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Abstract:

Growth restriction refers to the phenomenon of reduced growth velocity due to the solute

enrichment/depletion at the solid/liquid interface during alloy solidification. Although 

significant progress has been made to understand this phenomenon, so far there has been no 

effective parameter to quantify growth restriction. In this paper, we have derived a new 

parameter, β, to quantify the growth restriction in multicomponent systems effectively, and 

which incorporates the nature of solutes, solute concentrations and solidification conditions

holistically. Theoretical analysis and phase field simulations have confirmed that growth 

velocity is a unique function of β regardless of the nature of solutes, solute concentrations and 

solidification conditions, but it is not a unique function of the widely used growth restriction 

factor, Q. Our analysis suggests that the overall β for a multicomponent alloy system can be 

either calculated accurately by the ratio of the liquid fraction to the solid fraction (β = fL / fS) or

approximated with great confidence by a linear addition of the β values of the constituent

binary systems. In addition, we have shown theoretically that for a given alloy system 

solidifying under a given undercooling, there is a critical solute concentration, below which 

solidification becomes partitionless and therefore there is no growth restriction during 

solidification. Furthermore, our analysis has shown that the physical origin of growth 

restriction is the blockage of the supply of the critical elements for crystal growth, i.e., 

solvent atoms in the case of eutectic-forming.
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1. Introduction

During solidification of metallic alloys, solutes partition differentially between the solid and 

liquid phases, resulting in either accumulation or depletion of solutes at the solid/liquid 

interface depending on the nature of the solute(s) in a given alloy. It has been long recognised 

that such accumulation/depletion of solutes leads to a slower growth rate of the solid phase 

[1], and this phenomenon is usually referred to as growth restriction in the literature. 

Historically, Cibula [1] was the first person to recognise such a phenomenon by suggesting 

that there is a concentration gradient in the liquid around a growing solid during 

solidification. Ivantsov [2] discussed the solute field in the liquid around a growing solid and 

proposed the concept of constitutional supercooling, which was described more rigorously 

later by Rutter and Chalmers [3], and formulated quantitatively by Tiller et al. [4]. Soon after, 

Winegard and Chalmers [5] made the connection between constitutional supercooling and 

equiaxed grain formation during solidification. Since then the effect of solute concentration 

on grain refinement has been demonstrated experimentally by a number of researchers [e.g., 

6-10].

Our current knowledge of growth restriction and its effect on solidification is mainly obtained

from the research on grain refinement. Due to the desire for homogenous microstructure, 

improved crack susceptibility and better machinability, grain refinement has been widely 

investigated both experimentally and theoretically over the past decades, especially in Al-

and Mg-alloys (see reviews in Refs. [11-13]). In the beginning, attention was focused mainly 

on the importance of the nucleant particles on grain refinement [1, 14, 15]. However, Wallace 

[16] recognized the role of solute on grain refinement, and Tarshis et al. [17] demonstrated

that in a range of Ni- and Al-based alloys the addition of solute led to significant grain 

refinement. Since then, substantial attentions have also been paid to the solute effect on grain 

refinement [13, 18, 19]. Easton and StJohn [13] reviewed the mechanisms of grain refinement 

and divided the theoretical and experimental work into two categories, the “nucleant 

paradigm” and the “solute paradigm”. The former emphasises the importance of the nucleant 

particles on grain refinement, while the latter incorporates the influence of solutes on the 

grain refinement process. It is now well accepted that effective grain refinement requires the 

presence of both potent nucleant particles with adequate number density and sufficient solute 

contents [20]. For instance, it has been demonstrated that solidification of alloys without the 

presence of adequate solute leads to a columnar microstructure even if an exceptionally large 
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number of potent nucleant particles are present in the melt [21, 22]. It is generally accepted 

that increasing solute content results in a later start and slower rate of recalescence, which in 

turn allows more time for further grain initiations to proceed. 

So far, there has been substantial effort dedicated to a quantitative description of growth 

restriction during solidification (see review in Ref. [23]). Tarshis et al. [17] proposed a 

parameter, the constitutional supercooling parameter P, to quantify the solute effect, and 

correlated grain size with P in Ni- and Al-based alloys:

� �
��������

�
, (1)

where m is the liquidus slope in a linear phase diagram, k is the equilibrium solute partition 

coefficient, and C0 is the solute content in the alloy melt. Spittle and Sadli [24] studied the 

effect of Cr, Cu, Fe, Mg, Mn, Si, Zn and Zr on the grain size of high purity Al with and 

without 0.2wt.% addition of Al-5Ti-1B grain refiner. Their results showed that there appears 

to be a good correlation between the grain size and the constitutional supercooling parameter 

P. 

Another more popular parameter for quantifying growth restriction is the growth restriction 

factor, Q, which was first defined by Maxwell and Hellawell [25] as 1/X in their modelling of 

spherical growth restricted by the partitioning of a single solute. This factor (1/X) was 

considered to be the growth restriction factor, and denoted as Q later by other researchers: 

� � ����� � ��. (2)

From Eqs. (1) and (2), one has  � � ��� . Greer et al. [26] replotted the grain size data of 

Spittle and Sadli [24] as a function of the growth restriction factor Q, and found that Q is a 

better parameter than P for quantifying the degree of growth restriction. In addition, it has 

been suggested that Q could be defined as the available undercooling for the formation of the 

initial solid and therefore Q can be expressed as [27]:

� � �
������

���
�����

, (3)

where ��� is the constitutional undercooling, and �� is the solid fraction. One of the 

advantages of Eq. (3) is that it offers a thermodynamic approach to predicting the Q value for 

multicomponent alloys [28, 29]. However, the approach to the growth restriction factor of a 
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multicomponent system commonly used in the literature is often a simple linear addition of 

those for the constituent binary systems [8, 10, 30]:

� � � �������� � ��
�

���
, (4)

where i refers to the individual solute in the multicomponent system.

Hodaj and Durand [31] proposed another parameter, U, to quantify the growth restriction of 

solutes in multicomponent systems by considering the difference in diffusion coefficients of 

solutes during solidification under low undercooling, 

� � � �
�

��
� ������� � ��, (5)

where D is the self-diffusion coefficient of the solvent, and Di is the diffusion coefficient of 

the ith solute in the liquid. In Eq. (5) the contributions of the constituent solutes are weighted 

inversely by their diffusivities Di. However, it is usually difficult to obtain reliable data for 

solute diffusivities in liquid alloys, and therefore, it is a common practice to use a constant 

diffusion coefficient for all the solutes during numerical modelling of solidification 

processes.

The parameters, P and Q, have been used extensively to account for the experimentally 

observed effect of solutes on grain size [10, 17, 24, 30, 32-35]. Tarshis et al. [17] and Spittle 

and Sadli [24] explained their experimental results in terms of P and found that their

measured grain sizes were closely related to the parameter P. However, more work [10, 30, 

32-35] has focused on the relationship between grain size and the growth restriction factor Q. 

In addition, a few theoretical models for predicting grain size have also been developed 

involving Q [25-27, 36-38]. For example, Maxwell and Hellawell [25] developed a simple 

model for spherical growth during solidification of an isothermal melt, in which the 

parameter 1/X (1/X = Q) was identified as the growth restriction parameter. Based on the 

Maxwell and Hellawell model [25], Greer et al. [26] developed a numerical model for 

predicting grain size of Al-alloys with grain refiner addition, and found that a grain grows 

from a refiner particle at an undercooling inversely proportional to the particle diameter, 

which has been referred to as the free growth model:

���� �
�

����
 , (6)
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where ���� is free growth undercooling,  is the solid/liquid interfacial energy, ��� is entropy 

of fusion per unit volume, � is particle diameter. They found that their numerical predictions

[26] agree well with the experimental data of Spittle and Sadli [24] up to 400μm, but not 

beyond that. In addition, extensive experimental work has revealed an empirical relationship 

between the average grain size (� �) and the growth restriction factor Q [32, 37, 39-42]:

� � � � �
�

�
(7)

where a and b are constants. It was believed that a is related to the number density of active 

nucleant particles and b is related to the potency of the nucleant particles [42, 43]. Further 

analysis has led to the development of the interdependence theory [37]. Furthermore, in the 

recent years we have seen more theoretical models for grain size prediction [36, 44, 45], 

which involve the growth restriction factor Q either directly or indirectly. 

However, although experimental results in dilute binary alloys have demonstrated that grain 

size decreases monotonically with increasing Q, there has been increasing evidence to show 

that Q does not always work well for quantifying growth restriction during solidification. 

When examining the effect of solute content on grain size over the entire range of 

hypoeutectic compositions in binary alloys, Xu et al. [46] found that the relationship between 

the grain size and P or Q is not monotonic at high alloy concentrations [46]. They suggested 

that the grain size decreases monotonically with increasing freezing range of aluminium 

alloys, with the minimum grain size occurring at the maximum freezing range. However, Liu 

et al. [47] found that their experimentally measured grain size of Zn alloys as a function of 

solute content cannot be fully explained using Q, P, or freezing range individually, 

suggesting that none of these three parameters alone can be fully correlated to grain 

refinement. 

In addition, the reliability of some of the grain size data in the literature, particularly those for 

dilute alloys, is questionable. The majority of the previous grain size data were obtained by 

the standard Alcan TP-1 test [48], in which grain size is measured from the central region of a

cross-section 38mm above the base of the TP-1 sample. More recent experimental results 

have confirmed that the microstructures of most dilute alloys are columnar in the vertical 

section although the corresponding cross-section of the same sample shows an apparently

equiaxed structure [21, 49]. Most recently, Zhou [50] repeated the experiments of Spittle and 

Sadli [24], but examined the resultant microstructure in both the cross-section and the vertical 
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section of the TP-1 samples of all the alloys. It was demonstrated clearly that after the 

columnar to equiaxed transition (CET) the grain size decreases only moderately with 

increasing solute content, suggesting that the solute effect on grain size is not as significant as 

we have thought previously. 

The present work aims to develop a new parameter to quantify the growth restriction effect of 

solute by considering the nature of the solutes, solute concentrations and solidification 

conditions holistically. The newly developed growth restriction parameter is validated by 

phase field simulations. 

2. A new concept for growth restriction

For diffusion controlled spherical growth, the resultant exact expression for the growth 

velocity V of a grain of radius r is given by the following equation [51, 52]:

� �
����

��
, (8)

where λ is a parameter related to the instantaneous undercooling. Therefore, ���� is taken as

the growth coefficient, and its inverse, ���� , can be defined as the growth restriction 

coefficient. 

In the early analysis of the growth of spherical precipitates from a supersaturated solid 

solution, Zener [52] used the solute supersaturation, �, to approximate the growth restriction 

coefficient:

��

�
� �, (9)

and for spherical growth during solidification, is defined by the following equation:

� �
�����

�����
, (10)

where CL and CS are the solute contents in the liquid and the solid phases at the solid/liquid 

interface, respectively, as illustrated in Fig. 1. However, the Zener approximation (Eq. (9)) is 

only applicable to the cases where � � � [52]. 

In their approach to the same problem by Aaron et al. [51], λ was approximated by the 

following equation:



 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

7 
 

� � �
��

������ � �
��

��
� ��

���

, (11)

and for spherical growth during isothermal solidification, Maxwell and Hellawell [25]

derived the follow expression for S:

� �
��������

�����
 . (12)

However, similar to Eq. (9), Eqs. (11) and (12) are only applicable to cases where � � � [25, 

52].

Recently, Fan and Lu [53] developed a general analytical solution for spherical growth during 

isothermal solidification, and obtained the following exact solution:

��

�
�� �

�

�
��� ��� �

��

�
� ���� �

�

�
�� � �. (13)

Unfortunately, Eq. (13) is implicit. An explicit expression of λ2/2 as a function of α was then 

obtained numerically from Eq. (13) and given by the following equation:

��

�
�

�

���
�� � �� � �� , (14)

Eq. (14) is applicable to all the cases where � � � � �. Then one has [53]:

� �
�

���
�� � �� � �� 

��

�
, (15)

and the growth restriction coefficient becomes

�

��
�

���

���������
. (16)

From the definitions of α and Q, one gets:

� �
�

��������

��
������

�
�

�

��
������

. (17)

From Eqs. (16) and (17), one can calculate the growth restriction coefficient, ����� as a 

function of Q/ΔT ( Fig. 2). It is obvious in Fig. 2 that the intercept of ���� at Q/ΔT axis 

becomes k. For a given k value (i.e., for a given solute), when Q/�� ≤ k, the growth 

restriction coefficient ���� � �; while when Q/�� > k, ���� increases monotonically with 
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increasing Q/��. However, ���� is not a unique function of Q/��; and as the value of k

increases the curve shifts towards the right hand side of the plot (Fig. 2). This suggests that 

the growth restriction coefficient ���� is a function of Q, �� and k; and any of these 

parameters alone will not be adequate to describe growth restriction. In addition, Fig. 2 also 

provides a clear theoretical reasoning for why Q is not additive for multicomponent systems. 

In this work, we define a new parameter, the growth restriction parameter, :

� �
��������

��
� � �

�

��
� �. (18)

Fig. 3 shows the growth restriction coefficient, ���� , as a function of growth restriction 

parameter, β. In Fig. 3, ���� becomes a unique function of β, being independent of the nature 

of solutes; and ���� increases monotonically with increasing β for all solutes. Therefore, β

can be used as a measure of the growth restriction coefficient although β does not equal to the 

growth restriction coefficient. By assuming that there are no interactions between solutes, one 

would intuitively expect that β of a multicomponent system can be expressed by the linear 

additivity of the constituent binary system (βi):

� � � ��
�
��� . (19)

Substituting �� � ���� � ��� and � �
��

��
into Eq. (18), one obtains

� �
�����

�����
�

��

��
,  (20)

where �� and �� are the phase fractions of the liquid and the solid, respectively. Eq. (20) 

suggests that β is the ratio of the liquid phase fraction, ��� to the solid phase fraction, ��. I 

addition, Eq. (20) also provides heuristically a thermodynamic approach to calculating the β

values of multicomponent systems using CALPHAD software and associated thermodynamic 

databases. Fig. 4 compares the calculated β values from Eqs. (19) and (20) for a number of

Al-based binary alloy systems (Al-Si, Al-Ti, Al-Fe and Al-Cu), ternary alloy systems (Al-Si-

Fe and Al-Si-Ti), and quaternary alloy systems (Al-Si-Fe-Cu and Al-Si-Fe-Ti). Fig. 4 shows

that the β values for the various alloy systems calculated from the additivity equation (Eq. 

(19)) are in very good agreement with those calculated from Eq. (20). This suggests that the 

additivity approach (Eq. (19)) is applicable to multicomponent systems, in direct contrast to 

the case of Q, which is obviously not additive (see Fig. 2).
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3. Validation of β by phase field simulation

Phase field modelling has been widely used for the simulation of microstructural evolution 

during solidification processes [54-56]. In this study, we used the phase field approach to 

investigate the effect of solutes on growth restriction in Al-alloys under isothermal 

solidification conditions. The MICRESS software [57] was used for all the phase field 

simulations with the set-up described in Ref. [58]. Since the thermal diffusion distance is

generally 103 times larger than the average grain size, a melt with a sufficiently small volume 

can be approximated as spatially isothermal, which is a widely adopted approach in 

solidification research [25, 26, 28]. Planar growth was imposed to avoid the effect of 

curvature undercooling. The binary systems (Al-Si, Al-Fe, Al-Cu, and Al-Ti) and the ternary 

systems (Al-Si-Fe and Al-Si-Ti) were used in the present work, with different levels of 

undercooling, i.e. 0.5 and 1K. The detailed alloy composition, solidification condition and the 

corresponding Q, and growth velocity obtained by phase field simulations are summarised 

in the appendix.

The values of m and k in the binary Al-alloy systems were obtained by linear fitting of the 

liquidus and solidus in the phase diagrams at the Al-rich end calculated from the PanAl

database using the Pandat software. The parameters used for the phase field simulations are 

listed in Table 1. For simplicity, we have assumed that the presence of solutes at reasonably 

low concentrations has no effect on interfacial energy, entropy of fusion or diffusion 

coefficients. Meanwhile, the diffusion coefficients of the solutes in the liquid Al were 

assumed to have the same value. The grid size and interface mobility were calibrated during 

the simulation; and it is confirmed that the variation of grid size from 0.1 to 1μm and the 

interface mobility from 0.1 to 1cm4/Js have no significant effect on the growth velocity of the 

planar interface. The steady state velocity of the planar interface is obtained by linearly fitting 

the relationship between distance and time.

The resultant growth velocity for the various alloys, at two different levels of undercooling, 

0.5 and 1.0K, is plotted against Q in Fig. 5. It is not surprising to see that there is considerable 

scatter in the growth velocity data against Q, which can be attributed to the variation in 

partition coefficient (k) and/or undercooling (ΔT) for a given value of Q. For example, the Q

value is 0.29 for Al-0.05Si alloy (labelled by the solid arrows in Fig. 5), but the growth 

velocity at �� = 1.0K is 283 μm/s which is more than twice of that at �� = 0.5K (122 μm/s). 

A similar situation is also found in the case of Al-0.1Si alloy (labelled by the dashed arrows
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in Fig. 5). In addition, Fig. 5 suggests that systems containing peritectic-forming elements

(e.g. Al-Ti) have higher growth velocity for a given Q value compared with those containing 

eutectic-forming elements (e.g. Al-Fe and Al-Si). Therefore, it can be concluded that the 

growth velocity is not a unique function of Q.

However, when the same growth velocities are plotted against their corresponding β values in 

Fig. 6, all the growth velocity data for the different alloy systems with varying k and �� are 

consistently aligned to one curve (the dashed curve). Fig. 6 suggests that the growth velocity 

is a unique function of β, regardless of the nature of solutes (k), solute concentration (C0) and 

solidification condition ( �� ). Therefore, β is a more effective parameter than Q for 

quantifying the growth restriction during solidification, since it captures not only the 

thermodynamic characteristics of the solutes but also the effect of solidification condition. 

4. General discussion 

4.1 Effect of solute interactions on β in multicomponent systems

In the present work, only dilute alloys are considered, and therefore the interactions between 

solutes are expected to be small and ignored when the linear additivity of β (Eq. (19)) is 

applied to multicomponent systems. In this section, we analyse the effect of solute 

interactions on β to validate this assumption. 

In a dilute multicomponent alloy (denoted as A-B-C in general), the interaction between 

solutes B and C can be expressed by the regular solution approximation when the ternary 

interaction can be ignored. Thus, the excess Gibbs free energy of the liquid due to the 

interaction between solutes B and C, �����
�� , can be expressed as:

�����
�� � ������� , (21)

where ��� is the interaction parameter between solutes B and C, �� and �� are the molar 

fractions of the solutes B and C, respectively. For the ternary A-B-C system, the interactions 

between the solvent and the solutes (A-B and A-C) play a dominant role in determining the 

phase diagram, while the interaction between the solutes (B-C) affects the phase diagram 

only when ��� is large in absolute value, either negative or positive. A negative ��� value 

means attractive interaction; a positive ��� value suggests a repulsive interaction; and 

��� � � refers to an ideal solution.
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In order to investigate the effect of solute interactions in the liquid phase, a strong solute 

interaction (��� = ±125 kJ/mol) was deliberately assigned to the Al-Fe-Si system to stretch 

its possible effect since the actual absolute ��� values for dilute multicomponent Al-alloys 

are usually much less than 125 kJ/mole (see Table 2). In addition, β = 1.0 and β = 10.0 were 

used to illustrate the effect of solute interaction, and the undercooling ΔT was set at 0.5K.

The calculated iso-β lines (β = 1.0 and β = 10.0) as a function of alloy compositions are 

presented in Fig. 7. When ��� = 0, the iso-β line is a straight line; whereas negative (��� = -

125 kJ/mol) and positive (��� = 125 kJ/mol) interactions make the iso-β lines convex and 

concave, respectively. Therefore, for a given alloy composition a negative ��� reduces β

since higher concentrations of solute elements have to be present in the alloy melt to obtain 

the same β value (e.g. β = 10.0); while a positive ��� increases β, compared with the case of 

��� = 0 (the solid line). This means that an attractive solute interaction leads to a weaker 

growth restriction while a repulsive solute interaction results in a stronger growth restriction. 

In addition, our analysis has confirmed that the solute interaction in the solid phase has very 

little effect on the overall β value, which was also reported by Quested et al. [28] in the their 

work on thermodynamic modelling of Q. 

The largest change in β value (��� = ±125 kJ/mol and β = 10) in this case is only ±6% (Fig. 

7b). In fact, most of the absolute ��� values obtained from the thermodynamic database

COST 507 (see Table 2) are much less than 125 kJ/mol. Therefore, it is reasonable to assume 

that there are no interactions between solutes for the calculation of the overall β of dilute 

multicomponent alloys. Fig. 7, therefore, provides a theoretical justification for the linear 

additivity of β (Eq. (19)).

4.2 Applicability of β

In this work, we have derived a new parameter, β, to quantify the growth restriction during 

solidification (Eq. (18)), which equals to the ratio of the liquid phase fraction over the solid 

phase fraction at an undercooling of �� (Eq. (20)). Eq. (18) suggests that in a binary alloy 

there are three key factors that affect β: the nature of the solute (m and k), solute 

concentration (C0) and undercooling (ΔT). In this section we will discuss the applicability of 

β in terms of the ranges of such parameters. 
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For a given alloy (fixed m and k) solidifying under a fixed undercooling (ΔT), it is 

straightforward that growth restriction increases linearly with increasing solute concentration

(C0) according to Eq. (18). This is well understood theoretically and has been confirmed 

extensively by experiments through grain refinement (see review in [19]). However, further 

analysis of Figs. 2 and 3 reveals that for a given binary alloy solidifying under a given 

undercooling (ΔT) there is a critical concentration (C*), below which β = 0. Let β = 0, one 

obtains C* from Eq. (18):

�� �
���

������
� (22)

Eq. (22) suggests that for a given alloy C* is a function of undercooling ΔT; and C* increases 

with increasing undercooling ��. As schematically illustrated in Fig. 8 for both eutectic and 

peritectic systems, C* marks the solute concentration at which the solidification undercooling 

equals to the freezing range of the alloy. For given undercooling �� , when C0 < C*, 

solidification becomes partitionless (non-equilibrium solidification) and therefore there is no 

growth restriction (β = 0); whereas when C0 > C*, growth restriction increases with 

increasing C0 as described by Eq. (18).

Similarly, one can work out the conditions for partitionless solidification of multicomponent 

systems. Let β = 0 in Eq. (19), one has:

�
�����������

��

�

���
� � ��

�
��� � �� (23)

For a given solidification condition, �� is a constant, and hence,

�� �
� �����������

�

���

� ��
�

���

� (24)

In consideration of Eq. (1), Eq. (24) becomes:

�� � � ��
�
��� � (25)

where �� is the freezing range of the constituent binary systems in a multicomponent system. 

When � ��
�
��� � ��, solidification becomes partitionless and there is no growth restriction; 

while when � ��
�
��� � ��� the overall growth restriction is described by Eq. (19).
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As demonstrated clearly in Fig. 2, Q has its limitation to quantify the effect of solutes in a 

multicomponent system on growth restriction even at a fixed undercooling, since the 

intercept in Fig. 2 for each solute is different, especially for the peritectic-forming elements.

For eutectic-forming elements (k < 1), such as Fe (k = 0.023) and Si (k = 0.12), the growth 

restriction coefficient (����) increases with increasing Q within a reasonably small band. 

This suggests that Q may be used as a rough estimate of the growth restriction coefficient in 

such cases (Figs. 2 and 5). However, for peritectic-forming elements (k > 1), such as Ti (k = 

7.4), Q is not suitable for quantifying growth restriction (Fig. 5). This is likely the reason why 

the grain size is not a monotonic function of Q reported in Refs. [46, 47]. In contrast to Q, the 

growth restriction coefficient (���� ) is a unique function of β (Fig. 3). Therefore, β is 

applicable to all solutes regardless of their k values (Fig. 6), 

From Eq. (17), one obtains the relationship between α and β:

� �
���

�
. (26)

Then, one can easily obtain the following limiting conditions:

 when α→0, β→ , ����→β;

 when α→1, β →0, ����→ β/3.

Fig. 9 compares the growth velocity data obtained from the phase field simulations with the 

predictions from Fan and Lu model [53], Maxwell and Hellawell model [25] and the Zener 

approximation [52]. Fig. 9 suggests that the Maxwell and Hellawell model [25] and Zener 

approximation [52] are only applicable to cases with very small solute supersaturation (α→0, 

β→) and is not suitable for dilute alloys, where solute supersaturation can easily approach 

unity (α→1, β →0). In contrast, the good agreement between the phase field simulation and

analytical modelling in Fig. 9 suggests that β is applicable to the full range of solute 

supersaturation, i.e., 0 < α <1. 

4.3 Physical origin of growth restriction

Generally, it is understood that growth restriction is a direct result of enrichment/depletion of 

solute elements at the solid/liquid interface due to the differential partitioning of solute

elements at the solid/liquid interface during solidification. However, the atomistic mechanism 

of growth restriction is worthy of further consideration. Kinetically, the growth velocity is 
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determined by the rate of atomic attachment at the solid/liquid interface and the rate of supply 

of such atoms to the interface from the bulk liquid. It is well understood that the controlling 

factor for crystal growth is the rate of atomic supply since the atomic attachment at the 

interface is easy under relatively small undercooling. During the solidification of alloys 

containing eutectic-forming elements (k < 1), the controlling factor for crystal growth is the 

supply of the solvent atoms. The enrichment of solute elements at the interface blocks the 

supply of solvent atoms and consequently leads to a decreased growth velocity of the solid. 

Similarly, during the solidification of alloys containing peritectic-forming elements (k > 1), 

the supply of solute atoms becomes the controlling factor for crystal growth. The depletion of 

solute elements (equivalent to enrichment of solvent) at the interface blocks the supply of 

solute atoms that is critical for crystal growth, leading to a decreased growth velocity of the 

solid. Therefore, it can be concluded that the physical origin of growth restriction is the 

blockage of the supply of the critical elements for crystal growth, i.e., solvent atoms in the 

case of eutectic-forming elements and solute atoms in the case of peritectic-forming 

elements.

4.4 Effect of solutes on the solidification microstructure

Growth restriction should be understood in the overall context of microstructural evolution 

during solidification. A solidification microstructure is usually determined by the number of 

nucleation events and their growth behaviour, which in turn are affected by alloy 

composition, the potency and efficiency of the nucleant particles and solidification 

conditions. The effect of solute concentrations on solidification microstructure should be 

discussed in this overall context. 

Firstly, solutes affect nucleation potency and hence nucleation undercooling through 

adsorption of solutes onto the liquid/substrate interface [59]. Such solute segregation at the 

interface can either enhance or impede heterogeneous nucleation depending on whether the 

segregated elements decrease or increase the lattice misfit between the solid and the substrate. 

For instance, adsorption of Ti on the (0001) TiB2 surface forms a monoatomic layer of (112)

Al3Ti 2D compound, which reduces the lattice misfit from the original -4.2% (with TiB2) to 

0.09% (with Al3Ti), enhancing significantly the heterogeneous nucleation [49]; whereas 

adsorption of Zr on the (0001) TiB2 surface destabilizes the (112) Al3Ti 2D compound and 

results in the formation of a monoatomic layer of (0001) Ti2Zr 2D compound, which 
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increases the lattice misfit from 0.09% to -4.3%, impeding significantly the heterogeneous 

nucleation [60]. 

Secondly, the solutes affect columnar to equiaxed transition (CET) when the alloy is dilute or 

contains a low number density of nucleant particles. In such cases, increasing solute 

concentration increases the constitutional undercooling and hence the number of 

heterogeneous nucleation events at the columnar growth front, which in turn promotes CET, 

leading to a finer equiaxed microstructure. 

Finally, solutes affect growth velocity. At the early stage of solidification, defined as the 

stage between nucleation and morphological instability [61], a crystal remains spherical. The 

enriched/depleted solutes at the solid/liquid interface have a significant effect on the growth 

velocity. As shown in Fig. 6, the growth velocity is a unique function of β, which is linearly 

proportional to solute concentration under a given solidification condition. However, such 

growth restriction will be significantly reduced after the morphological instability. During 

dendritic growth, solute enrichment/depletion will occur in the interdendritic-arm regions, 

and growth restriction of solutes becomes less significant at the tips of the dendrite arms, 

resulting in a higher growth velocity at the dendrite arm tips. 

5. Summary

In this paper, we have demonstrated that the widely used growth restriction factor, Q, is not a 

unique function of the true growth restriction coefficient and therefore has its restriction for 

quantifying the growth restriction effect of solutes during alloy solidification. It has been 

shown that the true growth restriction coefficient is a function of Q, undercooling (∆T) and 

partition coefficient (k). However, it should be point out that for alloy systems that only 

contain eutectic-forming elements (k <1), the growth restriction coefficient increases with 

increasing Q within a reasonably small band. This suggests that Q may be used as a rough 

estimate of the true growth restriction coefficient in such cases, and explains why Q has been 

used for quantifying growth restriction for so long in the literature.

To quantify growth restriction effectively, we have derived theoretically a new growth 

restriction parameter, β, which incorporates holistically the nature of solutes, solute 

concentrations and solidification conditions. Theoretical analysis and phase field simulations 

have confirmed that growth velocity is a unique function of β regardless of the nature of 

solutes, solute concentrations and solidification conditions. The overall β of a
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multicomponent system can be either calculated accurately through the ratio of the liquid 

fraction to the solid fraction, or approximated reasonably by a linear addition of the β values 

of its constituent binary systems. Our analysis suggests that the physical origin of growth 

restriction is the blockage of the supply of the critical elements for crystal growth, i.e., 

solvent atoms in the case of eutectic-forming elements and solute atoms in the case of 

peritectic-forming elements.

In addition, we have shown theoretically that for a given alloy system solidifying under a 

given undercooling, there is a critical solute concentration (C*), below which solidification 

becomes partitionless (non-equilibrium solidification) and therefore there is no growth 

restriction during solidification in this case. Consequently, extra caution has to be taken when 

analysing growth restriction in very dilute alloys solidifying under relatively large 

undercooling.

Furthermore, we have analysed the effect of solute interactions on growth restriction and 

found that it is reasonable to assume that there are no interactions between solutes for the 

calculation of the overall β of dilute multicomponent alloys. However, when the solute 

concentrations are high and/or solute interactions are strong, the effect of solute interactions 

cannot be ignored. A strong attractive solute interaction leads to a weaker growth restriction 

while a strong repulsive solute interaction results in a stronger growth restriction.
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Fig. 1 A schematic illustration of a linear phase diagram of the binary A-B system.
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Fig. 2 Growth restriction coefficient (� ��) for spherical growth during solidification of 

binary Al-alloys calculated from Eqs. (16) and (17) as a function of Q/ΔT. Please note that 

the intercept of � �� at Q/ΔT axis is k (the solute partition coefficient).
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Fig. 3 Growth restriction coefficient (� ��) for spherical growth during solidification of 

binary alloys as a function of the new growth restriction parameter, β, showing that the 

growth restriction coefficient is a unique function of β, regardless of the nature of solutes, 

solute concentrations and solidification conditions.
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Fig. 4 Comparison between the true β values calculated from Eq. (20) and those 

approximated by linear additivity (Eq. (19)) showing that the linear addition of the individual 

β of the constituent solutes is a good approximation of the true β values for multicomponent 

systems. 
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Fig. 5 Growth velocity obtained by phase field simulations as a function of Q for various 

binary and ternary Al-alloys solidifying under different levels of undercooling (0.5K and 

1.0K), showing that the growth velocity is not a unique function of Q. The red solid arrows 

mark the Al-0.05Si alloy, and the blue dashed arrows mark the Al-0.1Si alloy.
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Fig. 6 Growth velocity obtained by phase field simulations as a function of β for various 

binary and ternary Al-alloys solidifying under different levels of undercooling (0.5K and 

1.0K), showing that growth velocity is a unique function of β, regardless of the nature of 

solutes, solute concentrations and solidification conditions.
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Fig. 7 Calculated iso-β lines for the ternary Al-Fe-Si alloys by imposing a very strong 

interaction between Fe and Si (� � = ± 125 kJ/mole) showing the effect of solute interactions 

on growth restriction, where the β values are (a) β = 1.0; and (b) β = 10. 
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Fig. 8 Schematic illustration of the concept of critical solute concentration C* for binary alloy 

systems: (a) the eutectic system; and (b) the peritectic system. In both cases, When C0 < C*, 

solidification becomes partitionless and therefor there is no growth restriction (β = 0); 

whereas when C0 > C*, growth restriction increases with increasing C0 as described by Eq. 

(18). 

Figure 8



Fig. 9. Comparison of the relationship between growth velocity and β obtained from phase

field simulations (open circles), Fan and Lu model [53] (solid line), Maxwell and Hellawell 

model [25] (long dashed line) and Zener approximation [52] (short dashed line). A relatively 

large radius (r = 1000μm) was used for all model calculations in order to compare with phase 

field simulations where a planar interface was adopted. 
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Table 1 List of the main parameters used in the phase field simulation.

γ

(J/cm2)

Di

(cm2/s)

DS

(cm2/s)

m

(K/wt.%)
k

1.0×10-5 2.0×10-4 1.0×10-8

-6.62 (Al-Si)

-3.184 (Al-Fe)

-2.502(Al-Cu)

24.89 (Al-Ti)

0.12 (Al-Si)

0.023 (Al-Fe)

0.13 (Al-Cu)

7.43 (Al-Ti)

Notes: g is solid/liquid interfacial energy; Di is solute diffusion coefficient in the liquid; DS is 

solute diffusion coefficient in the solid.

 

Table 1



Table 2 List of the interaction parameters ( ��) for solutes in liquid Al-alloys at 930K.

Solute pairs  �� (kJ/mol)

Cu-Fe 33.9

Cu-Si -24.9

Cu-Mg -28.9

Cu-Ni 12.8

Cu-V 82.5

Cu-Zn -28.9

Cu-Ti -12.2

Fe-Si -125.4

Fe-Ti -51.0

Fe-Ni -12.8

Fe-V -32.9

Si-Mg -54.2

Si-Zn 8.5

Ti-V 7.6
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Appendix: Summary of alloy composition, solidification condition and the corresponding Q,

(calculated from fL/fS) and the corresponding growth velocity, which are presented in Figs. 

4, 5 and 6.

Alloy Concentration (wt.%) Undercooling (K) Q (K) Velocity (mm/s)

Al-Si 0.05 0.5 0.29 0.46 122

0.1 0.5 0.58 1.04 67

0.08 0.5 0.46 0.81 80.7

0.03 0.5 0.17 0.23 181

0.2 0.5 1.16 2.21 32.4

0.5 0.5 2.91 5.7 15

0.05 1.0 0.29 0.17 283

0.1 1.0 0.58 0.46 130

0.3 1.0 1.75 1.63 47.7

1.4 1.0 8.15 8.03 11.6

Al-Fe 0.05 0.5 0.15 0.29 158.2

0.1 0.5 0.31 0.6 93.7

0.5 0.5 1.55 3.09 23.8

0.03 1.0 0.09 0.07 294.5

0.2 1.0 0.62 0.6 94.6

Al-Cu 0.1 0.5 0.22 0.31 149.1

0.2 0.5 0.44 0.74 79.6

0.3 0.5 0.65 1.18 54.9

0.1 1.0 0.22 0.09 292

0.4 1.0 0.87 0.74 79.8

Al-Ti 0.025 0.5 4.0 0.57 84.5

0.1 0.5 16.0 24.57 1.7

0.06 1.0 9.6 2.17 35.4

0.055 1.0 8.8 1.37 52.2

Al-Fe-Si 0.05(Fe), 0.05(Si) 0.5 0.41 0.76 78.6

0.1(Fe), 0.1(Si) 0.5 0.83 1.58 43.09

0.03(Fe), 0.05(Si) 1.0 0.35 0.27 161.1

Al-Si-Ti 0.05(Si), 0.025(Ti) 0.5 4.26 2.53 29.3

0.015(Si), 0.024(Ti) 0.5 3.92 1.25 53.6

0.2(Si), 0.03(Ti) 0.5 5.84 6.53 11.8

Table appendix



2 
 

Al-Si-Fe-

Cu

1.0(Si), 1.0(Fe), 1.0(Cu) 0.5 20.71

0.3(Si), 0.2(Fe), 0.5(Cu) 0.5 5.81

0.05(Si), 0.05(Fe), 0.05(Cu) 0.5 0.98

0.1(Si), 0.1(Fe), 0.1(Cu) 0.5 2.05

0.2(Si), 0.2(Fe), 0.2(Cu) 0.5 4.28

0.8(Si), 0.8(Fe), 0.8(Cu) 0.5 16.84

Al-Si-Fe-

Ti

0.1(Si), 0.1(Fe), 0.025(Ti) 0.5 4.81

0.05(Si), 0.05 (Fe), 0.05 (Ti) 0.5 10.54

0.1(Si), 0.1(Fe), 0.1(Ti) 0.5 26.31

0.1(Si), 0.1(Fe), 0.12(Ti) 0.5 33.09

0.05(Si), 0.05(Fe), 0.025(Ti) 0.5 3.32

0.1(Si), 0.1(Fe), 0.06(Ti) 0.5 14.47

 


