (39):

I @ mor, @) =

ORy (2) (40)
f diVVM (t)(I)gOdV(M) + f |[‘I)¢H‘“(M71)dV(M71)-
Ry (1) DYV 1))

Then, after substituting (40) and (37) into (39) we obtain:

f [@- PVIOK oy + divy, () (@V)] dviry + f LoV —o)]- s —1ydvias 1y

Ry (1) DY)
= f diVVM (l‘)éga dV(M) + f HQ@H'“(M—l)dV(M—l) + f O'de(M),
Ry (1) Ey () Ry (1)

and then,
1l [cp— PV OK oy +divy (¥ —®,) -0, ] vy
Ry (1)

+ f {[@(V7w)7q)¢ﬂ'ﬂ(M—l)d"(M71):0.
10

Finally, following the standard procedure, the local balance law reads:
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o—oVOK oy +divy @V —®,)—0, =0 inRy (1),

with the jump condition:

[[@(V—w)—‘i{pﬂﬁ(Mq):O on Xy (7) on Xy (1).

12. Summary and Discussion

To formulate the transport theorem, we define the elements of geometry and kinematics of a M-
dimensional domain Rj,(+) moving in a N-dimensional space Vy (M <N) which are

independent of parametrization, i.e., independent of the choice of the choice of coordinates intrinsic
to V), (1) . The geometry is characterized by N—M normals »'™ , which—together with the

arbitrary basis in R, (r) —form a basis in V) . The relevant components of the curvature of R, (¢)
are characterized by the mean curvature normal [4] ( K,, = K(W)n(”) , where K= —diVVM ()B(r) - The
geometry of the boundary of Ry (¢), denoted OR),, is characterized by the unit vector v, ,,
which is orthogonal to 9R,,, but tangent to R, (¢).

Regarding the kinematics of R, (¢), only the normal velocity, V, = V(ﬂ)n(ﬂ) is independent of

parametrization. The motion of the boundary is characterized by a single scalar component — the
scalar normal velocity V, =V, v, _;, - The final component is the normal time derivative

independent of parametrization:

o k
0= Ip(x”,1)] +V, - -grady .
k

ot |y
The transport theorem can then be written as:

4

0 f (x,0)dvy = f (p—¢V, - K)dvyry + f eV, dviar_yy -

Ry (1) Ry (1) IRy (1)

The transport theorem has been applied to the moving N-dimensional fluid with a migrating
subdomain R,, (), non-material and material, as well as to the moving surfaces of discontinuity.

Finally, the general form of balance laws for N-dimensional continuum is formulated.
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Appendix A

To derive (17), we begin with

974 :%«/ZAAA —. (A1)

where 414 Apap = 514. It is convenient to write (8) as 4,4 = A, - A, . Then:

9dqp _ 0 04, o4, OV oV
MDA T (g AN =g A, A T A+ Ay
Y 3t( 1Ap) 5 AatAdi— P At Ay e (A2)

where, according to (12), we have
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dAp _ 0 Ox _ 0 Ox_ ov
o otoul  aul o aul’
Thus,
Next,
aﬂ:{ N }Apﬂm n®) (A4)
aut  |aa (€
and
V.oAy =V, - (A5)

Formally, we may write (A4) as

Apsp = QAA‘(F)H(W)

where
14 = Ladm) -
here, 2, Ay are the components of symmetric 2nd order tensor for each value of w [22].

Alternatively: A,y = “QSITZH(W) , where _(25172 =n""2n14 -
Next, we calculate (A3) and obtain

oV Ny [T
Ay = —
ou” out A4

}VA - QAA\(W)V(W) =Vaq —QAA\(W)V(W)I

where we have made use of (A4) and (A5). Therefore (A2) is given by

ot

::VA,A+VAu372V“0£MAKm.

Finally,

1%} \/— 1 04 1 AA OAyn . (m)
T4 =—_Z2 —_ [444A Z2AA _ [ 4(divy V., —VPK ).
ot Ao 2 ot ( YV Vean (m)

Next, we use (A4) and obtain

OAA 8[1(7T)
‘n = —Ax- .
ou (m) A PYIE

QAA‘(W) =

Hence,

On On
Kﬂ:AAAQANW):_AAAAA__EQGZ_AA (™ _

oul U
. o an(ﬂ' .
=—Divy, iy(r) =—a o = —divy, ()

which is independent of parameterization.

Appendix B. Elements of Geometry and Kinematics of OR,, (¢)

So far, we have considered some elements of geometry and kinematics of V), (). Now we let

Ry (¢) beafiniteregionin V), (¢), bounded by the closed (M —1) space OR,, (¢) . We first consider
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some elements of geometry and kinematics of 9R;,(f) whose “material” points are defined by
convected coordinates. Its parametric equations in convected coordinates are

vt =vder)y or UM =0.
Then, Grad® and its unit normal,

Grad®

HOMD = 1Grada]”

are independent of any parametrization of £”in OR,, (¢) . Note that the unit vector By -1y 1 In

Ry, () and orthogonal to dR,, (7). In view of (5) the same boundary 9R,, (r) is defined in Vy (¢)
by x=x(U(£),?) . Then,

ox _ox_
Otg 0Ot
so that
ox
- . ,=V. B
o1 € 122078 122078

at the points of 9R;,(¢) defined by (A1l). From (14), having in mind that n(™. H(pr—1) =0, this can
be written, as

0x

= . =V, . N
o1 " [21078)) tan " H(M —1)

which is independent of any parametrization of £”. It represents the speed of propagation of

ORys (t) while its vector of displacement is given by

Ox
Otle

ox

Bor—1y) = (N(M—l) ®N(M—1)>E‘g .

Vor, ) = KM —1)

When the coordinate system u«® that is not convected, determination of the speed of movement
of the border is more complex. Then,

«
ORyy (1) :u” =u®(£°,1), rank[gsz:M—l, p=1..,M—1 (A6)

or
ORyy (t):i/}(ua,t) —0. (A7)
Moreover, grad Ry (Y is vector in R, (+) normal to OR;,(¢), which is independent of the
choice of coordinates ¢’ intrinsic to R, (¢) . The same holds for its unit vector

grad Ry 0¥

o = ‘gradRM (t)iﬁ‘

o agp o P — P
Let ¥ —H (1) be the path of point u@®) i Ry (0 when ¢=c . Then

au(Y
a
ot ‘gf}:cﬂ @

represents the velocity of points of the path. From (A6) and (A7) we obtain
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0 Ou
Ew +gradRM (t)wg‘gﬂ =0

whence, in view of (19),

Ou oY
Egp ‘V(Mfl) = fg/‘gradRM(,)w‘

The expression

Ju
ot ‘5/’

V()

is the speed of propagation of 9R,;,(¥) in R, (¢). It is clearly independent of any parameterization

with respect to intrinsic coordinates ¢”. Its displacement vector v, R, (1) 1S givenby

ou
YoRy (1) = VoRy ()P (M 1) = Drfer M P4

Thus far, we have considered the kinematics of 9R;, (1) as a subspace of R, (r). Now, upon

substitution of (18) into (1), we obtain representation of 9R,, () in Vy:
x=xu",t)= X{ua(ﬁp,t),t} .

Then,

Ox ox  Ox ou® N Ou

Y == =4 = —v+t
ORw (1) 5 ‘gﬂ:cﬂ ot gu™ 0Ot ‘gﬂ =c* Ot |¢r
represents the velocity of the points of the paths ¢’ =c¢” in 7 . Hence,

Yory, (1) Y- = VY (M- tVor,, (t)

From (13), we have v.v (3, _j) = vy, -vy ) - Then, since n(,y v, =0, we have

Vtan

Yor,, (1) "Y(M—-1) = Vian "V (M—1) +Vor,, (t)-

References

Slattery, ]J.C. Momentum, Energy, and Mass Transfer in Continua; McGraw-Hill: New York, NY, USA, 1972.
. Slattery, J.C. Interfacial Transport Phenomena; Springer: New York, NY, USA, 1990.

3. Truesdell, C.; Toupin, R.A. The classical field theories. In Handbuch der Physik; Flugge, S., Ed.; Springer-
Verlag: Berlin, Germany, 1960, Volume 3/1.

4.  Betounes, D.E. Kinematics of submanifolds and the mean curvature normal. Arch. Ration. Mech. Anal. 1986,
96, 1-27.

5. Edelen, G.B. Applied Exterior Calculus; John Wiley & Sons: New York, NY, USA, 1985.

6.  Spivak, M. A Comprehensive Introduction to Differential Geometry, 3rd ed.; Publish or Perish, Inc.: Houston,
TX, USA, 1999; Volume 1.

7. Eisenhart, L.P. An Introduction to Differential Geometry with Use of the Tensor Calculus; Princeton University
Press: Princeton, NJ, USA, 1940.

8. Synge, J.L.; Schild, A. Tensor Calculus; Dover: New York, NY, USA, 1978.

9.  Petryk, H.; Mroz, Z. Time derivatives of integrals and functionals defined on varying volume and surface
domains. Arch. Mech. 1986, 38, 697-724.

10. Cermelli, P.; Fried, E.; Gurtin, M.E. Transport relations for surface integrals arising in the formulation of
balance laws for evolving fluid interfaces. J. Fluid Mech. 2005, 544, 339-351.



Mathematics 2020, 8, 899 21 of 21

11.

12.

13.
14.

15.
16.

17.

18.

19.

20.

21.

22.

Seguin, B.; Hinz, D.F,; Fried, E. Extending the transport theorem to rough domains of integration. Appl.
Mech. Rev. 2014, 66, 050802.

Gurtin, M.E,; Struthers, A.; Williams, W.O. A transport theorem for moving interfaces. Q. Appl. Math. 1989,
47,773-777.

Jaric, J.P. On a transport theorem for moving interface. Int. J. Eng. Sci. 1992, 30, 1535-1542.

Estrada, R.; Kanwal, R.P. Non-classical derivation of the transport theorems for wave fronts. ]. Math. Anal.
Appl. 1991, 159, 290-297.

Fosdick, R.; Tang, H. Surface Transport in Continuum Mechanics. Math. Mech. Solids 2009, 14, 587-598.
Scovazzi, G.; Hughes, T.J.R. Lecture Notes on Continuum Mechanics on Arbitrary Moving Domains; Sandia
National Laboratories: Livermore, CA, USA, 2007.

Taylor, G.I. Similarity solutions of hydrodynamic problems. In Aeronautics and Astronautics (Durand
Anniversary Volume); Pergamon Press: Oxford, UK, 1960; pp. 21-28.

Dehsara, M.; Fu, H.; Mesarovic, S.D.; Sekulic, D.P.; Krivilyov, M. (In)compressibility and parameter
identification in phase field models for capillary flows. Theor. Appl. Mech. 2017, 44, 189-214.

Mesarovic, S.Dj. Physical foundations of mesoscale continua. In Mesoscale Models: From Micro-Physics to
Macro-Interpretation; CISM International Centre for Mechanical Sciences book series; Mesarovic, S.D.,
Forest, S., Zbib, H.M., Eds.; Springer: Berlin/Heidelberg, Germany, 2019.

de Gennes, P.G.; Brochard-Wiart, F.; Quere, D. Capillarity and Wetting Phenomena, Drops, Bubles, and Waves;
Springer: New York, NY, USA, 2004.

Gouin, H. The wetting problem of fluids on solid surfaces. Part 2: The contact angle hysteresis. Continuum
Mech. Thermodyn. 2003, 15, 597-611.

Lovelock, D.; Rund, H. Differential Forms, and Variational Principles; Dover: New York, NY, USA, 1989.

© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
‘@ @ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http://creativecommons.org/licenses/by/4.0/).



