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Abstract

Einstein’s general relativity is an extremely elegant and successful theory. Recent obser-
vations coming from the LIGO/VIRGO collaboration as well as from the Event Horizon
Telescope give us the possibility to perform precision test of general relativity in regimes
never tested before. Even though all the current observations are in perfect agreement
with the predictions of general relativity, there are several reasons to study extensions
of the theory.

From the experimental point of view, we are forced to include a dark sector for the
matter and energy content of the universe to explain the cosmological data. Whereas
from a conceptual point of view, the theory is not perturbatively renormalizable, and
it predicts the formation of spacetime singularities.

This thesis studies possible modifications of general relativity both considering spe-
cific theories of modified gravity and implementing a model independent approach.

In the first part of the thesis, we study a specific class of modified theory of gravity
which has the peculiarity of propagating the same number of degrees of freedom of
general relativity. The existence of these theories apparently challenges the distinctive
role of general relativity as the unique non-linear theory of massless spin-2 particles.
However, we provide strong evidence that these theory are actually equivalent to general
relativity in vacuum.

In the second part of the thesis, we focus on the problem of black hole singularities
which are unavoidably present in general relativity. However, it is reasonable to assume
that there will be a mechanism preventing their formation in a full theory of quantum
gravity. Without specifying any theory of quantum gravity or the nature of such mech-
anism, simply assuming a minimal set of kinematical constraints, we classify and study
the properties of non-singular spacetime with a trapping horizon. Contrary to what one
might expect, the set of regular geometries that arises is remarkably limited. Further-
more we show that it is very difficult to construct a self consistent geometry without
any long range effect. This give us further motivation to study the phenomenology of
non-singular black holes. To this end, we provide a set of parameters describing the
deviations from classical black holes, and we review the possible observational channels
that can measure or constrain them.
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Introduction

General relativity represents a very elegant theory from a conceptual point of view and
a very successful one from the experimental side. Thanks to the recent observations
coming from the LIGO/VIRGO collaboration [1, 2, 3, 4, 5, 6] as well as from the Event
Horizon Telescope [7, 8, 9, 10, 11, 12], we have the possibility to perform precision test
of general relativity in regimes never tested before. Remarkably, the outcomes of all
these observations are in perfect agreement with the prediction of general relativity.

Regardless of the phenomenological success, there are good reasons to study modi-
fications of the theory. From an experimental point of view, cosmological data cannot
be explained within general relativity only with the matter and the energy that we
observe. The most simple explanation is given by the ΛCDM model where one adds
two addiional “dark” cosmological fluids: a pressurless dust and a cosmological con-
stant, avoiding any modification of the gravitational interaction. Nonetheless, it is also
possible to explain the cosmological data without introducing dark matter and dark
energy, but by modifying general relativity. This possibility is reinforced by the fact
the ΛCDM is not free from problems. For instance, there is a naturalness problem for
the value of the cosmological constant which is very different from the one which can be
naively estimated [13] and different measurements of the Hubble constant at different
redshifts lead to values in tension with each other [14].

Even stronger reasons to modify general relativity come from theoretical arguments.
General relativity predicts the formations of spacetime singularities. In 1939 Oppen-
heimer and Snyder studied the gravitational collapse of a spherically symmetric ball of
pressureless dust [15], obtaining that the endpoint of the collapse is a singular black
hole. However, it was widely believed that the formation of the singularity was simply
due to the highly idealized scenario and that a realistic collapse would not end up with
the formation of a black hole. In fact, something similar happens in Newtonian gravity,
where a spherically symmetric collapse produces a region of infinite density , but an ar-
bitrary small amount of angular momentum will prevent the formation of such a region.
While preliminary results appeared to confirm this possible resolution of singularities
[16], Penrose’s 1965 singularity theorem [17] proved them as the natural end points of
general relativity. This theorem states that if a trapped region is formed, the spacetime
cannot be geodesically complete, implying that there must exist at least one geodesic
ending in a Cauchy horizon or in a singularity. If we assume that the spacetime is
globally hyperbolic, there cannot be any Cauchy horizon, and thus a singularity has
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to form. Subsequent results extended the theorem to cosmological scenarios [18] and
got rid of the global hyperbolicity assumption [19] showing that in general relativity
singularities are going to be unavoidably present both as an endpoint in gravitational
collapse and in cosmology.

A possible approach to accept the presence of singularities in general relativity, is
to assume that while the theory will unavoidably produce them, it will also always
hide them as well. The precise mathematical formulation of this concept is given by
the cosmic censorship conjecture [20]. There are two main non equivalent formulations
of the conjecture that go by the names of the weak and strong cosmic censorship
conjecture1.

The weak cosmic conjecture states that all singularities are shielded behind an event
horizon. This condition ensures that observers far from the black hole have a well defined
evolution within general relativity, and they are not influenced by singularities.

The strong cosmic censorship conjecture states that the maximally Cauchy develop-
ment of the initial data is inextendible, meaning that if there are incomplete geodesics,
they have to end up in a singularity and they cannot be extended beyond it.

It is easy to consider exact solutions in general relativity that are counterexamples
to both the weak and the strong versions of the cosmic censorship, so the correct way
to formulate these conjectures is to state that under generic initial conditions it is
impossible to end up with any of the aforementioned solutions and spacetime evolves
in a way to satisfy the conjectures.

Both versions of the censorship conjecture aim to ensure that the black hole singu-
larities do not spoil the well-posedness of the initial value problem for observers that
do not fall into the black hole. However, it is undeniable that the presence itself of a
singularity is abhorrent from a physical point of view as we expect that the ultimate
theory has to remain predictive for every observer, not just those outside a black hole.
Therefore, it seems that some extension of general relativity is required for predicting
the fate of observers that within black holes.

Finally, the last reasons we want to mention that tells us that general relativity
cannot be the ultimate theory of gravity comes from the fact that when we express the
general relativity in the standard quantum field theory formalism, the resulting quan-
tum gravity theory is not perturbatively renormalizable [21, 22, 23]. It is often stated
that this implies that the theory cannot be predictive in the UV as loops correction
will introduce an infinite number of divergences that require an infinite number of free
parameters to be tamed. This conclusion is a bit rushed, as it is, in principle, still pos-
sible to have a predictive theory in UV if all the coupling constants flow in a fixed point
making the theory asymptotically safe and non-perturbatively renormalizable [24] (see
also [25] for a recent overview). However, there is still no evidence that this is the case,
and at the very least, we can conclude that a lot of work has to be done to understand
the behavior of gravity at high energy.

All these problems may have a common solution. A full theory of quantum gravity
will definitely become relevant in the final stages of gravitational collapse, and it is
standard lore to believe that quantum gravity effects will prevent the formation of the
singularity. Furthermore, it is possible that the quantum gravity theory will have an

1Note that, despite the name, the strong cosmic conjecture is not mathematically stronger as it
does not imply the weak cosmic conjecture.
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effective field theory description in the low energy limit that can have some difference
from general relativity in cosmological scenario and that could, hopefully, explain the
cosmological data without the introduction of the dark sector, hence resolving the issues
associated with it.

Having established that there are good reasons to modify general relativity, we need
to understand how to do that. The conceptually simplest way to proceed would be to
pick a candidate for a quantum theory of gravity and study its predictions to understand
if it is able to address the problems of general relativity. However, such an approach
can be very difficult in practice.

In this thesis we are going to focus on two complementary approaches to look for
deviation from general relativity. We are first going to consider a specific class of
modified theory of gravity, and, after that, the thesis will focus on an agnostic approach
directly tackling one of the open problems of general relativity, i.e., the singularity
problem.

Specific modified theory approach

In order to consider a modified theory of gravity, we face the problem that there are
many different ways to modify general relativity and we need a guiding principle to
choose which type of modification we want to consider. General relativity possesses
a number of properties that make it unique, and we need to decide which of these
properties we want to relax and which ones we want to keep. In four dimensions,
Lovelock’s theorem [26] singles out general relativity as the only diffeomorfism invariant
theory that propagates only two degrees of freedom. Recent attempts to evade the
conclusions of the theorem [27] turned out to be unsuccessful (see, e.g. [28]).

In chapter 1, we are going to study a class of theories that relax the assumption
of invariance under the diffeomrfism group, but that keeps unchanged the number of
degrees of freedom. We will provide strong evidence that, in vacuum, these theories are
actually general relativity written terms of non standard variables. However, coupling
with matter can break the equivalence.

Agnostic approach

The rest of the thesis focuses on the problem of black hole singularities. It would be an
interesting line of investigation to understand whether the minimally modified theories
that we have studied could resolve some of the issues with the black hole singularities.
In fact, the equivalence of the theories in vacuum tells us that the singular black solution
of general relativity will also be present in the minimally modified theory. However,
the difference in the matter sector may change the dynamics of a gravitational collapse
and could, in principle, avoid the consequences of Penrose’s theorem and avoid the
formation of the singularities.

While this analysis would definitely be very interesting, the results would be specific
to a given theory and a given matter coupling. Therefore without a strong motivation to
single out one specif modified gravity theory, in the rest of the thesis, we have addressed
the problem of hole singularities in a model independent way, which allows us to obtain
less stringent but much more generic results. To set the stage, in chapter 2, we study
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what type of requirement we have to impose to the spacetime in order to have a well
defined notion of causality in a generic modified theory of gravity.

With the knowledge we have acquired, simply giving a minimal set of assumptions
without specifying any particular theory, in chapter 3, we provide a classification of
non-singular spacetime with a trapping horizon. To this end, we study the properties
of four classes of geometry and, using Penrose singularity theorem as a guidance, we
prove that the most generic non-singular spacetime is given by a combination of these
four classes. The analysis is carried in spherical symmetry, but the language we use is
well suited to address less symmetric configuration. In fact, most of the results can be
trivially extended to a more realistic scenario.

The classification is performed on purely geometrical grounds. While from the
mathematical point of view all the geometries are perfectly fine, in chapter 4, we study
the viability of these geometries as solutions to the singularity problem once that some
physically motivated ingredients are added. Such ingredients include the presence of
perturbations and the compatibility with semiclassical physics. We show that there is
no safe option, meaning that the classes of geometries that can very closely mimic a
black hole are plagued by self consistency issues, and it is not easy to make them viable.

This gives us a strong motivation to study the possible phenomenological signature.
In chapter 5, we discuss the possible phenomenological channels to detect or constrain
deviations from classical black holes. We also provide a set of phenomenological pa-
rameters to systematically parametrize the room that is still available for black holes
alternatives.

Appendices

The appendices contain information that is propaedeutic for the discussion in the var-
ious chapters of the thesis. App. A contains the proof that the minimally modified
theory of gravity discussed in chapter 1 recover the Poincaré group in the linear limit of
the theory. App. B contains a brief review of the most important aspects of the spinor
helicity formalism. App. C contains the proof of some conditions for the absence of
curvature singularity that have been used in chapter 3. Finally, App. D contains some
interesting properties of the regular black hole geometries that we have considered in
different stages throughout the thesis.



Chapter 1

Minimally modified theories of gravity

General relativity posses a number of properties that make it a very simple and elegant
theory. To study a specific modification of general relativity, we have to decide which
properties of the theory we want to keep and which ones we want to relax. In this
chapter, we are going to study a class of theories introduced in [29] where the guiding
principle is to keep unchanged the number of degrees of freedom propagating in the
gravitational sector.

This is not a trivial task as, in four dimensions, Lovelock theorem singles out general
relativity as the only diffeomorphism invariant gravitational theory that propagates only
two degrees of freedom.

These theories avoid the conclusion of Lovelock theorem by relaxing the assumption
of invariance under the full diffeomorphism group. The basic fields that are used in
order to construct these theories are the 3-dimensional metric hij, the lapse N and
the shift N i. While this corresponds to the familiar ADM decomposition in general
relativity, in which the spacetime metric reads

ds2 = −N2dt2 + hij(dx
i +N idt)(dxj +N jdt), (1.1)

in [29] the action is modified and it is given by

S =

∫
dt d3x

√
hNF (Kij, Rij,∇i, hij, t) (1.2)

where Kij = (∂thij −∇iNj −∇jNi) /(2N) and Rij are the extrinsic curvature and the
Ricci tensor of the constant-t hypersurfaces, respectively, and∇i is the covariant deriva-
tive compatible with the induced metric hij. In this class of theories the authors study
which conditions have to be satisfied by the function F for the theory to propagates
only two degrees of freedom.

A central question is whether or not these theories are equivalent to general rel-
ativity. It is possible that, in spite of being apparently different, these are however,
physically equivalent (but are expressed in terms of a non-standard choice of variables).
As we will see, clarifying this point has its subtleties due to the non-linear nature
of general relativity. Before starting our analysis, let us explain what we mean with
equivalence of theories and why we believe that it is worth analyzing this problem. In
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6 CHAPTER 1. MINIMALLY MODIFIED THEORIES OF GRAVITY

order to do so, the starting point is the action of general relativity written in the ADM
decomposition

S =

∫
dt d3x

√
hN

(
R +KijK

ij −K2
)
. (1.3)

Now we can perform a field redefinition to obtain a theory which is off-shell different
from general relativity as the action, and the guage groups are different, but which is
completely equivalent to general relativity on-shell. Provided that the field redefinition
is linear in the lapse, we would obtain an action of the form of Eq. (1.2) which will,
therefore, belong to the class of theories with two degrees of freedom identified in [29].
It is therefore crucial to understand if some of the theories found are genuinely new
theories.

Of course, one possible way to establish the equivalence of these theories would be
to find a field redefinition that maps them back to general relativity. In practice, this
is a very difficult task, so we are going to follow a different approach. We are going
to compare on-shell tree level scattering amplitudes of graviton with the value they
assume in general relativity. The chapter is mainly based on reference P1, and it is
organized as follows. In Sec. 1.1, starting directly with the Hamiltonian picture, we
will discuss the non-linear algebra of constraints as well as their linearization (focusing
on the recovery of the Poincaré group in the linear limit) of a certain set of theories
that includes some of the particular examples given in [29]. Then, in Sec. 1.2, we will
connect the results obtained in the Hamiltonian perspective with the analysis of the
Lagrangian formulation of a broad set of theories, illustrating that theories that recover
the Poincaré group in the linear limit describe gravitons (massless spin-2 particles) in
this limit. This observation, and the fact that the 3-point amplitudes of gravitons in
these examples are the same as in general relativity (as shown in detail), represent
a strong hint that these theories are classically equivalent to general relativity. This
conclusion is strengthened with the analysis of n-point amplitudes for n ≥ 4, using on-
shell techniques. In Sec. 1.4 we consider, as a counterpoint, two examples of theories
that are not equivalent to general relativity: in one of them the algebra of constraints
does not reproduce the Poincaré algebra in the linear limit and, in the other one,
gravitons display modified dispersion relations (and additional degrees of freedom can
arise due to radiative corrections). The last part of this chapter, Sec. 1.5, deals with
additional issues that come up when couplings to matter are introduced.

1.1 A class of Hamiltonian theories

As a way to illustrate in a simpler way the main result in [29], and make the present
discussion self-consistent, let us consider a class of Hamiltonian theories that are in
principle structurally different from general relativity, but that still contain two local
degrees of freedom. While not encompassing all the possible theories found in [29], this
is however a large enough set to represent a convenient framework for our discussion
(let us note that, in particular, it includes general relativity as a particular case).

The class of theories we introduce in this section are constructed from the vari-
ables {N,N i, hij} and their conjugated momenta {πN , πi, πij}, and are defined by the
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Hamiltonian

H =

∫
d3x

(
NH +N iDi + λNπN + λiπi

)
, (1.4)

where
H =

√
hF (R + λΠ/h) , Di = −2∇jπ

j
i. (1.5)

Here Π = πijπ
ij − π2/2 (where π = πijhij).

General relativity corresponds to the choice of the function F (x) = x and λ = 1,
namely H =

√
hR + Π/

√
h. For general relativity, we can easily identify the familiar

expressions that appear in the so-called Hamiltonian and diffeomorphism constraints.
In all these theories, λN and λi are Lagrange multipliers that enforce the primary

constraints
πN = 0, πi = 0, (1.6)

which in turn induce the secondary constraints

H = 0, Di = 0. (1.7)

In the particular case of general relativity, the latter correspond to the Hamiltonian
and diffeomorphism constraints, respectively. We will keep using this nomenclature for
any theory with total Hamiltonian given by Eq. (1.4).

As in general relativity, a great deal of information is encoded in the off-shell algebra
of Poisson brackets of these constraints. Following the usual practice, let us define the
smeared constraints

H[α] =

∫
d3xαH, D[αi] =

∫
d3xαiDi. (1.8)

Where α and αi are arbitrary functions.
From an explicit computation, it follows that

{H[α],H[β]} = D
[
λF ′(R + λΠ/h)2hij (β∂jα− α∂jβ)

]
,{

D[αi],H[α]
}

= H [Lαiα] ,{
D[αi],D[βj]

}
= D

[
Lαiβ

j
]
. (1.9)

Note that F ′(x) denotes the derivative of F (x) with respect to its single argument x.
Several observations can be made:

• The algebra is closed and all the constraints are first class, which leaves (20 −
2 × 8)/2 = 2 degrees of freedom. In other words, all these theories satisfy the
conditions discussed in [29].

• The algebra obtained is a slight modification of the usual Dirac algebra of gen-
eral relativity [30]. In particular, the only difference appears in the bracket be-
tween Hamiltonian constraints, where the structure function inside the Hamil-
tonian constraint is different; let us recall that for general relativity one has
λF ′(R + λΠ/h)2 = 1. Let us mention that similar modifications have been ob-
served to occur in loop quantum gravity [31, 32, 33, 34, 35, 36], which makes
part of our discussion below of possible interest for these studies (note that, how-
ever, signature change [37, 38] is not structurally allowed in the theories we are
considering in this section).
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In summary, we have a large class of theories that contain two degrees of freedom, the
same as general relativity, but which seem to be structurally different from the latter
theory. In particular, the off-shell algebra is different from the usual Dirac algebra. One
may jump to the conclusion that these theories are different from general relativity. But
is this true?

Before diving into this question, let us make a remark that will be important later:
the value of λ can be changed arbitrarily by a positive multiplicative factor. This can
be noticed by considering the field redefinition

πij → κπij, N i → N i/κ, (1.10)

with κ ∈ R a constant. It is straightforward to check that the combination N iDi is
invariant under this rescaling, so that diffeomorphism constrain is unchanged, but that
the Hamiltonian constraint becomes

H =
√
hF

(
R + λk2Π/h

)
=
√
hF (R + λ′Π/h) , (1.11)

with λ′ = λκ2. Hence, it is possible to change the absolute value of |λ| arbitrarily; note
however that its sign cannot be modified by this redefinition. So, being always possible
to set λ = ±1, it is F (x) 6= x the real difference with general relativity.

1.1.1 Poincaré algebra

As a first partial answer to the question asked at the end of the previous section, we
now show that in the flat spacetime limit, the Poincaré algebra is recovered in all these
theories. As it is mentioned, for instance, in [33, 34, 39], the Poincaré algebra can
be obtained as a subalgebra of the off-shell algebra of constraints (1.9) by considering
the Minkowski spacetime (i.e., N = 1, N i = 0 and hij = δij) and looking to the
transformations generated by the Hamiltonian and momentum constraints associated
with the linear functions

α = δµ0 + xiδω
i0, αi = δµi + xjδω

ji. (1.12)

Restricting to Minkowski spacetime, the algebra of constraints (1.9) reads

{H[α],H[β]} = D
[
λF ′(0)2δij (β∂jα− α∂jβ)

]
,{

D[αi],H[α]
}

= H [Lαiα] ,{
D[αi],D[βj]

}
= D

[
Lαiβ

j
]
. (1.13)

We can now exploit the observation, made at the end of the previous section, that the
absolute value of λ can be changed arbitrarily in order to write the algebra [assuming
F ′(0) 6= 0] in the form

{H[α],H[β]} = D
[
θδij (β∂jα− α∂jβ)

]
,{

D[αi],H[α]
}

= H [Lαiα] ,{
D[αi],D[βj]

}
= D

[
Lαiβ

j
]
, (1.14)

where θ = ±1. The value θ = 1 corresponds to general relativity, while θ = −1 to
Euclidean general relativity (see, e.g., [40] and references therein). These expression
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of the algebra reduces to the Poincaré algebra once we restrict the functions α, αi, β
and βi to be of the form of Eq. (1.12) (for completeness, this is shown in App. A).
This implies that all these theories contain either the Poincaré algebra or its Euclidean
counterpart.

1.2 A class of Lagrangian theories

In the previous sections we have worked with a class of Hamiltonian theories that
display an arbitrary function F (x) of a particular combination of the variables in the
phase space, but that still contain the same number of degrees of freedom as general
relativity. We have illustrated that for all these theories [satisfying a non-degeneracy
condition F ′(0) 6= 0], the Poincaré algebra is recovered in a suitable (standard) limit of
the non-linear algebra of constraints. This is a first indication that even if these theories
may seem different from general relativity, this may be an artifact of the way in which
these are constructed, and at the end of the day these may turn out to be physically
equivalent to the latter.

A clear possibility is that these theories could be obtained from the usual Hamilto-
nian formulation of general relativity by means of a non-linear field redefinition. How-
ever, this is fairly difficult to show in general, unless one is able to find by inspection
the particular field redefinition that does the job (which, in any case, would not be
a systematic approach). Hence, a different strategy is needed in order to learn more
about these theories and their relation to general relativity. In particular, in this section
we pick up a specific theory among the Hamiltonian theories previously studied, and
switch to its Lagrangian formulation in order to illustrate a number of important fea-
tures. The subsequent discussion is not limited to this particular theory but applies to
a large class of Lagrangian theories, as detailed in Sec. 1.2.4. However, we will use this
particular example in order to motivate the different steps in the analysis. This class
of Lagrangian theories is not necessarily in one-to-one correspondence with the class of
Hamiltonian theories discussed in Sec. 1.1, although we expect that the results below
will be shared by all these Hamiltonian theories, as we have shown that the Poincaré
algebra is recovered in all of them.

For a generic function F (x), it is not easy to find the corresponding Lagrangian.
However, one of the Lagrangian examples given in [29] leads precisely to a Hamiltonian
of the form given in Eq. (1.4). These authors call this theory “square root gravity”,
which is defined by the Lagrangian density

L =
√
hN

(
M4
√

(c1 + c2K) (c3 + c4R)− c5

)
. (1.15)

Here, M and {cn}5
n=1 are real constants with the appropriate dimensions, and K =

KijK
ij −K2. It is worth mentioning that in the c1 = c3 = c5 = 0 case, the Baierlein-

Sharp-Wheeler action [41] is recovered (see also [42]).

The associated Hamiltonian is

H =
√
h

(
−M4√c1c4

√
R− 4

c2c4

Π

h
+
c3

c4

+ c5

)
. (1.16)
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It is therefore clear that this theory belongs to the class introduced in Sec. 1.1, with
F (x) = −M4√c1c4

√
x+ c3/c4 +c5 and λ = −4/c2c4. In particular, from our discussion

above it follows that: (i) this theory contains two degrees of freedom (as discussed as
well in [29]), and (ii) if the constants are chosen such that Minkowski spacetime is a
solution, these two degrees of freedom in hij carry a representation of the Poincaré
group. These two features (satisfied by all the Hamiltonian theories introduced before)
suggest strongly that these two degrees of freedom must correspond to the usual two
polarizations of the gravitational field in linearized general relativity. Let us show this
explicitly in the following.

1.2.1 Linearized field equations

Before linearizing the field equations, let us remark that not all the constants in Eq.
(1.15) are independent. If we consider a constant rescaling of the lapse,

N −→ ζN, (1.17)

with ζ ∈ R+, then Eq. (1.15) becomes

L = ζ
√
hN

(
M4
√

(c1 + c2K/ζ2) (c3 + c4R)− c5

)
. (1.18)

This Lagrangian is real when evaluated on a Minkowski spacetime if and only if c1c3 >
0. Moreover, it is always possible to choose ζ2 = |c2c3/c1c4| and rescale M4 and c5

accordingly so that (1.18) becomes

L =
√
hN

(
M4
√

(1 + θc4K/c3) (1 + c4R/c3)− c5

)
, (1.19)

with θ = ±1. Hence, we see that the coefficients in front of K and R inside the square
root can be chosen to be the same, up to a sign; this sign is related to the Euclidean
or Lorentzian character of the theory, so we will choose in the following θ = 1 which
corresponds to the Lorentzian sector.

Let us consider an expansion of the Lagrangian (1.19) such that N −→ 1 + N and
hij −→ δij + hij; alternatively,

gµν = ηµν + hµν , (1.20)

where h00 = N and h0i = δijN
j. In practice, we can arrange the different orders in

hµν in terms of the different orders in
√
hN and the curvature scalars K and R. Let us

choose c5 requiring that there is no term proportional to
√
hN only, namely c5 = M4

(otherwise we would have to consider a non-zero cosmological constant, which however
does not change the physical results).

Renaming c = c4/c3 and taking into account that K is at least of second order in
hµν , while R is of first order, Eq. (1.19) can be expanded as

L = cM4
√
−g
{

(K +R)− c

4
R2
}

+ ... (1.21)

where the dots indicate higher orders in hµν (that is, cubic and higher-order terms,
which will be dealt with in Secs. 1.2.3 and 1.3, respectively).
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The combination K+R can be recognized as the 4-dimensional Ricci scalar (up to a
boundary term); hence this part of the Lagrangian leads to the Fierz-Pauli Lagrangian
LFP at lowest order in hµν . For the quadratic term in R, we just need to recall (e.g.,
[43]) that R(0) = 0 and R(1) = ∂i∂jh

ij − ∂i∂
ihjj, so that (the overall multiplicative

constant is irrelevant)

1

cM4
L = LFP −

c

4
(∂i∂jh

ij − ∂i∂ihjj)2. (1.22)

This action is invariant under the linear diffeomorphisms characteristic of Fierz-Pauli
theory,

hµν → hµν + ∂(µξν). (1.23)

On the other hand, the equations of motion are given by

�hµν − ∂µ∂ρhρν − ∂ν∂ρhρµ + ηµν∂ρ∂σh
ρσ − ηµν�h+ ∂µ∂νh

− c
(
∂i∂j∂k∂lh

kl − ∂i∂j∆h̃− δij∂k∂l∆hkl + δij∆
2h̃
)
δiµδ

j
ν = 0. (1.24)

In this equation, we have defined � = ∂µ∂
µ, ∆ = ∂i∂

i, and h̃ = hjj. In particular, the
µ = ν = 0 component of the field equations is the same as in Fierz-Pauli theory, and
takes the form

�h00 + 2(∂0)2h00 + 2∂0∂
ihi0 + (∂0)2h00 − 2∂0∂

ihi0 − ∂i∂jhij +�h+ (∂0)2h = 0, (1.25)

which can be arranged simply as

∆h̃− ∂i∂jhij = 0. (1.26)

This equation implies, as in Fierz-Pauli theory, that in the absence of matter it is
possible to choose the so-called transverse and traceless gauge (e.g., [44]). Using the
spatial diffeomorphisms, it is possible to choose a gauge in which ∂jh

ij = 0, but then Eq.
(1.26) reduces to ∆h̃ = 0, which is the necessary and sufficient condition that allows
the residual gauge transformations to gauge away the spatial trace h̃. Alternatively,
the linearized field equations (1.24) reduce to the Fierz-Pauli equations; to show this it
is not even necessary to pick up a specific gauge, but rather to realize that Eq. (1.26)
directly implies that the term proportional to c in Eq. (1.24) vanishes, so that Eq.
(1.24) is written as

Oµν,αβhαβ = 0, (1.27)

where

Oµν,αβ = ηµ(αη β)ν�− ην(α∂ β)∂µ − ηµ(α∂ β)∂ν + ηµν∂α∂β − ηµνηαβ�− ηαβ∂µ∂ν . (1.28)

In summary, we have shown that the two degrees of freedom described by the theory
with Lagrangian (1.15) correspond, in the linear limit, to the two usual polarizations
of gravitons. This result is not accidental, as we knew in advance that linearizing the
algebra of constraints of this theory leads to the Poincaré group. That the tensor field
hij transforms in the usual way under Poincaré transformations, combined with the
fact that it encodes only two degrees of freedom, does not leave much wiggle room (the
discussion above is not needed in order to realize this, but it is a nice explicit illustration
of this general assertion).
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1.2.2 Propagator

Aside from the on-shell properties of the linearized field equations, the form of the
propagator will be important in order to analyze the non-linear interactions. The prop-
agator is an off-shell quantity, and therefore may show differences without necessarily
implying the existence of physical differences. Let us start by writing the field equations
(1.24) in momentum space, and in the form of Eq. (1.27); i.e., in terms of the operator

Oµν,αβ + cδµi δ
ν
j δ

α
k δ

β
l

(
pipjpkpl − p2pipjδkl − p2pkplδij + p4δijδkl

)
= Oµν,αβ + cδµi δ

ν
j δ

α
k δ

β
l

(
pipj − p2δij

) (
pkpl − p2δkl

)
(1.29)

= Oµν,αβ + cAµνAαβ,

where Oµν,αβ is the operator that appears in the field equations of Fierz-Pauli theory.
The factorization property of the terms proportional to c is quite important in what
follows below. Let us recall that the field equations (1.24) are invariant under linearized
diffeomorphisms (1.23). This implies that, as in Fierz-Pauli theory, we need to partially
fix the gauge redundancy in order to be able to find the propagator. In order to keep
the discussion as close as possible to the Fierz-Pauli case, let us fix the de Donder gauge
∂µh

µν = ∂νh/2 [45, 46]. Let us recall that, in this gauge,

Oµν,αβ =
p2

2
(ηµαηνβ + ηναηµβ − ηµνηαβ). (1.30)

The inverse of this operator Fαβρσ, namely the quantity that verifies

Oµν,αβFαβρσ =
1

2
(δµρ δ

ν
σ + δµσδ

ν
ρ), (1.31)

is given by

Fαβρσ =
1

2p2
(ηασηβρ + ηαρηβσ − ηαβησρ). (1.32)

The differential operator in the field equations (1.24) has however a more complex
expression, so its inverse has additional terms. We cannot use directly Eq. (1.29), as
we need to impose the de Donder gauge, which in particular implies constraints between
hij and h00. It is not difficult to show that the relevant expression to analyze is given
by

Oµν,αβ + cOµν,00O00,αβ. (1.33)

Note that the only difference with respect to Eq. (1.29) is that the differential operator
Aµν is identified with O00,µν in the de Donder gauge, which can be obtained from Eq.
(1.30). The problem of finding the inverse of the differential operator (1.33) is a variant
of the simpler calculation of the photon propagator in quantum electrodynamics (e.g.,
[47]); for completeness, all the necessary details are given in the following.

A detailed inspection of the problem suggests the ansatz

Dαβρσ = Fαβρσ + cB(p)WαβWρσ, (1.34)

where B(p) is a function of p2 and Wρσ is defined using Eq. (1.31), namely

Wρσ = p2Oαβ,00Fαβρσ = p2δ0
ρδ

0
σ. (1.35)
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This tensor satisfies

Oµν,αβWαβ = p2Oµν,00 = p2Aµν . (1.36)

We can write therefore

[Oµν,αβ + cOµν,00O00,αβ][Fαβρσ + cB(p)WαβWρσ] =

= Oµν,αβFαβρσ + cOµν,αβB(p)WαβWρσ + cOµν,00O00,αβFαβρσ+

+c2B(p)Oµν,00O00,αβWαβWρσ

= Oµν,αβFαβρσ + cp2B(p)Oµν,00Wρσ + c
p2O

µν,00Wρσ+

+c2B(p)Oµν,00O00,αβWαβWρσ.

(1.37)

In order to write the last identity we have used Eqs. (1.35) and (1.36). Imposing
the equivalent of Eq. (1.31), we can solve for B(p) as

B(p) = − 1

p2(p2 + cO00,αβWαβ)
. (1.38)

We just have to evaluate

O00,αβWαβ = p2O00,00 =
p4

2
, (1.39)

in order to obtain the full propagator

Dαβρσ = Fαβρσ −
c

1 + cp2/2
δ0
αδ

0
βδ

0
ρδ

0
σ. (1.40)

We see that the propagator is not the same as in Fierz-Pauli theory, which is reason-
able as off-shell equivalence is not guaranteed (nor needed in order to show physical
equivalence). However, the propagator is still a function of the covariant combination
of p2 only and, for large p2, its behavior is the same as in Fierz-Pauli theory, namely
1/p2. These features will be of importance later, in Sec. 1.3.

Figure 1.1: The propagator is a function of p2 with a leading dependence 1/p2.

1.2.3 On-shell 3-point amplitudes

Let us now consider the next order in the perturbative expansion of Eq. (1.19):

L = cM4
√
−g
{

(K +R) + cR2 + cKR + c2R3
}

+ ... (1.41)
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where again we are omitting terms, which this time are at least of fourth order in hµν .
The first piece, proportional to

√
−g(K + R), leads to the usual 3-point amplitudes.

On the other hand, the additional terms contain the new interaction vertices

√
−g R2 = [R(1)]2 − 1

2
h[R(1)]2 + 2R(1)R(2) + ...

√
−gKR = K(2)R(1) + ...
√
−g R3 = [R(1)]3 + ... (1.42)

But we have shown that Eq. (1.26) is satisfied at the linear level, which implies

R(1) = ∂i∂jh
ij −∆h̃ = 0. (1.43)

Note that this quantity above is precisely the µ = ν = 0 component of the field equations
(1.27), O00,αβhαβ = 0, up to a sign. Therefore, if just one of the legs of the 3-point
amplitude is on-shell, the contributions coming from the [R(1)]3 vertex vanish identically;
no differences from general relativity can result from these vertices. Moreover, noting
that R(1) = −O00,αβhαβ appears in all the 3-point vertices in Eq. (1.42), if follows that
this observation extends to all these vertices when all the external particles are on-shell
(i.e., when the amplitude is on-shell).

p̂3

p̂1

p̂2

Figure 1.2: The on-shell 3-point amplitudes (of complex momenta) are the same as in
general relativity. As discussed in the next section, these are the building blocks for
constructing on-shell n-point amplitudes of real momenta for n ≥ 4, which makes this
equivalence fundamental for our discussion.

Let us recall that 3-point amplitudes of massless particles become trivial on-shell
[48, 49]. However, if the momenta of the external particles are considered to be complex,
this is no longer the case [50] (see also [51]). This allows to write expressions for the 3-
point on-shell amplitudes which are non-zero for complex momenta, but become trivial
for real momenta. The argument above following which the contributions from the
non-covariant interaction vertices (e.g., [R(1)]3) vanish if the external legs are on-shell,
applies as well to complex momenta. Hence, we can conclude that the on-shell 3-point
amplitudes (of complex momenta) for the theory with Lagrangian density (1.19) are
the same as in general relativity.

1.2.4 Interlude, the most general theories compatible with
these results

The results in Secs. 1.2.1, 1.2.2 and 1.2.3 are not particular to the theory with La-
grangian density (1.15). We have made this observation above, but we would like to



1.3. HIGHER ORDERS IN THE PERTURBATIVE EXPANSION 15

show it more explicitly at this point in the discussion. Let us consider the Lagrangian
density

L =
√
−g G(K, R), (1.44)

where G(K, R) is a function of K and R, satisfying the conditions derived in [29] so
that the theory contains two local degrees of freedom. It is interesting to note that Eq.
(1.44) is general enough to include all the explicit examples constructed in [29]. This
function can be expanded around Minkowski spacetime as

∂L

∂R

∣∣∣∣
R=K=0

R+
∂L

∂K

∣∣∣∣
R=K=0

K+
1

2

∂2L

∂K∂R

∣∣∣∣
R=K=0

RK+
1

2

∂2L

∂R2

∣∣∣∣
R=K=0

R2+
1

6

∂3L

∂R3

∣∣∣∣
R=K=0

R3+... (1.45)

Unless ∂L/∂R|R=K=0 = 0 or ∂L/∂K|R=K=0 = 0, it is always possible to perform field
redefinitions (constant rescalings) as we have done previously in order to reconstruct
the 4-dimensional Ricci scalar up to an irrelevant boundary term. We have then an
expansion in K and R that is precisely of the form that has been used in Secs. 1.2.1,
1.2.2 and 1.2.3, so that the results of these sections equally apply to all the theories
with Lagrangian (1.44) (implying, in particular, the equivalence of the linearized field
equations and 3-point amplitudes with that of general relativity). Let us note that
∂L/∂K|R=K=0 must be non-zero in order to have a kinetic term for the field hµν , so
the only possibility to avoid this general result within this family is considering theories
in which ∂L/∂R|R=K=0 = 0. We analyze this case separately in Sec. 1.4.1, showing
that this kind of theory does not even contain gravitons at the linearized level, which
raises doubts about whether or not these describe gravitational theories (and is also
disastrous from an observational perspective).

1.3 Higher orders in the perturbative expansion

Up to now, we have shown that the theory defined by the Lagrangian density in Eq.
(1.15) is equivalent to general relativity for its two lowest orders: at the linear level
the field equations are equivalent to that of Fierz-Pauli theory, and at first order in the
interactions, the 3-point amplitudes are the same as in general relativity. Moreover, we
have discussed that the latter property is an unavoidable consequence of the former in
all theories of the fairly general form (1.44). Armed with this knowledge, we can use now
a battery of results from on-shell scattering amplitudes in order to obtain non-trivial
information about the higher orders in the perturbative expansion. The goal of this
section is simple: we know that theories of the form (1.44) that satisfy ∂L/∂R|R=K=0 6=
0 and ∂L/∂K|R=K=0 6= 0 have the same polarizations of the gravitational field at the
linear level and the same 3-point amplitudes as general relativity; in this section we
study whether or not this equivalence holds for n-point amplitudes with n ≥ 4.

In order to achive our goal, we will have to take a detour from our previous discussion
in terms of Hamiltonian and Lagrangian mechanics and consider a language which is
more powerful in order to deal with the perturbative structure of non-linear theories.
This language is that of scattering amplitudes in quantum field theory, in its modern
incarnation using spinor-helicity variables which are specially suited for the description
of massless particles. Some of these ingredients are briefly reviewed in App. B in order
to make the discussion reasonably self-contained.
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We have studied on-shell 3-point amplitudes in Sec. 1.2.3. However, for the purposes
of this section, we will need to take into account some properties of the off-shell 3-point
vertices of the actions with Lagrangian density (1.44). The most important observation
is that, while in general relativity any interaction vertex only contains two powers of
momenta, the theories (1.44) do not verify this requirement. In particular, from the last
line in Eq. (1.42) we can read that off-shell 3-point vertices can have up to 6 powers of
the (spatial) momenta. This feature forbids applying previous uniqueness results [52,
53, 54, 55] that use an extension of the Britto-Cachazo-Feng-Witten (BCFW) relations
[56, 57] but assume that interaction vertices are at most quadratic in the momenta (that
higher-derivative interaction vertices are problematic is well-known [58]). Technically,
this follows from the necessity of showing that contributions from Feynman diagrams
remain bounded for large (complex) momenta; that vertices may contain higher powers
of momenta spoil the bounds that can be obtained for the quadratic case. The most
virulent behavior comes from off-shell 3-point vertices with 6 powers of the momenta,
namely the ones in the last line of Eq. (1.42). However, these contributions can only
come from internal vertices, as we have shown in Sec. 1.2.3 that these vertices vanish
when at least one of the legs stitched to it is on-shell.

Let us start with the n-point amplitude of n gravitons with the same helicity,
An(1+2+... n+), or just with the helicity of one graviton flipped, An(1−2+... n+). In
general relativity these amplitudes vanish for any value of n. There is a simple argu-
ment to show that this must be the case by counting the powers of momenta in Feynman
diagrams (see, e.g., Sec. 2.7 in [48]). The argument boils down to the observation that
this amplitude can be non-zero only if vertices contribute at least with 2n powers of the
momenta that can be contracted with the 2n polarization vectors (B.13) and (B.14) of
external gravitons [no powers of the momenta can be provided by propagators, which
is true both in general relativity and in the theories analyzed here; recall Eq. (1.40)].
If this is not the case, at least two of these polarization vectors will be contracted with
each other, and this combination can be shown to be zero up to a gauge transformation,
implying that the overall amplitude vanishes. While it is impossible to obtain these 2n
powers of the momenta in the case of general relativity (and, in general, for any theory
in which interaction vertices are quadratic in the momenta), here we have to be more
careful with the interaction vertices containing higher powers of momenta. However,
the potentially most virulent behavior, coming from the [R(1)]3 off-shell 3-point vertex
in Eq. (1.42), turns out to be innocuous as the corresponding 6 powers of the momenta
cannot be coupled to the polarization vectors of external particles. Taking a look at
Eq. (1.43), we see that the first part can be gauged away (off-shell), while the second
one contributes with a factor pip

i that has no free indices to be contracted with the
indices of polarization vectors. Alternatively, in the de Donder gauge, R(1) is simply
proportional to the scalar p2. The remaining 3-point vertices K(2)R(1) and R(2)R(1) only
have 2 powers of the momenta that can be contracted with the εµ+, which leads to the
same maximum number of momenta as in general relativity. Let us therefore turn our
attention to 4-point vertices, from which [K(2)]2 and [R(2)]2 display the worst behavior,
with a p4 dependence. However, counting the number of vertices in the corresponding
Feynman diagrams (see App. B) shows that in this case the maximum possible number
of momenta is 2n− 4 < 2n. Therefore, we conclude that

An(1+2+... n+) = An(1−2+... n+) = 0, ∀n ≥ 3. (1.46)
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This is a quite non-trivial statement that is characteristic of general relativity as well
as Yang-Mills theories. This implies that, in order to have a non-zero amplitude, we
need to flip the helicity of at least two gravitons (which leads to the so-called maximally
helicity violating –MHV– amplitudes [59]).

In order to deal with the MHV amplitudes An(1−2−3+... n+) and other possibly
non-vanishing amplitudes, we need to resort to more sophisticated arguments. As re-
viewed briefly in App. B, the most powerful argument to deal with these amplitudes
involves complexifying the external momenta in order to construc n-point amplitudes
An(1−2−3+... n+) from n−1-amplitudes evaluated on complex momenta. This recursive
procedure is valid as long as certain technical conditions are satisfied by the complex-
ification of the n-point amplitude An(1−2−3+... n+) [48]. There are different ways in
which the complexification can be done. The one that we want to study was considered
in the App. A of [53] (see also [54]) in order to obtain what these authors call the “aux-
iliary” recursion relations. This particular complex extension represents the optimal
choice in general relativity, and therefore it will be also the optimal choice here, as the
only change in the present discussion is the behavior of interaction vertices with the
momenta. Note that we cannot apply directly the conclusions of these authors, as the
theories we are interested in have interaction vertices which are not quadratic in the
momenta.

Without loss of generality, let us consider an amplitude in which N ≥ n/2 external
legs have positive helicity; the case in which there is a larger number of external legs
with negative helicity is completely parallel. If s ∈ [1, N ] labels all the external legs
with positive helicity, and t marks a single external leg with negative helicity, we define
the complex extension

p̂s = ps + zqs, p̂t = pt − z
N∑
s=1

qs, (1.47)

where z ∈ C and {qs}Ns=1 are complex vectors verifying certain requirements [48].
To show the validity of the recursion relations, let us exploit the fact that it is a

sufficient condition that all Feynman diagrams contributing to a given amplitude vanish
asymptotically for large |z|. Taking into account that Feynman diagrams are just the
multiplication of diverse elements (external legs, interaction vertices and propagators),
we just need to understand how these different elements scale with |z|:

• N+1 external particles are shifted (that is, their momenta are complexified) such
that their polarization tensors constructed from Eqs. (B.13) and (B.14) give each
a leading contribution 1/|z|2.

• All propagators in Eq. (1.40) are shifted (this property that depends only on
the topology of the relevant Feynman diagrams was shown in [53]) and therefore
contribute with a 1/|z| factor each.

• Vertices behave as |z|k. Internal (i.e., off-shell) 3-point vertices display 6 powers
of the spatial momenta instead of being just quadratic in the covariant momenta,
which suggests a |z|6 dependence. However, a careful inspection shows (as dis-
cussed in Secs. 1.2.2 and 1.2.3) that these off-shell vertices are proportional in the



18 CHAPTER 1. MINIMALLY MODIFIED THEORIES OF GRAVITY

de Donder gauge to the covariant combination (p2)3, which means that these also
scale as |z|3. A similar comment applies to internal vertices that contain R(1).

Putting all these elements together, for Feynman diagrams involving only k-point ver-
tices the leading z dependence goes like

An(z) ∝
(
z−2
)N+1 (

z−1
)p (

zk
)v
, (1.48)

where the first multiplicative factor is the contribution from the polarization tensors of
the shifted external legs, p is the number of propagators and v is the number of vertices.
For k-point vertices one has (App. B)

p =
n− k
k − 2

, v =
n− 2

k − 2
. (1.49)

The recursion relations can be valid only if An(z) ∝ zw with w < 0 (which in general
relativity is always satisfied [53]). This leads to the inequality

N >
(k − 1)n− (3k − 4)

2(k − 2)
. (1.50)

It is straightforward to show that the most stringent of these conditions is obtained
for k = 3, which implies that interaction vertices with k ≥ 4 only give subleading
contributions to the asymptotic behavior on |z| of Feynman diagrams.

Overall, this leads to the main results of this section, together with Eq. (1.46):

• n = 4 and n = 5: all amplitudes An(1h12h2 ... nhn) can be constructed from 3-point
amplitudes and are therefore the same as in general relativity.

• n ≥ 6: the MHV amplitude A6(1−2−3+4+5+6+) is the same as in general rela-
tivity. This argument does not fix the form of A6(1−2−3−4+5+6+) or any of the
remaining n-point amplitudes with n > 6 that are not already contained in Eq.
(1.46).

In summary, we have applied state-of-the-art techniques of on-shell scattering ampli-
tudes in order to calculate a sequence of scattering amplitudes which would be other-
wise extremely difficult (and time-consuming) to calculate. This illustrates that on-shell
techniques can be used in order to understand the physical content of modified grav-
ity theories. The information extracted in this way (see Fig. 1.3) is quite interesting,
as it uncovers unexpected cancellations of the additional (non-relativistic) interaction
vertices, and strengthens the possibility that these theories are equivalent to general rel-
ativity. In particular, we have determined that differences might arise only for 6-point
amplitudes [in the A6(1−2−3−4+5+6+) amplitude] or higher.

Let us stress that this does not necessarily imply that it is likely that there will be dif-
ferences. It is ubiquitous in the study of on-shell scattering amplitudes that unexpected
cancelations occur, so that terms that may seemingly give additional contributions leave
no trace. In fact, we already know that these kinds of cancellations indeed happen for
the theories analyzed here. For instance, in the amplitudes A4(1h12h23h34h4) the con-
tributions coming from the additional (i.e., not present in general relativity) 4-point
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vertices [K(2)]2 and [R(2)]2 cancel identically. A similar observation follows for arbitrary
An(1h12h2 ...nhn) for n ≤ 5, and applies to all the possible interaction vertices that are
involved in these amplitudes, including the most virulent [R(1)]3. This even applies to
An(1+2+... n+) and An(1−2+... n+) for arbitrary values of n. It is not unreasonable to
think that these cancellations will keep taking place for the remaining tree-level ampli-
tudes, but that the on-shell arguments used here are not powerful enough to show this.
Reaching a definitive conclusion is not possible at the moment; it may be that some
generalization of these arguments will be successful, or additional calculations might
uncover a counterexample. But we certainly think this is an interesting question that
deserves further study.

= + (1.51)

Figure 1.3: One of the results in this section is that the A4(1h12h23h34h4) is constructible
from on-shell 3-point amplitudes of complex momenta using recursion relations, which
in particular implies equivalence to general relativity at this particular order in the
perturbative expansion. As in general relativity, this means that 4-point vertices carry
no physical information, but are present in order to guarantee off-shell gauge invariance.
This result is remarkable as it extends this observation from the 4-point vertices K(4)

and R(4) of general relativity, to include also [K(2)]2 and [R(2)]2. Moreover, we have
shown that perturbative equivalence with general relativity holds for An(1h12h2 ...4h4)
up to n = 5 no matter the helicity configuration, and for selected configurations when
n > 5.

Before finishing this section, let us point out that the BCFW shift is not the only
possible way to extend the momenta in the complex plane. A different possibility is
given by

ps −→ p̂s = ps(1− as z), (1.52)

where z ∈ C as before and the constants as are such to satisfy the momentum constraint

n∑
i=1

p̂i = z

n∑
i=1

aipi = 0. (1.53)

When z = 1/as one of the external particle becomes soft and it is possible to use
the soft theorem in order to get information on the scattering amplitude An (see, e.g.
[60]). This type of shift has been used in P4 where it was shown that, although the
shift can be useful to prove the equivalence of the scattering matrices of two theories
when the BCFW fails (for instance it was possible to prove the equivalence of the
scattering matrices of general relativity and unimodular gravity), it does not provide
useful information in the study of the theories discussed in this thesis.
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1.4 Genuinely different theories

In the previous sections we have used different probes of large classes of theories and
found no evidence of differences with respect to general relativity. It would be inter-
esting to find theories that still satisfy the conditions in [29] ensuring that the number
of degrees of freedom is the same as general relativity, but that are manifestly different
from general relativity. In this section we analyze two kinds of theories that fall within
this category, discussing their main properties and, in particular, their pathologies.

1.4.1 Theories with no gravitons

As already noticed in [29], theories that do not contain the 3-dimensional Ricci tensor
Rij in the Lagrangian density describe automatically two degrees of freedom . In
particular, for theories of the form (1.44) this would imply ∂L/∂R = 0. The simplest
example of this kind of theory is given by

L =
√
hN K. (1.54)

Let us now show that this theory is clearly inequivalent to general relativity, by looking
at its Hamiltonian formulation: the momenta are given by

πij = 2
(
Kij −Khij

) 1

2

√
h, πN = 0, πi = 0, (1.55)

and the total Hamiltonian takes the usual form

H =

∫
d3x (NH +N iDi + λNπN + λiπi), (1.56)

but with

H =
Π√
h
. (1.57)

The secondary constraints are again H = 0 and Di = 0. The main difference lies now
in the algebra of constraints, which takes the form

{H[α],H[β]} = 0,{
D[αi],H[α]

}
= H [Lαiα] ,{

D[αi],D[βj]
}

= D
[
Lαiβ

j
]
. (1.58)

Note the difference with respect to Eq. (1.9): the first bracket is identically vanishing.
This has clear physical implications, which can be noticed for instance recalling our
discussion in Sec. 1.1.1 and App. A: even if the theory describes two degrees of freedom,
at linear level these excitations do not carry a representation of the Poincaré group (not
even in some kind of low-energy limit). For instance, in the theory analyzed in this
section, time translations and boosts commute, as well as two boosts (in the Poincaré
group, these commutators will be proportional to spatial translations and rotations,
respectively). Therefore, these theories are escaping equivalence with general relativity,
but at the price of modifying drastically even the linear properties of the theory (i.e.,
not describing gravitons at the linear level).
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In particular, it is not clear if it is legitimate to call these theories “gravitational”
theories [29]. The linear excitations in this theory do not satisfy a wave equation,
which would imply that there are no gravitational waves and therefore contradicts
observational facts. This is a reasonable outcome, which shows that tampering with
the very properties of the carrier of the gravitational force generally has drastic physical
consequences.

1.4.2 Theories with a modified dispersion relation for
gravitons

The previous example is interesting from a theoretical perspective but is, in some sense,
too trivial. In this section we consider a class of examples that are more interesting
physically. In some sense these examples are complementary to the ones in the previous
section: instead of considering a Lagrangian density that does not depend on Rij, let us
consider Lagrangian densities that are obtained by adding a piece that is independent
from Kij (and also the lapse N). As shown in a brief section at the end of the paper [29],
adding this term renders the Hamiltonian constraint second class, but it also introduces
a tertiary constraint. Therefore, the number of degrees of freedom does not change even
if the way the counting is performed is changed. This class of examples was also found
in [61]. Phenomenological consequences for some of these theories (and extensions)
are studied in [62]. Here, we focus on the effects that these kind of terms have when
added to the Einstein-Hilbert action; our conclusions stated below do not depend on
this specific choice of starting point. For concreteness, let us consider

L =
√
hN(K +R) + `2

√
hRijR

ij, (1.59)

where ` is a constant with dimensions of length.
Let us now obtain the form of the field equations. The first piece in Eq. (1.59) leads
to the usual Fierz-Pauli equations, so we will focus on the second piece, for which we
need to recall (e.g., [43]) that R

(1)
ij = (∆hij − ∂i∂khkj − ∂j∂khki + ∂i∂jh̃)/2, so that the

corresponding contribution to the field equations is proportional to

1

2

(
δki δ

l
j∆− 2δki ∂j∂

l + δij∂
k∂l
) (

∆hkl − ∂k∂mhml − ∂l∂mhmk + ∂k∂lh̃
)
δiµδ

j
ν . (1.60)

We can see that the additional term describe higher-derivative corrections to the purely
spatial components of the Fierz-Pauli equations, similarly to what happened in the
square root gravity, Eq. (1.24). However, in the square root gravity these contributions
were identically vanishing. Here we will see that the same does not apply.

First of all, let us recall that, as in the square root gravity, the µ = ν = 0 component
of the field equations is given by Eq. (1.26). This, in turn, implies that the trace of Eq.
(1.60) vanishes on-shell: it is given by

1

2

(
δkl∆ + ∂k∂l

) (
∆hkl − ∂k∂mhml − ∂l∂mhmk + ∂k∂lh̃

)
=

3

2
∆(∆h̃− ∂i∂jhij) = 0. (1.61)

We can therefore:
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• Impose the de Donder gauge ∂µh̄µν = 0, where h̄µν = hµν − ηµνh/2.

• Exploit the µ = 0, ν = 0 and µ = 0, ν = i components of the field equations to
gauge away the h̄00 and h̄0i components of the gravitational field.

• Use the trace of the field equations, �h̄ = 0, to fix completely the residual gauge
freedom setting h̄ = 0.

This implies that the field equations can be written simply as

�hij + `2∆2hij = 0. (1.62)

This is a quite interesting equation that implies that this theory describes gravitons
(with two degrees of freedom), but with modified dispersion relations. At least at
low energies (measured in terms of the scale `), the usual Lorentz-invariant picture
is recovered. This suggests that these theories are interesting alternatives to general
relativity that reduce to the latter at low energies.

However, there is a feature of the theories which include “potential” terms in the
3-dimensional Ricci tensor Rij that must be kept in mind. The inclusion of this kind
of potential term independent of the lapse N and the extrinsic curvature Kij changes
drastically the nature of the constraints of the theory. First of all, the form of the
Hamiltonian and diffeomorphism constraints is unchanged. However, the Hamiltonian
constraint is not automatically preserved by evolution, and an additional constraint
must be added in order to ensure its preservation. This, in turn, implies that the
Hamiltonian constraint is second class. Hence, the only remaining gauge symmetries
are spatial diffeomorphisms. But here is where the trouble lies: instead of the very
combination

K = KijK
ij −K2, (1.63)

that appears in the Lagrangian density (1.59) and is characteristic of general relativity,
spatial diffeomorphisms can only select the combination

KijK
ij − µK2, (1.64)

with µ an arbitrary constant; this is for instance a well-known observation in the frame-
work of Hořava-Lifshitz gravity [63]. Equally well-known in this framework (e.g., [64])
is the fact that a theory with a Lagrangian density linear in the combination just above
can only contain two degrees of freedom if and only if µ = 1; for different values of
this parameter, an additional degree of freedom (a scalar graviton) appears. Let us
stress that the same result follows from our analysis in Sec. 1.1; one of the features that
guarantees that the theories analyzed in that section (and also the ones in Sec. 1.4.1)
contain only two degrees of freedom is that µ = 1 for them [equivalently, the momenta
πij enter through the combination Π in Eq. (1.5)].

In summary, including potential terms such as
√
hRijR

ij in Eq. (1.59) generally
makes the Hamiltonian constraint second class and therefore leaves spatial diffeomor-
phisms as the only gauge symmetries of the theory. As a consequence, it is not possible
to guarantee that the value of µ is protected against radiative corrections, and there-
fore that these theories do not acquire additional degrees of freedom in this way [65].
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Hence, the theory may describe instead two polarizations of the gravitational field with
modified dispersion relation, and an additional scalar graviton.1

1.5 Coupling to matter

Our analyses above have been restricted to theories which only include the gravitational
field. In this last section we include matter fields (for simplicity, a scalar field). This is
motivated due to two reasons. The first one is that any realistic theory of gravity must
include matter. The second one is that in [29] the authors study Friedmann-Lemâıtre-
Robertson-Walker solution in the square root gravity studied in Sec. 1.2 and find that
the corresponding equations are genuinely different than the ones obtained in general
relativity. This may suggest that, even if the square root gravity may be equivalent
to general relativity in vacuum, differences might be unavoidable when couplings to
matter are included. However, we think that one must be careful before jumping into
this conclusion, as many subtleties arise in the procedure of coupling matter in these
alternative theories.

1.5.1 Algebra of constraints for minimal coupling

Let us come back to our starting point, namely the Hamiltonian theories introduced in
Sec. 1.1, and include a scalar field in the system as the simplest possible representation
of matter fields. The Lagrangian density for the scalar field is given by

Lφ =
√
−g [gµν∇µφ∇νφ+ V (φ)] , (1.65)

where V (φ) is the potential. In order to obtain the form of the Hamiltonian let us recall
that, in the ADM decomposition, the components of the metric are given by

g00 = − 1

N2
g0i =

N i

N2
, gij = hij − N iN j

N2
. (1.66)

Taking also into account that
√
−g = −N

√
h, it follows that

Lφ = −1

2

√
h

[
− 1

N
∂0φ∂0φ+ 2

N i

N
∂0φ∇iφ+N hij∇iφ∇jφ−

N iN j

N
∇iφ∇jφ+ V (φ)

]
,

(1.67)
so that the scalar field Hamiltonian is given by (P is the conjugate momentum of φ):

Hφ =

∫
d3xN

(
1

2

P 2

√
h

+
1

2

√
hhij∇iφ∇jφ+

√
hV (φ)

)
+ PN i∇iφ. (1.68)

If we define

Hφ =
1

2

P 2

√
h

+
1

2

√
hhij∇iφ∇jφ+

√
hV (φ), D

φ
i = P∇iφ, (1.69)

1Note that, even if µ = 1 is not protected under radiative corrections, the extra scalar mode may
be suppressed in the infrared if µ = 1 is an infrared fixed point. Some examples of this behavior, in
the framework of Hořava-Lifshitz gravity, are given in [66, 67].
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the total (gravity plus matter) Hamiltonian becomes

HT =

∫
d3xN(H + Hφ) +N i(Di + D

φ
i ) + λNπN + λiπi. (1.70)

The primary constraints are again

πN = 0, πi = 0, (1.71)

while the subsequent secondary constraints are given by

HT = H + Hφ = 0, (DT)i = Di + D
φ
i = 0. (1.72)

In order to obtain the off-shell algebra of constraints satisfied, it is convenient to evaluate
first the following brackets: first of all the Poisson brackets involving the gravitational
and matter sectors of the Hamiltonian constraint,

{H[α],H[β]} = D[F ′2hij (α∇jβ − β∇jα)]{
H[α],Hφ[β]

}
= −

∫
d3x

λ

2
√
h

(
πP 2

√
h
− πV (φ) +

√
gπij∇iφ∇jφ

)
,{

Hφ[α],Hφ[β]
}

= Dφ[hij (α∇jβ − β∇jα)]. (1.73)

For the diffeomorphism constraint, one has{
D[αi],D[βj]

}
= D

[
Lαiβ

j
]
,{

D[αi],Dφ[βj]
}

= 0,{
Dφ[αi],Dφ[βj]

}
= Dφ

[
Lαiβ

j
]
. (1.74)

Lastly, the brackets involving the different sectors of the Hamiltonian and diffeomor-
phism constraints are{

D[αi],H[α]
}

= H[Lαiα],{
D[αi],Hφ[α]

}
=

∫
d3x

{
1

2

P 2

√
h
∇iαi −

1

2

√
h∇kφ∇kφ∇iαi +

√
h∇iφ∇jφ∇ifαj −

√
hV (φ)∇iαi

}
,{

Dφ[αi],H[α]
}

= 0,{
Dφ[αi],Hφ[α]

}
=

∫
d3x

{
−Pα√

h
∇i
(
Pαi

)
+
√
h∇i

(
α∇iφ

)
αj∇jφ−

√
h
∂V (φ)

∂φ
ααi∇iφ

}
. (1.75)

Combining these equations, it is now easy to write the off-shell algebra of constraints:

{HT[α],HT[β]} = D
[
λF ′2(R + λΠ/h)hij (β∂jα− α∂jβ)

]
+ Dφ

[
hij (β∂jα− α∂jβ)

]
,{

DT[αi],HT[α]
}

= HT [Lαiα] ,{
DT[αi],DT[βj]

}
= DT[Lαiβ

j]. (1.76)

The only change in the off-shell algebra of constraints (1.76) with respect to the vacuum
case appears in the Poisson bracket {HT[α],HT[β]}. That this Poisson bracket is no
longer proportional to any of the primary constraints (1.71) or secondary constraints
(1.72) implies the existence of a tertiary constraint

λF ′2 Di + D
φ
i = 0. (1.77)
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This is an independent combination of the two sectors of the diffeomorphism constraint
(DT)i = 0. Therefore we take as independent constraints

(DT)i = 0, D
φ
i = 0. (1.78)

The constrain D
φ
i = P∂iφ = 0 does however not satisfy the regularity conditions [68]

that are needed in order to proceed with the standard counting of degrees of freedom.
As explained in [68], the matrix obtained by taking the derivatives of the constraint with
respect to the variables in the phase space must have constant rank on the constraint
surface.

Therefore, we have to choose either P = 0 or ∂iφ = 0. Let us discuss each of these
cases separately:

• P = 0: first of all, consistency with the dynamical evolution implies

{P,HT} = {P,Hφ[N ] + Dφ[N i]} =
√
h∂i(N∂

iφ)−
√
hN

∂V

∂φ
= 0. (1.79)

This leads to a quaternary constraint, the smeared version of which reads

C[µ] =

∫
d3x
√
hµ

[
∂i(N∂

iφ)−N ∂V

∂φ

]
. (1.80)

The complete Hamiltonian is therefore given by

HT =

∫
d3xN(H + Hφ) +N i(Di + D

φ
i ) + λNπN + λiπi + λPP + λCC. (1.81)

From all the constraints, H + Hφ, πN , P and C are second-class constraints.
This implies that the phase space is 5-dimensional, similarly to what happens
in Hořava-Lifshitz gravity [69, 70]. Therefore φ cannot describe standard matter
degrees of freedom.

• φ−f(t) = 0: we impose this form of the constraint (instead of ∂iφ = 0) in order to
ensure a more direct matching between the constraints and the degrees of freedom
removed. Again, consistency with the dynamical evolution implies

−ḟ + {φ,HT} = −ḟ +
NP√
h
, (1.82)

where ḟ = df/dt. Similarly to the previous situation, these two additional con-
straints, together with H+Hφ and πN , are second-class constraints. The counting
of degrees of freedom is therefore the same as in the example just above.

Summarizing, coupling a scalar field in a minimal way can only be consistent if the scalar
field is constrained. Therefore, this scalar field cannot be used to describe standard
matter. Introducing an unconstrained scalar field would only be possible at the cost of
explicitly breaking the symmetries of the gravitational action, hence exciting additional
degrees of freedom (let us note that something similar would happen if a scalar field is
coupled to general relativity in a way that diffeomorphism invariance is not preserved.).
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This result would apply to any kind of field that is minimally coupled. Therefore, in
order to compare these theories with general relativity coupled to matter (or to explore
their possible phenomenological consequences), first of all one must find how to couple
consistently matter to these theories in a way that no constraints have to be satisfied by
the matter fields. In the two next sections we discuss briefly two attempts at achieving
this.

1.6 Conclusions

In this chapter, we have presented a comprehensive analysis of the class of theories
found in [29], which are characterized by the fact that these contain the same number
of degrees of freedom as general relativity. We have used a battery of techniques in order
to gain an intuition of the physical meaning of the existence of these theories. First of
all we need to count the number of degrees of freedom using the Hamiltonian analysis.
Once we know that there are only 2 degrees of freedom, we can use the Lagrangian
formulation of the theory expanding around Minkowskii spacetime to study the linear
polarization state of the graviton and the three point function. This analysis shows that,
while the theory is apparently Lorentz breaking, the polarization state and the three
point function are Lorentz covariant and equal to the general relativity counterpart.
This feature allows us to construct the spinor helicity variables in the standard way
and to use the recursion relation to construct higher order point function. This shows
how intertwined the three steps of our analysis are as each step could not be applied
without the previous one.

Our main conclusion is that these results strengthen the view that general relativity
is a unique theory that is not easily deformed. This claim follows from a combination
of results:

• There are certainly examples that are manifestly different from general relativity
(as explained in Sec. 1.4). However, these examples entail profound deviations
from general relativity; either these are too trivial to describe gravity and ex-
perimentally excluded, or it is not clear if these really have only two degrees of
freedom, as it does not seem possible to ensure that the removal of additional
degrees of freedom is protected under radiative corrections.

• The most interesting theories would exhibit the same linearized properties of
general relativity (perhaps at low energy), but would include non-linear deviations
from the latter. The formalism developed in [29] is general enough to encompass
these theories, and we have studied in Secs. 1.1 and 1.2 quite general families
of theories that would seemingly fall into this category. However, every attempt
to show differences with respect to general relativity has only demonstrated the
existence of unexpected cancellations that eventually dissipate the possible sources
of these differences. This has been shown to occur on-shell, both at the linear and
non-linear level.

Our analysis agrees with the one present in [71] where the author from a different
perspective obtains the same result. These conclusions do not imply that the class of
theories found in [29] is not interesting. On the contrary, we think that the results by
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these authors provide a convenient framework in which a series of new questions about
the possibility of deforming general relativity can be formulated.

Furthermore, the equivalence of the theories only holds in vacuum and matter can
break it. As we have shown, it is not consistent to use minimal coupling, and in
[71] it has been shown that there are consistent ways to couple matter, which can
also break the equivalence with general relativity. While it is not clear if this would
simply be equivalent to consider general relativity with non minimally coupled matter,
working with a modified theory can provide a guiding principle in the choice of a
matter coupling that would otherwise seem unnatural in general relativity. It has been
shown, for instance, that one example of minimally modified theory has very interesting
cosmological consequences [72].

The main focus of this thesis is the study of black holes, specifically we try to get
insight toward the resolution of the singularity problem. Given that black holes are
vacuum solutions of general relativity, we already know that the family of minimally
modified theories possess singular solutions. Anyway, it is still an open and interesting
question of whether these solutions will unavoidably be reached in the dynamical evo-
lution of the theory as it happens in general relativity. It other words, we still do not
know is the differences in the matter sector of the theory could prevent the formation of
singularities or if there is a singularity theorem also in these theories. This possibility
will be addressed in future works.
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Chapter 2

Causal hierarchy beyond general relativity.

Working with a specific theory has many advantages as it allows you to have full control
over the model. However, in this case, the range of applicability of the results is limited
to the theory under consideration. In what follows we will try to be as much model
independent as possible. In this chapter we are going to study the requirements that
causality conditions can impose on the manifold in a generic theory of modified gravity.

In general relativity there is a is well-established standard causal hierarchy, key
elements of which are chronology, causality, strong causality, stable causality, and global
hyperbolicity. Here we investigate how to extend this causal hierarchy depending on the
extra structure (such as: multiple metrics, aether fields, modified dispersion relations,
Hořava-like gravity, parabolic propagation, etcetera) that the modified theory can have.
This chapter contains some of the results of P7.

2.1 The standard general relativity causal

hierarchy

In general relativity one can invoke a well-established hierarchy of causality conditions
which is explained in detail both at a pedagogical level [73, 19] and at a more formal
level [74].
Let us briefly review these definitions as our goal is to extend them to a more generic
framework. The two more basic levels of the causal hierarchy are:

• Chronology condition: There are no closed timelike curves.

• Causality condition: There are no closed non-spacelike curves.

The absence of closed timelike curves is needed to forbid time travel. Closed null
curves are less problematic, but it is usually possible to deform a null closed curve in
order to construct a timelike closed curve [74] and, even when this is not possible, we
can imagine to slightly perturb the manifold to end up with a closed timelike curve.
For this reasons, it is desirable to forbid closed null curves as well.
Strong causality is the next step in the usual hierarchy. There are more than one
way to characterize strong causality (see P7). The simplest one is the following: For
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any point x there is an open set U such that any causal curve that starts at x and then
leaves U cannot ever re-enter U . What that means is that not only closed causal curve
are forbidden, but also that non-spacelike curves cannot return arbitrary close to their
starting point.

The set of causality conditions we have introduced so far ensures the absence of
pathologies in the spacetime we are considering. Given that we are interested in theories
where the spacetime is a dynamical object, we can always perform a small perturbation
of our spacetime. Therefore we may also want to rule out those spacetimes that are
arbitrary close to violating the hierarchy of causality conditions above. To this end, we
construct a partial ordering on the space of Lorentzian metrics L(M) by saying that
one metric [ĝ]ab is “wider” than another second metric [g]ab, denoted [ĝ]ab > [g]ab, if
all non-spacelike vectors in the second metric are strictly timelike in the first metric.
This partial ordering can be used to define open intervals in the set of all Lorentzian
metrics, and these open intervals can be used to define a sub-basis for a topology on
the set of Lorentzian metrics one can define on the spacetime manifold — this topology
is called the interval topology and, for our purposes, it behaves as the typical C0 open
topology (different metrics become close to each other when their metric coefficients in
some prescribed set of coordinates are close, even if their derivatives are not). For the
discussion in the next section it will be important to keep in mind that, being a partial
order, not every pair of metrics need to be comparable.

With this in mind, the next step in the hierarchy, the stable causality condition,
can be defined in at least 3 equivalent ways:

• There exists a global time function τ(x) whose gradient is everywhere timelike.
(So, adopting −+ ++ signature, the vector −gab∇bτ is future-pointing timelike.
This definition of stable causality implies that for any future-pointing timelike
vector V a one has V a∇aτ > 0.)

• There is a metric wider than the physical metric such that the wider metric
satisfies the chronology condition.

• There is an open set in the C0 open topology on the set of all Lorentzian metrics
which contains the physical metric and such that all of the metrics in that open
set satisfy the chronology condition.

The second and the third statements are clearly equivalent as they are merely different
ways of express the same physical concept. The proof that the first statement is equiv-
alent to the other two is not trivial. While some discussion can be found in classical
textbooks, see e.g. [73] for the equivalence between the first and second statement, or
[19] for the equivalence between the first and third statement, some technical points are
overlooked there and a for a complete proof we refer to [75].

Finally, the last step in the standard causal hierarchy, global hyperbolicity, can
also be defined in at least 3 equivalent ways:

• (Causality condition) + (causal diamonds are compact).

• Wave equations with suitable initial data have unique solutions.

• The spacetime is foliated by spacelike Cauchy hypersurfaces.



2.2. MULTI-METRIC FRAMEWORKS 31

For a technical discussion see references [75, 76]. We shall soon see that the last of
these conditions, the existence of a foliation by suitably redefined and suitably modified
Cauchy hypersurfaces, is one of the more straightforward causality conditions to work
with once one steps far beyond standard general relativity.

2.2 Multi-metric frameworks

Perhaps the most straightforward extensions of the usual causal hierarchy occur in
multi-metric frameworks. Multi-metric extensions of general relativity have a long and
quite complicated history — over the last decade one of the key examples of this type
of model has been the dRGT “massive gravity” models [77, 78, 79, 80], though ear-
lier attempts go back several decades [81]. Central to all of these models are multiple
Lorentzian metrics {[gi]ab}Ni=1 (some dynamical, some possibly non-dynamical back-
ground metrics) interacting in various ways.1

To extend the usual causal hierarchy to such a multi-metric framework at minimum
one would want to apply the usual causal hierarchy to each effective metric separately,
and to demand that you cannot violate causality by switching metrics [gi]ab part way
through whatever physical process you are interested in. Perhaps the simplest way to
formulate this is to redefine the notion of chronological/causal curves as follows:

(i) A piecewise chronological curve is one that can be split into connected segments
each one of which is timelike with respect to at least one of the metrics [gi]ab.

(ii) A piecewise causal curve is one that can be split into connected segments each
one of which is non-spacelike with respect to at least one of the metrics [gi]ab.

With these definitions in place we can immediately generalize the chronology and
causality conditions in multi-metric framework as follows:

• Piecewise chronology condition: There are no closed piecewise chronological
curves.

• Piecewise causality condition: There are no closed piecewise causal curves.

We can similarly modify the definitions of chronological/causal past/future, and the
definitions of chronological/causal diamonds, so as to define strong causality in terms
of piecewise timelike curves.

It is useful to break down the piecewise chronology/causality conditions above into
equivalent conditions that are often simpler to work with:

• The piecewise chronology condition being satisfied by {[gi]ab}Ni=1 is equivalent
to each of the individual metrics [gi]ab independently satisfying the chronology
condition, plus the compatibility condition between all the pairs of metrics that
I+
i (p) ∩ I−j (p) = ∅, ∀i, j ∈ [1, ..., N ].

1Instead of thinking of the {[gi]ab}Ni=1 as a set, sometimes it will be useful to think about these
metrics as an element ([g1]ab, ..., [gN ]ab) of L(M)N , the Cartesian product of N copies of L(M).
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• The piecewise causality condition being satisfied by {[gi]ab}Ni=1 is equivalent to each
of the individual metrics [gi]ab independently satisfying the causality condition,
plus the compatibility condition between all the pairs of metrics that J+

i (p) ∩
J−j (p) = ∅, ∀i, j ∈ [1, ..., N ].

In the multi-metric framework, there are different possible definitions of piecewise
stable causality which suitably generalize the usual notion of stable causality. For
instance, working in terms of a global time function:

A1 : Each of the individual metrics [gi]ab is stably causal, and in addition there exists a
global time function τ whose gradient is everywhere future-pointing with respect
to all of the individual metrics [gi]ab. That is, all of the vector fields [Vi]

a that
are future-pointing and timelike with respect to the appropriate individual metric
[gi]ab must satisfy [Vi]

a∇aτ > 0.

Thence a piecewise chronological curve, having a tangent vector V a that is timelike
with respect to at least one of the individual metrics [gi]ab, must satisfy V a∇aτ > 0,
and so cannot be closed. Thence, this definition implies that all the future-pointing
propagation cones must lie on the same side of the constant-τ hypersurfaces.

Furthermore, the two definitions that rely primarily on the existence of the partial
order > also generalize naturally, as one just needs to replace L(M) by L(M)N , the
latter equipped with the product order:

A2 : There is an element in L(M)N wider than the physical metrics ([g1]ab, ..., [gN ]ab)
such that it satisfies the piecewise causal condition.

A3 : There is an open set in the C0 open topology on the set L(M)N which contains
the physical metrics ([g1]ab, ..., [gN ]ab) and such that all the elements in that open
set satisfy the piecewise causal condition.

One can then show that these definitions are equivalent (see P7 for a proof of this
statement).

There is an alternative way of proceeding in case the set {[gi]ab}Ni=1 satisfies some
additional requirements. If there exists a metric in the set {[gi]ab}Ni=1 that is wider
than the rest, or if there exists a metric [gwide]ab in L(M) that is wider than all the
elements {[gi]ab}Ni=1 (that is, the propagation cone of [gwide]ab contains the union of all
the propagation cones of the individual [gi]ab), then we can apply the usual definitions
of general relativity the metric [gwide]ab :

B1 : There exists a global time function whose gradient is everywhere timelike with
respect to [gwide]ab.

B2 : There is a metric wider than [gwide]ab such that the wider metric satisfies the
causality condition.

B3 : There is an open set in the C0 open topology on the set of all Lorentzian metrics
which contains the metric [gwide]ab and such that all of the metrics in that open
set satisfy the causality condition.
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It is also important to notice that, if [gwide]ab exists, piecewise chronological/causal
curves for {[gi]ab}Ni=1 are just ordinary chronological/causal curves of [gwide]ab.

Hence, we have two triplets of definitions {Ai}3
i=1 and {Bi}3

i=1 providing slightly
different characterizations of stable causality, which are not equivalent in general. It
is straightforward to realize that the equivalence between these triplets requires (at
a minimum) the existence of [gwide]ab. However, there is a situation which, besides
from making these two characterizations comparable from the perspective of logical
implication, is interesting from a physical standpoint, namely when {[gi]ab}Ni=1 is a
totally ordered set with respect to >. Under this assumption, the two triplets are
indeed equivalent, as shown in reference P7. Intuitively, one can see that the necessary
condition mentioned above for these being equivalent is satisfied, as {[gi]ab}Ni=1 being
totally ordered implies that [gwide]ab can be identified with the maximal element in
{[gi]ab}Ni=1.

When it comes to global hyperbolicity all of the 3 standard versions of this
notion can easily be adapted to the multi-metric framework, although again there are
two possible versions which are not fully equivalent in general:

C1 : Causality condition + causal diamonds are compact; (use piecewise causal curves).

C2 : For each individual metric [gi]ab wave equations with suitable initial data have
unique solutions.

C3 : The spacetime is foliated by spacelike Cauchy hypersurfaces; where Cauchy now
means spacelike with respect to each individual metric [gi]ab, and for each metric
[gi]ab the causal curves of that metric intersect the Cauchy surface once and once
only.

Alternatively:

D1 : Causality condition + causal diamonds are compact (use [gwide]ab).

D2 : For the metric [gwide]ab wave equations with suitable initial data have unique
solutions.

D3 : The spacetime is foliated by spacelike Cauchy hypersurfaces; where Cauchy now
means spacelike with respect to the metric [gwide]ab, and the causal curves of that
metric intersect the Cauchy surface once and once only.

These are the minimum requirements for reformulating the causal hierarchy in a multi-
metric framework.

2.3 Infinite signal velocities

In some frameworks (for instance in Hořava gravity) we have that some of the modes
propagates at infinite speed with respect to some aether covector field ua (not at this
stage necessarily hypersurface orthogonal). In this case:

• Define the analogue of chronological curves in terms of the tangent being future-
pointing with respect to the aether, taua < 0. (No metric is required to establish
this.)
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• Define the analogue of causal curves in terms of the tangent being non-past-
pointing with respect to the aether, taua ≤ 0. (No metric is required to establish
this.)

We shall first show that for infinite signal speeds sensible causal behaviour implies that
the aether field has to be hypersurface orthogonal. We shall also show that for infinite
signal speeds sensible causal behaviour implies that the aether field is unique.

2.3.1 Hypersurface orthogonality of the aether

To demonstrate the need for hypersurface orthogonality of the aether (in the presence
of infinite signal velocity) suppose the the contrary — that aether is not hypersurface
orthogonal, then its vorticity is nonzero: ωa = εabcdubu[c,d] 6= 0. Pick any point p in the
manifold and go to Riemann local coordinates, pointing ua in the t direction, (1, 0, 0, 0),
and ωa in the z direction, (0, 0, 0, 1). Then

gab = ηab +O([δx]2); ua = (−1;ωy,−ωx, 0) +O([δx]2). (2.1)

Here we note |u|2 = −1 +O([δx]2) and ωa = (0, 0, 0, ω) +O([δx]2).
Now in these coordinates consider the closed topologically circular curve

C : xa(λ) =
(

0, r∗ cos(θ(λ)), r∗ sin(θ(λ)), 0
)
. (2.2)

This curve has tangent vector

ta(λ) =
dxa(λ)

dλ

=
(

0,−r∗ sin(θ(λ)), r∗ cos(θ(λ)), 0
) dθ

dλ

= r∗

(
0,− sin(θ(λ)), cos(θ(λ)), 0

) dθ

dλ
. (2.3)

Meanwhile along this curve we have

ua(λ) =
(
− 1;ωr∗ sin(θ(λ)),−ωr∗ cos(θ(λ)), 0

)
+O(r2

∗). (2.4)

Then

taua = −ω r2
∗
dθ

dλ
+O(r3

∗). (2.5)

As long as ω 6= 0 we can choose r∗ small enough to safely ignore the O(r3
∗) term. Then

choose the sign of dθ
dλ

to be the same as the sign of ω and one has a closed chronological
curve. Thus if ω 6= 0 in the presence of infinite signal velocities the causal hierarchy
fails at the very first step.

That is: to preserve the chronology condition in the presence of infinite signal speed
the relevant aether field with respect to which infinite signal velocity is defined must
have zero vorticity and so be hypersurface orthogonal. So we can set

ua = − ∇aτ

||∇τ ||
. (2.6)
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2.3.2 Uniqueness of the aether field

Suppose now that we have two propagating modes, both with infinite signal speeds, but
defined with respect to two distinct hypersurface orthogonal aether fields ua1 and ua2.
We want to show that ua1 = ua2 if any sensible notion of causality is to survive. For the
current argument it is good enough to work in flat Minkowski space. Pick any point
p in spacetime and go to coordinates where 1

2
(ua1 + ua2) is pointing in the t direction,

(1, 0, 0, 0), and the spatial 3-vectors (u1)i and (u2)i are pointing in the ±x directions,
(±1, 0, 0). Then for some −1 < v < 1 we have

gab = ηab; (u1,2)a = γ(−1;±v, 0, 0), (2.7)

where γ = (1− v2)1/2 so that |u1,2|2 = −1.

Consider the closed circular curve

C : xa(λ) =
(

0, r∗ cos(θ(λ)), r∗ sin(θ(λ)), 0
)

(2.8)

with tangent vector

ta(λ) =
dxa(λ)

dλ

=
(

0,−r∗ sin(θ(λ)), r∗ cos(θ(λ)), 0
) dθ

dλ

= r∗

(
0,− sin(θ(λ)), cos(θ(λ)), 0

) dθ

dλ
. (2.9)

Then

ta(u1,2)a = ±γ v r∗ sin(θ(λ))
dθ

dλ
. (2.10)

On each of the two half-circles θ ∈ (0, π) and θ ∈ (π, 2π) the curve will be chronological,
(taua < 0), with respect to either one or the other aether fields. At θ = 0 and θ = π the
curve is still causal (taua ≤ 0, in fact taua = 0). But this means one has a closed causal
curve with two chronological sections — so you can send messages into your own past.
The only way to avoid this serious violation of the causality condition is to set v = 0,
that is, for the two aether fields to coincide.

Causal structure

Hence in the presence of infinite signal velocities the preservation of even the most basic
notions of causality implies that there is a global time function τ(x) whose normalized
gradient (2.6) is unique and causally well-behaved in the sense described below:

• Define the analogue of chronological curves in terms of the tangent being future-
pointing with respect to the global time function, ta∇aτ > 0.

• Define the analogue of causal curves in terms of the tangent being non-past-
pointing with respect to the global time function, ta∇aτ ≥ 0.
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With these definitions there automatically are no closed chronological curves — thence
a variant of the chronology condition is built into this formalism.

There are closed causal curves (infinite speed communication) but this is not a
problem since by assumption there is a unique global time function to keep things
under control. The presence of closed causal curves also implies that strong causality is
violated.For infinite signal velocities stable causality needs significant revision. In fact
there is certainly by construction no “wider” metric to deal with.)
Finally,the concept of global hyperbolicity needs significant revision and it needs to be
replaced by some stronger requirement.

In fact we need to introduce the new concept of global parabolicity, which is now de-
fined as demanding a foliation by (parabolic) Cauchy hypersurfaces (crossed by chrono-
logical curves once and once only). This implies in particular that for any point x we
demand that I+(x)∪ I−(x)∪ τ−1(x) is the entire spacetime, so that diffusion equations
with suitable initial data (on any fixed but arbitrary slice of the preferred foliation)
have unique solutions.

2.3.3 Universal horizons

Working in Hořava-like models (the key ingredients being the existence of a preferred
foliation and infinite signal velocity) leads to a new concept — that of a universal
horizon [82, 83, 84]; see also references [85, 86].

Figure 2.1: Carter–Penrose diagram describing a universal horizon. The diagram shows
several constant-chronon hyper-surfaces, (leaves of the preferred foliation), with the red
line depicting the universal horizon.

The most basic form of universal horizon arises in static and spherically symmetric
situations iff the gradient of the chronon is anti-parallel to the gradient of the radial
coordinate, ∇aτ = −χ2 ∇ar. They also appear in slowly rotating black hole solutions in
Hořava gravity [87]. If this happens, then for any chronological curve the tangent vector,
by definition satisfying ta∇aτ > 0, also satisfies ta∇ar < 0. Thus all chronological
curves are trapped and forced to move “inwards”. Thence the universal horizon is a
constant chronon hypersurface, (a leaf of the preferred foliation), that is simultaneously
a constant r hypersurface. See figure 2.1.
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To properly define “static” one also needs to have a metric gab available, in order
to map the Killing vector into a covector, Ka = gabK

b, to which one can apply the
hypersurface orthogonality constraint. One also needs the metric to define the notion
of the Killing vector being timelike (sufficiently far away from the black hole region).
Under these conditions the static Killing vector is 4-orthogonal to ∇r, and so the
universal horizon can equally well be defined by Ka∇aτ = 0, see [85]. Moreover since
the static Killing vector is hypersurface orthogonal it induces a natural “Killing time”
coordinate, t, in terms of which we have Ka ∝ ∇at. So at the universal horizon one
has gab∇aτ ∇bt = 0; that is, gradients of the “chronon time” and “Killing time” are
4-orthogonal (note however that ∇at is spacelike inside the Killing horizon).

Because one has a Lorentzian metric gab available, one can introduce the usual
notions of i−, i0, and i+, and also J ±. Asymptotically, as one moves “outwards”
on the constant chronon hypersurface corresponding to the universal horizon one must
approach i+. (This is not what one would naively expect in “normal” situations, an
asymptotic approach to i0. See figure 2.1. This observation can be modified to develop
a general definition of universal horizon.)

A generic condition for defining a universal horizon is that it is a constant-chronon
leaf of the preferred spacetime foliation that contains i+. So a universal horizon would
not be a Cauchy hypersurface, since causal curves that intersect J + would not neces-
sarily intersect the universal horizon. In contrast, under “normal” conditions constant-
chronon leaves of the preferred spacetime foliation asymptote to i0; so they would be
Cauchy hypersurfaces. This compatible with the constructions developed in [85].

Now is the universal horizon a Cauchy horizon? This depends, very delicately, on
precise technical definitions. The key thing about Cauchy horizons is that something
odd is happening to the “initial data” needed to define time-evolution into the future.
Is there something odd with universal horizons? One issue is this: Since i+ lies on
the universal horizon, then anything outside the universal horizon can influence physics
at i+. But then given the assumed infinite signal speeds used to define the universal
horizon, anything anywhere in the domain of outer communication can influence physics
anywhere on the universal horizon. This is certainly odd behaviour.

More precisely — the leaves of the preferred foliation before formation of the uni-
versal horizon all asymptote to i0, and so to get a well-defined Cauchy problem at worst
one needs to impose some regularity condition at spacelike infinity i0. In contrast, af-
ter the universal horizon forms one needs new extra “initial data” (corresponding to
some regularity condition at future timelike infinity i+) in order to set up a well-defined
Cauchy problem. It is in this precise technical sense that the universal horizon can be
considered to be a Cauchy horizon.

There are various ways of rephrasing this in a more formal manner. For instance:
If x lies on a universal horizon then J−(x) = J−(i+). Furthermore, if the event x
precedes formation of the universal horizon, then x ∈ I−(i+) and J + ⊂ I+(x). The
overall message is clear: Preferred foliations combined with infinite signal speeds lead
to unusual but internally consistent notions of causal hierarchy.
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2.4 Conclusions

The framework we have developed above allows one to mathematically extend the
usual Lorentzian causal hierarchy to multi-metric spacetimes, Einstein-aether models,
Hořava-like spacetimes, modified dispersion relations, and parabolic PDEs. The key
dividing point in the analysis is whether the signal velocity is finite or infinite. When
the signal speed is finite, a variant of the usual general relativistic causal hierarchy
can be formulated. When the signal speed is infinite, a significantly modified causal
hierarchy must be formulated in terms of a global time function (chronon). Preserving
even minimal notions of causality in the presence of infinite signal velocity requires the
aether field to be both unique and hypersurface orthogonal, leading us to introduce the
notion of global parabolicity. Either case provides a logically coherent framework for
dealing with “superluminal” signalling while still maintaining a consistent approach to
causality.

For every scenario that we have considered, global hyperbolicity is a necessary con-
dition for a well defined notion of causality, even if in some cases it is not a sufficient
conditions and stronger constraints have to be imposed. For this reason, in the next
chapter, where we are going to study the singularity problem with the minimum possible
number of assumption, we will assume that the manifold is globally hyperbolic.



Chapter 3

Geodesically complete black holes

In this chapter we will adopt an agnostic approach and look directly where the de-
viations from general relativity may arise. This means that instead of focusing on a
particular modified theory, we are going to directly look at the problem of the black
hole singularities, which is expected to be resolved once that quantum gravity effects
are taken into account. This will allow us to obtain less stringent but more general re-
sults. We will not impose any particular quantization scheme of the gravitational field
and, using Penrose’s singularity theorem as guidance, which tells us that singularities
are inevitable in general relativity under specific conditions imposed on matter fields,
we will perform a systematic analysis of the possible non-singular spacetimes with a
trapping horizon. Such analysis will be blind to the dynamics (classical, semi-classical,
or quantum) of a specific theory and will only assume a minimal set of kinematical
requirements. This feature makes our analysis quite general and applicable to any the-
ory of quantum gravity that satisfies the aforementioned kinematical requirements in a
certain regime, and virtually to any theory of modified gravity. It is possible to schemat-
ically divide Penrose’s theorem into two part: In the first part of the theorem, the weak
energy condition and the Einstein fields equations together with geodesic completeness
are used in order to prove the existence of a focusing point (see Fig. 3.1), then, consid-
erations of a purely geometrical nature are used in order to prove that the existence of
a focusing point is actually incompatible with the topology of spacetime [17]. Hence,
in order to understand the possible geometries that follow from the violation of either
the weak energy condition or the Einstein fields equations, we just need to categorize
in geometric terms the possible ways in which the focusing point can be avoided. This
chapter is based on reference P6, and it is organized as follows. In Sec. 3.1 we briefly
review the original Penrose singularity theorem and explain in depth the rationale of our
analysis. In Sec. 3.2, we explain the geometrical setting that we will be using and prove
some results that will be important for the subsequent discussion. Our main results are
formalized in Sec. 3.3, where we categorize and discuss the possible geometries. Finally
Sec. 3.4 contains a brief discussion of our main conclusions.

39
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Figure 3.1: Pictorial representation of the formation of a focusing point. Such a focusing
point is not compatible with the topology of spacetime.

3.1 Avoiding singularities: Beyond Penrose’s

theorem

Penrose’s singularity theorem [17], and its modern variants and extensions (see for
instance [88]), demonstrates that once a trapped surface S 2 is formed, then in some
region of spacetime contained in the causal future J(S 2) of S 2, one of the following
must hold in order to avoid a spacetime singularity (more precisely, to avoid that the
spacetime is geodesically incomplete.):

(a) The weak energy condition is violated.

(b) The Einstein field equations do not hold.

(c) Pseudo-Riemannian geometry does not provide an adequate description of space-
time.

(d) Global hyperbolicity breaks down.

These options span a huge space of possibilities that are very difficult (if not impossible)
to describe exhaustively. Our goal is to gain a complete understanding of the infor-
mation that pseudo-Riemannian geometry may contain about theories that go beyond
general relativity, and regularize the singularities of the latter. Accordingly, we will
work in a framework where we ab initio impose the minimal conditions that:

(1) Pseudo-Riemannian geometry provides an effective description of spacetime;

(2) The spacetime is globally hyperbolic.1

1Note that Penrose’s theorem also assumes that the Cauchy surface is non-compact. As explained
in [89] the non-compact assumption can be relaxed by assuming the existence of at least one future
inextendible curve from the Cauchy surface C 3 which does not intersect the causal future of the
trapping surface. We implicitly assume that this is realized, as it corresponds to the very physically
reasonable assumption that there exists at least one observer which does not fall into the collapsing
star;
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(3) The spacetime is geodesically complete;

(4) There are no curvature singularities.2

On the other hand, we will accept that both (a) and (b) in Penrose’s list of possibili-
ties can take place, perhaps simultaneously. We will see that the geometric structure
assumed in (1), (2), (3) and (4) above is tight enough to leave only a handful of possi-
bilities.

Among this assumptions, the first one is arguably the most controversial one. It is
reasonable to think that in a theory of quantum gravity spacetime may lose its smooth-
ness in certain situations, so that a description in terms of differentiable manifolds
breaks down. Anyway, if this happens in a bounded region, it seems always possible to
devise a classical geometry that matches the physical one at the boundary of this non-
classical region; while one does not expect this effective classical description to provide
a precise description of the non-classical regime, it may capture some of the relevant
physics of the transition through this region.

Even more importantly, advances in frameworks such as loop quantum gravity, loop
quantum cosmology and asymptotic safety show that a description in terms of an effec-
tive metric provides a good approximation in many situations [94, 95, 96, 97, 98, 99],
so that, for a large sector of initial conditions for the quantum state of the system,
the description in terms of differentiable manifolds remains meaningful throughout dy-
namical evolution. Whether these initial conditions are relevant to describe physical
situations of interest in black holes (where several technical issues remain to be solved
[100, 101, 102]) is unclear at the moment but, regardless of this issue, we think that
there is no question that effective descriptions in terms of differentiable manifolds can
provide useful illustrations of the physics at play.
Finally, it might be useful to study the difficulties that arise trying the regularize
the spacetime while maintaining pseudo Riemannian geometry even if this description
breaks down in some region of spacetime, as the analysis can provide insight on where
this description has to break down.
The other assumptions on our list are less debatable. Once that we have accepted that
pseudo-Riemannian geometry provides a good description of the spacetime, we need to
impose some causality requirements on the manifold. As discussed in chapter 2, global
hyperbolicity might not be enough to guarantee a regular causal structure beyond gen-
eral relativity, but it is definitely a necessary condition.
Finally, conditions (3) and (4) are simply two different (and non equivalent) ways to
impose the absence of singularities.
Let us note that some of these assumptions have been widely used in previous explo-
rations of singularity regularization in black holes [103, 104, 105, 106, 107, 108, 109,
110, 111, 112, 113, 114, 115]; however, it is worth remarking that global hyperbolicity
is violated in static regular black holes (we will discuss this explicitly in due course).
What makes our approach novel, and more powerful, is that all these works assume
additional postulates in order to select specific realizations of non-singular spacetimes,
while here we want to provide a complete catalogue of possibilities based only on ge-
ometric notions. Our study can be understood as a supplement to Penrose’s theorem

2It is worth mentioning the existence of works in the literature in which assumption (2) holds but
this one is dropped, such as [90, 91, 92, 93].
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that goes a step beyond and characterizes all the spherically symmetric geometries that
avoid the formation of focusing points while satisfying (1–4) above.

3.2 Geometric setting

Let us start with some geometric preliminaries. We will be dealing with a 4-dimensional
and globally hyperbolic spacetime M , with t : M → R a global time function and C 3

a Cauchy surface. Additionally, our spacetimes of interest describe the collapse of a
regular distribution of matter from a given initial Cauchy surface with topology R3. It is
important to note that this fixes the topology of all the Cauchy hypersufaces of entire
manifold as our assumptions are incompatible with topology change [116, 117, 118].
It is also useful to restrict the initial discussion to spherically symmetric spacetimes,
postponing for future works the discussion of the more general setting in which this
assumption is dropped. Let us recall the standard property that the isometry group
of a spherically symmetric spacetime permits to identify a foliation in 2-spheres S2.
Furthermore, spherical symmetry allows us to prove the following auxiliary result:

Proposition 1: Under the assumptions (1–4) above, the entire manifold M can be cov-
ered with a single coordinate chart in which all points p ∈M are labelled using double
null coordinates (associated with radial null geodesics) and two angular coordinates.

Proof: Due to the existence of a local light-cone structure and the dimensionality
of M , through every point p in the manifold there are exactly two future-directed
radial null geodesics (which we will call in the following left-going and right-going) and
two past-directed radial null geodesics (their continuation to the past of p). Global
hyperbolicity implies that either the two future-directed or the two past-directed causal
curves through p must intersect C 3. As there are only two such geodesics for each p, we
can use these (together with the two angular coordinates on the unit 2-sphere) in order
to label all points in spacetime, as long as these labels are unique. In order to show that
these labels are unique, let us demonstrate that any situation in which these are not
unique is inconsistent with our assumptions. For two points p, q ∈M , with p < q, let
us define their causal diamond D(q, p) as the intersection between the causal future of p
and the causal past of q, namely D(q, p) = J−(q)∩J+(p) (for fixed values of the angular
coordinates). If the two radial null geodesics crossing at p and intersecting C 3 also cross
at q, the boundary of D(q, p) is smooth except at the points p and q; in other words,
the sides of the diamond are smoothed, as each of them are identified with segments of
a left-going and right-going radial null geodesic, respectively. This smoothing implies
the existence of at least two points in the boundary of D(q, p) in which the light cones
in the corresponding tangent spaces are degenerate, as Σ2 is simply connected. Let us
consider for instance the side of the diamond generated by the left-going radial null
geodesic; it is clear that there exist right-going null geodesics that cross the former
at two points, but also other right-going null geodesics without crossing points (this
is also true for smaller segments of the left-going radial null geodesic). Smoothness
implies the existence of an intermediate right-going radial null geodesic that is tangent
to the segment of the corresponding left-going radial null geodesic at one point at least;
the light cone at this point would be then degenerate. �

The areas of the 2-spheres preserved by rotations are geometric invariants which, in
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Figure 3.2: On the left: Left-going and right-going radial null geodesics that can be
used to label two points p and q in spacetime, and the corresponding causal diamond.
On the right: The curved lines between p and q illustrate the hypothetical situation
discussed in Proposition 1, where the sides of the causal diamond are smoothed. The
dashed lines mark some additional radial null geodesics, illustrating that the light-cone
structure of spacetime becomes degenerate on two points along these sides (for graphical
simplicity we are just including one of these points, r ∈M ).

turn, provide a suitable definition for the radial coordinate r in these spacetimes. We
will often use the coordinates (v, r) and (u, r) (in the following, we omit the angular
coordinates) instead of (u, v). For instance, in the former case we always write the line
element, without loss of generality, as

ds2 = −e−2φ(v,x)F (v, x)dv2 + 2e−φ(v,x)dvdx+ r2(v, x)dΩ2, (3.1)

where dΩ2 is the line element on the unit 2-sphere. The function r(v, x) may be, for v
fixed, bijective. In this case, we can perform a change of coordinates in order to write

ds2 = −e−2φ(v,r)F (v, r)dv2 + 2e−φ(v,r)dvdr + r2dΩ2. (3.2)

Even if r(v, x) for v fixed does not provide a bijective relation between r and x, we can
always find open subsets in the domain of r(v, x) in which a bijective relation exists.
Hence, we would at worst have different coordinate charts in each of which the line
element has the form given above in Eq. (3.2), covering different regions of spacetime.

As in Penrose’s theorem, we will assume the existence of a spacelike trapped surface
S 2, defined using the null vector fields that are normal to it. Due to the dimensionality
of M and S 2, and the spacelike character of the latter, there are two independent
(future-directed) normal null vectors at each point of S 2, that we will call l (outgoing
null normal) and k (ingoing null normal). If hab is the 2-metric induced on S 2, we can
define the expansions along these vector fields as

θ(X) =
1√
h
LX

√
h = hab∇aXb, X ∈ {l,k}, (3.3)

where LX is the Lie derivative along X, h = det(hab) and ∇ is the 4-dimensional
covariant derivative. The expansion θ(X) measures the local change in the area of S 2
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under a local deformation along the vector field X. Then, a trapped surface is defined
by the conditions

θ(k) < 0, θ(l) < 0. (3.4)

This definition connects naturally with quasi-local characterizations of the boundary
of black holes. Although for the discussion in this chapter we only need the existence
of a trapped surface, it is worth keeping in mind that the geometries that we will be
analyzing display the same quasi-local properties as a black hole only for finite (in
some cases very large) periods of time, but without necessarily sharing their global
properties, or other features such as the existence of spacetime singularities. The study
of these quasi-local properties has been a very active area of research during the last
two decades and there are many published works [119, 120, 121, 122, 123, 124, 125,
126, 127, 128, 129], as well as several reviews [130, 131, 132] available. One of these
quasi-local concepts is that of a future outer trapping horizon [120]: a 3-dimensional
hypersurface H =

⋃
t∈R St of M that is foliated by closed and spacelike 2-dimensional

surfaces St satisfying θ(k) < 0 and θ(l) = 0, which can be understood as the limiting (or
marginal) case of a trapped surface. There is the additional condition Lkθ

(l) < 0 which
guarantees that the spacetime around the horizon H has the quasi-local structure
associated with the outer horizon of a black hole [120], in contradistinction to the inner
horizon that appears in charged and rotating black holes. In particular, this third
condition implies the existence of trapped surfaces arbitrarily close (from inside) to the
marginally trapped surface which, again, is the main ingredient that we need for our
discussion.

3.3 Taxonomy of non-singular geometries

We are now almost in position to formulate our central thesis, but before doing so, we
still need to demonstrate another auxiliary result:

Proposition 2: If a congruence of outgoing radial null geodesics has a focusing point
at a finite affine distance λ = λ0, then θ(l)

∣∣
λ=λ0

= −∞.

Proof: Let us recall that the expansion θ(l) measures the rate of change of the element
of area that is normal to the congruence of outgoing null geodesics [133], namely

θ(l) =
1

δA(l)

d

dλ
δA(l), (3.5)

where δA(l) is the cross-sectional area of the congruence and λ the affine parameter
along the congruence. If we choose the available freedom in the definition of the affine
parameter so that λ = 0 corresponds to S 2, we then have

ln

(
δA(l)

∣∣
λ=λ0

δA(l)|λ=0

)
=

∫ λ0

0

dλ θ(l)(λ). (3.6)

By construction, the quantity δA(l)
∣∣
λ=0

is finite and positive. If there is a focusing point

at λ = λ0, δA(l)
∣∣
λ=λ0

= 0, and the logarithm goes to infinitely negative values. Using
the bound ∣∣∣∣∫ λ0

0

dλ θ(l)(λ)

∣∣∣∣ ≤ λ0 sup
λ∈[0,λ0]

∣∣θ(l)(λ)
∣∣ , (3.7)
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Figure 3.3: In order to avoid that the spacetime is geodesically incomplete, the space-
time geometry must be modified in the surroundings of the focusing point in Penrose’s
theorem, so that either a defocusing point is created at a finite affine distance (thus also
creating the 2-surface B2) or infinite affine distance, or the focusing point is displaced
to infinite affine distance. The figure in the right is compatible with the two last cases.
Note that ingoing radial null geodesics are not included in this picture, as these can
display different behaviors that are analyzed in detail in the text.

it follows that the expansion θ(l)(λ0) must be divergent (and negative). �

The converse statement is also true but less immediate to prove. Indeed, if the
expansion θ(l) is divergent and negative, then the transverse area A(l) becomes zero,
leading to focusing points; a proof of this statement can be found in [73, Sec. 9.3].
Thus, following Penrose’s theorem and under conditions (1), (2), and (3) as defined in
Sec. 3.1, in order to avoid that the spacetime is geodesically incomplete we need to
modify the spacetime geometry in the vicinity of the focusing point, either creating a
defocusing point or displacing the focusing point to infinite affine distance (see Fig. 3.3).
The expansion θ(l)(λ) must then remain finite for all the possible values of λ ∈ [0,∞)
(where we are again identifying again λ = 0 with S 2 without loss of generality).

The limiting situation in which the focusing point is displaced to infinite affine
distance will be shown later to be still singular, although due to curvature invariants
blowing up instead of geodesic incompleteness, thus violating our condition (4) in Sec.
3.1. Hence, we can anticipate that, in practice, the most interesting geometries are those
with a defocusing point at λ = λdefocus, where λdefocus can be either finite or infinite. In
terms of the behavior of θ(l)(λ) we can distinguish three possibilities, as the outgoing
expansion can either remain negative but finite (thus having no defocusing points),
vanish asymptotically for infinite affine distance (whether or not there are defocusing
points depends on the convergence properties of the integral of the expansion), or vanish
at a finite affine distance (thus having a defocusing point at a finite affine distance).
These three possibilities can be further characterized taking into account the behavior
of congruences of ingoing null geodesics that intersect the outgoing ones for these values
of λ and, in particular, their expansion θ(k) at the intersection points. The intersection
between ingoing and outgoing null geodesics will take place at a radius r = Rdefocus, so
we will denote the corresponding value of the ingoing expansion by θ̄ := θ(k)

∣∣
r=Rdefocus

.
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It is then convenient to use a label with three entries
(
λdefocus, Rdefocus, θ̄ R 0

)
in order

to characterize these possibilities, with the first entry being the value of the affine
parameter for which θ(l)(λ) vanishes, the second entry being the value of the radius
where the expansion vanishes or, if the latter does not vanish, its λ → ∞ limit, and
the third entry being the sign of the expansion θ(k) of the ingoing null geodesic that
intersects the outgoing one at the very same value of the radius.

Using these labels, there are 8 possibilities: (λ0, R0, θ̄ < 0), (λ0, R0, θ̄ ≥ 0),
(∞, R∞, θ̄ < 0), (∞, R∞, θ̄ ≥ 0), (∞, 0, θ̄ < 0), (∞, 0, θ̄ ≥ 0), (∅, 0, θ̄ < 0), (∅, 0, θ̄ ≥ 0),
where ∅ means that there is no value of λ for which the expansion θ(l)(λ) vanishes. Let
us describe these possibilities in more detail (a flowchart of this classification is provided
in Fig. 3.14):

Case A - Defocusing point at a finite affine distance, λdefocus = λ0:

A.I: (λ0, R0, θ̄ < 0): The expansion θ(l) vanishes and changes sign at a finite affine
distance λ = λ0 or, in terms of the radius, at a value R0 > 0 of the radial
coordinate along the congruence of outgoing radial null geodesics at λ = λ0

(namely, the radius of B2 in Fig. 3.3). On the other hand, the expansion
of the intersecting ingoing radial null geodesics remains negative until (and
including) λ0, so that θ(k)

∣∣
r=R0

< 0.

A.II: (λ0, R0, θ̄ ≥ 0): The only difference with respect to the previous case is
that the expansion of the intersecting ingoing radial null geodesics does not
remain negative, θ(k)

∣∣
r=R0

≥ 0.

Case B - Defocusing point at an infinite affine distance, λdefocus =∞:

B.I: (∞, R∞, θ̄ < 0): The expansion θ(l) vanishes in the limit λ → ∞, in a
manner such that the integral in Eq. (3.6) is convergent. The corresponding
asymptotic value of the radial coordinate for radial outgoing null geodesics
is R∞ > 0. The expansion of the intersecting ingoing radial null geodesics
remains negative, so that θ(k)

∣∣
r=R∞

< 0.

B.II: (∞, R∞, θ̄ ≥ 0): The only difference with respect to the previous case is
that the expansion of the intersecting ingoing radial null geodesics does not
remain negative, θ(k)

∣∣
r=R∞

≥ 0.

B.III: (∞, 0, θ̄ < 0): The expansion θ(l) vanishes in the limit λ→∞, in a manner
such that the integral in Eq. (3.6) is divergent. Thus, the radial coordinate
vanishes asymptotically along these geodesics (in other words, there is an
asymptotic focusing point). The expansion of the intersecting ingoing radial
null geodesics remains negative, so that θ(k)

∣∣
r=R∞

< 0.

B.IV: (∞, 0, θ̄ ≥ 0) The only difference with respect to the previous sub-case is
that the expansion of the intersecting ingoing radial null geodesics does not
remain negative, θ(k)

∣∣
r=R∞

≥ 0.

Case C - No defocusing point, λdefocus = ∅:
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C.I: (∅, 0, θ̄ < 0): The expansion θ(l) remains negative in the limit λ → ∞,
which in particular implies that the integral in Eq. (3.6) is divergent. Thus,
the radial coordinate vanishes asymptotically along these geodesics. The
expansion of the intersecting ingoing radial null geodesics remains negative,
so that θ(k)

∣∣
r=R∞

< 0.

C.II: (∅, 0, θ̄ ≥ 0): The only difference with respect to the previous sub-case is
that the expansion of the intersecting ingoing radial null geodesics does not
remain negative, θ(k)

∣∣
r=R∞

≥ 0.

It is important to keep in mind that, in practical terms, sub-cases B.III and C.I fall
into the same category, as both of these situations can be understood as the limiting
case in which the focusing point is pushed to an infinite affine distance along outgoing
null geodesics. The same comment applies to cases B.IV and C.II, that only differ from
the previous sub-cases (B.III and C.I) in the behaviour of θ(k). Hence, when discussing
these cases later, we will do it simultaneously.

In the following five sections we discuss in detail the geometric properties of each
of the classes of geometries associated with the different cases defined above describing
the behavior of outgoing null geodesics. One must keep in mind that these are not
mutually exclusive cases, but that at least one of them must be satisfied (for each
outgoing null geodesic crossing the region with trapped surfaces) in order to avoid
the manifold being geodesically incomplete or not globally hyperbolic. The continuity
of the spacetime manifold implies the existence of other trapped surfaces in an open
neighborhood around S 2, and we will consider the simplifying assumption that different
outgoing null geodesics stemming from these other trapped surfaces belong to the same
case (so that neither of the remaining cases can hold). This will allow us to better
understand the geometric implications behind each of these cases; moreover, this is
not a restrictive assumption. It simply means that we have to consider the set of
geometries arising from this analysis as a kind of minimal complete set, in the sense
that any possible geometry can be obtained combining the features found in this set.

Case A.I: Evanescent horizons, (λ0, R0, θ̄ < 0)

As indicated above, in analyzing this case we will assume that all outgoing radial null
geodesics stemming from trapped surfaces (as well as the intersecting ingoing radial
null geodesics) display the same qualitative behavior. We will proceed similarly for the
analysis of the other cases. In the current case, this implies the existence of a set of
points r = R0(u) where the expansion θ(l) vanishes. On the other hand, each ingoing
radial null geodesic defines a slice of spacetime that is associated with a constant value
of v. We can therefore identify the values of v associated with each R0(u) through a
function v(R0(u)). Let us start with a result constraining the form of this function:

Proposition 3: There must exist 2k (with k ≥ 1) open intervals in the domain of
v(R0) where the latter is bijective and the inverse function R0(v) exists, which is strictly
increasing in half of them and strictly decreasing in the remaining intervals.3

3In reference P6 this proposition is slightly different as we state that there are 2k+ 1 (with k ≥ 0)
open intervals. The contradiction is only apparent as in reference P6 we decided not to consider the
region given by the initial trapping horizon while that region is counted here.
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Proof: In spherically symmetric and globally hyperbolic spacetimes, outgoing radial
null geodesics cannot cross (otherwise, the light-cone structure of spacetime would be
degenerate at the crossing point; see Proposition 7 below). In a slice of constant v,
outgoing radial null geodesics that have a greater value of r have a smaller value of
u. This implies that the function R0(u) must be strictly decreasing in order to avoid
crossing points between different outgoing radial null geodesics. On the other hand, we
show in App. C that the number of points in a slice of constant v where θ(l) vanishes
and changes sign must be even in order to ensure the regularity of curvature invariants.
If there are only two such points for all values of v (the first one corresponding to the
future outer trapping horizon), the function v(R0) is bijective and we can find its inverse
R0(v). That this function must be either strictly increasing or decreasing follows from
the strictly decreasing nature of R0(u). In the more general situation, there are open
intervals in the domain of v(R0) around the 2k points where θ(l) vanishes where v(R0)
is bijective. �

Even if the proposition above reduces the number of possibilities, but we can reduce
them even further using the regularity conditions derived in App. C:

Proposition 4: The function R0(v) defined over the innermost open subset of the
domain of v(R0) where the latter is bijective must be strictly increasing in order to
avoid curvature singularities at r = 0.
Proof: If R0(v) defined over the innermost open subset where v(R0) is bijective is
strictly decreasing, the only possibility that is compatible with the assumption that
all points in R0(v) are reached in finite affine distance along some outgoing radial null
geodesic is that R0(v) eventually vanishes. The point in which this function vanishes
must be reached in finite affine distance along a specific outgoing radial null geodesic,
in order to avoid stepping into another of the cases discussed in Sec. 3.3, namely the
case (∞, R∞, θ̄ < 0) (this applies both to the particular choice R∞ = 0, but also to the
situation in which ∂R0(v)/∂v vanishes asymptotically so that R0(v) tends to a finite
value). This implies the existence of a curvature singularity that is reached in finite
affine distance along this specific outgoing radial null geodesic, as follows from our
arguments in App. C. The argument is straightforward if one takes a slice of constant
v that reaches r = 0 simultaneously with r = R0(v), and notices that the necessary
condition of an even number of zeros of θ(l) for r > 0 is not satisfied. �

Propositions 3 and 4 imply that there must exist at least a portion of the submanifold
in which θ(l) vanishes such that v(R0) is invertible and R0(v) is strictly increasing.
Interestingly, these portions correspond to future inner trapping horizons, as defined
by Hayward [120]:

Proposition 5: Whenever v(R0) is invertible and R0(v) strictly increasing, the cor-
responding subset of the hypersurface in which θ(l) vanishes is a spacelike future inner
trapping horizon.
Proof: Following the definition in [120], a future inner trapping horizon is a hypersur-
face foliated by marginally trapped surfaces, on which θ(l) = 0 and Lkθ

(l) > 0. We just
need to show that the second property is satisfied. However, this is just a corollary of
the previous proposition and the structure of zeros of θ(l) = 0 in a slice of constant v
that is necessary to avoid curvature singularities which, as discussed in App. C, must
have Lkθ

(l) < 0 for the zeros in the odd positions where (with first one corresponding
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Figure 3.4: Determination of the position of the future inner trapping horizon (red
dashed line), taking into account different trapped surfaces in the neighborhood of S 2

and tracking the corresponding outgoing null geodesics. In this case the future inner
trapping horizon is spacelike.

to the future outer trapping horizon), and Lkθ
(l) > 0 for the zeros in the even positions.

Regarding the spacelike character of the hypersurface r = R0(v), this just follows from
the observation that this hypersurface lies outside the local light cone defined by outgo-
ing and ingoing radial null geodesics. Indeed, let us consider a specific outgoing radial
null geodesic reaching the point λ = λ0 in which its expansion vanishes, and the ingoing
radial null geodesic that crosses the same point towards smaller values of the radius,
and therefore lies inside the mentioned outgoing radial null geodesic after the crossing
point. As outgoing radial null geodesics cannot cross, r = R0(v) must lie outside the
same outgoing radial null geodesic, and therefore outside the local light cone. �

In a similar way it can be proved that the region where R0(v) is strictly decreasing
correspond to an outer horizon.
Let us now put all these pieces together in order to understand the global structure
that is associated with the local geometric elements discussed in this section. In the
following, T 3 will denote the set of marginally trapped spheres (so that θ(l) = 0):

Proposition 6: T 3 is a smooth compact submanifold only if the function v(R0) is not
bijective, so that its domain contains at least two open subsets where the inverse R0(v)
exists.

Proof: Let us assume that v(R0) is bijective in all its domain of definition, so that its
inverse R0(v) is strictly increasing and defines the (evolving) position of a future inner
trapping horizon, as a consequence of propositions 4 and 5. In this situation, outgoing
radial null geodesics stemming from trapped surfaces must intersect the trajectory of
the future inner trapping horizon r = R0(v). These outgoing radial null geodesics, being
inside the trapped region, have crossed before the future outer trapping horizon. Hence,
all such geodesics must intersect T 3 twice. If T 3 is compact, there will always exist a
“tangent” outgoing radial null geodesic intersecting T 3 only once (this is the limiting
case in between the geodesics with two crossings and the geodesics with no crossings).
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The alternative is that T 3 is not compact, so that there is no outgoing radial null
geodesic that intersects it only once (alternatively, one can take the limit in which this
single intersection point is reached in infinite affine distance). In the compact case,
both trapping horizons (inner and outer) will merge at the point where the “tangent”
outgoing radial geodesic meets T 3. Given that the position of the future inner trapping
horizon is a strictly increasing function of the radial coordinate, T 3 cannot be smooth
at this point, displaying a cusp instead. �

The simplest situation compatible with the proposition above leads to the Penrose
diagram depicted in Fig. 3.5 (more complicated situations just contain more outer and
inner horizons). The topology of T 3 is S1 × S2, and the domain of the function v(R0)
has two subsets where an inverse exists. In one of these subsets (associated with the top
quadrant on the left diagram in Fig. 3.6), the function R0(v) is strictly increasing, so
that this portion of T 3 is identified with the expanding future inner trapping horizon.
On the other hand, the right quadrant on the left diagram in Fig. 3.6 indicates the
region in T 3 in whichR0(v) is decreasing, which is then identified as the shrinking future
outer trapping horizon. Thus, the Penrose diagram depicted in Fig. 3.5 describes the
formation and disappearance of a black hole that remains non-singular throughout its
dynamical evolution, as forced by our assumptions.

Figure 3.5: Penrose diagram of the formation and dissapearance of a geodesically-
complete black hole. The submanifold T 3 is the boundary of the shaded region. The
dashed line is an outgoing radial null geodesic, while the remaining curved lines mark
the hypersurfaces of constant radius r.

Our discussion does not assume any specific dynamical laws for either gravity or
matter sectors which, in particular, implies that the disappearance of the black hole
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Figure 3.6: Structure of the inner and outer future trapping horizons in the simplest
spacetime that contains the ingredients in this section. To the best of our knowledge,
the first explicit discussion of this structure was provided in [106]. On the left: the
boundary of the top quadrant (red line) corresponds to the strictly increasing branch
of R0(v), while the boundary of the right quadrant (yellow line) corresponds to the
strictly decreasing branch of R0(v). On the right: another perspective on the evolution
of horizons, in which the hypersurfaces of constant r are vertical lines and time flows
in the upward direction.

does not need to be linked with the emission of Hawking radiation. In other words,
black hole evaporation would correspond to selecting specific geometries, with certain
features and time scales, within the class that we have obtained as the result of our
purely geometric analysis (moreover, it is important to keep in mind that we are not
tracing explicitly the evolution of matter). For instance, an alternative to black hole
evaporation that shares the same Penrose diagram was given in [134]. It is also possible
that T 3 is not simply connected, but is composed of disconnected regions. Also, if one
demands time-reversal symmetry, there must be a region of anti-trapped surfaces, and
the corresponding spacetime describes the transition between a black hole and a white
hole [135, 136, 137, 138] (see Fig. 3.8).

Figure 3.7: Different coordinate patches that are relevant for our discussion on the
avoidance of crossing points between outgoing radial null geodesics (the red dot in this
figure). The straight lines at 45 degrees represent ingoing radial null geodesics.
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Let us now show that the explicit assumption in the above discussion that there
cannot be crossing points between two outgoing radial null geodesics is, in fact, a
consequence of global hyperbolicity, starting with a detailed discussion of the case in
which R0(v) is a constant function:

Proposition 7: A spacetime in which R0(v) is a constant function cannot be globally
hyperbolic.

Proof: That there cannot be crossing points between two outgoing radial null geodesics
having θ(l)

∣∣
r=R0

= 0 does not imply that these geodesics cannot have the same value
of the radial coordinate for the corresponding values of their affine parameters. The
(weaker) consequence that follows is that the one-to-one correspondence between the
value of the radial coordinate and spheres in spacetime must break down, such that a
given value of the radial coordinate does not uniquely identify a single sphere. We can
try, of course, to use the set of null coordinates (u, v) (in order to construct a complete
set of coordinates we have to consider the angular coordinates as well, but it is not
necessary to consider them explicitly). However, we shall now show that the geodesics
reaching r = R0 exit the spacetime region that can be covered with the (u, v) coordinate
patch. Indeed, let us assume that both spheres (located at the red dot in Fig. 3.7) can
be covered with the (u, v) patch. Then, one sphere will be labeled by the specific values
(u1, v1), while the other sphere will be associated with (u2, v1). This would imply that
the u = u1 and u = u2 geodesics must intersect v = v1 at points that are identified with
different values of the affine parameter along the latter ingoing radial null geodesic.
However, this is in contradiction with Fig. (3.7), as one can consider an open subset
of the manifold around the red dot and follow the evolution of the affine parameter
along the ingoing radial null geodesic in this subset (so that it must be the same for
the two points labelled with different values of u). Given that null coordinates always
exist locally, the second sphere must be labelled by a radial ingoing null geodesic that
cannot cross the Cauchy surface C 3. Hence, the spacetime is not globally hyperbolic.
�

Even if the proposition above is valid for R0(v) being a constant function, it is
straightforward to see that a similar comment regarding the lack of global hyperbolicity
in the presence of would-be intersection points applies to generic functions R0(v), as
the argument above does not depend on the form of R0(v), but only on the interplay
between different coordinate patches at the would-be intersection points. It is also worth
stressing that the local behavior around these points may seem odd, but it is in fact
ubiquitous in attempts of constructing non-singular black holes (we will discuss this in
more detail in the corresponding cases below). The only difference is that our discussion
is general enough to accommodate generic dynamical situations, while the well-known
cases in the literature with Cauchy horizons are typically eternal black holes.
While we have so far focused on the minimal setting that just requires the existence of
a single trapped region, as depicted in figure 3.5, note that there are models proposed
in the literature that present additional features while still belonging in this class.
For instance, see Fig. 3.8 for a sketch of a situation in which there is a bounce and
subsequent formation of an additional anti-trapped region [135, 136, 137].
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Figure 3.8: After the disappearance of the trapped region, an anti-trapped region is
formed. This situation describes a bounce from a black hole like geometry to a white
hole like geometry. Situations in which a recollapse takes place [135, 136] can be de-
scribed by a sequence of trapped and anti-trapped regions.

Case A.II: One-way hidden wormholes (λ0, R0, θ̄ ≥ 0)

Characterizing this class is simpler than for the previous one. We just need to take
into account that there exists an ingoing radial null geodesic that starts with a negative
value of the expansion, that eventually vanishes and becomes positive. That both
expansions (outgoing and ingoing) vanish, although in different regions in spacetime,
is characteristic of dynamical wormhole throats [139, 140]. In fact, we can show the
following proposition:

Proposition 8: There exists a hypersurface r(u, v) = R0 where the radial coordinate
has a local minimum.

Proof: The value of the radial coordinate along the outgoing radial null geodesic
stemming from S 2 (see the right panel in Fig. 3.9) must reach a minimum at r = R0.
Let us now study the intersections between outgoing and ingoing radial null geodesics,
in similar terms as we did before the intersection of two outgoing radial null geodesics.
Instead of dealing with a single intersection between outgoing radial null geodesics, in
this case we deal with double intersections between outgoing and ingoing radial null
geodesics (Fig. 3.9). This is also forbidden in spherical symmetry, as it would imply
that two different points would be associated with the same values of (null) coordinates.
In fact, as in the previous case, both coordinate sets (u, r) and (v, r) cannot be used
to go through the points in which the expansion of ongoing and ingoing null geodesics,
respectively, vanishes. However, the main difference with respect to the previous case
is that the splitting of the second intersection point can be well described in the (u, v)
coordinates, as illustrated graphically in Fig. 3.9, but at the price of creating two
different hypersurfaces in spacetime corresponding to the same value of the radius
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Figure 3.9: Part of the Penrose diagram of a static wormhole inside a future outer
trapping horizon, corresponding to the quadrant containing the throat of the wormhole.
The straight dashed line indicates the line of constant r with the minimum value of the
latter, while the dotted lines are also lines of constant r but associated with with greater
values. Two radial null geodesics, ingoing and outgoing, depart from the crossing point
1. The ingoing geodesic crosses the point 2 with a value of the radius corresponding to
the would-be crossing point 3, reaches r = R0 (which is the same for both ingoing and
outgoing geodesics due to the wormhole being static), and bounces back until reaching
what looks like a second crossing point 3. However, as illustrated by the Penrose
diagram, there is no actual crossing, as the outgoing geodesic would be when having
this same radius at point 4 of spacetime. That is, the right-hand figure, being based
on using the r coordinate as primary, is misleading – exactly because the r coordinate
is double-valued in this class of spacetimes.
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(along the points 2, 4 and 3, 5 in the figure, respectively). Hence, when other trapped
surfaces (and the corresponding outgoing radial null geodesics) in the neighborhood of
S 2 are considered, it follows that there must be a hypersurface r(u, v) = R0 in which
the radial coordinate has a local minimum. �

Figure 3.10: Dashed lines are lines of minimum radius r = R0 (corresponding to B2

in Fig. 3.3). Dotted lines are lines of constant radius. The shaded regions indicate
points in the manifold that cannot be covered with either the (u, r) or (v, r) coordinate
systems.

This situation generally corresponds to a one-way (hidden) dynamical wormhole
[140], except for the limiting case θ(k)

∣∣
λ=λ0

= 0 which describes a static wormhole [139].
It is important to keep in mind that these are not wormholes in the most common sense
of this term, as the throats are inside a future outer trapping horizon.

Case B.I: Everlasting horizons (∞, R∞, θ̄ < 0)

This situation can be obtained as the λ0 → ∞ limit of (λ0, R0, θ̄ < 0). The toroidal
topology of the horizons in the latter case is deformed so that outgoing radial null
geodesics never reach the second point (along their trajectories) in which θ(l) vanishes.
The corresponding Penrose diagram, provided in Fig. 3.11, is a variation of the Penrose
diagram in Fig. 3.5. In physical terms, the diagram in Fig. 3.11 is an intermediate
situation between a static regular black hole and Fig. 3.5, in which outgoing radial
null geodesics do not reach either r = 0 or r = ∞ (after crossing the future inner
trapping horizon), but rather an intermediate radius r = R∞(u). The corresponding
black hole is always growing and never disappears; any process that describes the partial
evaporation or total disappearance of the black hole must involve some outgoing radial
null geodesics satisfying the conditions characteristic of the case (λ0, R0, θ̄ < 0) studied
above.

Another issue that is worth clarifying is the asymptotic (λ → ∞) behavior of the
lines of constant radial coordinate in the trapped region which, as depicted in Fig. 3.11,
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Figure 3.11: A geodesically-complete black hole that forms during gravitational collapse
but never disappears, and without the formation of a Cauchy horizon.

become null asymptotically. This can be seen to be a consequence of θ(l) vanishing in
the limit λ → ∞, which implies that the function F (v, r) in Eq. (3.2) vanishes as
well (see App. C for explicit expressions), and so does the line element on the lines of
constant radial coordinate,

ds2
∣∣
r=r0

= −e−2φ(v,r)F (v, r)dv2. (3.8)

Case B.II: Asymptotic hidden wormholes (∞, R∞, θ̄ ≥ 0)

Similarly as the case just above, this situation can be understood as the λ0 →∞ limit
of a previously discussed case, namely (λ0, R0, θ̄ ≥ 0), which described a wormhole.
Hence, this kind of geometry corresponds to an asymptotically cylinder-like geometry.
This is easiest to realize for the static case limλ→∞ θ

(k) = 0, in which the radius of the
cylinder is given by the size of the corresponding surface B2 (which is at infinite affine
distance). The Penrose diagram would be given by Fig. 3.10 but removing the shaded
regions. In the dynamical situation, we would have a “half-wormhole” where the second
universe has been discarded and the throat pushed out to infinite affine distance along
outgoing radial null geodesics.

Cases B.III, B.IV, C.I and C.II: Curvature singularities,
(∞, 0, θ̄ < 0), (∅, 0, θ̄ < 0), (∞, 0, θ̄ ≥ 0) and (∅, 0, θ̄ ≥ 0)

These four situations are sufficiently similar that we can analyze them simultaneously,
with only slight differences due to the different behavior of the expansion of ingoing
radial null geodesics. In fact, their main feature is that outgoing radial null geodesics
reach r = 0. It is straightforward to show that this is not compatible with the regularity
of curvature invariants, provided we maintain all our assumptions (such as geodesic
completeness). Outgoing radial null geodesics reach r = 0 in an infinite affine distance
but, generally, ingoing null geodesics will reach r = 0 (as there is no wormhole throat in
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this case) in finite affine distance. At the same time, there is no future inner trapping
horizon (in other words, a second point in which θ(l) vanishes) which, following the
discussion in Sec. C, is a necessary condition to ensure regularity at r = 0. Hence,
these cases lead to a curvature singularity at infinite affine distance along outgoing null
geodesics, but generally finite affine distance along ingoing null geodesics for instance.
In other words, we have seen in the discussion of the cases above that, in order to avoid
a curvature singularity at r = 0, one needs either a wormhole structure (a minimum
value of the radial coordinate that prevents reaching r = 0) or a future inner trapping
horizon. As the geometries studied in this item contain by construction none of these,
these must be singular (if global hyperbolicity is maintained).

Figure 3.12: Static regular black holes evade Penrose’s theorem due to the introduction
of a Cauchy horizon (here represented as the horizontal plane) before the focusing point
is reached, which allows the focusing point to be regular in these geometries.

It is always possible to violate the assumption of global hyperbolicity in Penrose’s
theorem (which is also one of the four conditions behind our analysis) in order to avoid
being singular. Interestingly, geometries that appear often in the literature belong to
this case. Even if the focusing point in these situations is reached generically in finite
affine distance, this point in the discussion is a natural placement of these well-known
geometries describing static regular black holes [103, 104, 105, 106, 107, 108, 109, 110,
111, 112, 113, 114, 115]. As shown graphically in Fig. 3.12 , these geometries do
not evade Penrose’s theorem by avoiding the formation of focusing points, but rather
by introducing a Cauchy horizon before this focusing point is reached by outgoing
geodesics. For completeness, we also provide in Fig. 3.13 the Penrose diagram of the
corresponding eternal geometries. Static regular black holes correspond to the limiting
situation in which the expansion θ(k) associated with the ingoing radial null geodesics
crossing C 3 vanishes along the Cauchy horizon (in these spacetimes, there are ingoing
radial null geodesics that intersect the trapped outgoing radial null geodesics while
having θ(k), but only in the region beyond the Cauchy horizon). One may think that
it should be possible to devise situations in which θ(k) actually changes sign without
violating global hyperbolicity. However, these situations would always involve two
intersections between outgoing and ingoing radial null geodesics which, due to the lack
of wormhole throats in this situation (r = 0 is reached by outgoing radial null geodesics
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by construction), implies the lack of global hyperbolicity.

Figure 3.13: Penrose diagram that can represent different kinds of (eternal) black holes,
from charged to rotating black holes, but also regular black holes in which the central
singularity has been removed. The colored quadrants on the left and on the right
represent respectively the regions which are covered by the (v, r) patch but not with the
(u, r) patch, and by the (u, r) patch but not with the (v, r) patch. These are particular
examples of spacetimes that are not globally hyperbolic, following our general discussion
in this section. The complete Penrose diagram is obtained by stacking indefinitely the
section represented here. Our discussion in this chapter is more general, as it does not
require that the diagram is not symmetric as this one (this symmetry is a consequence
of the eternal nature of the black holes represented in this diagram).

3.4 Conclusions

We have studied in completely general terms the possible spherically symmetric geome-
tries describing geodesically-complete black holes. Beside geodesic completeness, we
have also demanded global hyperbolicity (so that it is reasonable to think that these
geometries can be obtained through dynamical evolution) and the absence of curvature
singularities.

Remarkably, we have found that purely geometric considerations are enough to
strongly constrain the allowed class of spacetimes. Using our classification, we were
able to identify four classes of geometries, that can either be taken as they are or be
combined, in order to yield the most general spherically symmetric spacetime satisfying
our requirements (1–4). Figure 3.14 summarizes the classification that we have provided
and the different viable classes of geometries.
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Figure 3.14: The table summarizes the classes of the allowed geometries. The most
general geometry is given by a combination of the geometries in the table.

The first class corresponds to geometries in which the defocusing of outgoing null
geodesics is placed at a finite value of the affine parameter and for a finite value of the
radial coordinate, whereas ingoing null geodesics do not have a defocusing point. This
class of geometries is associated with a geodesically-complete black hole that disappears
in finite time, which we call an “evanescent regular black hole”. Note that we are
carefully avoiding the use of “evaporation”; our geometric analysis does not provide
any hint about the dynamical process behind the disappearance of the black hole. Such
process could either be Hawking radiation or some other process taking place in shorter
time scales, for instance the proposed transition to a white hole;

The second class differs from the first one due to the value of the expansion parame-
ter of ingoing null geodesics, which is non-negative at the point in which the defocusing
point for the outgoing geodesics. We have discussed that this implies the existence of
something closely resembling a wormhole throat. We refer to these geometries as “one-
way hidden wormholes” to stress the fact that the throat is inside a trapped region.

The last two classes can be understood as the limit of λdefocus →∞ of the previous
two cases. The difference between these two classes is once again the value of the
expansion parameter of ingoing null geodesics. If the expansion is negative, then we
have an “everlasting regular black hole”. If the expansion parameter is asymptotically
zero or positive, we would get an “asymptotic hidden wormhole” which would again be
non-traversable and now involve a one-way trip to the edge of spacetime.

We can see that the set of possibility is quite limited. In the next chapter we are
going to constrain it even more as we will discuss some self consistency requirement that
will allow us to question the viability of specific realizations of some of the geometries
discussed in this chapter.
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Chapter 4

On the viability of non-singular black holes

In the previous chapter we have discussed a geometrical classification of non-singular
spacetimes with a trapping horizon. We have obtained the very interesting result that
the most general spacetime can be classified within one of the four classes we have
studied or it is a combination of them. In other words, there are very few possible
non-singular configuration.

These families of spacetimes can be understood as effective descriptions of the evolu-
tion of non-singular black holes, sharing some qualitative properties but still displaying
quantitative differences that can be described in terms of parametric and functional
degrees of freedom. In this chapter, we want to highlight that the effective descrip-
tion in terms of these spacetimes would only be meaningful if displaying a satisfactory
level of selfconsistency. Of course, the lack of knowledge of the specific dynamics that
may yield these spacetimes implies a degree of uncertainty about some fine details of
these models. However, this does not prevent extracting certain conclusions that, if
formulated carefully enough, would remain robust regardless of this uncertainty.

In particular, we will see in Sec. 4.1 that it is very difficult to have a consistent
model of evanescent or everlasting horizon geometry unless the lifetime of the object is
very short. In Sec. 4.2 we will study the self consistency issues that affects the one way
and the asymptotic hidden wormholes geometries. Finally, in Sec. 4.3 we will discuss
the implications of our conclusions. The content of this chapter is based on P2, P5
and P6.

4.1 Evanescent horizons and everlasting horizons

In the previous chapter, we have seen that one of the most conservative possibilities
to regularize the singularity consist in changing the geometry close to the would be
singularity introducing an inner horizon.

The non-singular core in these geometries replaces a region in which the spacetime
curvature takes Planckian values or larger, and therefore in which the classical dynamics
is modified [104, 105], by a region in which curvature is bounded.

When doing so, it is possible to leave the geometry outside the outer horizon un-
changed, obtaining an object completely indistinguishable from a black hole. The ge-
ometry will certainly deviate from the one corresponding to a black hole when the outer
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and inner horizon merge, but this could happen after a very long time1. Given the pos-
sible absence of phenomenological signatures, it is impossible to device any experiment
able to rule out this possibility from a observational point of view and it is crucial
to address the self consistency of the model. We will see that the inner horizon has
an unstable nature which casts serious concerns regarding the self consistency of the
model.

4.1.1 Time independent geometry

The geometries in the classes of evanescent horizons or everlasting horizons are charac-
terized by the formation and eventual disappearance of an outer and an inner horizon.
Therefore, the geometry has to be time dependent. In fact, as already discussed is
Sec. 3.3, by explicitly looking at the Penrose diagram of a static regular black hole
reported in Fig. 4.1 (see also [112]), it is immediate to see that a static regular black
hole do not belong to any of the classes discussed in the previous chapter and the con-
clusion of the Penrose theorem are avoided by violating global hyperbolicity. This class
of geometry are therefore actually outside our classification as one of the hypothesis
is not satisfied. Anyway, it is convenient to start the analysis by considering a static
configuration which will approximate the time dependent geometry if the evolution is
slow enough. We will explicitly introduce the time dependence in Sec. 4.1.3.

Without loss of generality, the geometry of a static and spherically symmetric regular
black hole can be written as

ds2 = −e−2φ(r)F (r)dt2 +
dr2

F (r)
+ r2(dθ2 + sin2 θ dφ2). (4.1)

where φ(r) and F (r) are two real functions. When convenient, we will alternatively use
the notation

F (r) = 1− 2m(r)

r
. (4.2)

The function m(r) corresponds to the Misner–Sharp–Hernandez quasi-local mass [141,
142, 143]. Using the Einstein field equations, it is straightforward to see that the
effective energy density associated with the geometry in Eq. (4.1) is given bym′(r)/4πr2,
where m′(r) = dm(r)/dr. This quantity can be finite at r = 0 if and only if m(r)
vanishes at least as r3 in the limit r → 0.

Hence, regularity at r = 0 requires F (0) = 1. On the other hand, asymptotic flatness
enforces limr→∞ F (r) = 1. It follows (counting the multiplicity of the roots) that the
function F (r) must have an even number of zeros, with these zeros corresponding to
different horizons. In the following we assume for simplicity that there are only two
horizons, but all our results are independent of this assumption. The outer and inner
horizons, respectively r+ and r−, are then defined by

F (r±) = 0, (4.3)

or equivalently by
r± = 2m(r±). (4.4)

1For instance, we show in appendix D that if the only physical process at play is Hawking radiation
the evaporation time is actually infinite and the evaporation start to differ from the general relativity
counterpart only after an Hawking time τ ∼M3.
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Figure 4.1: Penrose diagram for a static regular black hole. The spacetime is not
globally hyperbolic as the inner horizon is a Cauchy horizon.

When studying the causal properties of the geometry, it is convenient to introduce the
ingoing Eddington-Finkelstein coordinate v,

dv = dt+
dr

e−φ(r)F (r)
, (4.5)

in terms of which the line element (4.1) reads

ds2 = −e−2φ(r)F (r)dv2 + 2e−φ(r)drdv + r2(dθ2 + sin2 θ dφ2). (4.6)

The outgoing Eddington-Finkelstein coordinate is instead given by
du = dt− dr/e−φ(r)F (r). For m(r) = M and φ(r) = 0, these expressions reduce to the
standard ones in the Schwarzschild geometry.

Ingoing and outgoing radial null curves are determined respectively by the equations

dv = 0, (4.7)

and
dr

dv
=
e−φ(r)F (r)

2
. (4.8)

The Taylor expansion of Eq. (4.8) around r = r± is given by

dr

dv
=
e−φ(r±)

2
F ′(r±) (r − r±) + O(r − r±)

= −e
−φ(r)

2

(
2m(r)

r

)′∣∣∣∣
r=r±

(r − r±) + O(r − r±); (4.9)
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we see that the surface gravity at the outer and inner horizons are given by

κ± = −e
−φ(r)

2

(
2m(r)

r

)′∣∣∣∣
r=r±

. (4.10)

In particular, κ+ > 0 and κ− < 0. As a consequence, at the outer horizon we have an
exponential peeling of outgoing null rays,

d(r − r+)

dv
= |κ+| (r − r+) + O(r − rH), (4.11)

while at the inner horizon we have an exponential focusing of outgoing null rays,

d(r − r−)

dv
= −|κ−| (r − r−) + O(r − rH). (4.12)

4.1.2 Instability of the inner horizon

From the analysis of the previous section it seems that it is possible to replace the
singularity with an inner horizon without changing the exterior geometry. This would
imply that any quantum gravity effect will be confined within the trapping horizon and
invisible to an external observer. Anyway we will now show that this picture is too
simplistic due to the unstable nature of the inner horizon.

Such unstable nature is due to the exponential focusing of null rays and it was
previously noticed, and thoroughly studied, in the different but related context of
charged and rotating black holes. The main aspects were settled more than two decades
ago [144, 145, 146, 147, 148, 149], though formal proofs of a number of technical aspects
were only available later [150] (see also [151] for a review). In brief terms, the central
conclusion of these works is that the inner horizon is unstable in the presence of both
ingoing and outgoing perturbations, which are expected to exist in realistic collapse
scenarios. While this is a classical instability, it is natural to expect the existence of
semiclassical instabilities as well [152].

Let us start by explaining why it is natural to expect the existence of outgoing
and ingoing perturbations in realistic scenarios. A regular black hole, being just a
regularization of an ordinary black hole, would form after the gravitational collapse
of a massive star. The star would emit radiation even after crossing the outer horizon
(after this, the initially outgoing radiation is strongly lensed back to the collapsing star).
On the other hand, there will be ingoing perturbations that come, for instance, from the
backscattering of gravitational radiation. The process can be modelled following [148],
where outgoing and ingoing perturbations are described in terms of null shells. This
simplification allows to perform all necessary calculations analytically, and exploits the
Dray–’t Hooft–Redmount (DTR) relation [153, 154]. Furthermore, despite its simplicity,
this type of perturbation represent a good approximation of a real perturbation. In fact,
we are exclusively interested in the geometry close to the inner horizon where, due to
the intensive blueshift, the infalling waves are well described by the geometrical optic
approximation.
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Figure 4.2: Schematic illustration of the physical process in consideration. Two null
perturbations meet in a two surface of radius r0 and divide the spacetime in four regions.

Derivation of the DTR relations

The analysis in this subsection is simply a more extended discussion of some aspect
presented in [148]. However, as that work focus on general relativity, it is useful to
carefully repeat the computation to explicitly show that the features we are interested
in do not depend on the dynamics of general relativity as they descend directly from
geometric notions.

The situation is schematically described in Fig. 4.2. We consider two perturbation
described as an ingoing and an outgoing null shell Σ3 and Σ4 that intersect each other
in a two surface S of radius r0 and give rise to two other null shells Σ1 and Σ2, dividing
the spacetime in four region. Let us denote the four regions A, B, C and D and the
vectors tangent to the shells l(i). From our experience in general relativity, we know
that this spacetime contains curvature singularities due to the presence of the thin
shells [155]. However, these singularities have a clear physical interpretation as we
know that they are due to the fact that we are attaching a finite energy to the shells,
which are objects of zero width, and they would go away in a less idealized situation.
However, we need to assume some regularity conditions on the spacetime that assure
the absence of singularities without any physical interpretation. The first requirement
leads to the Israel’s first junction condition [155] which, on purely geometrical grounds,
tell us that there is a well defined notion of induced metric on the shells σiab, meaning
that projecting either four dimensional metric on the two side of each shell we obtain
the same two dimensional metric.

Furthermore, we need to impose that the spacetime is well behaved on S (for instance
we have to assume the absence of conical singularities). This implies that each point on
S can be covered by a coordinate chart in which the metric is continuous and (piecewise)
differentiable. Using this coordinates, we can derive a very useful relation. Due to fact
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that to a given two surface embedded in a four dimensional spacetime there are only
two orthogonal direction, we have that, at S, l(3) is parallel to l(2) and l(4) is parallel to
l(1). So, for some constants α and β,

lµ(3) = αlµ(2), lµ(4) = βlµ(1). (4.13)

Given that we are never going to work in this particular coordinate chart, let us consider
a coordinate invariant relation that trivially follows from Eq. (4.13)(

l(1) · l(2)

) (
l(3) · l(4)

)
=
(
l(1) · l(3)

) (
l(2) · l(4)

)
. (4.14)

This equality is going to be one of the key relations for our analysis.
An important role will also be played by the trace of the extrinsic curvature

σab(i)K
(i)
ab = σab(i)Ll(i)σ

(i)
ab = σab(i)l

α∂ασ
(i)
ab =

2

r
lα(i)∂αr, (4.15)

where L denotes the Lie derivative and Latin indexes run from 1 to 2 while Greek in-
dexes run from 0 to 3. The last step comes directly from the fact that we are considering
spherical shells.

Due to the null nature of the shells, the orthogonal vector is also tangential to the
shell and the extrinsic curvature is given by the tangential derivative of the metric along
the shells. Therefore, the extrinsic curvature has to be continuous at the shell and it
cannot depend on which region of spacetime is used in the computation. This would not
be true if the shells were timelike as the extrinsic curvature would not be well defined
and it would depend on the components of metric orthogonal to the shells which are
different in the two side of the shells. We can rewrite Eq. (4.14) as

K(1)K(2)K(3)K(4)(
l(1) · l(2)

) (
l(3) · l(4)

) =
K(1)K(2)K(3)K(4)(
l(1) · l(3)

) (
l(2) · l(4)

) (4.16)

This may seem a triviality, but let us group the terms in a different way(
K(1)K(2)

l(1) · l(2)

)
A

(
K(3)K(4)

l(3) · l(4)

)
B

=

(
K(1)K(3)

l(1) · l(3)

)
D

(
K(2)K(4)

l(2) · l(4)

)
C

(4.17)

where the index refer to the region of spacetime we need to use in order to evaluate
the quantities in the bracket. Here it is clear why it is important that the extrinsic
curvature is continuous across the shells.
Making use of the completeness relations

gAαβ = σ
(1)
αβ +

l(1)αl(2)β

l(1)·l(2)
+

l(2)αl(1)β

l(1)·l(2)
, gBαβ = σ

(4)
αβ +

l(3)αl(4)β

l(3)·l(4)
+

l(4)αl(3)β

l(3)·l(4)
,

gCαβ = σ
(2)
αβ +

l(2)αl(4)β

l(2)·l(4)
+

l(4)αl(2)β

l(2)·l(4)
, gDαβ = σ

(3)
αβ +

l(1)αl(3)β

l(1)·l(3)
+

l(3)αl(1)β

l(1)·l(3)
,

(4.18)

and considering the coordinates charts in which the metrics in the four regions all take
the form (4.1) (with different functions F (r) and φ(r)), from equations (4.15) and (4.17)
we get that

FA(r0)FB(r0) = FC(r0)FD(r0). (4.19)

This is the DTR relation that we are going to use in the following [153, 154, 148].
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Mass inflation at the inner horizon

We are now in the position to discuss the phenomenon of mass inflation in the framework
of regular black hole geometries.

We need to apply the DTR relation (4.19) with a background spacetime describing
a regular black hole. The situation is schematically represented in the Penrose diagram
of Fig. 4.3. We are interested in understanding the behavior of the system when the
crossing point of the two shells is displaced along a null outgoing curve and approaches
the inner horizon; that is, we will take a constant value u = u0 (this value is arbitrary
except for the condition that it lies inside the outer horizon), and modify the value of
v, so that the crossing point describes a curve r0(v)|u=u0 .

i0

r
=
r−

r
=
r−

I +

I −

r
=
r+

C
A

D
B

Figure 4.3: Schematic Penrose diagram of a regular black hole with concentric outgoing
and ingoing null shells. The DTR relation is applied to the crossing point r0 between
outgoing and ingoing shells. The corresponding four spacetime regions A, B, C and D
are depicted. We only depict the relevant quadrants of the maximally extended Penrose
diagram present in Fig. 4.1

If we focus on a local neighbourhood around the crossing point r0, Eq. (4.19) can
be manipulated in order to obtain

mA(r0) = mB(r0) +min(r0) +mout(r0)− 2mout(r0)min(r0)

r0FB(r0)
, (4.20)

where we have min(r0) = mC(r0)−mB(r0), and also mout(r0) = mD(r0)−mB(r0).
The first three terms on the right-hand side of Eq. (4.20) have a clear physical

meaning: mB measures the mass in the region inside both the ingoing and outgoing
shells and, therefore, the original mass of the regular black hole before the ingoing shell
is absorbed. This is moreover the region in which the coordinates (u, v) are defined. On
the other hand, min and mout are the mass of the ingoing and outgoing shells. These
three contributions are finite, but the last contribution has to be analyzed carefully.
The reason is that, as the point r0(v)|u=u0 gets closer to the location of the inner



68 CHAPTER 4. ON THE VIABILITY OF NON-SINGULAR BLACK HOLES

horizon, FB(r0) → 0. This implies that, in order to understand the evolution of the
system at late times, we need to understand the behavior with v of min(r0(v)|u=u0) and
FB(r0(v)|u=u0) (note that mout is constant along u = u0):

a) Behavior of min: this quantity describes how the ingoing tails decay with v, and
is determined by Price’s law [156, 157, 158, 159, 160] to be given by a power law,
namely

min(r0(v)|u=u0) ∝ v−γ, (4.21)

where, for the purposes of the present discussion, it is enough to consider the
lower bound γ > 0.

b) Behavior of FB: this quantity vanishes on the inner horizon, but we need to de-
termine how fast it approaches this value when we displace the point r0 increasing
the value of v along ingoing null curves. Along these trajectories Eq. (4.8) applies
so that, close to the inner horizon, one has

dv =
2dr

e−φ(r−)F ′(r−)(r − r−)
+ O(r − rH). (4.22)

We just need to integrate this equation starting from some value of r greater
than, but arbitrarily close to, r−. Taking into account that e−φ(r−)F ′(r−) =
2κ− = −2|κ−|, it follows that

FB(r0(v)|u=u0) ∝ e−|κ−|v. (4.23)

Combining these ingredients, we see that at late times (v � 1/|κ−|), one has

mA(r0(v)|u=u0) ∝ v−γe|κ−|v. (4.24)

This is the equation that characterizes the phenomenon of mass inflation: the mass
parameter in the region A grows exponentially, on a timescale determined by the surface
gravity of the inner horizon. In other words, the inner horizon is unstable with a
characteristic timescale 1/|κ−|measured in the ingoing null coordinate v. This timescale
is Planckian for most of the models in the literature (see Table D.1). Note that the
proportionality constant in Eq. (4.24) is positive, which can be realized by recalling
Eq. (4.20) and taking into account the signs of mout, min and FB(r0).

In the Reissner–Nordström metric, mA is directly the physical mass in region A.
However, in the geometries we are studying here, this would not be generally the case,
although this does not change the meaning of Eq. (4.24). The reason is that mA is
always proportional to the mass M and, as a consequence, Eq. (4.24) can be directly
translated into the unbounded growth of this parameter. In particular, on the inner
horizon the function mA is generically given by a positive numerical coefficient times
M . This can be seen explicitly in the examples discussed in Table D.1.

4.1.3 Time dependent scenario

The analysis of the previous section refers to the static case. Now we discuss the
generalization to the dynamical case as long as the evolution is slow enough. The
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Figure 4.4: Detail of the trapped region for the regular black hole case and an out-
going radial null perturbation (dashed line) that intersects several ingoing radial null
perturbations.

trapping region for the dynamical case is schematically depicted in Fig. 4.4 whereas the
interesting sector of the Penrose diagram for the static case are depicted in Fig. 4.3.

It is clear that the two Penrose diagrams look very different from each other. Any-
way, the main ingredient for mass inflation are unchanged. In fact, in both cases the
grr component of the metric vanish at the inner horizon.

Hence, whenever the crossing points between outgoing and ingoing radial null per-
turbations are close (from inside) to the upper quadrant of T 3 (the inner part in
Fig. 4.4), we can calculate the mass in the different quadrants of spacetime defined by
the two crossing shells, and integrate the resulting equations along the outgoing radial
null geodesic describing the outgoing perturbation. As for the static case, it follows then
that the mass in the quadrant that lies in the causal future of the crossing point grows
exponentially with the value of v associated with the ingoing shell, being proportional
to

e−|κ̄−|∆v, (4.25)

where κ̄− is the average value on the interval ∆v of the surface gravity of the future
inner trapping, defined for the metric in Eq. (3.2) as

κ−(v) =
e−φ(v,r)

2

∂F (v, r)

∂r

∣∣∣∣
r=R0(v)

. (4.26)

The only condition that is necessary in order to obtain Eq. (4.25) is that R0(v) remains
roughly constant during the interval ∆v, so that its variation can be neglected. Hence,
there is an instability if the typical time scales of variation of R0(v) is much larger than
1/|κ̄−|. This reasoning applies to the portion of the inner horizon in the right quadrant
of Fig. 4.4, for which the intersection point of one ingoing and several outgoing null
shell approaches the horizon in the future. A similar analysis can be performed for
the other portion of the inner horizon in the left quadrant of Fig. 4.4, considering one
outgoing and several ingoing null shells obtaining a instability exponentially growing in
u with the same time scale 1/|κ̄−|.
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This means that short living geometry will be free from this instability. However
unless the surface gravity value is fine-tuned, the natural value for the instability time
scale is essentially given by the coordinate light-crossing time of the sphere r = rinner(v)
which, in scenarios motivated by quantum gravity, is roughly the Planck time. Hence,
this time scale is typically extremely short, if compared with the standard time scale
associated with Hawking evaporation (that is cubic in the mass of the black hole). Of
course, without a specific quantum gravity calculation it impossible to rule out the
possibility for the surface gravity to assume a much lower value than the one naively
expected. However, without this knowledge, and limiting our discussion to the effective
description considered in this thesis (and other works dealing with regular black holes),
the only possible way to deal with this instability is through extreme fine-tuning2 of
the properties of spacetime.

4.1.4 (Ir)relevance of the cosmological constant

So far we have not considered the presence of the cosmological constant for a very simple
and intuitive reason. The instability is originated in a region of Planckian density where
the role of the cosmological constant is completely negligible. Although this intuition
is indeed correct, it seems contradicted by a series of work studying the instability
of the inner horizon in general relativity for asymptotically De Sitter spacetimes in
the context of the strong cosmic censorship [161, 162, 163, 164]. In these works the
presence of a positive cosmological constant actually plays a crucial role and it still
open the possibility that it may regularize the inner horizon of a Reissner-Nordström
or Kerr black hole leading to the violation on the strong cosmic censorship conjecture.
Let us pause from our discussion in order to understand why the cosmological constant
is important in that situation and why the contradiction with our intuition is only
apparent. While the geometry near the inner horizon is unchanged, the cosmological
constant modifies the asymptotic geometry and the function F (r) approaches

F (r) ∼ 1− 2M

r
− Λ

3
r2. (4.27)

This results in a modification of the casual structure of spacetime as in addition to
the inner and outer horizon we get an extra horizon, the cosmological horizon, approx-
imately located at rc ∼

√
3√
Λ

. This, in turn, can effect the decay of the perturbation
as the boundary conditions are modified and have to be imposed in the cosmological
horizon rather then at spatial infinity.

As shown in [165, 166] the late time behavior of the perturbation in the presence of
a cosmological constant does not follow the Price law (4.21) but it has an exponential
decay.

min ∝ e−ωIv (4.28)

where ωI is the imaginary part of the least dumped quasinormal mode. Repeating the
same steps leading to the mass inflation instability with this decay rate we would get

mA(r0(v)|u=u0) ∝ e(|κ−|−ωI)v. (4.29)

2That is, it is necessary to tune the order of magnitude dimensionless numbers to ensure that black
holes can be long-lived.
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Therefore, in the limit v →∞ the mass function mA will go to zero if ωI > |κ−|. This is
why the relevance of the cosmological constant related to the fate of the strong cosmic
censorship is an active area of research. Anyway, there are two reasons why Eq. (4.29)
does not imply that the inner horizon is stable in our configuration. The first reason is
that the most natural value for the surface gravity is given by the Planckian curvature.
Therefore we expect ωI < |κ−|. Anyway this is not a very satisfying solution. We could
imagine to tune the surface gravity in order to obtain ωI > |κ−| and we would arrive
at the conclusion that an arbitrary small cosmological constant is enough to regularize
the inner horizon. To really understand why this conclusion is erroneous, we have to
specify the meaning of “late time behavior”.

In fact, the decay of the perturbation in an asymptotically de Sitter spacetime
begin to differ from the one in an asymptotically flat spacetime only after a transient
of time that is longer for smaller cosmological constant. From the physical point of
view it is quite simple to understand why. If the cosmological constant is very small,
the perturbation needs to reach a region of spacetime close enough to the cosmological
horizon in order to manifest some difference with respect to the asymptotically flat
spacetime. The late time behavior cannot start before this moment. Therefore we
can estimate a lower bound for the time after which the dumping of the perturbation
follow the law in Eq. (4.28) as the time needed to reach the cosmological horizon
vc ∼ rc ∼ Λ−1/2. So the dumping of the perturbation follows Price law for v < vc,
leading to

mA ≈ v−γe|κ−|v, v . Λ−1/2. (4.30)

This timescale is so huge that for generic initial condition the instability will be triggered
well before the beginning of the exponential decay regime, showing that the cosmological
constant in completely negligible for our discussion.

4.2 One way hidden wormholes and asymptotic

hidden wormholes

The geometries belonging to the class of one way hidden wormhole do not have an
inner horizon and, therefore, they are not plagued by the mass inflation instability.
Anyway, the presence of a minimum radius poses problem concerning the topology of
the spacetime. We will divide the discussion in two parts as the picture is similar but
different for the one way hidden wormhole case and the asymptotic hidden wormhole
case.

4.2.1 One way hidden wormhole

This class of geometry is characterized by a minimum radius throat. If the minimum
of the radius is a global minimum than the topology of the Cauchy surfaces is R× S2.
Anyway, we want the spacetime to describe a gravitational collapse. This means that
in a given initial Cauchy surface there is a regular distribution of matter implying that
the topology of that surface is simply the topology of R3. As discussed in Sec. 3.2,
topology change is not compatible with our assumption of global hyperbolicity which
implies that all the Cauchy surfaces are homeomorphic with each other. Therefore, the
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only possibility is that in any Cauchy surface the value of the radius r = R0 is only a
local minimum.

Therefore, the r = R0 line, besides having a portion which is a minimum radius
hypersurface (that is, the radius would be greater at both sides of the hypersurface),
would have to reach both i− and i+. If we trace this r = R0 line back to i−, one
goes continuously from a situation in which the radius is greater at both sides of this
hypersurface to a situation in which the radius is greater on one side and smaller on the
other one. Let us focus our attention on the side in which there is a transition from the
radius being greater than its value on this hypersurface to becoming smaller, and take
two points in these two regions. Along an arbitrary line connecting these two points, it
is clear that, due to continuity, there is a point in which r = R0 as well (which is not
contained in the previous hypersurface). This argument can be repeated for all points
on this side of the original r = R0 hypersurface and arbitrarily close to the latter, which
implies the existence of two r = R0 that merge at some point. The metric cannot be
analytical at this point. Also, the single r = R0 line that remains after the merger
must disappear (if we assume that it does not end up in i0), which implies the existence
of another point in which the metric is non analytic (see Fig. 4.5 for a sketch of the
Penrose diagram in this situation).

Finally let us note that there is one last possibility that have been considered to
make this class of geometries viable. It is simply possible that the geometry is not
defined in the regions where it cannot analytic. This is exactly what happen in [167,
168, 169] where the authors provide a metric which locally describes an element of this
class of geometries but which is not globally defined, i.e., there are regions where an
effective spacetime is not defined. This possibility lies outside our classification as we
are assuming an everywhere defined metric, but it is a clear example of the fact that
our analysis can provide useful insights also when this is not the case.

4.2.2 Asymptotic hidden wormhole

In the case of asymptotic hidden wormhole there is an extra consistency issue which
is not easy to solve. This issue concern the consistency with semiclassical physics.
Our analysis has a purely geometrical nature but we expect that the resulting geom-
etry agrees with semiclassical physics and in particular with Hawking radiation. The
asymptotic hidden wormhole class can be compatible with the existence of Hawking ra-
diation if and only if the latter eventually switches off due to some unknown quantum
gravity effect. Anyway, the switching off of Hawking radiation cannot be described us-
ing quantum field theory on the geometric backgrounds leading to remnants that have
been discussed in complete generality in this thesis; this description must break down
at some point, meaning that the effective description in terms of differentiable mani-
folds is no longer meaningful below a certain length scale. On the other hand, for these
geometries there is an extra possibility to avoid the topology change. This possibility
consist in the fact that the throat represent a spacelike boundary of the spacetime. This
solution is only viable in the asymptotic hidden wormhole case as the boundary has to
be reached only asymptotically for infinite value of the affine parameter in order to be
consistent with geodesic completeness. The fact that the boundary is spacelike allows
all the Cauchy hypersurfaces reach r = 0. Anyway, in practice, it is difficult to devise
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Figure 4.5: One-way hidden wormhole with some lines of constant r depicted. In order
to avoid issues with topology change the metric must fail to be analytic in at least two
points. Such points are encircled for clarity.

a geometry that realizes this configuration.

4.3 Conclusions

In this chapter we have studied the viability of the non-singular black hole solutions
we have introduced in the previous chapter. In Fig. 4.6 we consider again the table
present in Fig. 3.14 adding an extra line containing the information regarding the issues
associated with each class of solution. The most immediate consequence of our analy-
sis is that one cannot just naively assert that singularity regularization will solve the
outstanding issues of black hole physics without introducing additional aspects that,
after a thorough analysis, may lead to radical surprises for our theoretical and obser-
vational understanding of black holes. In fact, the remarkable result is that there is
no fully “safe” option: all classes of geometries display internal inconsistencies (insta-
bilities, topology change or incompatibilities with semiclassical physics), except for the
particular case of evanescent black holes in short timescales. However, the timescales in
the latter case are so short (of the order of the light-crossing time) that this possibility
entails a complete rethinking of the concept of black hole. Indeed, a fast bounce would
not be obviously at odds with observations only if the matter remains close enough to
the would-be-horizon, or if this process constitutes a transient phase after which the
object relaxes to a stable state (maybe horizonless to avoid the self-consistency issues
of the other classes of geometries).

Let us stress that, although we have assumed an everywhere well defined geometry,
our analysis is valuable also when this is not the case and it allows us to understand how
to construct singularity regularization scenario that solves the self consistency issues
raised in this chapter by allowing for region where an effective geometry cannot be
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Figure 4.6: The table summarizes the classes of the allowed geometries and the issues
associated with them.

defined. Interesting examples are constituted by the pictures studied in [167, 168, 169]
where the geometry is defined almost everywhere but in a small region, a feature that
allows these models to escape some of the self consistency issues raised here.

Finally, it is important to stress that, while the analysis was performed in spherical
symmetry, the language we have used is well adapted to deal with the more realistic
situation in which this simplifying assumption is lost. In fact, the only place in which
spherical symmetry was explicitly used was to derive the conditions in Eq. C.2 which
were necessary to prove the existence of an inner horizon for the classes of evanescent
or everlasting horizon. A generalization of this result to the non spherically symmetric
case would be enough to generalize the whole analysis.



Chapter 5

Phenomenology of non-singular black holes

After having discussed a geometrical classification of non-singular spacetimes in chapter
3 we have studied in detail their internal consistency in chapter 4. We have seen
that the regularization schemes without possible phenomenological observation are very
difficult to make self consistent. This gives us motivation to look into the possible
observational windows that could discriminate between singular black holes and non-
singular alternatives.

The discussion in this chapter is mainly based on P4 and it is divided in two main
parts. The first part consists of a brief review of the different scenarios that have
been proposed in the literature in order to avoid theoretical problems that are inher-
ent to classical and semiclassical black holes (e.g., the singularity or information loss
problems), including a discussion about their collocation into the classes of geometries
provided in chapter 3. The second part of the chapter focuses on the observational tests
that are available to probe the structure of astrophysical black holes, with the goal of
emphasizing how close we are to testing the existence of all the relevant mathematical
elements of these objects as described by general relativity, and parametrizing the room
that is still available for alternatives in terms of a set of phenomenological parameters.
The meaning of these phenomenological parameters is illustrated by comparison with
the scenarios described in Sec. 5.1.

5.1 A taxonomy of proposals

5.1.1 Regular black holes

The first class that we need to introduce is the one of regular black holes which has been
discussed in detail in the previous chapter. As we have discussed, the main property
of this type of geometry is that the singular core of a classical black hole spacetime
is replaced by a smooth spacetime region. In order to make the curvature invariants
finite everywhere, we are forced to introduce a inner horizon that pose stability issues.
Therefore, the situation for this class of geometry can be summarized as follow:

• There might be small correction to the classical geometries in regions which are
observationally available. However the existence of such deviation is not necessary

75
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• The inner horizon is generically unstable and small perturbations can have large
effect on the geometry.

Therefore, while we have discussed that it is difficult to make this geometry self con-
sistent, we will see in the rest of the chapter that this model is very poor from a
phenomenological point of view.

5.1.2 Bouncing geometries

Instead of focusing on the description of the regular geometries that may describe black
holes once formed, let us now analyze in more detail the fate of one of the main actors in
the formation process: matter. Black holes are formed from collapsing lumps of matter.
It is therefore of utmost importance to understand the physical mechanisms that may
prevent these lumps of matter from collapsing completely, resulting in a singularity,
and the implications that follow.

In practical terms, we can divide the spacetime of a collapsing (spherically symmet-
ric) distribution of matter in two regions: the external one, which is idealized as being
vacuum, and the internal one which describes the interior of the collapsing matter. In
the previous section we have been dealing mainly with the external geometry. However,
the physics of the internal geometry is important as well, and in fact it might be the
most important one regarding the regularization of the singularity [170].

The non-singular core of the regular black holes discussed above can be understood
as the result of the tendency of matter towards collapsing, together with the existence
of repulsive forces of quantum-mechanical nature that are triggered when Planckian
curvatures are reached. However, from this perspective it seems unnatural that these
two tendencies cancel exactly in order to stabilize the collapsing distribution of matter
at a fixed radius no matter what the initial conditions are. Dynamically, it seems more
natural to expect that the existence of a repulsive core would lead generally to bouncing
geometries (while asymptotically stationary solutions with a small core may be reached
for very particular values of the initial conditions).

This kind of bouncing behavior was first studied in [104, 105, 171, 172], but has been
independently proposed more recently in scenarios inspired by emergent gravity [173,
135, 136] and loop quantum gravity [134, 137]. Regardless of the special details of
each particular implementation of this idea, there are two aspects that are robust (see
however [174, 175, 176, 177, 178, 179] and [180, 181] for alternative bouncing scenarios):

• Timescale [182]: concerning the timescale of a bounce of matter we need to
separate the discussion in two cases. In the first case the timescale for the bounce
(suitably defined in terms of the proper time of the relevant observers) is shorter
than the (naive) evaporation time of the black hole,

τB < τ (3) ∼ tP(M/mP)3 (5.1)

Plausible values for this timescale are

τB = τ (j) ∼ tP(M/mP)j, j = 1, 2. (5.2)

These two values verify τ (j) � τ (3). Let us note that these timescales are generally
multiplied by logarithmic factors that have not been written explicitly but become
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relevant for certain values of the parameters involved.
The second possibility is that the timescale scale of the bounce, in absence of
Hawking radiation, would be larger than the timescale of the evaporation time of
the black hole [169]. In this case the time evolution matches the one of a black
hole evaporating in semiclassical gravity until it reaches Plankian size. Only at
that point the physics responsible for the bounce becomes relevant and we have a
bounce of a Plankian size blak hole into a white hole. We are not going to focus
much on this possibility in the following as it is very poor from a phenomenological
point of view due to the huge timescale of the process.

• Modifications of the near-horizon geometry [135, 137]: the external geometry of
the spacetimes in which the bounce of the distribution of matter can be observed
by external observers in the original asymptotic region must include modifications
of the near-horizon geometry, even if the bounce of matter takes place much
deeper inside the gravitational potential well (roughly, when the density of the
radius of the collapsing structure is Planckian). The ultimate reason is that
these geometries must interpolate between a black-hole-like geometry and a white-
hole-like geometry. The only continuous way to define this interpolation involves
modifications of the geometry up to a certain radius r? > rs, the value of which
is typically constrained by (r? − rs) . rs. This point can be illustrated using
Painlevé-Gullstrand coordinates:

ds2 = −dt2 + [dr − fv(r)dt]2 + r2dΩ2, (5.3)

where f = ∓1 correspond to a black hole or a white hole in these coordinates,
respectively, and v(r) =

√
rs/r. In order to modify the geometry continuously

from one case to the other, a function f(t, r) that interpolates between these
values and which is nonzero at r = rs, is needed.

The shortest possible time for the bounce to take place is τB = τ (1), as proposed
originally in [173, 135, 136]. Another possibility, conjectured in [137, 183], has τB = τ (2).
The second timescale is small if compared with τ (3), but is still quite large so that, for
a black hole to be exploding today, it must be a primordial black hole (though with
different mass than in the case of regular black holes for which the relevant timescale is
assumed to be τ (3)). So far it does not seem possible to justify the timescale τB = τ (2)

through specific calculations such as the one in [183], while the timescale τB = τ (1)

arises in two independent calculations [172, 184].
Regarding possible observational channels, the second feature above (the modifi-

cations of the near-horizon geometry) might seem the most promising one at a first
glance. Note that, in contraposition to regular black holes, these modifications are now
a must. However, let us note that in the most natural scenarios, the modifications in
these geometries are by construction O(1) only after the time τB.

This implies that, if we are probing the geometry with physical processes during an
interval of time ∆t (which could be, for instance, the time that an observed photon
took to go through this region of the geometry), any cumulative effects due to these
deviations from the classical geometries would be suppressed by the dimensionless quo-
tient ∆t/τB. For τB = τ (2) this dimensionless number will be generally small. Hence,
it is reasonable to think that, unless we are considering physical processes with typical
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timescales comparable to the timescale of the bounce τB, it would be difficult to use
these processes in order to learn about the geometry. It might be possible however
that there exist non-trivial mechanisms that act to amplify the value of the number
∆t/τB when the latter is small, though at the moment this is just a conjecture. On the
other hand, if one was able to perform experiments which monitor the evolution of the
black hole during a time interval ∆t ∼ τB, the very end of the bounce process would
be observable, which would certainly be more dramatic.

In consequence, in the absence of mechanisms that can compensate the small quo-
tient ∆t/τB, (looking for these amplification mechanisms would be an interesting ex-
ercise), the most promising observable feature of models with τB = τ (2) is, again, the
one associated with the end of the dynamical process; for regular black holes this was
the evaporation process, but here is the very bounce of matter. The associated physics
resides simply in the timescale τB, which for instance controls the typical size of the
black holes for which these effects would be observable today.

Let us anyway assume that bounces with a timescale τB take place in nature. One
is then forced to answer the question: what happens after the bounce? There are
essentially two possibilities. One possibility is that the bounce releases all the available
energy and matter such that the black hole dissipates completely. This would imply that
black holes disappear in a timescale τB, which can be compatible with observations only
if τB is large enough. This possibility is the one considered for instance in [185, 186]
and, as we have discussed, from a phenomenological perspective the most promising
observational opportunity is the detection of this cataclysmic event (see Sec. 5.3.5 for
a more detailed discussion).

A second (and, arguably, more natural) possibility is that part of the energy con-
tent is released after the bounce, leaving a remnant that may again undergo renewed
gravitational collapse [136, 184]. In this scenario, it may be possible that a different
kind of horizonless equilibrium configuration is reached, so that the bounce itself (which
may occur several times) would be just a transient. This second possibility is arguably
more rich observationally, as both the transient phase with timescale roughly τB and
the horizonless stable phase would have distinctive observational signatures which we
shall now explore in the next section.

5.1.3 Quasi-black holes

In order to encompass different alternatives in the literature, let us define a static
and spherically symmetric quasi-black hole in a rough way as a spacetime satisfying
the following conditions: (i) the geometry is Schwarzschild above a given radius R
that is defined to be the radius of the object, (ii) the geometry for r ≤ R is not
Schwarzschild, and (iii) there are no event or trapping horizons. In other words, this
kind of geometry is qualitatively similar to that of a relativistic star, but with a typical
radius of the structure R that can be arbitrarily close to rs, hence violating the isotropic-
pressure Buchdahl-Bondi bound [187, 188] (let us note in passing that including pressure
anisotropy permits one to attain more compact configurations that are not limited
by the isotropic Buchdahl-Bondi bound [189].) In fact, in this section we consider
objects that can be characterized as having a surface. Configurations that fall within
the definition above but do not have a surface (wormholes) are described in the next
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section.
There are several proposals in the literature for this kind of geometry (including

gravastars [190, 191, 192], fuzzballs [193, 194], and black stars [195, 196]), but all of
them present severe restrictions. In general terms, it is possible to prescribe (or derive
from first principles [197]) this kind of geometry only when the outer geometry is that
of non-rotating or slowly rotating black holes. Most importantly, there is virtually no
knowledge about the dynamics of these objects; not only there are large gaps in the
understanding of their possible formation mechanisms, but also of their behavior under
other dynamical processes that they may undergo after formation. For instance, it is
generally not clear how these objects interact with regular matter. There have been
studies proposing Hawking radiation as the main ingredient to form these objects [198,
199, 200, 201, 202, 203], but these proposals share a number of problems (e.g., [204,
205, 206]) that raise substantial doubts about their validity. It is also worth stressing
that quasi-black holes violate the assumptions of no-hair theorems (e.g., [207]), so that
it is in principle possible that the external geometry is different than the Schwarzschild
geometry in static (but not spherically symmetric) situations or the Kerr geometry in
the rotating case. In particular, while in the static case such deviations are very strongly
suppressed [208], this is no longer true for the rotating case [209].

If quasi-black holes are formed, this would require the existence of a transient before
the system can settle down in this kind of configuration. The details of this transient
are still largely unknown and would probably be rather complex, but in a first approach
we can parametrize our ignorance in terms of another timescale, namely a relaxation
timescale (in the bouncing scenario discussed above, this scale would be controlled by
τ (1), with logarithmic corrections depending on the values of certain parameters [182]).
This timescale could also show up in other events such as, for instance, the merger
of two of these objects. As emphasized above, it is not known whether or not it is
possible that the result of the merger of two quasi-black holes is still a quasi-black hole.
However, if this is the case, it is reasonable to assume that the final quasi-black hole
state is reached after this relaxation timescale.

Aside from these transients, these objects are expected to lead to distinctive phe-
nomenological signatures arising from interaction with light, matter and gravitational
waves — due to the large modifications of the geometry starting at r = R. In par-
ticular, while black holes are perfectly absorptive, quasi-black holes do not necessarily
satisfy this property (although there are again many uncertainties in this regard). Note,
however, that any physical observable (i.e., a quantity that can be measured in an ex-
periment) is expected to go back continuously to its value for a black hole in the limit
in which µ→ 0, where

µ = 1− rs

R
. (5.4)

This observation would seem to imply that, for extremely small µ, all observables should
differ by very small amounts from the values they would take for a classical black hole
(we can think about performing a Taylor expansion on the parameter µ). This depends,
however, on the functional dependence of observables on µ. We will see that different
observables display different behaviors (e.g., polynomial or logarithmic) with respect to
µ.

In order to develop some intuition on the typical values of µ, let us make explicit
the relation between µ and the distance between the surface and the would-be horizon.
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For µ� 1, and if the surface is at a proper radial distance `� rs from rs, one has

µ ' 1

4

(
`

rs

)2

' 7× 10−78

(
M�
M

)2(
`

`P

)2

. (5.5)

It is illustrative to consider for instance ` ∼ `P and the mass corresponding to Sgr A*,
M = 4× 106 M�, which yields µ ∼ 10−91.

5.1.4 Wormholes

Wormholes are tunnels connecting different regions of spacetime and supported by large
amounts of exotic matter or energy [210, 211, 212, 213, 191, 214]. The most interesting
class of wormholes are the so-called traversable wormholes, that can be maintained open
for enough time to allow geodesics to travel through them. Let us focus for simplicity on
Morris-Thorne wormholes [215, 216]: time independent, non-rotating and spherically
symmetric solutions of general relativity (with a suitable matter content) describing
a bridge/passage between two asymptotically flat regions, not necessarily in the same
universe. These objects are described by the metric

ds2 = −e−2φ(x)dt2 + dx2 + r2(x)dΩ2, (5.6)

where x ∈ (−∞,+∞) and one requires the absence of event horizons and metric com-
ponents that are at least C2 in x. Asymptotic flatness for x→ ±∞ requires

lim
x→±∞

r(x)

|x|
= 1 (5.7)

and
lim

x→±∞
φ(x) = Φ± ∈ R. (5.8)

On the other hand, the radius at the wormhole throat is r0 = min {r(x)}, which can
always be chosen to be at x = 0. The geometry (5.6) corresponds to flat spacetime,
up to small corrections, far away from the throat. It is nevertheless possible to modify
the external geometry so that it describes the gravitational field of a massive source, as
in the Schwarzschild geometry [217, 218], or also to include rotation (e.g., [219]) which
would be eventually necessary in order to describe realistic astrophysical black holes.
Moreover, as in the case of quasi-black holes, the no-hair theorems do not directly
apply to these objects, so that even in static situations it may be possible that higher
multipoles take nonzero values.

This metric is a solution of the (non-vacuum) Einstein equations that requires a
stress-energy tensor that violates the null energy condition, which states the positivity
of the product Tµνk

µkν for any null-like vector kµ (this implies that the weak, strong
and dominant energy conditions are violated as well [210, 220]). Hence, the matter
and energy content that keeps the throat open cannot have standard properties. These
exotic properties may find a justification in the quantum properties of matter, when the
latter is described in terms of quantum fields. Quantum effects in curved backgrounds
and, in particular, the polarization of the quantum vacuum, may provide the necessary
stress-energy tensor to support wormholes [221, 222].
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It is generally accepted that standard particles of matter and waves can cross
traversable wormholes without experiencing appreciable interactions with the exotic
matter opening the throat, although there is virtually no knowledge about the possible
interactions between standard matter and the source of the wormhole geometry. Hence,
here we will consider that the interior of wormholes is essentially transparent, but keep-
ing in mind that a deeper analysis of this issue would be desirable. This assumption
would be certainly more reasonable if the exotic matter inside the wormhole comes en-
tirely from the polarization of the quantum vacuum. This traversability property (or,
in other words, the lack of a physical surface) represents the main difference between
wormholes and quasi-black holes as defined in the previous section. Aside from this
difference, these two kinds of objects share several properties. In particular, most of (if
not all) the uncertainties regarding the understanding of the dynamics of quasi-black
holes and their formation mechanisms equally apply to wormholes.

5.1.5 From local to global classification on geometries.

At this point we have provided two different classification of non-singular geometries,
one introduced in chapter 3 and the one introduced just now. We now want to provide
a link between the two classifications and we are going to do so by analyzing one by one
the geometries in chapter 3 and checking where they are placed in the classification just
introduced. As we will see, there is no one to one link between the classes of geometry
of the two classifications. This is not surprising as the classifications are based on very
different aspects of the spacetime. The classification provided in chapter 3 is based on
local properties of the geometry close to the trapping region. On the other side the
classification just introduced is based on global properties of the geometries as seen
from a asymptotic observer. Although the discussion of this section might be extracted
from chapter 3, we include some key point here for convenience.

Evanescent horizon and everlasting horizon

Let us start from the class of evanescent horizons and everlasting horizon. These classes
are characterized by the presence of an inner and a trapping horizon that merge at some
point in the case of evanescent horizon or that reaches S + in the case of everlasting
horizon. The first possible global geometry associated to these classes is the one cor-
responding to a regular black hole which eventually evaporates leading to a spacetime
without trapping horizon or which never disappears and either grows or stays stationary.

In the case of evanescent horizon there is another possibility which corresponds to
a bouncing geometry. In this case the outer and the inner horizon are formed during
the gravitational collapse and they disappear during the bounce. In this case, after the
disappearance of the trapping region, an antitrapping region is formed (this possibility
is depicted in Fig. 3.8) where the geometry is locally the one of a white hole. This is
a clear example of how the same local properties at the trapping region correspond to
two very different global geometries.
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One-way hidden wormhole and asymptotic hidden wormhole

As the names suggest, one-way hidden wormholes and asymptotic hidden wormholes
may correspond to a global geometry of a wormhole which can be traversed only in one
direction as the throat is hidden beyond a trapping horizon1. Anyway, in this chapter
we are mainly focused on traversable wormholes as they have a richer phenomenology.
From the phenomenological point of view, this classes of geometries are more similar
to regular black holes than to traversable wormholes.

As before, the one-way hidden wormhole can correspond to a bouncing geometry. In
this case, matter bounces in the throat of the “wormhole” directly into an antitrapping
region. As explained in Sec. 3.3 and depicted in Fig. 4.5, to realize this possibility the
geometry cannot be defined everywhere.

Other geometries

Let us finally stress that the quasi-black hole and the traversable wormhole classes do
not have any corresponding geometry in the classification of chapter 3 for the very
simple reason that these classes do not posses a trapping region.

5.2 Phenomenological parametrization of

deviations from general relativity

From the perspective of astrophysical observations using electromagnetic waves, black
holes are regions in spacetime that can be detected only indirectly through their gravi-
tational effects on matter surrounding them. This has changed with gravitational wave
astronomy. However, observationally is not clear that these regions of spacetime corre-
spond strictly to black holes in the sense of general relativity. This is a fundamental
question regardless of the stance taken with respect to the different alternatives in
Sec. 5.1. Only a detailed analysis of this question would make possible separating what
is really known from the aspects that can be only inferred from (most of the time,
partial) theoretical arguments.

In order to illustrate this point and make quantitative statements, let us introduce
a set of phenomenological parameters encapsulating deviations from the behavior ex-
pected in general relativity. We will compare the physics associated with each of these
parameters with the theoretical models reviewed in Sec. 5.1, and then consider how
these parameters can be constrained observationally. These parameters are functions
of the physical quantities characterizing the most general black hole geometry that is
expected to be relevant for astrophysical scenarios, namely the Kerr geometry [223]:
the mass M and the angular momentum J (that we do not deal explicitly with for
simplicity). Let us start with two timescales:

1. Lifetime, τ+: The timescale in which a black hole with mass M , in vacuum,
disappears completely (due either to Hawking radiation, or some other effect).

1Note that in the case of asymptotic hidden wormholes case the throat is only reached asymptotically
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2. Relaxation, τ−: is the amount of time in which O(1) transient effects taking place
after violent dynamical processes dissipate (formation of the black hole, merger,
etc.). Typically this can be identified with the imaginary part of the lowest quasi-
normal mode of the final-state system (e.g., [224]).

These two timescales describe the interval of time t ∈ [τ−, τ+] in which the system is
expected to be evolving slowly enough that it can maintain stable structural properties.
Within this time interval, it is meaningful to define the following parameters:

3. Size, R = rs(1 + ∆): Value of the radius below which the modifications to the
classical geometry are O(1). We will use the more convenient parameter ∆ ≥ 0.
Note that this parameter is related to µ in Eq. (5.4) as µ = ∆/(1+∆). For ∆� 1
it follows that µ ' ∆, so that these two parameters can be used interchangeably.

4. Absorption coefficient, κ: Measures the fraction of the energy that is semi-permanently
lost inside the region r ≤ R. This can be due to the inelastic interaction with
the horizonless object, when exciting internal degrees of freedom in the bulk, or
simply due to its propagation into some other spacetime region (consider, for
instance, a wormhole).

5. Elastic reflection coefficient, Γ: If there is a certain amount of energy falling
onto the object and reaching r = R, this coefficient measures the portion that is
reflected at r ≥ R due to elastic interactions (i.e., energy which is not absorbed
and bounces back).

6. Inelastic reflection coefficient, Γ̃: Measures the portion of energy that is temporar-
ily absorbed by the object and then re-emitted. That is, it measures the amount
of energy that is inelastically reflected. It is related to κ and Γ by Γ̃ = 1− κ− Γ.

7. Tails, ε(t, r)� 1: Modifications of the geometry that decay with radial distance,
typically polynomial but possibly modulated by functions of compact support.
Hence, there might be a maximum radius such that ε(t, r ≥ r?) = 0. In principle
one would need to introduce a series of functions εJ(t, r) to describe different
decaying tails for different coefficients of the metric [225]. For r? =∞ these tails
would produce nonzero values of higher-order multipole moments (e.g., [207]).

These phenomenological parameters (and function) allow us to characterize our igno-
rance about the actual properties of astrophysical black holes: for a black hole in general
relativity,

τ+ =∞, τ− ∼ 10M, µ = 0,
κ = 1, Γ = 0, ε(t, r) = 0.

(5.9)

Regarding the first parameter τ+, we expect it to be at most τ+ = τ (3) as defined in
Eq. (5.1) due to Hawking radiation. But this is still infinite for any practical purposes
for astrophysical black holes. The estimate for τ− is obtained taking the inverse of the
imaginary part of the lowest quasi-normal mode which governs the damping rate of
perturbations [226, 227]. The rest of the parameters are unchanged in the semiclassical
approximation. Hence testing the (semiclassical) black hole picture essentially means
constraining the value of these parameters. The closer these parameters are to their
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values in Eq. (5.9), the more confident we will be that astrophysical black holes are
classical black holes (especially if we are able to discard some regions containing values
associated with known theoretical models). The corresponding values for the various
classes introduced in Sec. 5.1 are given in Table 5.1. In the rest of the chapter, we
discuss the most stringent bounds that can be currently placed on these parameters.

It is always possible to introduce even more additional parameters or functional
relations, such as frequency-dependent values of µ(ω) and Γ(ω). However, in practical
terms this just implies that we are including additional parameters that would provide
more freedom to play with the observational data. The set we introduced above is
minimal, but still interesting enough to give a detailed picture of the observational
status of black holes. In practice, the only additional freedom that we will consider
is the possibility that some of these coefficients are different for electromagnetic and
gravitational waves.

Model τ− τ+ ∆ κ Γ Γ̃ ε(t, r)

Classical black hole ∼ 10M ∞ 0 1 0 0 0
Regular black hole ∼ 10M U 0 1 0 0 MD

Bouncing geometries MD MD 0 1 0 0 r? = O(rs)
Quasi-black hole MD/U ∞ > 0 MD/U MD/U 1− κ− Γ U

Wormhole U ∞ > 0 MD 1− κ 0 U

Table 5.1: Values of the phenomenological parameters for the different classes of black
hole mimickers. MD stands for Model Dependent and U for Unknown, whereas MD/U
emphasizes that the quantity is model dependent but at the moment there is no partic-
ular model within the class that is able to predict specific values for the corresponding
parameters.

5.3 Electromagnetic waves

The presence of dark distributions of mass that do not themselves emit electromagnetic
radiation can be indirectly detected by their gravitational effects on the surrounding
luminous matter. This has been traditionally the strategy followed in order to hunt for
black holes in astronomical data. This electromagnetic radiation can also be used to
probe the gravitational field around these dark distributions of mass and even constrain
some of their surface properties. In this section we review the most powerful observa-
tions and reevaluate their strength on the basis of the parametrization introduced in
Sec. 5.2 above.

5.3.1 Orbiting stars

The first kind of situation we shall consider can be idealized as a many-body system
of compact distributions of matter that are interacting gravitationally, with at least
one element that is not (appreciably) emitting electromagnetic radiation. The simplest
possible configuration would be a binary system composed of a regular star and a dark
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companion, an example of which is A0620-00 [228] (which is also the closest system of
this kind to the solar system). The electromagnetic radiation coming from the luminous
star can be used in order to deduce the mass of its companion through the so-called mass
function [229, 230], which in the case of A0620-00 yields 6.60±0.25 M� [231]. This value
is well above the maximum theoretically allowed mass for neutron stars [15, 232, 233].
While the mass parameter can be extracted, all the phenomenological parameters in-
troduced in Sec. 5.2 remain virtually unconstrained (or weakly constrained if compared
with other observations detailed below). Hence, observations of these binary systems of
stellar-mass objects justify the existence of dark and compact distributions of matter
that are not neutron stars, but not much more information about the intrinsic properties
of these structures can be extracted.

The situation may improve if the mass of the dark object increases by several orders
of magnitude, which would typically imply moving from a binary system to a many-
body system. The larger number of luminous stars improves the statistics and therefore
allows placing stronger constraints. On the one hand, there is only a single system
of this kind that is accessible to current technology: the center of our own galaxy.
Sagittarius A* (Sgr A*) is an astronomical radio source at the center of the Milky Way,
which has long been considered to be the location of an astrophysical black hole [234].
On the other hand, this region has been extensively studied during more than two
decades [235, 236, 237, 238, 239, 240], with the result that the trajectories of a large
number of orbiting stars are known with excellent precision [241, 242]. A sizable portion
of the claim that Sgr A* is a black hole comes in fact from these observations.

The main parameters which are fixed by these observations are the mass of Sgr A*
and our distance from it. Precise values and errors can be found in the above references,
but roughly these are given by M = 4×106 M� and d = 8 kpc, with errors of the order
of 1%. The measure of the distance obtained from tracking these stars, which is based
on the geometric method proposed in [243], is in good agreement with the results of
other methods (e.g., [244]).

More interesting for the present discussion is the remark that these observations
also constrain the size of Sgr A*, on the basis that these stars have been observed
to travel freely without colliding with the central ultracompact object (UCO in the
following). The values of the periastron in these orbits provide upper bounds to the
value of R (equivalently, ∆). For the purposes of estimating the order of magnitude of
this quantity, it is enough to consider the star S2 (also known as S0-2) [236, 237] which
is one of the most precisely tracked. The periastron of S2 is 17 light hours, while the
Schwarzschild radius of Sgr A* is 40 light seconds. Therefore,

∆ ≤ O(103). (5.10)

This first bound is a very crude bound which will be considerably tightened using other
observational channels. Given that this kind of observation is essentially geometric in
nature, the remaining phenomenological parameters that describe the physical intrinsic
properties of the dark object remain unconstrained in practice. This continues to be
true for more refined observations of the galactic center [245] that allow one to improve
the constraint (5.10) by about three orders of magnitude. In the future it may however
be possible to constrain the tails ε(t, r), though this would require gathering data for
several stars with much shorter orbital periods [246], and which remain close enough
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to Sgr A* [247, 248]. For instance, measurements of the redshift of S2, and their
incompatibility with Newtonian mechanics, have been recently reported [249]. However,
distinguishing effects beyond general relativity would require much higher precision.

5.3.2 Infalling matter close to the gravitational radius

Observations of stars orbiting UCOs at the center of galaxies are currently restricted to
Sgr A* due purely to technological limitations, so that this constraint only applies to
this particular astronomical source. Moreover, the distances involved in the orbits of the
stars discussed in the previous section are large in comparison with the gravitational
radius of the Sgr A*. However, another source of information comes from matter
infalling on the UCO. It is reasonable to expect that processes involving matter in the
surroundings of the gravitational radius constitute a better probe of the features of the
CMO.

In order to describe these processes, we need to briefly review some aspects of the
behavior of geodesics around the gravitational radius of the UCO that are caused by
the strong gravitational fields in the near-horizon region. Both ingoing and outgoing
geodesics are interesting phenomenologically, as the former describe the approach of
particles and waves to the UCO, while the latter describe how and when the radiation
produced in different processes escapes from the gravitational field of the UCO. We can
just focus on null geodesics, given that these determine the boundaries of the lightcones
in which timelike geodesics have to be contained. As is usually done in spherical sym-
metry, we can restrict attention to the θ = π/2 plane without any loss of generality,
and reduce the geodesic equation for trajectories xµ(λ) = (t(λ), r(λ), π/2, ϕ(λ)) to(

dr

dλ

)2

+

(
1− 2M

r

)
L2

r2
= E2. (5.11)

The conserved quantities E = (1 − 2M/r)dt/dλ and L = r2dϕ/dλ correspond to the
energy and angular momentum of the null geodesic. The derivation of these equations
is described in most general relativity textbooks (see, for instance, [250]). The second
term in the left-hand side of the equation above acts as an effective potential. Circular
trajectories (dr/dλ = 0) can occur at maxima or minima of this effective potential,
being respectively unstable or stable. It is straightforward to check from Eq. (5.11)
that there is only one bound circular orbit, at

rph =
3

2
rs = 3M. (5.12)

The surface defined by r = rph, known as the photon sphere, plays an important role
in the discussions below.

Null geodesics that cross or reach the photon sphere have a maximum angular
momentum L? that can be directly evaluated from Eq. (5.11) by imposing the condition
that (dr/dλ)2|r=rph

≥ 0,

L ≤ L? = 3
√

3ME. (5.13)

The main implication of the existence of this maximum angular momentum is that
outgoing geodesics inside the photon sphere cannot cross the latter if L > L?. A similar
comment applies to ingoing geodesics outside the photon sphere.
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Figure 5.1: Only a fraction ∆Ω/2π of geodesics emitted isotropically at a point on the
surface r = R can escape for ultra-compact configurations.

Let us now consider for instance an object with a surface at r = R ≤ rph such
that every point on the surface emits electromagnetic radiation isotropically in its local
orthonormal frame {eµt , eµr , e

µ
θ , e

µ
ϕ}. A fraction of these initially outgoing rays cannot

reach the photon sphere, which means (see Fig. 5.1) that these will be strongly curved
and will come back to the surface r = R [251] (see also [252]). The escape angle ϑ?
measured from the normal to the surface can be determined imposing the critical value
L = L? and calculating

sinϑ? =
gµνe

µ
ϕdxν/dλ√(

gµνe
µ
ϕ

dxν

dλ

)2

+

(
gµνe

µ
r

dxν

dλ

)2

∣∣∣∣∣∣∣∣∣∣
r=R, θ=π/2, L=L?

(5.14)

=
L?
ER

√
1− 2M

R
. (5.15)

Here we have used eµr = (0,
√

1− 2M/r, 0, 0), and eµϕ = (0, 0, 0, 1/r), and we keep
θ = π/2 without loss of generality. The solid angle spanned by the cone of geodesics
that escape from the sphere r = R can be then calculated as

∆Ω =

∫ 2π

0

dϕ

∫ ϑ?

0

dϑ sinϑ = 2π(1− cosϑ?) (5.16)

= 2π

[
1 +

(
1− 3M

R

)√
1 +

6M

R

]
. (5.17)

In the limit R→ rs = 2M (in which ∆ ' µ� 1), one has

∆Ω

2π
=

27

8
µ+ O(µ2). (5.18)

Therefore, only a small fraction of the light emitted from the surface of the object will
escape to infinity for ultracompact configurations. After this important remark, we can
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study two different ways in which matter falls onto the UCO, namely the case in which
stars collide with the UCO (triggering a “stellar disruption event” [253]) and the case
in which the UCO is surrounded by an accretion disk.

Stellar disruption events

The physics associated with the possible collision of an orbiting star with the UCO gets
quite complicated due to the existence of tidal forces. For a given pair, of star and UCO,
there is a critical value of the radius rT known as the Roche limit (or tidal radius), in
which the internal forces holding the star together cannot endure the gravitational tidal
forces, and the star is torn apart. A Newtonian estimate of the order of magnitude of
this radius is rT ∼ R?(M/M?)

1/3, where R? and M? are the radius and the mass of the
orbiting star, and M is the mass of the UCO [254]. For M & 107M� the tidal radius is
very close to the Schwarzschild radius, therefore, tidal disruption events (TDE) happen
in a region in which the Newtonian treatment is not sufficient and relativistic tidal forces
must be taken into account [255], which is associated with the relativistic nature of the
near-horizon orbits. Moreover, for M & 108M� (this value for the order of magnitude
takes into account the relevant relativistic features), tidal forces are not strong enough,
so that main-sequence stars are able to reach the Schwarzschild radius while keeping
their integrity [256, 257].

That tidal disruption events (TDEs) have been observed for UCOs ofM ∼ 106M� [258]
leads to a first upper bound rs(1 + ∆) ≤ rT for these UCOs [253]. Taking as a reference
M? ∼M� and R? ∼ R�, one obtains

∆ ≤ O(10). (5.19)

This improves by two order of magnitudes the bound (5.10) that applies to the same
value of the mass, M ∼ 106M�. But it is possible to do even better if we move to the
range of masses between M ∼ 108M� and M ∼ 1010M�, for which there are no TDEs
and the descending star is allowed to continue its trip downwards and reach the radius
R = rs(1 + ∆). The star would then crash into the surface, producing an envelope of
debris that will radiate its energy away at the Eddington luminosity. The corresponding
temperature at infinity is given by

T∞ =

(
LEdd

4πσSBR2

)1/4(
∆Ω

2π

)1/4

. (5.20)

This is just the Stefan-Boltzmann law applied to the Eddington luminosity LEdd in-
tegrated over the area of a sphere with radius R, and suppressed by the geometrical
fraction ∆Ω/2π of radiation that actually escapes to spatial infinity. The value of
Eddington luminosity depends on the properties of the accreting matter but, in sit-
uations in which the two relevant parameters are the molecular mass m of the gas
and the scattering cross-section σ between photons and gas particles, dimensional ar-
guments lead to LEdd ∝ GMmc/σ, where the proportionality factor should be taken
to be 4π in order to obtain the usual result [259]. The Stefan-Boltzmann constant is
σSB ' 5.67 × 10−8W m−2 K−4. We refer to [253] for a detailed discussion of these as-
pects, while focusing the present discussion on the universal dependence of the equation
above on the geometrical factor ∆Ω/2π.
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If we combine Eqs. (5.18) and (5.20), we see that the temperature of the envelope
of debris goes to zero as µ1/4. This makes harder to probe this phenomenon the more
compact the UCO is. This feature is characteristic of inelastic processes in which some
energy interacts with the surface of the UCO and is then radiated isotropically in the
corresponding local reference frame, hence suffering the lensing effects described in
Sec. 5.3.2.

This luminosity can be constrained using astronomical surveys, in particular the
Pan-STARRS1 3π survey [260]. The larger the value of µ, the larger the luminosity, so
that this analysis should lead to an upper bound on the value of µ. In order to do so,
one needs additional information about the number of UCOs with a given mass and
for a given value of redshift, and also an estimation of the number of stellar disruption
events that would occur. The details of the distribution of the layer of debris around
the UCO and, in particular, the position of the photosphere of this envelope, are also
important. Taking into account all these details, the authors of [253] obtain a constraint
µ ≤ µUCO = 10−4 (we have just rounded off the value of the exponent). Note that the
electromagnetic radiation is emitted from the photosphere, so that this observational
channel is ultimately placing constraints on the size of the latter. We can remove the
effect of the complex details regarding the thickness of the layer of debris by considering
instead a very conservative bound derived from the fact that the radius of the UCO
must certainly be smaller than the radius of the photosphere, namely µ ≤ µph where
µph measures the size of the photosphere. In order to do so, we just need to take
into account that µph/µUCO ' κTM?/4πr

2
s (see [253] for the derivation), with κT =

0.34× 10−3 m2 kg−1 the Thomson opacity for solar metallicity, and M? = O(M�). We
can then write

µ ≤ 10−4κTM?

4πr2
s

= O(1)×
(

108M�
M

)2

. (5.21)

It is worth stressing that this bound still relies on a series of significant assumptions
regarding the cosmological population of UCOs and the rate of stellar disruption events
(and also an assumption that ∆ does not depend explicitly on the mass of the UCO, an
assumption which should be relaxed in future analyses). It should be therefore taken as
a first estimate, and as a proof of principle that this kind of observation can be used to
constrain the phenomenological parameters discussed here. More refined analysis and
future observations would help to strengthen the accuracy of this bound.

Most importantly, Eq. (5.21) assumes that κ and Γ are both vanishing. The in-
troduction of nonzero values for these two parameters has a significant impact on the
discussion, with the left-hand side of Eq. (5.21) picking up factors that depend explic-
itly on these phenomenological parameters. The change in this equation is functionally
equivalent to the change of the upper bound discussed in the next section, with the
general outcome that the upper bound on µ becomes weaker for nonzero values of these
parameters. We will show this explicitly in the discussion below, that includes naturally
all the steps that are needed in order to take these parameters into account.

One last comment is that the factor that depends on ∆Ω/2π in Eq. (5.20) is essential
in order to avoid running into significantly problematic and wrong conclusions. Ignoring
this factor and writing T∞ = (LEdd/4πσSBR

2)1/4 would instead have resulted in an
overestimate of the the outgoing flux of radiation by several orders of magnitude. It
is clear that this would had led to stronger (but nevertheless flawed) constraints than
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Eq. (5.21).

5.3.3 Accretion disks around supermassive black holes

The most stringent constraints on some of the phenomenological parameters come from
the information about the average amount of infalling matter per unit of time onto
UCOs. The value of this accretion rate Ṁ is generally more stable than the (much
higher, but also more variable) accretion rate associated by the direct capture of an
individual star, which are also much more sparse events. Estimations of the accretion
rate for these objects depend on the physics of accretion disks [261, 262, 263], as the
accretion rate is typically estimated from the luminosity of the disk. As we have done
in the previous section, we will not discuss the model-dependent features behind these
estimations. We will just assume that it is possible to obtain a measure of the order
of magnitude of Ṁ , focusing our discussion on the (already rich) physics that can be
described in terms of Ṁ and our phenomenological parameters introduced previously.
More accurate estimations of Ṁ would just permit to refine the observational bounds
given below.

Let us start summarizing the main argument that has been invoked several times in
the literature [264, 265, 266, 267, 268]. We can reduce this argument to its essentials
by considering the system composed by the UCO and the accretion disk as a composite
system in which energy is exchanged between its two components. The accretion rate
Ṁ measures the energy that the accretion disk is pumping into the UCO. On the other
hand, the quantity that is interesting in order to test the nature of the UCO is the
energy that the UCO emits by itself, as this measures the reaction of the UCO to its
interaction with the accretion disk. Ideally, one would like to disentangle the two fluxes
of energy and measure independently the radiation emitted by the UCO. However, this
is not yet observationally possible (and, as we discuss below, might be even impossible
in practice due to its extreme faintness). Therefore, it is necessary to make additional
assumptions in order to determine the properties of this outgoing energy flux:

1. Thermality: It was pointed out in [264, 265, 266] that the strong lensing of out-
going geodesics emitted at different points in the surface r = R (a phenomenon
that we have discussed in Sec. 5.3.2) implies that the surface reaches thermal
equilibrium on a short timescale. This follows from the fact that different points
of the surface are strongly coupled. Therefore, we can safely assume that the
emitted radiation is thermal. This is correct for ∆ ' µ � 1, which means that
the arguments in this section hold only in these situations.

2. Steady state: The only parameter to be fixed after accepting the assumption
above is the temperature T∞ of the emitted radiation. The only possible model-
independent argument to fix the power of the outgoing radiation is invoking con-
servation of energy and assuming that a steady state between the two components
(UCO and accretion disk) has been reached, so that the two fluxes of energy carry
the same amount of energy. This is a strong assumption that must be appropri-
ately justified and that, as we see below, fails due to several competing effects.

If these two assumptions hold, then the emission of the UCO can be calculated:
It is given by a thermal distribution with a temperature determined by the accretion
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rate Ṁ . For Sgr A*, this radiation should be bright in the infrared, but it has been
shown [264, 265, 266, 267] that the emission of Sgr A* in the infrared is about 10−2

times this theoretical estimate (see [268] for the same argument applied to M87). The
conclusions by these authors is that it is not possible that Sgr A* has a surface, and
therefore that it must have a horizon. This is a very strong claim, as it would discard
every possible value of ∆, except for ∆ = 0 which corresponds to a black hole. Even
sub-Planckian values of ∆ would be discarded. Let us now analyze in careful detail
how this conclusion comes about — so to dispel any possible doubt concerning its
robustness.

An obvious starting point for this revision are the two assumptions mentioned above.
Indeed, as we show below, the Achilles’ heel of this argument is the steady state as-
sumption. This assumption is not valid for sufficiently compact UCOs; which leads
to constraints on the maximum compactness of the object. This observation has been
made only recently [253, 269]. It is worth mentioning that even recent reviews on this
topic such as [234] still quote [264, 265, 266, 267, 268] as definitive evidence for the
existence of event horizons, thus ignoring this loophole.2 Our novel contribution to this
discussion is the introduction (in terms of the phenomenological parameters defined in
Sec. 5.2) of additional physical features that are expected to be relevant in realistic
scenarios. As we discuss below, the introduction of these additional physical aspects
make these constraints remarkably weaker.

Let us consider a simple calculation of the time at which steady state is reached (see
figure 5.2). The initial configuration is given by an accretion disk that starts pumping
energy into the UCO, the energy emission of the latter being negligible before accretion
begins. We will start considering the most favorable case in which the UCO returns all
the accreted energy as thermal radiation, and evaluate the timescale at which steady
state can be achieved. Hence, the accretion rate onto the UCO is zero for t < 0 (this
is just an irrelevant choice of the origin of time) and Ṁ ∈ R for t ∈ [0, T ], where the
timescale T is short enough so that the approximation of constant Ṁ is reasonable
(more details below). For simplicity, we assume that all propagating energy is carried
along null geodesics, and also restrict the discussion to spherically symmetric situations.
The amount of energy emitted per unit time by the UCO, Ė, is measured at the location
of the accretion disk r = Rdisk. Our goal is describing its evolution for t ≥ 0. There are
two effects to keep into account. First of all, the energy emitted Ė remains negligible
until the first ingoing radial null geodesics can bounce back at the surface r = R and
return to the accretion disk. This time can be directly evaluated using the Schwarzschild
metric as

Tbounce = 2

[
Rdisk −R + rs ln

(
Rdisk − rs

R− rs

)]
. (5.22)

This timescale is divergent in the limit R → rs, or equivalently ∆ → 0. However, the
logarithmic behavior implies that even for extremely small, but strictly non-vanishing
∆, Eq. (5.22) would be at most O(10) × rs. Hence, this timescale is essentially the
light-crossing time of the UCO.

2It is perhaps worth stressing again that no local observation in space and time will be ever able
to observe an event horizon, which is intrinsically a teleological notion. At most, observations will be
able to confirm or exclude the existence of trapping horizons or other local definitions of the boundary
of black holes. See, e.g., [270] for an extensive discussion of this point.
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Figure 5.2: On the left: Initial state in which matter starts falling at a rate Ṁ from the
accretion disk onto the UCO. On the right: steady state in which the energy emitted
from the UCO and reaching the accretion disk is Ė = Ṁ .

This effect alone would delay the moment in which the steady state would be
reached, but, given the logarithmic dependence, even sub-Planckian values for R − rs

would be ruled out. However, there is a second effect to keep into account. Outgo-
ing null geodesics are strongly lensed, which implies that a fraction of them do not
escape and fall again onto the surface of the UCO. This effect is unavoidable due to the
inherently inelastic nature of the process that is necessary for thermalization to take
place: the energy falling from the accretion disk is absorbed by the UCO in the first
place, and then emitted. Even assuming spherical symmetry for the infalling energy,
particles would not hit the surface and bounce back radially. On the contrary, this
emission would be almost isotropic in a local frame at rest in the surface, thus implying
that only a very small fraction of the initially absorbed energy contributes to Ė. The
remaining energy follows highly curved trajectories and is reabsorbed by the UCO in
a timescale that can be calculated and is also controlled by its Schwarzschild radius,
being O(10)×rs at most. Then, a repetition of this process takes place, until eventually
all the energy is radiated away.

In order to make the calculation tractable, let us follow the discussion in [252]
and consider discrete intervals with their size given by the characteristic timescale
τs = O(10) × rs, starting at t = Tbounce. During each of these intervals, the mass that
the accretion disk is ejecting into the UCO is given by Ṁτs. In the first interval after
Tbounce, the amount of outgoing energy that reaches the accretion disk is given by the
corresponding fraction of the first injection of energy,

E1 =
∆Ω

2π
Ṁτs. (5.23)

During the second interval, one would get the same fraction of the energy corresponding
to the second injection, plus a fraction of the remaining energy from the first injection:

E2 =

[
∆Ω

2π
+

∆Ω

2π

(
1− ∆Ω

2π

)]
Ṁτs

= E1 +

(
1− ∆Ω

2π

)
E1. (5.24)
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In general, one can show that

En =
n∑
k=1

εk, (5.25)

where the partial energies can be determined from the recurrence relation

εk+1 =

(
1− ∆Ω

2π

)
εk, k ≥ 1, (5.26)

with the seed ε1 = E1 given in Eq. (5.23). Summing the geometric series, it follows
then that

En =
∆Ω

2π
Ṁτs

n−1∑
k=0

(
1− ∆Ω

2π

)k
= Ṁτs

[
1−

(
1− ∆Ω

2π

)n]
. (5.27)

The accretion rate Ṁ is obtained dividing the mass accreted in each of these intervals
by τs. Therefore, let us analogously define Ėn = En/τs. When τs � T , the timescale
during which the accretion rate Ṁ is roughly constant, we can formally take the limit
in which the size of the time intervals goes to zero and therefore Ėn becomes a function
of a continuous variable, Ė(t), which can be written in terms of the continuous variable
t ∈ [Tbounce, T ] as

Ė(t)

Ṁ
= 1−

(
1− ∆Ω

2π

)(t−Tbounce)/τs

. (5.28)

There are certain limits that are illustrative of the physics behind Eq. (5.28):

• In the limit R → rph = 3rs/2, one has ∆Ω/2π → 1 [recall Eq. (5.17)]. This
implies that Ė = Ṁ identically for R ≥ rph. This result is what one would
expect if ignoring relativistic effects: for a regular star (neutron-star-like object
or less dense), if the surface of the star emits instantly the absorbed energy, then
after the time Tbounce the system reaches a steady state. It was this very same
intuition originated in these astrophysical systems that led to the authors of the
works [264, 265, 266] to assume that the steady state is reached in this same
timescale for UCOs of arbitrary compactness (let us note, however, that in this
limit the thermalization assumption would not hold).

• In the limit R → rs (∆ → 0) one has Ė/Ṁ → 0. This corresponds to the
known astrophysical behavior of a black hole, in which a steady state cannot be
achieved [264, 265, 266]. However, this limit is not abrupt, but proceeds in a
continuous way: for ∆ ' µ� 1, one has

Ė

Ṁ
' µ(t− Tbounce)/τs. (5.29)

In particular, there is a maximum value of Ė that is determined from the equation
above when t = T (if the accretion rate changes, the system would have to adapt
to the new accretion rate and therefore the process of stabilization would restart).
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The second limit above illustrates that relativistic lensing effects cannot be ignored
for µ� 1, and can indeed spoil the stabilization of the composite system into a steady
state. In particular, for Sgr A* the typical timescale for the variation of its accretion
rate is set by the Eddington timescale T = Mc2/LEdd ' 3.8 × 108 yr. Hence, given
that the emission of Sgr A* is at most 10−2 times that predicted under the steady state
assumption [264], we can write

Ė

Ṁ

∣∣∣∣∣
t=T

' µ(T − Tbounce)/τs ≤ O(10−2). (5.30)

Plugging the numbers into this equation, we obtain

µ ' ∆ ≤ O(10−17). (5.31)

In particular, we see that the steady state assumption is not valid if µ satisfies this
constraint. In other words, this constraint would be the strongest statement that can
be made using this method.

The same argument has been applied to the UCO in M87 [268] (although without
taking into account the lensing of the geodesics in the near-horizon region), which is
three orders of magnitude more massive than Sgr A* [271]. Taking into account the
adjustments discussed in this section, we can find a constraint that is several orders of
magnitude weaker than the one that applies to Sgr A*.

Non zero absorption coefficient. Even if the constraint (5.31) is considerably
weaker than originally claimed, it is nevertheless an impressively strong constraints.
Translating it into corresponding length scales it implies that it is possible to rule out
the existence of a surface that emits all the absorbed energy as thermal radiation with
a precision of 10−17 (in the coordinate distance r) on the size of the UCO. In terms of
proper radial distances, this precision becomes smaller due to the Schwarzschild factor
µ = 1 − rs/R, and is in fact roughly of a meter over a size of 109 m, which is impres-
sive. Of course, this is still more than 70 orders of magnitude greater than ∆ ∼ `2

P/rs

(corresponding to a proper radial distance of the order of the Planck length) which was
originally thought to be ruled out by this argument.

Anyway, it is natural to expect that the surface of the UCO will not strictly have
κ = Γ = 0. As we now show, the introduction of these parameters describing additional
physics regarding the nature of the UCO has a huge impact in the discussion, with κ
having the largest impact.

Intuitively, the reason for this is clear. Before escaping the gravitational field of
the UCO, radiation undergoes several cycles of absorption (after being lensed back to
the UCO) and emission. If κ 6= 0, in each of these cycles only a fraction (1 − κ) of
the absorbed energy is emitted. So, afterm many cycles the overall power of emitted
radiation is strongly suppressed. Let us write explicitly the main equations for κ 6= 0,
but for the moment let us keep Γ = 0. In order to get an intuition, as the situation
is more cumbersome than it was for κ = 0 let us explicitly write down the energy
which escapes at infinity after the firsts two time intervals. In the first time interval,
the amount of outgoing energy that reaches the accretion disk is given by the fraction
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Figure 5.3: Schematic proof of Eq. (5.35). When some radiation hits the surface of the
UCO a fraction (1 − κ)∆Ω

2π
escapes, a fraction κ is absorbed and the rest will bounce

back on the object.

of the first injection of energy which is not absorbed and which is emitted inside the
escaping angle ∆Ω,

E1 = (1− κ)
∆Ω

2π
ṀτS (5.32)

For what concern the second interval, there is the same contribution but there is also
a contribution coming from radiation that escapes after bouncing a second time on the
surface.

E2 = (1− κ) ∆Ω
2π
ṀτS + (1− κ) ∆Ω

2π
ṀτS

[
1−

(
(1− κ) ∆Ω

2π

)
− k
]

=

= (1− κ) ∆Ω
2π
ṀτS + (1− κ) ∆Ω

2π
ṀτS

[
(1− κ)

(
1− ∆Ω

2π

)]
.

(5.33)

In the square brackets we have the total energy minus the fraction of energy escaped
after the first bounce and the fraction of energy absorbed in the first bounce. It is exactly
this last contribution that makes a big difference with respect to the case κ = 0.

In general, the energy that reaches infinity after n time intervals is given by

En =
n∑
j=1

εj (5.34)

Where εj is the energy which escape after bouncing j times on the surface of the object.
We note that ε1 = (1− κ) ∆Ω

2π
ṀτS and (see Fig. 5.3)

εj = (1− κ)

(
1− ∆Ω

2π

)
εj−1. (5.35)
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So,

εj = (1− κ)j
(

1− ∆Ω

2π

)j−1
∆Ω

2π
ṀτS. (5.36)

Therefore, we have

En
ṀτS

= ε(1− κ)
n−1∑
j=0

(
(1− κ)j

(
1− ∆Ω

2π

)j)

= ∆Ω
2π

(1−κ)

κ+ ∆Ω
2π

(1−κ)

(
1− (1− κ)n

(
1− ∆Ω

2π

)n)
.

(5.37)

Going back to the continuum limit, and considering κ� τS/t,

Ė

Ṁ
=

∆Ω

2π

(1− κ)

κ+ ∆Ω
2π

(1− κ)
. (5.38)

This result is very different from eq (5.28). First of all note that the time dependence
has disappeared. This is because the system has reached a steady state. Anyway
Ė 6= Ṁ as part of the energy have been absorbed. In other words, as expected, the
transfer of energy from surface degrees of freedom to bulk degrees of freedom strongly
dampens the thermal emission from the surface of the UCO. Instead of Eq. (5.31), we
obtain then the much weaker constraint

µ

κ
≤ O(10−2). (5.39)

This equation can be understood as a lower bound on the value of κ that makes hard
surfaces that would otherwise be excluded by Eq. (5.31) compatible with the available
observational data.

Let us consider for instance the value µ = O(10−7) that is 10 orders of magnitude
greater than the constraint (5.31), which is valid only for κ = 0. From Eq. (5.39), we
see that an absorption coefficient as small as

κ ≥ O(10−5) (5.40)

makes the existence of such surfaces compatible with observations.
It is also possible to obtain the equivalent of Eq. (5.38) for Γ 6= 0. The only difference

is that the recurrence relation is in this case

εk+1 =

[
(1− κ)

(
1− ∆Ω

2π

)
+ Γ

∆Ω

2π

]
εk, k ≥ 2, (5.41)

and the seed of this relation is modified to

ε1 = (1− κ− Γ)
∆Ω

2π
Ṁrs, ε2 = (1− κ− Γ)

(
1− ∆Ω

2π

)
ε1. (5.42)

From these equations it is possible to check that a nonzero value of Γ further weakens
these constraints, although this effect is not as pronounced as the one associated with
the absorption coefficient κ given that it will not produce an exponential suppression
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like the one in Eq. (5.38). For completeness, let us note that the analogue of Eq. (5.28)
can be shown to be

lim
t→∞

Ė

Ṁ
=

(1− κ− Γ)(1− Γ)∆Ω/2π

κ+ (1− κ− Γ)∆Ω/2π
. (5.43)

We see that wormholes represent an extreme case from this perspective, as κ + Γ = 1
and therefore Ė = 0 identically. Hence, wormholes cannot be tested as black hole
alternatives using this particular observation channel. Finally, let us stress that the
analysis is performed using spherical symmetry as a tool to simplify the calculation.
Anyway, as shown in [272], a nonzero rotation parameter does not modify the order of
magnitude estimation of this section unless the UCO is almost extremal.

Consistency constraints from accretion

Even in the best-case (but unphysical) scenario in which κ = Γ = 0, Eq. (5.31) should be
improved by about 70 orders of magnitude in order to rule out well-motivated theoretical
values of µ such as the one that follows from ∆ ∼ `2

P/rs and that can be obtained
from Eq. (5.5). Such an improvement of observational data seems hardly realistic, thus
suggesting that certain theoretical models are almost impossible to probe. The situation
can only get worse if nonzero values of κ and Γ are allowed. However, it is possible that
a better understanding of these ultracompact alternatives to black holes will uncover
constraints that follow from their internal consistency and, in particular, from the laws
governing their dynamical evolution (which are largely unknown at the moment). As
stressed in Sec. 5.1, most alternative geometries such as the ones of quasi-black holes
and wormholes are prescribed in static situations. The lack of a framework in which
to deal with dynamical processes is highly unsatisfactory, and is arguably the main
criticism that can be raised against these models on purely theoretical grounds.

One may expect that it would be difficult to reach model-independent conclusions,
given that different models could display very different dynamical behavior. However,
it has been shown recently [115] that certain model-independent dynamical considera-
tions are restrictive enough to lead to a consistency relation that takes the form of a
lower bound on µ. These model-independent considerations reduce essentially to the
observation that the boundary (i.e., surface) of standard celestial objects evolves follow-
ing causal trajectories in spacetime. Note that these trajectories need not correspond
to actual moving particles, as this growth will be generally caused by the stacking or
piling up of different particles of matter. But this growth is nevertheless driven by
physical interactions, which must propagate in a causal manner. On the other hand,
trapping horizons are known to be spacelike for standard accreting matter [120, 130].
There is a clear tension between these two different behaviors. This tension results into
two possibilities: (i) the UCO is less compact than a given threshold, so that its surface
can grow in a timelike (or at most, null) manner without forming trapping horizons, or
(ii) the UCO is more compact than this threshold, hence developing trapping horizons
in a given interval of time that can be calculated.

Option (i) translates into a consistency constraint that depends on the parameter
µ and the particular model of accreting matter. In spherical symmetry and using the



98 CHAPTER 5. PHENOMENOLOGY OF NON-SINGULAR BLACK HOLES

Vaidya geometry, this consistency constraint can be obtained analytically [115],

µ ≥ 4GṀ

c3
. (5.44)

Equivalently, we can write this as Ṁc2 ≤ µPP/4 where PP = c5/G is the Planck
power, which may represent the maximum luminosity attainable in physical processes
[273]. In more general situations this consistency constraint would take a different form,
displaying for instance additional quantities such as the angular momentum of the UCO
or the accreting matter. It would be necessary to extend this simple estimate in order to
take into account these effects and obtain more precise constraints, although Eq. (5.44)
can be used in order to extract some conclusions that are unlikely to be changed by
these additional considerations. For instance, we can evaluate the lower bound above
for Sgr A* using Ṁ & 10−11 M� yr−1, which yields

µ ≥ O(10−24). (5.45)

Recalling Eq. (5.5), this value corresponds to

` & 1 cm. (5.46)

This lower bound is strong enough in order to show for instance that quasi-black holes
with ` ∼ `P, which have values of µ more than 60 orders of magnitude smaller, must
develop trapping horizons during their lifetime. Let us stress that models for the forma-
tion of quasi-black holes through short-lived bouncing geometries involve the formation
of trapping horizons for finite periods of time, that can be as short as τ ∼ τ (1).

Contrary to the upper bounds analyzed above, Eq. (5.44) is not affected by the phe-
nomenological parameters κ and Γ. Since it boils down to a statement about causality,
the argument behind Eq. (5.44) depends only on the location of the region in which
the interactions between the accreting matter and the UCO take place, and not on the
particular details of this interaction.

The mechanism leading to this lower bound has also implications for gravitational
waves, which are discussed in Sec. 5.4.2. The constraint 5.45 has a different nature
respect to the other constraints presented in this chapter as there are a couple of
assumption beyond it. First of all the analysis relies on the assumption that the in-
teractions involved are local and causal in nature. This might not be the case if large
quantum effects are involved in the stability of quasi-black holes given that, e.g., all of
the energy conditions (including the dominant one) could be violated in these scenarios.
Furthermore, even if the infalling matter causes the formation of a trapping horizon,
nothing forbid the trapping horizon to disappear again after the flux of energy has been
absorbed.

5.3.4 UCOs shadows

Any discussion regarding the observation of black holes via the EM channel would
not be complete without mentioning the Event Horizon Telescope (EHT) collaboration
which was able to directly detect the light coming from the black hole at the center
of the M87 galaxy with an angular resolution of the order of the microarcsecond (µas)
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thus being able to take an image of a black hole for the very first time [7, 8, 9, 10, 11,
12]. The image revealed the shadow of the UCO3 that is associated with the photon
sphere [274, 275, 276, 277, 278, 279] (although its size does not directly corresponds
to the size of the latter due to lensing effects, and is weakly sensitive on its relative
distance from the horizon).

This particular observation has received widespread attention in the astrophysics
community, and it is often described as “imaging the event horizon of black holes” [280].
However, despite the fact that detecting the shadow is a truly remarkable achievement,
the length scale that controls this phenomenon is not the Schwarzschild radius rs, but
rather the much larger rph = 3rs/2. The gap between these two distances is macroscopic,
rph − rs = rs/2. In other words, the observation was able to constrain an hypothetical
boundary of the UCO within its photonsphere and to rule out some specific model which
present O(1) modification of the geometry at photonsphere [12], but any object that is
compact enough to have a photon sphere (R < rph) should display the necessary physical
characteristics to lead to a similar (and in most cases, indistinguishable) shadow. This
has been recently stressed by several authors [281, 207, 282, 283, 284]. Furthermore, let
us stress that the observation cannot improve on the constrain coming from Eq. 5.43 as
EHT is blind to the frequency at which an hypothetical surface in thermal equilibrium
should emit [12]. Overall, we can conclude that the existence of horizons cannot be
decided only on the basis of the observations of the shadows of astrophysical black
holes.

5.3.5 Bursts

The search for EM bursts has been claimed in the past as a possible strategy for de-
tecting the outcome of bouncing geometries. Of course, if the previously discussed
instability of regular black holes implies their conversion into bouncing solutions, the
same observations will be relevant for constraining them. It is less clear if the possi-
ble conversion of regular black holes or short-lived bounces into quasi-black holes and
wormholes would imply any transient burst and what it might depend on. It is natural
to conjecture that, if these objects are the outcomes of a series of rapid bounces with
short timescale τ (1), high-energy quasi-periodic bursts with typical frequency 1/τ (1)

should be expected [136]. However, without detailed models that describe, for instance,
the damping of these oscillations, not much more can be said at the moment.

While what we said above holds in the case of short-lived bounces of typical timescale
τ (1), more complex is the case of long-lived bounces with τ = τ (2), for which several phe-
nomenological studies have been performed in the literature [185, 186, 285, 286]. In this
case no relevant signal is expected up to this timescale while two distinct components
are predicted as being associated to the typical size of the exploding object (infrared
component) and to the typical energy of the universe at the moment of its formation
(ultraviolet component). If τ = τ (2), it is reasonably arguable that only primordial
black holes, which formed in the early universe, would have the size and the lifetime
for exploding soon enough so that we could observe the corresponding signals.

For primordial black holes whose lifetime is of the order of the Hubble time, it was

3It would probably be more appropriate to call it “silhouette” given that there is no physical surface
on which the shadow is cast
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shown that the infrared component of the signal could get up to the GeV scale and
be peaked in the MeV, while the ultraviolet part of the burst is expected to be in the
TeV range [285, 286]. If confirmed by more accurate modelling, this would place the
search for the bursts associated to bouncing geometries within the realm of current
high energy astrophysics experiments (provided that a sufficient number of primordial
black holes is created in the early universe). Furthermore, the fact that bursts further
away in redshift would correspond to less massive and more primordial objects implies
that their higher peak frequency would partially compensate their higher cosmological
redshift [286]. This is a peculiar behaviour that might be used a a signature for this kind
of signals and might help distinguish them from other, more standard, astrophysical
emissions.

With regards to our parameterization, it is clear that the detection of one of these
bursts could be used to cast constraints on both τ± (depending on the particular sce-
nario), but would not tell us much about tails, ε(t, r).

5.4 Gravitational waves

The detection of gravitational waves in LIGO and VIRGO [1, 2, 3, 4, 5, 6] opens up
additional possibilities for testing the properties of astrophysical black holes. One of the
best sources of gravitational waves are mergers of compact objects: astrophysical black
holes [1, 2, 3, 4, 5] or neutron stars [6]. The merger of compact objects releases abun-
dant information about their nature, although part of it is difficult to extract due to
the intrinsically nonlinear nature of the process. It is also interesting that, as discussed
below, observations using electromagnetic and gravitational wave observations are com-
plementary, in the sense that the different nature of the physical processes involving
these forms of radiation makes the corresponding observational channels more sensible
to (and therefore more suitable to measure) different phenomenological parameters. We
will illustrate this point using the parametrization introduced in Sec. 5.2.

5.4.1 Coalescence of compact objects

The waveform produced in a merger can be roughly divided into three main parts: (i)
the inspiral phase in which the two objects are far apart, (ii) the merging phase in which
the two objects enter in direct contact, and (iii) the ringdown phase that describes the
relaxation of the outcome of the merging phase. These three phases are defined by
the different physical processes taking place; from a mathematical perspective, these
phases are also characterized by the different techniques that are most appropriate for
extracting the corresponding gravitational wave signatures.

• Inspiral phase:

In the inspiral phase the two objects are far apart, so that Newtonian gravity can
be used in order to describe this phase to a good approximation. Hence, as in the
discussion of orbiting stars in Sec. 5.3.1, the details of the near-horizon geometry
will not appreciably affect the evolution of the system in this phase. However,
while in this phase, binary systems could still possibly display detectable differ-
ences with respect to a binary of black holes if the two objects have surfaces
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instead of horizons (i.e., if ∆ > 0), due to the effects that the gravitational field
of each of the two objects can have on the internal structure of its companion
through the induced tidal forces. All known results regarding classical general
relativity black holes are consistent with these objects having identically zero
tidal deformability [287, 288, 289]. However, ultracompact configurations with-
out horizons can be tidally deformed [290]. Moreover, if Γ 6= 0 the object would
decrease its tidal heating (measured in terms of the amount of gravitational radi-
ation that the object absorbs [291, 292]). It has been argued [293] (see also [294])
that both effects could be used in order to place upper bounds on the values of
these two parameters ∆ and Γ using data from the Laser Interferometer Space
Antenna (LISA), with constraints on the value of Γ being the most promising
ones. Soft fluctuations of the near-horizon geometry, given by tails ε(t, r) with
compact support, can be also constrained using this part of the waveform [295].

• Merger:

The dynamics in the merger phase is highly nonlinear, which renders most of the
parameters in our phenomenological parametrization in Sec. 5.2 useless. In fact,
virtually nothing is known about this nonlinear regime in theories beyond general
relativity. It seems that this problem has to be addressed numerically and on
a case-by-case basis. However, some of the models discussed in Sec. 5.1 could
leave an imprint during this phase. In particular, short-lived bouncing geometries
would disrupt the merger on timescales of the order of τ−, perhaps leading to
the formation of quasi-black holes as proposed in [136, 184]. This would create a
distinctive periodic pattern [136, 170] that is similar to the (linear) phenomenon of
gravitational wave echoes discussed in the next section, sharing the typical values
of the timescale between subsequent echoes but being inherently nonlinear. For
completeness, we also mention that horizonless configurations may also lead to
electromagnetic afterglows in this phase [296, 297]. However, the strength of this
emission is largely unknown, and also it is not clear how such a phenomenon
would avoid being suppressed by the lensing discussed in Sec. 5.3.2.

• Ringdown:

The ringdown part of the signal can again be described making used of a linear
analysis, in terms of the so-called quasinormal modes [224]. The corresponding
waveform is typically given by a linear combination of damped sinusoids. Shortly
after the first detection of gravitational waves, a theoretical analysis [218] demon-
strated explicitly that the form of this part of the signal is associated with the
photon sphere at rph = 3rs/2, and not the horizon. Hence, a similar comment as
in Sec. 5.3.4 applies: testing the damping of the waveform does not allow drawing
conclusions about the near-horizon geometry. However, if the object is not to
compact, the presence of the surface can modify the ringdown (see, e.g. [298])
and, as discussed in the next section, for an UCO modifications of the near-horizon
geometry may trigger new characteristic effects in the late-time ringdown.
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5.4.2 Echoes in the late-time ringdown

After the relaxation of the object produced in the merger through the emission of grav-
itational waves, its properties could still leave imprints in the late-time gravitational-
wave signal. These imprints would be the result of the interaction of the gravitational
radiation, emitted previously, with the central object. As discussed in detail below,
for sufficiently compact situations a significant fraction of this gravitational radiation
is backscattered by the gravitational field of the central object, traveling back to and
interacting with the latter. The phenomenological parameter that control this late-time
behavior is the reflection coefficient Γ. For a black hole, Γ = 0, which means that all
backscattered radiation will disappear down its gravitational well. If Γ 6= 0, some of
this radiation would bounce back from the object and could be measured by distant
detectors.

Let us start with the simplest possible description of the main physics involved,
adding additional details progressively. The first element that must be discussed is the
mechanism that leads to the backscattering of the initially outgoing radiation [299].
This can be introduced by considering the propagation of test particles or waves in the
Schwarzschild geometry. For instance, the modes of a scalar field Φ(t, r, θ, ϕ), in the
usual decomposition in spherical harmonics

Φ(t, r, θ, ϕ) =
∞∑
l=0

l∑
m=−l

φlm(t, r)

r
Ylm(θ, ϕ), (5.47)

satisfy the wave equation (
− ∂2

∂t2
+

∂

∂r2
∗
− Vl

)
φlm(t, r) = 0, (5.48)

where r∗ is the standard tortoise coordinate and

Vl =

(
1− 2M

r

)(
l(l + 1)

r2
+

2M

r3

)
(5.49)

is the Regge–Wheeler potential. This potential has a maximum in the vicinity of
rph = 3M , with the deviation from this value controlled by 1/l, and smaller the larger
the value of l. The radius rph = 3M marks also the location of the photon sphere (or
light ring), namely the innermost circular null geodesic that is stable (as discussed in
Sec. 5.3.2). Due to the existence of this maximum in the potential, outgoing waves
originated at r < rph will be backscattered. The fraction of backscattered radiation
can be calculated explicitly [300, 301, 302, 303]. Only objects that are compact enough
to have a photon sphere will display this phenomenon, and therefore we focus in the
following on these objects.

In the case of a black hole, the backscattered waves will be lost into the horizon.
However, for objects in which Γ 6= 0 and ∆ 6= 0, part of the incoming radiation will be
be reflected outwards. When crossing the photon sphere at rph, part of this radiation
will escape and part will be backscattered. This leads to a periodic phenomenon that
would produce a series of “echoes” of the first event. Slightly modifying Eq. (5.22), the
characteristic timescale of this phenomenon is given by

Techo = 2M − 4M ln(2∆) + Tint, (5.50)
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where the first two terms on the right-hand side measure the time that a pointlike
particle following a radial null geodesic takes to travel from rph = 3M and R = rs(1+∆)
and then from R = rs(1+∆) to rph = 3M , and Tint provides a measure of the time that
the gravitational wave spends inside the central object (that is, in the region r ≤ R).

The precise value of Tint depends on the particular model being used but, if one
ignores the interaction between gravitational waves and the central object (which, as
explained below, is most likely not consistent), this quantity is expected to be of the
order of the light-crossing time or, equivalently, proportional to M (an explicit calcula-
tion is provided for instance in [304]). Then, for ∆� 1 the leading order in Eq. (5.50)
would be

Techo ' −4M ln(∆). (5.51)

This logarithmic behavior has been already discussed in Sec. 5.3.3. The amplitude
of these echoes is proportional to the reflection coefficient Γ and also depends on the
details of the barrier peaked around the photon sphere. Of course, the amplitude of
subsequent echoes decreases monotonically, and a power-law for this decay has been
found [301, 305].

The reader may have noticed that there seems to be an inconsistency between our
treatment of electromagnetic waves in Sec. 5.3.2, and the treatment of gravitational
waves in this section. More specifically, we are not bringing up the lensing that had to
be taken into account in order to describe the behavior of electromagnetic waves. In
other words, we are implying that gravitational waves are not affected by this lensing.

There are several aspects behind this assumption. The first one is that the processes
involving electromagnetic waves have been assumed to be deeply inelastic, following our
intuition about the interaction of light and matter in other systems. However, in the
linear approximation used to describe gravitational wave echoes, it is assumed that
gravitational waves interact elastically with the central object (we critically revise this
assumption at the end of this section). If we accept this main difference it follows then,
as long as we are analyzing waves with angular momentum below the critical value
L? derived in Sec. 5.3.2, that electromagnetic waves experience lensing effects while
gravitational waves are unaffected.

Moreover, it is worth stressing that these two kinds of radiation have different wave-
length, which determines whether or not the geometric optics approximation is reason-
able. The gravitational waves produced in the merger of two compact objects into a
central object of mass M have wavelengths that are comparable to the Schwarzschild
radius of the central object [306] (of course, there is a distribution in wavelengths, or
frequencies, around this typical scale). On the other hand, the electromagnetic waves
relevant for our discussion in Sec. 5.3.2 have much shorter wavelengths. Hence, it is
reasonable to describe the behavior of electromagnetic waves in these spacetimes within
the geometric optics approximation, in which the strong lensing of lightlike geodesics by
the gravitational field of the central object is unavoidable. As the gravitational waves
of the wavelengths involved in the merger cannot be described in this approximation,
they may circumvent the attraction of the central object and escape outwards even if
having an angular momentum greater than L?, depending on the value of l (something
that would lead to a grey-body feature of the gravitational wave spectrum). We think
that this aspect is worth studying in detail.

Previous works (including [299, 301, 302, 307, 305]) have not analyzed this issue
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explicitly, perhaps due to particular choices of initial conditions for gravitational ra-
diation. In fact, it may be the case that phenomenologically reasonable values of L
are below L?, hence preventing lensing to play any role in realistic scenarios. However,
in order to deal with realistic situations one would also need to include the angular
momentum of the central object, which would certainly change the value of L?.

On the other hand, let us recall that Eqs. (5.50) and (5.51) are strictly valid for
null geodesics. Hence, it is assumed in the literature that the geometric optics approx-
imation is indeed reasonable at least for the analysis of certain aspects of the problem,
namely the evaluation of the characteristic timescale (5.51). The critical wavelength
below which the geometric optics approximation can be used in order to describe the
behavior of waves in the potential (5.49) is substantially larger than M for ∆� 1 small
enough; in fact, this critical wavelength is roughly given by Eq. (5.51). This restricts
the wavelengths for which the discussion of the echoes provided above is consistent:

λ� | ln ∆| × O(M). (5.52)

It is important to analyze the physics associated with this upper bound in more detail, in
order to understand for instance how sharp it is. This is moreover relevant for modeling
purposes, as Eq. (5.52) points out that the frequency content of the originally outgoing
gravitational radiation will effectively experience a band-pass filter that selects the
frequencies that would appear in the subsequent echoes. Moreover, waves with L > L?
may also experience a lower bound given by M . λ, although this is far from clear.

It is illustrative to use our parametrization in Sec. 5.2 in order to understand the
kind of information that can be extracted from the search of echoes in gravitational wave
events. The amplitude of gravitational wave echoes would be, following the discussion
above, proportional to Γ. Hence, both the observation and non-observation of echoes
can put constraints on the value of this parameter (this is, for instance, the main result
in [308, 309]). The non-observation of echoes can only constrain this parameter and
cannot say anything about the radius R or, alternatively, ∆. Of course, a positive
detection of echoes could be used in order to determine the size of the central object,
through the use of Eq. (5.51). The other two parameters which are relevant for the
process are τ+, which has to be greater than the characteristic timescale of echoes (this
would place a very uninteresting lower bound on this quantity), and τ− which has to
be smaller (the consequences of this for theoretical models were analyzed in [310]).

The interest in this phenomenon has grown after tentative evidence for their ex-
istence in LIGO data was claimed [311, 312]. These works assume crude templates
that are missing some of the details in the discussion above and in later works such
as [301, 305], the importance of which for data analysis is not yet clear. Moreover,
these claims are still controversial, although parts of the initial results have been cor-
roborated by other groups [313, 314, 315, 316]. For completeness, let us also mention
that qualitatively similar claims have been made about the binary neutron star merger
GW170817 [317]. However, the latter analysis does not make any specific assump-
tions about the waveform of the echoes and just looks for periodicities. This opens
the possibility of alternative explanations for these periodicities, as mentioned in the
conclusions of [317] but also explored for instance in [318] and in Sec. 5.4.1 above in
which it was stressed that short-lived bouncing geometries are also expected to lead to
periodic patterns in the late-time part of gravitational wave signals.
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Before ending this section, we want to stress that the discussion above neglects the
(generally nonlinear) interaction between gravitational waves and the central object. In
practical terms, the echo timescale is calculated in an approximation in which gravita-
tional waves propagate in a fixed background, and the amplitude of the echoes is just
proportional to the reflection coefficient Γ. This issue has been ignored in the literature,
but here we want to highlight that this does not seem consistent and that this feature
has fundamental implications for the existence (or not) of echoes.

Let us start by considering a toy model in the purely classical framework of general
relativity, consisting of a perfectly reflecting (Γ = 1) and spherically symmetric mirror
with radius R = rs(1+∆) enclosing a mass M , so that the geometry outside the mirror
is Schwarzschild. We now consider an ingoing spherical shell of gravitational radiation,
of which we just need to monitor the energy density; so that we will describe it in terms
of pressureless null dust with uniform energy density. This ingoing radiation will be
reflected by the mirror and will therefore travel outwards after interacting with the lat-
ter. However, the peeling of outgoing null geodesics leads to an accumulation of energy
around the gravitational radius (see Fig. 5.4) For ∆ � 1 this accumulation of energy
leads to the formation of trapping (and, in this classical setting, event) horizons even for
an extremely modest amount of energy being received and reflected at the mirror [115].
Above a certain threshold in the power stored in the gravitational radiation, a black
hole will form around the mirror and no radiation will escape to infinity.

Figure 5.4: Exponential peeling of outgoing geodesics reflected at r = R. Even if the
ingoing distribution of energy has low density (light gray region), the accumulation of
geodesics around the gravitational radius produces high densities (dark gray region)
that result in large backreaction effects on the background geometry.

The formation of a black hole in this toy model is intimately associated with the
breakdown of the linear approximation for the gravitational waves propagating in the
background geometry produced by the mirror, given that in the linear approximation
these waves will always escape to infinity. Hence, this shows that one has to be careful
when using the linear approximation to extract the features of echoes. The formation
of a trapping horizon might be avoided if the nonlinear interactions between the ingo-
ing gravitational waves and the central objects are considered. A model-independent
outcome of these interactions has to be the expansion of the central object in order to
avoid the formation of trapping horizons. This expansion of the object needs energy,
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which can only be taken from the gravitational radiation. A straightforward application
of the argument in [115] shows that the more compact the central object is, the larger
is the fraction of the energy stored in the gravitational waves that has to be trans-
ferred through nonlinear interactions.4 If most of the ingoing gravitational waves must
interact and transfer their energy to the central object, it is likely that the reflection
coefficient Γ will be extremely small, and therefore that there would be no echoes.

A similar argument for the importance of the non linear effects can be obtained by
looking at the quasinormal modes of an ultracompact object. As seen in [320, 321] the
imaginary part of the quasinormal modes goes to zero when the compactness approaches
the black hole value. This implies that the linear perturbation are long lived and
are likely to trigger non liner instabilities. This type of instability has been observed
studying the perturbation of a quasi extremal Kerr black hole [322].

Of course, it is possible that the timescale of the instability is very long or that
the nonlinear interactions with the central object are elastic and that the energy inside
the central object is transferred back to the outgoing gravitational waves after their
travel through its interior. In any case, these arguments show that previous theoretical
analysis of this phenomenon are missing important details of the physics involved, which
must be incorporated in order to arrive to a consistent picture. Therefore, we believe
that a more detailed analysis is needed in order to determine whether the existence of
echoes really is a robust theoretical prediction. Progresses along this line of research
will be reported in future investigations.

Model Stars Accretion Shadows Bursts Coalescence Echoes
(EM) (EM) (EM) (EM) (GW) (GW)

Regular black hole ε(t, r) 7 7 7 7 7

Bouncing geometries ε(t, r) 7 7 3 τ− (short-lived)
Quasi-black hole ε(t, r) µ,Γ, κ 7 7 τ−, µ,Γ Γ, [µ]

Wormhole ε(t, r) 7 (Γ + κ = 1) 7 7 τ−,Γ Γ, [µ]

Table 5.2: Parameters that can be possibly constrained or measured for the different
classes of quantum-modified black holes and different observational channels. Square
brackets are used in order to stress that µ can be measured using gravitational wave
echoes only in the event of a positive detection (in other words, the non-observation of
echoes places constraints on Γ only).

5.5 Conclusions

In this chapter we have studied and parametrized the possible theoretical alternatives
to classical black holes and we have discussed the current status of the relevant ob-
servational constraints. We have classified the different alternatives into four classes:

4It is important to stress that it is clear that these interactions must be sufficiently exotic (see,
e.g., [319] for a particular discussion) to avoid the formation of trapping horizons (in particular, it
seems that these interactions must involve some kind of non-locality), although we will not insist on
this point.
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regular black holes, bouncing geometries, quasi-black holes and wormholes, and we have
provided a set of phenomenological parameters that identify the key properties of each
class. Both electromagnetic and gravitational wave observations can be used in order to
constrain these parameters. Table 5.2 summarizes the parameters that can be measured
or constrained with each of the different observational channels we have discussed.

The most promising observational channel using electromagnetic waves can only
probe quasi-black holes. Eq. (5.39) represents the most stringent bound that electro-
magnetic observations can put on a combination of the parameters κ and µ (a similar
relation including Γ can be derived). This provides an upper bound on the allowed
values of µ that is generally weaker than the upper bound Eq. (5.31) that does not take
into account the parameter κ (as in previous works in the subject). These constraints
can become very weak for reasonable values of the parameters involved. We have also
reviewed in Sec. 5.3.3 the existence of lower bounds on the parameter µ that can also
be inferred from the observation of accretion disks around supermassive black holes.
These lower bounds provide the most restrictive constraints on quasi-black holes and
are insensitive to the parameters κ and Γ (albeit they do rely on the assumption of
standard local interactions).

As with wormholes, testing regular black holes or long-lived bouncing geometries
with electromagnetic observations seems hopeless during most of their extended life-
times. The final stages in the evolution of these objects may be typically violent, which
could lead to prompt emissions of electromagnetic radiation. Hence, quasi-black holes
are arguably the most interesting scenarios from the perspective of electromagnetic ob-
servations, as they offer a number of phenomenological opportunities during all stages
of their life cycle (that may involve transients characterized by short-lived bounces).

Regarding gravitational waves, we can conclude that the most promising theoretical
scenarios from an observational perspective are quasi-black holes, wormholes, and short-
lived bouncing geometries. The remaining theoretical scenarios, such as regular black
holes, will be very difficult (if not impossible) to probe observationally in the near
future, except perhaps for cataclysmic events that may lead to bursts of gravitational
radiation (that can be associated, for instance, with long-lived bouncing geometries).

For these theoretical models, observational channels based on gravitational waves
are mostly sensitive to the reflection coefficient Γ. This is due to the main difference
with respect to electromagnetic radiation that is typically assumed: gravitational waves
interact extremely weakly with standard matter. However, the lack of detailed knowl-
edge of both the matter forming these objects and the possible nonlinear interactions
of their gravitational fields with gravitational waves makes it impossible to assume at
the moment that these objects will display an appreciable reflection coefficient. In any
case, gravitational wave observations are starting to place constraints on this coefficient.
These constraints will improve in the near future, thus providing valuable feedback for
theoretical research. It is worth stressing that observational channels involving gravita-
tional and electromagnetic waves are therefore complementary, thus providing a strong
motivation for a multi-messenger approach to the problem.
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General conclusions and outlook

In this thesis, we have investigated possible deviations from general relativity using dif-
ferent methods. In chapter 1, we have performed a systematic analysis of a specific class
of minimally modified theories of gravity, which have the peculiarity of propagating the
same degrees of freedom as general relativity. Our analysis required the interplay of
many different techniques. In fact, both the Hamiltonian and the Lagrangian formula-
tion of the theories were necessary in order to apply the spinor helicity formalism and
show that the theories under consideration are actually general relativity in disguise.
This does not mean that this class of theories is not interesting, as the equivalence holds
in vacuum but can be broken by the matter content. In fact, as shown in [72], these
theories can have interesting phenomenological aspects in cosmological scenarios.

The second part of the thesis approaches the problem of black hole singularity in
a model independent way. In chapter 2, we have studied which type of constraint we
need to impose on the spacetime in order to have a well posed notion of causality.
We have extended the hierarchy of causality condition of general relativity to generic
modified theories of gravity. In particular, for all the scenarios we have discussed, global
hyperbolicity is always a necessary condition, even if in some cases it has to be replaced
by some stronger condition (for instance we have seen that in the presence on a mode
propagating at infinite speed, we have to assume the much stronger requirement of
global parabolicity).

This knowledge was very important for the analysis of chapter 3, where we provide
a complete classification of non-singular spacetime with trapping horizon. In fact, the
key assumption of the analysis is that the spacetime has an effective description in
terms of pseudo–Riemannian geometries. Once that we accept this property, in light
of the results of the previous chapter, we know that the spacetime has to be global
hyperbolic. With these assumptions and with the request of geodesic completeness
and the absence of curvature singularities, we were able to introduce and study the
properties of four classes of spacetimes: evanescent horizon, everlasting horizon, one-
way hidden wormhole and asymptotic hidden wormhole. We have then proved that
the most generic spacetime compatible with our hypothesis has to be a combination
of these four classes. While the analysis was performed in spherical symmetry, most
of the results can be immediately generalized to a less symmetric configuration. We
have seen that some classes of geometries can mimic exactly a classical black hole from
the point of view of an external observer while other classes are forced to have some
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modification outside the trapping horizon. The geometrical analysis cannot provide
insight on which of these two scenarios is more plausible nor on the timescale after
which the modification leaks outside the trapping horizon in the second scenario.

Therefore, in chapter 4, we have added extra ingredients so to study the viability
of the various solutions. We obtained the remarkable results that it is very difficult to
obtain a well defined geometry without allowing for deviation with respect to classical
black hole to arise in a short (typically Plankian) timescale.

The one way hidden wormhole and the asymptotic hidden wormhole geometries have
problems due to the required topology change and their consistency with semiclassical
physics, while the long lived evanescent horizon and the everlasting horizon geometries
are generically unstable due to the presence of mass inflation instability. Therefore, the
only model which is free from self consistency issue is the short lived evanescent black
hole.

Among the various self consistency issues, mass inflation deserves special attention
as it is a very general argument but it also present many subtleties that have to be
interpreted correctly. It may appear counter intuitive that it is possible to prove the
presence of an instability without specifying the dynamics of the theory. The reason
why it was possible to use purely kinematical arguments is that we have only proved
the existence of a linear instability, i.e., we have shown that small perturbation has a
huge impact on the geometry and the dynamical evolution is going to be highly non
trivial, but it is not possible to predict what the outcome of this evolution would be.
In general relativity, the instability of the inner horizon usually produces a singularity.
However, in a full theory of quantum gravity, we expect that this will no longer be
true and the backreaction will drive the time evolution to one of the other classes of
geometry (maybe it will lead to a short lived evanescent horizon as that one is the only
class free from pathologies).

Some possible frameworks for this analysis are given by asymptotic safety and loop
quantum gravity as there are examples in which the theories regularize the singularity
introducing an (unstable) inner horizon (see, e.g., [97, 134]). These results are perfectly
consistent as the works consider vacuum spacetimes without studying the interplay
with perturbations. It is very interesting to note that these quantum theories of gravity
tame the black hole singularity even if in idealized situations. The results in this thesis
suggest that these analyses are actually incomplete, and the study of the backreaction
of the perturbation in these frameworks will definitely be a non trivial but essential
calculation.

The fact that it is not easy to write down a self consistent geometry without long
range effect gives us strong motivation to look for phenomenological signatures of non
singular black holes. In chapter 5, we parametrize the deviations from classical black
holes with a set of phenomenological parameters and we analyze the possible observa-
tional channels that can be used to constrain them. Our geometrical analysis gives us
strong motivations to believe that these phenomenological parameters differ from the
one corresponding to classical black holes, but it cannot provide any inside on the scale
of the differences. We have discussed that if such deviations arise at the Planck length
(as expected by several models), than it is very difficult to observe them experimentally
with the current technology due to the highly non linear behavior of the gravitational
field close to the trapping horizon. We have also seen that different channels can probe
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different parameters, thus underlying the need for a multi-messenger approach to the
problem.

Let us finally stress that it is very interesting to analyze the interplay between our
results and the logic behind the cosmic censorship conjecture. The cosmic censorship
conjecture formalizes the intuition that whatever happens at the singularity does not
influence the physics outside the event horizon. In this thesis, we have shown that, if
a notion of spacetime in terms of pseudo–Riemannian manifold survives the regular-
ization of the singularity, it is very difficult for this intuition to be correct, and that
modifications are expected to percolate outside the horizon, regardless the fact that
probing any deviation from classical black holes is very challenging from an experimen-
tal point of view. Of course, it is impossible to prove that singularity regularization will
have long range effects as any analysis, including ours, has to make some assumptions.
Anyway, we have shown that the geometries that do not have modifications outside the
trapping horizon are very difficult to make self consistent. Therefore the main message
of this thesis depends on the personal belief of the person reading it. If one strongly
believes that quantum gravity will regularize the spacetime only deep inside the black
hole, our analysis highlights some highly non trivial self consistency issues that a full
theory of quantum gravity has to address. On the other hand, if one is open to the
possibility that black hole spacetime can be modified by quantum effect also outside
the trapped region, then our analysis constitutes a further motivation to look for such
deviations.

Whatever is the reader opinion, the crucial point about this field is that we live in
a new era of multi-messanger astronomy and very exiting times lie ahead towards our
understanding of black holes and what they have to teach us about the final theory of
gravity.
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Appendix A

Extracting the Poincaré algebra

In this appendix we detail the calculations that permit to extract the Poincaré algebra
from the non-linear algebra of Poisson brackets discussed in Sec. 1.1. We will do this
calculation from scratch, as it is not easy to find it in the literature. First of all,
let us note that the coefficients {δµα, δωµν} in Eq. (1.12) are the infinitesimal group
parameters associated with the transformations of the Poincaré group, which act on
the spacetime coordinates as

δxα = −
(
δµβPβ + δωi0Li0 +

1

2
δωijLij

)
xα. (A.1)

This equation just sets the normalization of the elements of the algebra Pµ and Lµν
(note that greek indices are spacetime indices and latin indices are space indices), which
will be needed in order to obtain the corresponding Poisson brackets.

Translations with translations

The simplest transformations are spacetime translations. If we consider α = δµ0, αi = 0
and β = 0, βi = δµi, the only bracket in Eq. (1.14) that may not be trivial is given by

{D[δµi],H[δµ0]} = H[Lδµiδµ
0] = 0, (A.2)

where the last identity follows from the fact that δµ0 is independent of the position.
This implies that the bracket between time and space translations is indeed trivial:

{P0, Pi} = 0. (A.3)

Something similar happens when choosing two time translations, or space translations
α = β = 0 and αi = δij, β

i = δik with j 6= k. Hence we can write

{Pµ, Pν} = 0. (A.4)

Translations with boosts/rotations

Now let us consider a more interesting case, namely the bracket involving time trans-
lations and boosts. This situations corresponds to the choices α = δµ0, αi = 0 and
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β = xjδω
j0, βi = 0. The only non-trivial bracket in Eq. (1.14) is in this case

{H[δµ0],H[xjδω
j0]} = D[θδµ0∂i(xjδω

j0)] = D[θδµ0ωi0]. (A.5)

This equation implies that the bracket between the generator of time translations and
boosts is proportional to a spatial translation:

{P0, Li0} ∝ Pi. (A.6)

But the very same equation can also be used to fix the proportionality constant: using
the normalization of the generators given in Eq. (A.1), one must have (note that the
minus sign below comes from the global minus sign in the definition of the infinitesimal
transformations)

δµ0ωi0{P0, Li0} = −θδµ0ωi0Pi, (A.7)

which implies (note that the infinitesimal parameters of the different transformations
are arbitrary)

{P0, Li0} = −θPi. (A.8)

Let us now consider the following cases in less detail:

• α = δµ0, αi = 0, β = 0, βi = xjδω
ji: the only non-trivial bracket is

{D[xjδω
ji],H[δµ0]} = H[Lxjδωjiδµ

0] = 0. (A.9)

This implies that the application of time translations and rotations is commuta-
tive, namely

{P0, Lij} = 0. (A.10)

• α = 0, αi = δαi, β = xjδω
j0, βi = 0: we have to evaluate

{D[δµi],H[xjδω
j0]} = H[Lδµixjδω

j0] = H[δµiω
i0]. (A.11)

Hence
{Pi, Lj0} = −δijP0. (A.12)

• α = 0, αi = δµi, β = 0, βi = xjδω
ji: we have to evaluate

{D[δµi],D[xkδω
kj]} = D[Lδµi(xkδω

kj)] = D[δµiδω
ij]. (A.13)

In this case we have to take into account the factor 1/2 in Eq. (A.1). From the
equation just above and (A.1) it follows that

δµiδωkj{Pi, Lkj} = 2δµiδω
jiPj. (A.14)

This last equation, together with the antisymmetric character of Ljk, leads uniquely
to

{Pi, Ljk} = δikPj − δijPk. (A.15)

Due to the explicit splitting between time and space in the Hamiltonian formulation,
the Poincaré algebra appears naturally in a form that is not explicitly covariant. But
it is straightforward to write Eqs. (A.8), (A.10), (A.12) and (A.15) in an explicitly
covariant form. For θ = 1 one obtains

{Pρ, Lµν} = ηνρPµ − ηµρPν , (A.16)

while for θ = −1 one has

{Pρ, Lµν} = δνρPµ − δµρPν . (A.17)
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Boosts/rotations with boosts/rotations

• Boosts with boosts; α = xiδω
i0, N i = 0, β = xjδω̄

j0, βi = 0:

{H[xiδω
i0],H[xjδω̄

j0] = D[θxkδω
k0δω̄i0 − xjδω̄j0δωi]

= D[θxj(δω
j0δω̄i0 − δω̄j0δωi0)]. (A.18)

This equation implies that

δωi0δω̄j0{Li0, Lj0} = −θ
2
Lji(δω

j0δω̄i0 − δω̄j0δωi0) = −θδω̄j0δωi0Lij, (A.19)

namely
{Li0, Lj0} = −θLij. (A.20)

• Boosts with rotations; α = 0, αi = xjδω
ji, β = xkδω

k0, βi = 0:

{D[xjδω
ji],D[xkδω

k0]} = H[xjδω
jiδωk0δik]. (A.21)

It follows that

δωjiδωk0

{
1

2
Lji, Lk0

}
= −δωjiδωk0δikLj0, (A.22)

so that
{Lij, Lk0} = δikLj0 − δjkLi0. (A.23)

• Rotations with rotations; α = 0, αi = xjδω
ji, β = 0, βi = xkδω̄

ki:

{D[xkδω
ki],D[xlδω̄

lj]} = D[xkδω
kjδω̄liδjl − xlδω̄ljδωkiδjk]

= D[xk(δω
kjδω̄li − δω̄kjδωli)δjl]. (A.24)

It follows that

δωkiδω̄lj
{

1

2
Lki,

1

2
Llj

}
=

1

2
(δω̄kjδωli − δωkjδω̄li)δjlLki

=
1

2
δωkiδω̄lj (ηjkLli − ηilLkj) . (A.25)

Then,
{Lki, Llj} = δjkLli − δilLkj + δklLij − δjiLlk. (A.26)

It is now straightforward to check that Eqs. (A.20), (A.23) and (A.26) are equivalent,
for θ = 1, to

{Lµν , Lρσ} = ησµLρν − ηνρLµσ + ηµρLνσ − ησνLρµ. (A.27)

For θ = −1 we just need to replace ηµν −→ δµν in the equation above.
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Appendix B

Brief review of on-shell techniques for the

evaluation of scattering amplitudes

A key element in the study of the minimally modified theories of gravity of chapter 1
was the spinor helicity formalism used to evaluate the scattering amplitude of gravitons.
Let us introduce the main element necessary for our analysis. This appendix is not
intended to be an exhaustive review, but rather aims at motivating some basic concepts
and results that allow a better understanding of some equations in the main text (and
Sec. 1.3 in particular). For in-depth discussions of this interesting subject, we refer the
reader to the extensive literature, including the monographs [48, 49, 323] in which most
of the relevant references can be found (see also [324] for a shorter introduction starting
from the basics).

A basic ingredient that is needed for our discussion are the so-called spinor-helicity
variables. These represent a more convenient set of variables (instead of the momenta)
in order to describe on-shell massless particles. The starting point for the motivation
of these variables is the observation that the algebra of the Lorentz group SO(1, 3) is
equivalent to the algebra of two SU(2) copies, i.e., at the complex algebra level there is
an isomorphism

so(1, 3) ' su(2)× su(2)∗. (B.1)

Furthermore, the Lorentz group is homeomorphic to the group of 2× 2 unitary matrix
with unit determinant SL(2,C). Therefore, to any Lorentz vector we can associate a
2× 2 complex matrix via the map

pµ −→ pȧb = pµ(σ̄µ)ȧb, (B.2)

where σ̄µ = (1,−σi) [similarly, let us define σµ = (1, σi)]. Then,

det pȧb = pµp
µ. (B.3)

Representations of the Lorentz group can be found looking for representations of SL(2,C).
These can be labeled using the SU(2) representations. The basic object transforming
under the fundamental representation M is a 2-component spinor |ψ]a which transforms
as

|ψ]a −→Mb
a |ψ]b . (B.4)

On the other hand, for the complex conjugate representation one has the transformation
rule

|ψ〉ȧ →M∗ḃ ȧ |ψ〉ḃ . (B.5)
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Dotted indices allow keeping track of the different representations of the SU(2) group,
but the notation we are using with angle and square brackets permits us to omit them
when convenient. These two representations are

|ψ] ∼ (1/2, 0) , |ψ〉 ∼ (0, 1/2) . (B.6)

One can also introduce the additional spinors

[ψ|a = εab |ψ]b , 〈ψ|ȧ = εȧḃ |ψ〉ḃ , (B.7)

where

εab =

(
0 1
−1 0

)
= εȧḃ. (B.8)

With these elements, the Dirac equation can be rewritten exploiting the identity1

/p =

(
0 paḃ
pȧb 0

)
, (B.10)

so that /p = 0 is equivalent to the Weyl equations

pȧb |p]b = 0, paḃ |p〉
ḃ = 0, [p|b pbȧ = 0, 〈p|ḃ p

ḃa = 0. (B.11)

If we take into account Eq. (B.3), the determinant of these matrices vanishes identically
for on-shell massless particles. It follows that one can write

paḃ = −|p]a〈p|ḃ, pȧb = −|p〉ȧ[p|b. (B.12)

This is one of the main properties that justifies the usefulness of the spinor-helicity
variables: we can use the angle and square brackets instead of the momenta in order
to write equations that involve the momentum of on-shell massless particles (e.g., scat-
tering particles); note that this is independent of the helicity of these particles. Not
only the momentum of an on-shell massless particle can be written in this way, but also
other quantities of interest such as polarization vectors of spin-1 particles, namely

εµ+(p, q) = −〈q|γ
µ|p]√

2〈qp〉
, (B.13)

which corresponds to the polarization with positive helicity, and the corresponding
quantity with negative helicity,

εµ−(p, q) = −〈p|γ
µ|q]√

2[qp]
. (B.14)

Eqs. (B.13) and (B.14) are just a particular representation of the usual polarization
vectors of photons and gluons in terms of spinor-helicity variables (see, e.g., [49] for a

1The convention used here for the gamma matrices is

γµ =

(
0 (σµ)aḃ

(σ̄µ)ȧb 0

)
. (B.9)
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very explicit discussion of this point). In these equations, q is a reference spinor that
does not have any physical meaning and can be chosen arbitrarily, representing the
freedom of choosing a particular gauge.

This construction goes on for particles with higher spin. In particular, the polar-
ization tensors describing the two helicities of the gravitational field (which will be the
same for all the theories in which the Fierz-Pauli field equations are recovered at linear
order) are given by

εµν± = εµ±ε
ν
±. (B.15)

Complexification of external momenta.

The next ingredient we need to introduce is the complexification of the external mo-
menta. This kind of complexification consist in the shift of the momenta in the complex
plane and permits to exploit the analytical structures of scattering amplitudes, which
at tree level are rational functions that can only display poles when internal propagat-
ing particles (in our case, gravitons) become on-shell; this is what is usually defined as
the locality condition. Note that additional poles that do not correspond to physical
particles (i.e., the propagating degrees of freedom) may appear in individual Feynman
diagrams, but these must cancel in the complete amplitude (these are known as spuri-
ous poles). In particular, for the theories analyzed in Sec. 1.2 we know that the only
possible complex poles in the amplitudes correspond to physical gravitons on-shell, i.e.,
satisfying p̂2 = 0.

The complexification used in chapter 1 has the form

pi −→ p̂i = pi + zqi, (B.16)

where z ∈ C, and the vectors qi are such to satisfy

n∑
s=1

qs = 0; (B.17)

qi · qj = 0 ∀i, j; (B.18)

qi · pi = 0 ∀i. (B.19)

This conditions imply

n∑
s=1

p̂i = 0; (B.20)

p̂2
i = 0; (B.21)

P̂ 2
I :=

(∑
i∈I

p̂i

)2

= −z − zI
zI

P 2
I (B.22)

where I marks a given subset of particles, so that P̂I and PI are momenta of internal
particles and zI is a constant whose exact value is irrelevant in this discussion.
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In the case of general relativity, and the gravitational theories discussed in this
thesis, the optimal choice [53, 54] for the complexification (N > n/2 is the number of
particles with positive helicity) is given by

p̂s = ps + z|t〉[s|, p̂t = pt − z
N∑
s=1

|t〉[s|. (B.23)

where s ∈ [1, N ] labels all the external legs with positive helicity, and t marks a single
external leg with negative helicity and the remaining particles are not shifted. In
this equation, we have exploited the fact that {qs}Ns=1 and qt are null vectors as well by
definition, so that these can be decomposed in spinor-helicity variables as in Eq. (B.12).
If we decompose in this way the momenta (such that, e.g., ps = −|s〉[s|), we can directly
write this complexification in terms of spinor-helicity variables as

|ŝ〉 = |s〉 − z|t〉, |t̂] = |t] + z
N∑
s=1

|s]. (B.24)

Validity of the recursion relation

The complexification of the momenta defines a complexified n-point amplitude An(z),
such that An(0) is the original amplitude evaluated on real momenta. Let us consider∮

An(z)

z
dz, (B.25)

where the integration path is a circle of infinite radius. The integrand has a simple pole
at the origin whose residue is exactly the scattering amplitude for real momenta that
we want to determine. By Eq. (B.22) we know that there are additional simple poles
whenever an internal particle goes on shell. Finally, it is possible to prove there are
no extra poles. Therefore, by using Cauchy residue theorem to evaluate the integral
(B.25), assuming that the the function An(z) goes to zero at infinity, we get

An(z = 0) = −
∑
z∈zI

Res
An(z)

z
. (B.26)

However, as shown in Fig. B.1, when an internal particle goes on shell, the amplitude
is decomposed into two amplitudes with at most n − 1 graviton each. Therefore, we
can write

An(z = 0) =
∑

AL
1

P 2
I

AR, (B.27)

where the sum is intended to run over all the internal particles. Therefore, the n
point amplitude can be written in terms of the k points amplitudes with k ≤ n − 1,
implying that scattering amplitudes can be constructed recursively. The only condition
to obtain this result was that An(z) vanishes at infinity. To ensure that is showing
that, a sufficient condition is the individual contributions from all the possible Feynman
diagrams contributing to a given amplitude vanish independently. In order to show this,
one needs to extract the leading behavior with |z| of all the relevant elements in these
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Figure B.1: When an internal particle goes on shell, the amplitude factorize into the
product of two amplitudes each of them with at most n− 1 gravitons.

diagrams. In particular, it will be useful for our arguments in Sec. 1.3 to recall some
basic properties of Feynman diagrams with n external particles and k-point vertices,
namely the number of vertices v, propagators p and internal vertices i (not stitched to
external particles):

• 3-point vertices: v = n− 2, p = n− 3 and i ≤ n/2− 2.

• 4-point vertices: v = n/2− 1, p = n/2− 2 and i ≤ n/6− 1.

Note that the number of internal vertices i depends on the topology of the particu-
lar diagrams considered. We will not need this information for k ≥ 5, as the corre-
sponding contributions are subleading (which is typically also true for 4-point vertices
with respect to 3-point vertices; for instance, considering only vertices quadratic in the
momenta, the corresponding powers coming from the vertices are n − 2 and 2n − 4,
respectively). In general, the number of vertices and propagators as functions of k are
given by

v(k) =
n− 2

k − 2
, p(k) = v(k)− 1. (B.28)
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Appendix C

Regularity conditions for vanishing radius

In Sec. 4.1.1 we have discussed some condition for the absence of curvature singularity
in a spherically symmetric and static spacetime in which the area radius can vanish.
In this appendix we are going to extend the discuss to the time dependent case. The
metric can be written as

ds2 = −e−2φ(v,t)F (v, t)ds2 + 2e−φ(v,r)dvdr + r2dΩ2 (C.1)

Let us start assuming that the metric coefficients are either real analytic or finite (which
is a weaker assumption) in this open set. Given that the exponential function is real
analytic, both functions F (v, r) and φ(v, r) must be either analytic or finite as well. It
follows then that divergences in curvature invariants can be avoided if and only if, for
r = ε� 1,

F (v, ε) = 1 + O(ε2), and φ(v, ε) = Φ0(v) + O(ε2). (C.2)

To reach this conclusion, let us start with the following relation satisfied by the Ricci
scalar gabRab:

lim
r→0

r2gabRab = 2− 2F (v, 0). (C.3)

Hence, the condition F (v, 0) = 1 + O(r2) is necessary to avoid a quadratic divergence.
But we are still left with a possible linear divergence, as

lim
r→0

r gabRab = 4 ∂rφ(v, r)|r=0 . (C.4)

It is from this equation that the second condition in Eq. (C.2) arises. It is easy to check
that if conditions (C.2) are fulfilled, also the curvature invariants RabR

ab, RabcdR
abcd and

CabcdC
abcd are finite.

Eq. (C.2) is to be compared with the value F (v, 0) = −∞ for standard Schwarzschild
and Reissner–Nordström black holes. The different value of F (v, 0) translates also into a
very different quasi-local structure around r = 0, namely that of a future inner trapping
horizon or, in other words, a future inner trapped surface for every constant value of v.
Indeed, asymptotic flatness and the requirement of existence of a future outer trapping
horizon, together with Eq. (C.2), implies that there must be (at least) two radial points
in which F (v, r) vanishes for every constant value of v. To see this let us specialize the
previously introduced null vectors {k, l} to the radial null vector fields

k = −eφ(v,r)∂r , l = ∂v +
1

2
e−φ(v,r)F (v, r)∂r, (C.5)
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which satisfy the normalization condition k · l = −1. These two linearly indepen-
dent radial null vector fields correspond to ingoing and outgoing radial null geodesics,
respectively. The expansion along outgoing radial null geodesics is then given by

θ(l)(v, r) =
e−φ(v,r)

r
F (v, r). (C.6)

Asymptotic flatness implies that the expansion is positive in the limit r →∞. On the
other hand, the existence of a future outer marginally trapped surface for each value of
v implies that there must exist a function router(v) such that F (v, router(v)) = 0 vanishes.
Unless the corresponding future outer trapping horizon is extremal, the function F (v, r)
will then change sign around r = router(v), being positive just above this value of the
radius, and negative just below. It is at this point in the discussion where Eq. (C.2)
enters: given that F (v, 0) = 1 > 0, there must exist another function rinnter(v) such
that F (v, rinner(v)). It is straightforward to show that r = router(v) corresponds to a
future outer marginally trapped surface, while r = rinner(v) to a future inner marginally
trapped surface; the distinction between outer and inner is provided by the different
signs of Lkθ

(l). In fact, from the definitions in Eq. (C.5) follows that

Lkθ
(l)(v, r)

∣∣
r=router(v)

= −1

r
∂rF (v, r)|r=router(v) < 0,

Lkθ
(l)(v, r)

∣∣
r=rinner(v)

= −1

r
∂rF (v, r)|r=rinner(v) > 0. (C.7)

The discussion above relies on both real functions F (v, r) and φ(v, r) being finite at
r = 0 (or real analytic, which is stronger). Let us briefly analyze the possibility that
these functions are divergent. It is still possible to write down constraints (taking the
form of differential equations) to be satisfied by the functions F (v, r) and φ(v, r) so
that each independent curvature invariant remains finite. However, it is not clear that
all these constraints are compatible between them and, therefore, whether it is possible
to engineer these divergent functions at r = 0 to avoid curvature invariants blowing
up. Moreover, it is straightforward to see that, if such a geometry exists, it must be
characterized by a non-polynomial divergence for F (v, r) and φ(v, r) at r = 0. In fact,
assuming for r = ε� 1 that

F (v, ε) = ε−αf(v), e−φ(v,ε) = ε−βφ̃(v), (C.8)

with both α and β integers greater than one, it follows that

gabRab

∣∣
r=ε

=
2

ε2
− (α2 − 3α + 3αβ + 2β2 − 2β + 2) f(v)

εα+2
. (C.9)

The polynomial α2− 3α+ 3αβ+ 2β2− 2β+ 2 = α2 + 3(β− 1)α+β2 + 1 + (β− 1)2 does
not have roots in the domain of definition of α and β. Hence, any non-zero α leads to a
curvature singularity. A curvature singularity can be avoided if and only if α = 0 and

f(v) =
1

β2 − β + 1
> 0. (C.10)

This would already imply the existence of an inner horizon in complete parallel to our
previous discussion. However, computing the Kretschmann scalar shows that

lim
r→0

r4RabcdR
abcd =

8β2 (β2 + 2)

(β2 − β + 1)2 (C.11)
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This implies the necessity of the further condition β = 0. Hence, even if allowing that
F (v, r) and φ(v, r) diverge polynomially at r = 0, in order to avoid that some curvature
invariant blows up it is necessary to assume that F (v, 0) = 1.
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Appendix D

Evaporation time

In this appendix we want to study an interesting aspect of the regular black hole
geometries. We have seen in chapter 4 that this type of geometry is associated with
an instability of the inner horizon which severely question the viability of the model.
If we assume no extra exotic physics and the evolution of a regular black hole simply
consist in its evaporation due to Hawking radiation, than the only way to make the
model self consistent would be to fine tune the instability time scale to make it longer
than the the evaporation timescale. To our knowledge, the evaporation time has not
been studied systematically, but its finiteness is always assumed.1 In order to compute
the evaporation timescale, we start from the most conservative viewpoint, which can
be summarized in the following two assumptions:

1. Adiabatic condition. The only relevant dynamical process during the evaporation
is Hawking’s radiation which, at each moment of the evaporation, is thermal with
temperature given by

T =
κ+

2π
. (D.1)

2. Quasi-static condition. The evaporation is a quasi-static process, meaning that
the black hole passes continuously through a sequence of equilibrium states.

We will comment on the validity of these assumptions later on.
According to our hypothesis, the mass loss rate is determined by the Stefan–Boltzmann

law,
dM(v)

dv
= −σSB T

4(v)A2
+(v) = −Cκ4

+(v)r2
+(v), (D.2)

where A+(v) is the area of the outer horizon, σSB is the Stefan–Boltzman constant and
C is a positive constant, whose precise value is for the moment irrelevant. Here M , κ+

and r+ have been promoted to dynamical functions of the evaporation time v. Hence,
from now on we will be dealing implicitly with geometries of the form

ds2 = −e−2φ(r,M(v))F (r,M(v))dv2 + 2e−φ(r,M(v))drdv + r2(dθ2 + sin2 θ dφ2). (D.3)

We are using the notation φ(r,M) and F (r,M) in order to emphasize the dependence
of these functions on the mass M , and also that these functions can depend on the time
v only implicitly, through M(v).

1The only exception being the “loop black hole” [325], where the evaporation is shown to happen
in an infinite time, leaving no remnant.
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Integration of Eq. (D.2) requires knowledge of κ+ and r+ as functions of M . At the
outer horizon we have

F (r+,M) = 0. (D.4)

At extremality r+ = r? and M = M?, so that the condition

∂F (r,M?)

∂r

∣∣∣∣
r=r?

= 0 (D.5)

must hold. Since the surface gravity is

κ± =
e−φ(r±)

2

∂F (r,M)

∂r

∣∣∣∣
r=r±

, (D.6)

the surface gravity κ? of the extremal black hole vanishes, unless φ(r?,M?) diverges (this
specific case is analyzed in Sec. D). This in turn means that the evaporation rate (D.2)
vanishes at the end of the evaporation process. An infinitely slow evaporation rate
is a clue that the evaporation time may be infinite (in fact, this has been shown to
be precisely the case for near-extremal Reissner–Nordström black holes [326]). This
would be the worst possible scenario given that, no matter how slow the mass inflation
instability grows, its timescale will be trivially smaller than the evaporation time. Let
us therefore explore the condition under which this happens.

Computation of the evaporation time

We start by assuming that the evaporation has proceeded adiabatically and quasi-
statically up to a point at which the mass is arbitrarily close to the extremal value M?,
M = M? + ∆M . Our strategy then consists of integrating Eq. (D.2) from M? + ∆M
to M?, and showing that the corresponding time interval is infinite.

Consider a configuration in which the outer horizon radius is just an arbitrarily
small ∆r away from r?

r+ = r? + ∆r = r? (1 + ε) , 0 < ε� 1 (D.7)

and correspondingly the mass has an arbitrarily small deviation ∆M from M?

M = M? + ∆M = M? (1 + βεσ) + o(εσ), (D.8)

where we parametrized ∆M with two real constants β and σ > 0. These cannot be
arbitrarily chosen, because M and r+ are related to each other by Eq. (D.4). In order
to find their relation, let us expand Eq. (D.4) around ∆r and ∆M :

0 =F (r?,M?) +
∂F

∂ r

∣∣∣∣
r?,M?

∆r +
∂F

∂M

∣∣∣∣
r?,M?

∆M+

+
1

2

∂2F

∂r2

∣∣∣∣
r?,M?

∆r2 +
∂2F

∂r∂M

∣∣∣∣
r?,M?

∆r∆M+

+
1

2

∂2F

∂M2

∣∣∣∣
r?,M?

∆M2 + . . . (D.9)



129

The first term of Eq. (D.9) vanishes due to Eq. (D.4) evaluated at r? and M?, while
the second term vanishes due to Eq. (D.5). Let us start considering the simplest case
in which ∂F/∂M |r?,M? 6= 0. The most general situation is analyzed below. In this case
∆M is of order εn, where n ≥ 2 is the first natural number for which

∂nF

∂rn

∣∣∣∣
r?,M?

6= 0, (D.10)

so that σ = n and

β = − 1

n!

(
∂F

∂M

∣∣∣∣
r?,M?

)−1
∂nF

∂rn

∣∣∣∣
r?,M?

. (D.11)

From Eq. (D.5), under the assumption that φ(r,M) is finite, we have κ? = 0 and,
therefore,

κ+ = αεγ + o(εγ), (D.12)

where we have parametrized the deviation of κ+ from κ? = 0 with two real constants α
and γ > 0. Plugging Eqs. (D.8) and (D.12) in the Stefan-Boltzmann law (D.2), we can
integrate the latter to obtain the evaporation time ∆v:

∆v = − M?

r2
? C

βσ

α4

∫ 0

ε0

dε εσ−4γ−1. (D.13)

We see that ∆v is finite if and only if

σ − 4γ > 0. (D.14)

However,

κ+ =
e−φ(r+)

2

∂F

∂r

∣∣∣∣
r+

=
e−φ(r+)

2

∞∑
i,j=0

1

i!j!

∂(i+j+1)F

∂(i+1)r∂(j)M

∣∣∣∣
r?,M?

ri?ε
i∆M j, (D.15)

where in the second line we have used the Taylor expansion of ∂F/∂r|r+ . The leading
term in the expansion is

κ+ =
e−φ(r?)

2

1

n!

∂nF

∂rn

∣∣∣∣
r?,M?

rn−1
? εn−1 + o(εn−1), (D.16)

where n is the same as in Eq. (D.10). It follows that γ = n − 1 and σ − 4γ = 4 − 3n.
Given that n ≥ 2, Eq. (D.14) cannot be satisfied.

Let us now relax the assumption ∂F/∂M |r?,M? 6= 0. Eqs. (D.9), (D.14) and (D.15)
are completely generic, and sufficient that the evaporation time is infinite. Indeed, let
us distinguish three cases:

Case σ = 1 Eq. (D.14) becomes 1 − 4γ > 0. But, from Eq. (D.15), γ must be a
positive integer. Hence a contradiction.
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Case σ < 1 From Eq. (D.15) there are two subcases. Either γ is a positive integer
and Eq. (D.14) is trivially violated, or γ = I + Jσ where I ≥ 0 and J > 0 are
appropriate integers. In the last subcase γ ≥ σ, hence σ − 4γ < −3σ < 0, which
contradicts Eq. (D.14).

Case σ > 1 The term of order ∆rn ∼ εn in Eq. (D.9), where n is defined as in
Eq. (D.10), can be canceled only by terms of order ∆rI∆MJ ∼ εI+Jσ, where
I, J ≥ 1 are appropriate integers such that n = I + Jσ. This implies σ ≤ n.
On the other hand, γ = n − 1 for the same reasoning of Eq. (D.16). Therefore
σ − 4γ ≤ 4 − 3n < 0, where the last inequality follows from n ≥ 2. Hence,
Eq. (D.14) cannot be satisfied.

Therefore, we conclude that the evaporation time is infinite for analytic spacetime ge-
ometries. Intuitively, the result follows from the fact that, in the extremal limit, the
surface gravity goes to zero sufficiently fast and makes the evaporation rate indefinitely
slow. It is straightforward to realize that a generic, but non-divergent, φ(r,M) would
not change the conclusion. Table D.1 summarizes the properties of several models
presented in the literature, and makes explicit that these models have an infinite evap-
oration time. It may seem surprising that, in all these models, the exponents σ and
γ are the same. However, from Eq. (D.9) one can read that these coefficients are in
general model independent, unless the function F (r,M) is tuned so that some of its
derivatives vanish.

Model Metric Inner horizon
Evaporation

time

m(r) |φ(r)| r− κ− σ γ ∆t

Mr3(r3 + 2M`2)Hayward [109] 0 ` −1
`

2 1 ∞

Mr3

(r3+2M`2)Frolov–Zelnikov [327] <∞ ` − e−φ(r−)

`

Mr3

[r2+(2M`2)2/3]
3/2

√
`3

2M
Bardeen [103, 108] 0 −1

`

Dymnikova [107, 111] M
[
1− e(−r3/2M`2)

]
0 ` −1

`

Table D.1: The most relevant properties of the examples that we have considered. The
parameter ` is a length scale, which is usually identified with the Planck length. Only
the leading order of r− and κ− is provided, so that these quantities must be multiplied
by [1 + O(`/M)] terms.
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Adiabatic and quasi-static conditions

In this section we rigorously state and we discuss the validity of the adiabatic and the
quasi-static conditions.

Adiabatic condition

Hawking radiation is derived assuming that the geometry is static or, at the very least,
evolving slow enough in a certain sense. The precise meaning of the word “slow” in
this framework was defined in [328, 329]. For the purposes of the present discussion,
the thermality of Hawking radiation is guaranteed if the following adiabatic condition
is satisfied:

1

κ2
+

dκ+

dv
� 1. (D.17)

For regular black holes, this condition might only fail during the final stages of the
evaporation, when both dκ+/dv and κ2

+ go to zero. From Eq. (D.12), it follows that

dκ+

dv
∝ εγ−1 dε

dv
, (D.18)

while taking the derivative in Eq. (D.8) and using the evaporation law (D.2) leads to

εσ−1 dε

dv
∝ dM

dv
∝ ε4γ. (D.19)

This permits to solve for dε/dv, so that the adiabatic condition becomes

1

κ2
+

dκ+

dv
∝ ε3γ−σ. (D.20)

Hence, it follows that the adiabatic condition is satisfied if and only if

3γ − σ > 0. (D.21)

Repeating the same analysis performed at the end of Sec. D, one can easily show that
this condition is always satisfied for spacetime geometries that are analytic.

Quasi-static condition

We have studied explicitly only the late stages of the evaporation, in which the temper-
ature is arbitrarily small so that the quasi-static approximation is surely valid in this
stage. However, we implicitly assumed that the black hole, starting from a macroscopic
mass much greater than M?, reaches a mass M? + ∆M with ∆M � M? through an
adiabatic and quasi-static process driven by the Hawking radiation.

Since the surface gravity becomes zero both for M = M? and at M → ∞, it
must have a global maximum for some value Mpeak of the black hole mass. If the
corresponding Hawking temperature Tpeak is high enough, then the evaporation process
can enter in a regime in which most of its mass is emitted in a short time, so that the
quasi-static approximation no longer holds. Therefore, we must address whether or not
this is the case. For concreteness, we refer to what is probably the simplest regular
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Figure D.1: Qualitative plot of the Hawking temperature as a function of the mass.

black hole model, originally proposed by Hayward [109]. Hayward’s metric is specified
by

F (r,M) = 1− 2Mr2

r3 + 2M`2
, φ(r,M) = 0. (D.22)

The outer and inner horizons r± for a given mass are identified by the relation

M =
r3
±

2 (r2
± − `2)

. (D.23)

When M → ∞, r+ → 2M and r− → `. The function (D.23) has a global minimum
for r? =

√
3` and M? = 3

√
3`/4, which corresponds to the extremal mass. The surface

gravity of the outer horizon is

κ+ =
3

4M
− 1

r+

. (D.24)

Fig. D.1 shows the dependence of κ+/2π on the mass M : We see that there is only one
maximum at M = Mpeak. In order to find the exact value of Mpeak it is sufficient to
minimize the function

F̃ (r,M) =
∂F (r,M)

∂r
+ λ̃F (r,M) (D.25)

with respect to r, M and λ̃, finding rpeak = 3` and Mpeak = 27`/16. The corresponding
height of the temperature peak is

Tpeak =
κpeak

2π
=

1

18π`
≈ 10−2

`
. (D.26)

Therefore, if we identify ` with the Planck length, the peak temperature is two orders
of magnitude smaller than the Planck temperature. In order to assess the extent to
which this is consistent with the quasi-static condition, let us point that at Mpeak the
system is dominated only by the scale `. Therefore we can roughly estimate the mass
loss at the peak by multiplying the peak luminosity

dM

dt

∣∣∣∣
peak

= −σSB T
4
peak4πr4

peak (D.27)
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by the characteristic timescale at the peak, tpeak ≈ `. Identifying ` = Lplanck we find
that the emitted mass is about 10−6Mpeak. We interpret this result as an indication that
the system is not much perturbed even at the peak point, implying that the adiabatic
approximation is reasonable.

We have numerically computed rpeak and Mpeak for the “Bardeen black hole” [103,
108] and the “Dymnikova black hole” [107], finding that the mass emitted at the peak
is 10−7Mpeak in the former case and 10−5Mpeak in the latter one. A similar conclusion
was reached in [330] in the context of asymptotic safety.

Beyond the quasi-static or adiabatic regimes

Comparing Eqs. (D.14) and (D.21) it is evident that it is not possible to satisfy the
adiabatic condition and also have a finite evaporation time (this follows from σ > 0).
Therefore, the only way to build a model with finite evaporation time is going outside
either the quasi-static or the adiabatic regimes.

It is possible to go outside the quasi-static approximation by simply picking a
φ(r,M) 6= 0 that is very large at the peak mass. In this case the system would enter
in a regime that requires beyond semiclassical physics to be addressed (in other words,
the effective description in terms of the regular black hole geometry breaks down).

Evading the adiabatic condition is less trivial. One would need to pick a function
φ(r,M) such that it diverges at r+ = r? whenM = M?. Indeed, returning to Eqs. (D.16)
and (D.21), it is sufficient for σ − 3γ to be positive that

e−φ(r?+∆r,M?+∆M) ∝ ε−δ, (D.28)

where

(n− 1)− σ

3
≤ δ ≤ n− 1. (D.29)

In particular, the lower bound of δ in Eq. (D.29) ensures that the adiabatic condition
is violated, while the upper bound prevents κ? from diverging. Notice also that, when
the upper bound is saturated, δ = n− 1, we are in a special case: κ? is not zero but it
is discontinuous, namely limr+→r? κ+ > 0 while limr−→r? κ− < 0.

Let us remark that Eq. (D.29) is not the only constraint that φ(r,M) must satisfy in
order for the scenario to be internally consistent. Obviously the metric should remain
non-singular. There are two places in which the metric could become singular, at r = r?
and at r = 0. Computing the Ricci and Kretschmann scalar, one can check that, if
Eq. (D.29) holds only when M = M?, i.e., only when r? is an horizon, then the metric is
not singular. Additionally, it can be checked that, in order for the metric to not diverge
at r = 0, we must have that e−φ(r,M) goes to a constant in the limit r → 0, while its
derivative with respect to r must vanish in this limit. Furthermore, we also want the
instability timescale of the inner horizon to be much longer than the evaporation time,
implying exp [−φ(r−,M)]� 1. Strictly speaking, this condition is necessary only when
the black hole is macroscopic or mesoscopic (M � M?). Indeed F ′(r−) approaches
zero in the limit M → M?, and, from Eq. (4.10), κ− might still be small for values of
exp [−φ(r−,M)] of order unity or even greater.

If these properties are satisfied, the model can in principle be consistent from a
geometric perspective. However, this limits the predictability of the late stages of
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evaporation, because one must resort to yet unknown physics beyond the effective
description provided by regular black holes. Therefore, that the effective description
breaks down just when it would become physically relevant, invalidates the original
motivation and limits the scope of these models.



Bibliography

[1] Virgo, LIGO Scientific Collaboration, B. P. Abbott et al., “Observation of
Gravitational Waves from a Binary Black Hole Merger,” Phys. Rev. Lett. 116
no. 6, (2016) 061102, arXiv:1602.03837 [gr-qc].

[2] Virgo, LIGO Scientific Collaboration, B. P. Abbott et al., “GW151226:
Observation of Gravitational Waves from a 22-Solar-Mass Binary Black Hole
Coalescence,” Phys. Rev. Lett. 116 no. 24, (2016) 241103, arXiv:1606.04855
[gr-qc].

[3] VIRGO, LIGO Scientific Collaboration, B. P. Abbott et al., “GW170104:
Observation of a 50-Solar-Mass Binary Black Hole Coalescence at Redshift 0.2”
Phys. Rev. Lett. 118 no. 22, (2017) 221101, arXiv:1706.01812 [gr-qc].

[4] Virgo, LIGO Scientific Collaboration, B. P. Abbott et al., “GW170608:
Observation of a 19-solar-mass Binary Black Hole Coalescence,” Astrophys. J.
851 no. 2, (2017) L35, arXiv:1711.05578 [astro-ph.HE].

[5] Virgo, LIGO Scientific Collaboration, B. P. Abbott et al., “GW170814: A
Three-Detector Observation of Gravitational Waves from a Binary Black Hole
Coalescence,” Phys. Rev. Lett. 119 no. 14, (2017) 141101, arXiv:1709.09660
[gr-qc].

[6] Virgo, LIGO Scientific Collaboration, B. Abbott et al., “GW170817:
Observation of Gravitational Waves from a Binary Neutron Star Inspiral,” Phys.
Rev. Lett. 119 no. 16, (2017) 161101, arXiv:1710.05832 [gr-qc].

[7] Event Horizon Telescope Collaboration, K. Akiyama et al., “First M87
Event Horizon Telescope Results. I. The Shadow of the Supermassive Black
Hole,” Astrophys. J. 875 no. 1, (2019) L1, arXiv:1906.11238 [astro-ph.GA].

[8] Event Horizon Telescope Collaboration, K. Akiyama et al., “First M87
Event Horizon Telescope Results. II. Array and Instrumentation,” Astrophys. J.
Lett. 875 no. 1, (2019) L2, arXiv:1906.11239 [astro-ph.IM].

[9] Event Horizon Telescope Collaboration, K. Akiyama et al., “First M87
Event Horizon Telescope Results. III. Data Processing and Calibration,”
Astrophys. J. Lett. 875 no. 1, (2019) L3, arXiv:1906.11240 [astro-ph.GA].

135

http://dx.doi.org/10.1103/PhysRevLett.116.061102
http://dx.doi.org/10.1103/PhysRevLett.116.061102
http://arxiv.org/abs/1602.03837
http://dx.doi.org/10.1103/PhysRevLett.116.241103
http://arxiv.org/abs/1606.04855
http://arxiv.org/abs/1606.04855
http://dx.doi.org/10.1103/PhysRevLett.118.221101
http://arxiv.org/abs/1706.01812
http://dx.doi.org/10.3847/2041-8213/aa9f0c
http://dx.doi.org/10.3847/2041-8213/aa9f0c
http://arxiv.org/abs/1711.05578
http://dx.doi.org/10.1103/PhysRevLett.119.141101
http://arxiv.org/abs/1709.09660
http://arxiv.org/abs/1709.09660
http://dx.doi.org/10.1103/PhysRevLett.119.161101
http://dx.doi.org/10.1103/PhysRevLett.119.161101
http://arxiv.org/abs/1710.05832
http://dx.doi.org/10.3847/2041-8213/ab0ec7
http://arxiv.org/abs/1906.11238
http://dx.doi.org/10.3847/2041-8213/ab0c96
http://dx.doi.org/10.3847/2041-8213/ab0c96
http://arxiv.org/abs/1906.11239
http://dx.doi.org/10.3847/2041-8213/ab0c57
http://arxiv.org/abs/1906.11240


136 BIBLIOGRAPHY

[10] Event Horizon Telescope Collaboration, K. Akiyama et al., “First M87 Event
Horizon Telescope Results. IV. Imaging the Central Supermassive Black Hole,”
Astrophys. J. Lett. 875 no. 1, (2019) L4, arXiv:1906.11241 [astro-ph.GA].

[11] Event Horizon Telescope Collaboration, K. Akiyama et al., “First M87
Event Horizon Telescope Results. V. Physical Origin of the Asymmetric Ring,”
Astrophys. J. Lett. 875 no. 1, (2019) L5, arXiv:1906.11242 [astro-ph.GA].

[12] Event Horizon Telescope Collaboration, K. Akiyama et al., “First M87
Event Horizon Telescope Results. VI. The Shadow and Mass of the Central
Black Hole,” Astrophys. J. Lett. 875 no. 1, (2019) L6, arXiv:1906.11243
[astro-ph.GA].

[13] S. Weinberg, “The Cosmological Constant Problem,” Rev. Mod. Phys. 61 (1989)
1–23.

[14] J. L. Bernal, L. Verde, and A. G. Riess, “The trouble with H0,” JCAP 10
(2016) 019, arXiv:1607.05617 [astro-ph.CO].

[15] J. R. Oppenheimer and G. M. Volkoff, “On Massive neutron cores,” Phys. Rev.
55 (1939) 374–381.

[16] E. Lifshitz and I. Khalatnikov, “Investigations in relativistic cosmology,”
Advances in Physics 12 no. 46, (1963) 185–249.
https://doi.org/10.1080/00018736300101283.

[17] R. Penrose, “Gravitational collapse and space-time singularities,” Phys. Rev.
Lett. 14 (1965) 57–59.

[18] S. Hawking, “The occurrence of singularities in cosmology. III. Causality and
singularities,” Proc. Roy. Soc. Lond. A A300 (1967) 187–201.

[19] S. W. Hawking and R. Penrose, “The Singularities of gravitational collapse and
cosmology,” Proc. Roy. Soc. Lond. A314 (1970) 529–548.

[20] R. Penrose, “Gravitational collapse: The role of general relativity,” Riv. Nuovo
Cim. 1 (1969) 252–276. [Gen. Rel. Grav.34,1141(2002)].

[21] G. ’t Hooft and M. Veltman, “One loop divergencies in the theory of
gravitation,” Ann. Inst. H. Poincare Phys. Theor. A 20 (1974) 69–94.

[22] M. H. Goroff and A. Sagnotti, “Quantum gravity at two loops,” Phys. Lett. B
160 (1985) 81–86.

[23] A. E. van de Ven, “Two-loop quantum gravity,” Nuclear Physics B 378 no. 1,
(1992) 309 – 366.
http://www.sciencedirect.com/science/article/pii/055032139290011Y.

[24] S. Weinberg, Ultravioler divergencer in quantum theories of gravitation,
pp. 790–831. 1, 1980.

http://dx.doi.org/10.3847/2041-8213/ab0e85
http://arxiv.org/abs/1906.11241
http://dx.doi.org/10.3847/2041-8213/ab0f43
http://arxiv.org/abs/1906.11242
http://dx.doi.org/10.3847/2041-8213/ab1141
http://arxiv.org/abs/1906.11243
http://arxiv.org/abs/1906.11243
http://dx.doi.org/10.1103/RevModPhys.61.1
http://dx.doi.org/10.1103/RevModPhys.61.1
http://dx.doi.org/10.1088/1475-7516/2016/10/019
http://dx.doi.org/10.1088/1475-7516/2016/10/019
http://arxiv.org/abs/1607.05617
http://dx.doi.org/10.1103/PhysRev.55.374
http://dx.doi.org/10.1103/PhysRev.55.374
http://dx.doi.org/10.1080/00018736300101283
https://doi.org/10.1080/00018736300101283
http://dx.doi.org/10.1103/PhysRevLett.14.57
http://dx.doi.org/10.1103/PhysRevLett.14.57
http://dx.doi.org/10.1098/rspa.1967.0164
http://dx.doi.org/10.1098/rspa.1970.0021
http://dx.doi.org/10.1016/0370-2693(85)91470-4
http://dx.doi.org/10.1016/0370-2693(85)91470-4
http://dx.doi.org/https://doi.org/10.1016/0550-3213(92)90011-Y
http://dx.doi.org/https://doi.org/10.1016/0550-3213(92)90011-Y
http://www.sciencedirect.com/science/article/pii/055032139290011Y


BIBLIOGRAPHY 137

[25] A. Bonanno, A. Eichhorn, H. Gies, J. M. Pawlowski, R. Percacci, M. Reuter,
F. Saueressig, and G. P. Vacca, “Critical reflections on asymptotically safe
gravity,” Front. in Phys. 8 (2020) 269, arXiv:2004.06810 [gr-qc].

[26] D. Lovelock, “The einstein tensor and its generalizations,” Journal of
Mathematical Physics 12 no. 3, (1971) 498–501.
https://doi.org/10.1063/1.1665613.

[27] D. v. Glavan and C. Lin, “Einstein-Gauss-Bonnet gravity in 4-dimensional
space-time,” Phys. Rev. Lett. 124 no. 8, (2020) 081301, arXiv:1905.03601
[gr-qc].

[28] K. Aoki, M. A. Gorji, and S. Mukohyama, “A consistent theory of D → 4
Einstein-Gauss-Bonnet gravity,” arXiv:2005.03859 [gr-qc].

[29] C. Lin and S. Mukohyama, “A Class of Minimally Modified Gravity Theories,”
JCAP 1710 no. 10, (2017) 033, arXiv:1708.03757 [gr-qc].

[30] T. Thiemann, Modern Canonical Quantum General Relativity. Cambridge
Monographs on Mathematical Physics. Cambridge University Press, 2008.
https://books.google.it/books?id=LEBIPgAACAAJ.

[31] M. Bojowald, G. M. Hossain, M. Kagan, and S. Shankaranarayanan, “Anomaly
freedom in perturbative loop quantum gravity,” Phys. Rev. D78 (2008) 063547,
arXiv:0806.3929 [gr-qc].

[32] M. Bojowald and G. M. Paily, “Deformed General Relativity and Effective
Actions from Loop Quantum Gravity,” Phys. Rev. D86 (2012) 104018,
arXiv:1112.1899 [gr-qc].

[33] M. Bojowald and G. M. Paily, “Deformed General Relativity,” Phys. Rev. D87
no. 4, (2013) 044044, arXiv:1212.4773 [gr-qc].

[34] M. Bojowald, Canonical Gravity and Applications: Cosmology, Black Holes, and
Quantum Gravity. Cambridge University Press, 2010.
https://books.google.it/books?id=qGoLVnjDewUC.

[35] T. Cailleteau, J. Mielczarek, A. Barrau, and J. Grain, “Anomaly-free scalar
perturbations with holonomy corrections in loop quantum cosmology,” Class.
Quant. Grav. 29 (2012) 095010, arXiv:1111.3535 [gr-qc].

[36] J. Ben Achour, S. Brahma, and A. Marciano, “Spherically symmetric sector of
self dual Ashtekar gravity coupled to matter: Anomaly-free algebra of
constraints with holonomy corrections,” Phys. Rev. D96 no. 2, (2017) 026002,
arXiv:1608.07314 [gr-qc].

[37] M. Bojowald and J. Mielczarek, “Some implications of signature-change in
cosmological models of loop quantum gravity,” JCAP 1508 no. 08, (2015) 052,
arXiv:1503.09154 [gr-qc].

http://dx.doi.org/10.3389/fphy.2020.00269
http://arxiv.org/abs/2004.06810
http://dx.doi.org/10.1063/1.1665613
http://dx.doi.org/10.1063/1.1665613
https://doi.org/10.1063/1.1665613
http://dx.doi.org/10.1103/PhysRevLett.124.081301
http://arxiv.org/abs/1905.03601
http://arxiv.org/abs/1905.03601
http://arxiv.org/abs/2005.03859
http://dx.doi.org/10.1088/1475-7516/2017/10/033
http://arxiv.org/abs/1708.03757
https://books.google.it/books?id=LEBIPgAACAAJ
http://dx.doi.org/10.1103/PhysRevD.78.063547
http://arxiv.org/abs/0806.3929
http://dx.doi.org/10.1103/PhysRevD.86.104018
http://arxiv.org/abs/1112.1899
http://dx.doi.org/10.1103/PhysRevD.87.044044
http://dx.doi.org/10.1103/PhysRevD.87.044044
http://arxiv.org/abs/1212.4773
https://books.google.it/books?id=qGoLVnjDewUC
http://dx.doi.org/10.1088/0264-9381/29/9/095010
http://dx.doi.org/10.1088/0264-9381/29/9/095010
http://arxiv.org/abs/1111.3535
http://dx.doi.org/10.1103/PhysRevD.96.026002
http://arxiv.org/abs/1608.07314
http://dx.doi.org/10.1088/1475-7516/2015/08/052
http://arxiv.org/abs/1503.09154


138 BIBLIOGRAPHY

[38] M. Bojowald and S. Brahma, “Signature change in loop quantum gravity:
Two-dimensional midisuperspace models and dilaton gravity,” Phys. Rev. D95
no. 12, (2017) 124014, arXiv:1610.08840 [gr-qc].

[39] S. Brahma and M. Ronco, “Constraining the loop quantum gravity parameter
space from phenomenology,” Phys. Lett. 778 (2018) 184, arXiv:1801.09417
[hep-th].

[40] J. Grain, “The perturbed universe in the deformed algebra approach of Loop
Quantum Cosmology,” Int. J. Mod. Phys. D25 no. 08, (2016) 1642003,
arXiv:1606.03271 [gr-qc].

[41] R. F. Baierlein, D. H. Sharp, and J. A. Wheeler, “Three-Dimensional Geometry
as Carrier of Information about Time,” Phys. Rev. 126 (1962) 1864–1865.

[42] N. O. Murchadha, C. Soo, and H.-L. Yu, “Intrinsic time gravity and the
Lichnerowicz-York equation,” Class. Quant. Grav. 30 (2013) 095016,
arXiv:1208.2525 [gr-qc].

[43] R. Percacci, An Introduction To Covariant Quantum Gravity And Asymptotic
Safety. 100 Years Of General Relativity. World Scientific Publishing Company,
2017. https://books.google.it/books?id=9fCtDgAAQBAJ.

[44] N. T. Bishop and L. Rezzolla, “Extraction of Gravitational Waves in Numerical
Relativity,” Living Rev. Rel. 19 (2016) 2, arXiv:1606.02532 [gr-qc].

[45] K. Hinterbichler, “Theoretical Aspects of Massive Gravity,” Rev. Mod. Phys. 84
(2012) 671–710, arXiv:1105.3735 [hep-th].

[46] T. Ortin, Gravity and Strings. Cambridge Monographs on Mathematical
Physics. Cambridge University Press, 2015.
http://www.cambridge.org/mw/academic/subjects/physics/

theoretical-physics-and-mathematical-physics/

gravity-and-strings-2nd-edition.

[47] A. Zee, “Quantum field theory in a nutshell,” Princeton, UK: Princeton Univ.
Pr. (2010) 576 p (2003) .

[48] H. Elvang and Y. Huang, Scattering Amplitudes in Gauge Theory and Gravity.
Cambridge University Press, 2015.
https://books.google.it/books?id=MxTRoAEACAAJ.

[49] H. Elvang and Y.-t. Huang, “Scattering Amplitudes,” arXiv 1308.1697 (2013) .

[50] E. Witten, “Perturbative gauge theory as a string theory in twistor space,”
Commun. Math. Phys. 252 (2004) 189–258, arXiv:hep-th/0312171 [hep-th].

[51] P. Benincasa and F. Cachazo, “Consistency Conditions on the S-Matrix of
Massless Particles,” arXiv:0705.4305 [hep-th].

http://dx.doi.org/10.1103/PhysRevD.95.124014
http://dx.doi.org/10.1103/PhysRevD.95.124014
http://arxiv.org/abs/1610.08840
http://dx.doi.org/10.1016/j.physletb.2018.01.023
http://arxiv.org/abs/1801.09417
http://arxiv.org/abs/1801.09417
http://dx.doi.org/10.1142/S0218271816420037
http://arxiv.org/abs/1606.03271
http://dx.doi.org/10.1103/PhysRev.126.1864
http://dx.doi.org/10.1088/0264-9381/30/9/095016
http://arxiv.org/abs/1208.2525
https://books.google.it/books?id=9fCtDgAAQBAJ
http://dx.doi.org/10.1007/lrr-2016-2, 10.1007/s41114-016-0001-9
http://arxiv.org/abs/1606.02532
http://dx.doi.org/10.1103/RevModPhys.84.671
http://dx.doi.org/10.1103/RevModPhys.84.671
http://arxiv.org/abs/1105.3735
http://www.cambridge.org/mw/academic/subjects/physics/theoretical-physics-and-mathematical-physics/gravity-and-strings-2nd-edition
http://www.cambridge.org/mw/academic/subjects/physics/theoretical-physics-and-mathematical-physics/gravity-and-strings-2nd-edition
http://www.cambridge.org/mw/academic/subjects/physics/theoretical-physics-and-mathematical-physics/gravity-and-strings-2nd-edition
https://books.google.it/books?id=MxTRoAEACAAJ
http://dx.doi.org/10.1007/s00220-004-1187-3
http://arxiv.org/abs/hep-th/0312171
http://arxiv.org/abs/0705.4305


BIBLIOGRAPHY 139

[52] F. Cachazo and P. Svrcek, “Tree level recursion relations in general relativity,”
arXiv:hep-th/0502160 [hep-th].

[53] P. Benincasa, C. Boucher-Veronneau, and F. Cachazo, “Taming Tree
Amplitudes In General Relativity,” JHEP 11 (2007) 057,
arXiv:hep-th/0702032 [HEP-TH].

[54] A. Hall, “On-shell recursion relations for gravity,” Phys. Rev. D77 (2008)
124004, arXiv:0803.0215 [hep-th].

[55] N. Arkani-Hamed and J. Kaplan, “On Tree Amplitudes in Gauge Theory and
Gravity,” JHEP 04 (2008) 076, arXiv:0801.2385 [hep-th].

[56] R. Britto, F. Cachazo, and B. Feng, “New recursion relations for tree
amplitudes of gluons,” Nucl. Phys. B715 (2005) 499–522,
arXiv:hep-th/0412308 [hep-th].

[57] R. Britto, F. Cachazo, B. Feng, and E. Witten, “Direct proof of tree-level
recursion relation in Yang-Mills theory,” Phys. Rev. Lett. 94 (2005) 181602,
arXiv:hep-th/0501052 [hep-th].

[58] T. Cohen, H. Elvang, and M. Kiermaier, “On-shell constructibility of tree
amplitudes in general field theories,” JHEP 04 (2011) 053, arXiv:1010.0257
[hep-th].

[59] N. E. J. Bjerrum-Bohr, D. C. Dunbar, H. Ita, W. B. Perkins, and K. Risager,
“MHV-vertices for gravity amplitudes,” JHEP 01 (2006) 009,
arXiv:hep-th/0509016 [hep-th].

[60] H. Elvang, C. R. T. Jones, and S. G. Naculich, “Soft photon and graviton
theorems in effective field theory,” Phys. Rev. Lett. 118 (Jun, 2017) 231601.
https://link.aps.org/doi/10.1103/PhysRevLett.118.231601.

[61] D. Comelli, F. Nesti, and L. Pilo, “Nonderivative Modified Gravity: a
Classification,” JCAP 1411 no. 11, (2014) 018, arXiv:1407.4991 [hep-th].

[62] C. Lin, J. Quintin, and R. H. Brandenberger, “Massive gravity and the
suppression of anisotropies and gravitational waves in a matter-dominated
contracting universe,” Journal of Cosmology and Astroparticle Physics 2018
no. 01, (2018) 011. http://stacks.iop.org/1475-7516/2018/i=01/a=011.

[63] P. Horava, “Quantum Gravity at a Lifshitz Point,” Phys. Rev. D79 (2009)
084008, arXiv:0901.3775 [hep-th].

[64] M. Visser, “Status of Horava gravity: A personal perspective,” J. Phys. Conf.
Ser. 314 (2011) 012002, arXiv:1103.5587 [hep-th].

[65] T. P. Sotiriou, “Detecting Lorentz Violations with Gravitational Waves from
Black Hole Binaries,” Phys. Rev. Lett. 120 no. 4, (2018) 041104,
arXiv:1709.00940 [gr-qc].

http://arxiv.org/abs/hep-th/0502160
http://dx.doi.org/10.1088/1126-6708/2007/11/057
http://arxiv.org/abs/hep-th/0702032
http://dx.doi.org/10.1103/PhysRevD.77.124004
http://dx.doi.org/10.1103/PhysRevD.77.124004
http://arxiv.org/abs/0803.0215
http://dx.doi.org/10.1088/1126-6708/2008/04/076
http://arxiv.org/abs/0801.2385
http://dx.doi.org/10.1016/j.nuclphysb.2005.02.030
http://arxiv.org/abs/hep-th/0412308
http://dx.doi.org/10.1103/PhysRevLett.94.181602
http://arxiv.org/abs/hep-th/0501052
http://dx.doi.org/10.1007/JHEP04(2011)053
http://arxiv.org/abs/1010.0257
http://arxiv.org/abs/1010.0257
http://dx.doi.org/10.1088/1126-6708/2006/01/009
http://arxiv.org/abs/hep-th/0509016
http://dx.doi.org/10.1103/PhysRevLett.118.231601
https://link.aps.org/doi/10.1103/PhysRevLett.118.231601
http://dx.doi.org/10.1088/1475-7516/2014/11/018
http://arxiv.org/abs/1407.4991
http://stacks.iop.org/1475-7516/2018/i=01/a=011
http://dx.doi.org/10.1103/PhysRevD.79.084008
http://dx.doi.org/10.1103/PhysRevD.79.084008
http://arxiv.org/abs/0901.3775
http://dx.doi.org/10.1088/1742-6596/314/1/012002
http://dx.doi.org/10.1088/1742-6596/314/1/012002
http://arxiv.org/abs/1103.5587
http://dx.doi.org/10.1103/PhysRevLett.120.041104
http://arxiv.org/abs/1709.00940


140 BIBLIOGRAPHY

[66] A. Emir, S. Mukohyama, and A. Wang, “General relativity limit of
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