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Abstract. We study the temporal evolution of the entanglement hamiltonian of an

interval after a global quantum quench in free lattice models in one spatial dimension.

In a harmonic chain we explore a quench of the frequency parameter. In a chain of

free fermions at half filling we consider the evolution of the ground state of a fully

dimerised chain through the homogeneous hamiltonian. We focus on critical evolution

hamiltonians. The temporal evolutions of the gaps in the entanglement spectrum are

analysed. The entanglement hamiltonians in these models are characterised by matrices

that provide also contours for the entanglement entropies. The temporal evolution

of these contours for the entanglement entropy is studied, also by employing existing

conformal field theory results for the semi-infinite line and the quasi-particle picture for

the global quench.
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1. Introduction

The entanglement associated to the state of a quantum system and to a bipartition of its

Hilbert space has attracted a lot of attention during the last decade. Many techniques

have been developed to quantify entanglement in quantum many-body systems, quantum

field theories and quantum gravity [1–7].

Given a bipartition H = HA ⊗HB of the Hilbert space and a state characterised by

the density matrix ρ, the reduced density matrix associated to HA is ρA ≡ TrHBρ. In this

manuscript we focus on bipartitions of Hilbert spaces that come from spatial bipartitions;

hence A denotes a spatial region and B its complement. [8]. The reduced density matrix

is a positive semi-definite hermitian operator normalised to TrHAρA = 1 (hereafter the

trace will be always over HA). These properties allow to write ρA as

ρA =
e−K̂A

ZA
(1)

where the hermitian operator K̂A is the entanglement hamiltonian (also called modular

hamiltonian) and ZA = Tr(e−K̂A).

The moments of the reduced density matrix TrρnA, that are parameterised by the

integer power n > 2, provide the Rényi entropies S
(n)
A ≡ 1

1−n log(TrρnA). The entanglement

entropy is defined as the Von Neumann entropy of the reduced density matrix SA =

−Tr(ρA log ρA). A very important property of the Rényi entropies is that S
(n)
A → SA as

n → 1. This limit can be very complicated because it requires to perform an analytic

continuation in n. The entanglement entropies are S
(n)
A for n > 1, where S

(1)
A ≡ SA is

assumed. These scalar quantities depend only on the eigenvalues of ρA (the entanglement

spectrum) [9]; hence the entanglement hamiltonian contains more information about the

entanglement of the bipartition with respect to the corresponding entanglement entropies.

In quantum field theories, Bisognano and Wichmann found the explicit expression of

the entanglement hamiltonian of half space through the stress tensor of the model [10].

In conformal field theories (CFT), this formula has been employed as the starting point

to obtain entanglement hamiltonians for other interesting configurations [11–18]. Crucial

tools in this analysis are the methods developed for CFT with boundary [19]. In quantum

gravity models in the context of the gauge/gravity correspondence, elaborating on the

holographic prescription for the entanglement entropy [20, 21], also the entanglement

hamiltonian has been explored [22].

In many body quantum systems, entanglement hamiltonians have been studied for

bosonic Gaussian states in harmonic lattices and for fermionic Gaussian states in lattice

models of free fermions [1,2,23–34]. The entanglement hamiltonian is a quadratic operator

in these free models; hence it is fully characterised by a matrix. The results available in

the literature are mostly based on numerical analysis of this matrix. Analytic expressions

for the entanglement hamiltonian in the thermodynamic limit have been obtained in [31]

for the static configuration where A is a single block in the infinite chain of free fermions

in the ground state. The matrix characterising this entanglement hamiltonian at half
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filling has non vanishing odd diagonals at any allowed distance from the main diagonal.

The continuum limit of this entanglement hamiltonian has been studied in [34] and the

expected CFT result of [11, 12] has been derived through this method. In spin chain

systems, entanglement hamiltonians have been studied in [35].

The entanglement spectrum is another very insightful quantity to consider in order

to get insights about the bipartite entanglement. It has been explored by employing both

CFT methods [15, 36] and numerical techniques [37, 38]. The entanglement spectrum is

not enough to construct the entanglement hamiltonian.

The contours for the entanglement entropies are simpler to obtain with respect to

the entanglement hamiltonian and they are not fully determined by the entanglement

spectrum as well. The contours for the entanglement entropies are positive functions on

the subsystem A such that their integral over A provides the entanglement entropies. The

aim of these scalar quantities is to describe the contribution of the various sites in A to the

entanglement entropies of the bipartition and the entanglement spectrum is not enough

to determine them. In free lattice models, contours for the entanglement entropies have

been constructed and numerical analysis have been performed [16,39–42]. For some static

configurations described by CFT, they are related to the corresponding entanglement

hamiltonians [42]. Density functions for the entanglement entropy have been explored

also in [43]. The contours for the entanglement entropies are special density functions

because further constraints are required for them [40, 42]. Nonetheless, a complete list

of properties that allows to select a unique contour for the entanglement entropies is not

known.

The bipartite entanglement has been studied during the last decade also to explore the

out of equilibrium dynamics of quantum systems. Global quantum quenches are insightful

processes where the system is prepared in the ground state |ψ0〉 of a translationally

invariant hamiltonian and at t = 0 a sudden change modifies the hamiltonian keeping

the translation invariance. The non trivial dynamics is due to the fact that the initial

state |ψ0〉 is not an eigenvector of the hamiltonian determining its unitary evolution.

The temporal evolutions of various quantities after global quantum quenches and also

other kinds of quenches have been studied in quantum field theories, in many-body

systems on the lattice [44–61] and also in quantum gravity through the gauge/gravity

correspondence [21,62] (see the reviews [63–65] for an extensive list of references).

In this manuscript we study the temporal evolution of the entanglement hamiltonian

and of a contour for the entanglement entropy after a global quantum quench in free

lattice models. For simplicity, we consider, in one spatial dimension, a harmonic chain

and a chain of free fermions. In the harmonic chain, we explore a quench of the frequency

parameter such that the unitary evolution is governed by the massless hamiltonian. In

the chain of free fermions, we consider the global quench introduced in [1, 49], where

the system is prepared in the ground state of a fully dimerised chain while the evolution

hamiltonian is fully homogeneous.

This manuscript is organised as follows. In §2 and §3 we discuss the construction of

the entanglement hamiltonians and of the contours for the entanglement entropies in the
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models of interest. In §4 we provide a naive formula for the contour function obtained

through CFT results. The numerical results for the harmonic chain and for the chain of

free fermions are described in §5 and §6 respectively. In §7 we draw some conclusions.

The Appendices A, B, C and D contain technical details about some issues discussed in

the main text.

2. Harmonic lattices

In this section we review the construction of the matrix characterising the entanglement

hamiltonian for Gaussian states in harmonic lattices. We focus on one dimensional chains,

but the discussion can be easily extended to harmonic lattices in higher dimensions.

The hamiltonian of the harmonic chain with nearest neighbour spring-like interaction

reads

Ĥ =
L−1∑

i=0

(
1

2m
p̂2i +

mω2

2
q̂2i +

κ

2
(q̂i+1 − q̂i)2

)
(2)

where L is the number of lattice sites and the hermitian operators q̂i and p̂i satisfy the

canonical commutation relations [q̂i, q̂j] = [p̂i, p̂j] = 0 and [q̂i, p̂j] = iδij (throughout this

manuscript ~ = 1). The boundary conditions, that are crucial to determine the expression

of the correlators, do not influence explicitly the following discussion. By arranging

the position and momentum operators into the vector r̂ ≡ (q̂1, . . . , q̂L, p̂1, . . . , p̂L)t, the

canonical commutation relations can be written in the form [r̂i, r̂j] = iJij, being J the

standard symplectic matrix

J ≡
(

0 1

−1 0

)
(3)

where 1 is the L × L identity matrix and 0 is the L × L matrix made by zeros. Notice

that J t = −J and J2 = −1. We also need that J t(a⊕ b)J = b⊕ a.

The linear transformations r̂ → r̂′ = Sr̂ preserving the canonical commutation

relations define the real symplectic group Sp(L), made by the real 2L×2L matrices S that

satisfy the relation SJSt = J [66]. Given a symplectic matrix S, we have that det(S) = 1,

St ∈ Sp(L) and S−1 = JStJ−1. The above observations imply that S−t = J tSJ , where

we have adopted the notation M−t ≡ (M t)−1.

By employing a canonical transformation, the hamiltonian (2) can be written as the

hamiltonian of a free boson with mass ω discretised on a lattice with spacing a =
√
m/κ.

This implies that we can set m = κ = 1 without loss of generality. The continuum limit

of this model gives the free scalar boson with mass ω in two spacetime dimensions. In the

massless regime, this quantum field theory is a conformal field theory (CFT) with central

charge c = 1.

In this manuscript we focus on Gaussian states of (2), which are completely

characterised by the correlators 〈r̂i〉 (first moments) and 〈r̂i r̂j〉 (second moments). Since

a shift of the first moments corresponds to a unitary transformation that preserves the

Gaussian nature of the state, let us consider Gaussian states having 〈r̂i〉 = 0. Thus, the

second moments fully describe these states and they can be collected into the 2L × 2L
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covariance matrix γ ≡ Re〈r̂ r̂t〉, which is a real, symmetric and positive definite matrix

[5,6,39,66,67]. A canonical transformation r̂ → r̂′ = Sr̂ characterised by the symplectic

matrix S induces the transformation γ → γ′ = SγSt on the covariance matrix. The

covariance matrix of a pure Gaussian state satisfies the relation (iJ γ)2 = 1
4
1.

Given the harmonic chain (2) in a Gaussian state ρ characterised by the covariance

matrix γ, let us introduce a bipartition of the Hilbert space H = HA⊗HB corresponding

to a spatial bipartition A ∪ B. The reduced density matrix ρA ≡ TrHBρ associated to

the spatial subsystem A characterises a mixed state also when the whole system A ∪ B
is in a pure state. For the harmonic chain (2) and its higher dimensional generalisations,

ρA remains Gaussian for any choice of A. This implies that ρA is fully described by

the reduced covariance matrix γA ≡ Re〈r̂ r̂t〉|A, obtained by extracting from γ of the

entire system the rows and the columns corresponding to the lattice sites belonging to

the subsystem A. The reduced covariance matrix γA is real, symmetric and positive

definite. In the numerical analysis of this manuscript we consider only the case where

A is an interval made by ` sites, hence γA is a 2` × 2` matrix. Nonetheless, the

considerations reported in this section hold for a generic number of spatial dimensions,

once ` is understood as the number of sites in the subsystem A.

2.1. Entanglement hamiltonian

In the harmonic chain, the entanglement hamiltonian K̂A corresponding to a region A

introduced in (1) is a quadratic hermitian operator, hence it can be written as [2, 23]

K̂A =
1

2
r̂tHA r̂ r̂ =

(
q̂

p̂

)
(4)

where the 2` dimensional vector r̂ collects the position and the momentum operators q̂i
and p̂i with i ∈ A. The matrix HA, that fully determines the entanglement hamiltonian

in (4), is real, symmetric and positive definite. This guarantees that K̂A is hermitian, like

the operators q̂i and p̂i. In the following we often call HA the entanglement hamiltonian

matrix.

A very important tool employed to quantify the bipartite entanglement in harmonic

lattices is the Williamson’s theorem [68–70]. It holds for any real, symmetric and positive

matrix having even order, but in our analysis we employ it for the 2` × 2` matrices γA
and HA. Considering the reduced covariance matrix γA first, the Williamson’s theorem

guarantees that we can construct a symplectic matrix W ∈ Sp(`) such that

γA = W tDdW (5)

where Dd ≡ D ⊕D and the diagonal matrix D = diag(σ1, . . . , σ`) collects the symplectic

eigenvalues σk > 0 of γA. The symplectic eigenvalues are uniquely determined up to

permutation and constitute the symplectic spectrum. We will refer to the r.h.s. of (5)

as the Williamson’s decomposition of γA. We will choose a decreasing ordering for the

symplectic eigenvalues.
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The symplectic spectrum of γA provides the entanglement entropy SA and the Rényi

entropies S
(n)
A as follows [1, 5, 6, 25,39,67]

SA =
∑̀

k=1

s(σk) S
(n)
A =

∑̀

k=1

sn(σk) (6)

where s(y) and sn(y) are the analytic functions given by

s(y) ≡ (y + 1/2) log(y + 1/2)− (y − 1/2) log(y − 1/2) (7)

and

sn(y) ≡ 1

n− 1
log
[
(y + 1/2)n − (y − 1/2)n

]
. (8)

The parameter n is an integer n > 2. Performing an analytic continuation of this integer

parameter, the entanglement entropy SA can be obtained as S
(1)
A ≡ limn→1 S

(n)
A , that is

the replica limit for the entanglement entropy. The scalar quantities S
(n)
A with n > 1 are

usually called entanglement entropies, assuming that S
(1)
A ≡ SA.

The symplectic spectrum of γA is obtained by diagonalising (iJγA)2 or (iγAJ)2.

Indeed, by employing that W is symplectic and that J tDrdJ = Drd for any non negative

integer r, it is not difficult to realise that

(iJγA)2 = W−1D2
d W (iγAJ)2 = W̃−1D2

d W̃ (9)

where we have introduced

W̃ ≡ J tWJ = W−t. (10)

Being W W̃ t = W̃ tW = 1, the matrix W is not orthogonal.

The Williamson’s theorem can be employed to decompose also the entanglement

hamiltonian matrix HA defined in (4), namely

HA = W t
H EdWH (11)

where WH ∈ Sp(`) and Ed ≡ E ⊕E , being E = diag(ε1, . . . , ε`) the symplectic spectrum of

HA. The symplectic eigenvalues εk are often called single particle entanglement energies.

The symplectic spectrum of HA is related to the symplectic spectrum of γA as follows

E = 2 arccoth(2D) = log

(
D + 1/2

D − 1/2

)
. (12)

Being E andD diagonal matrices, we have εk = 2 arccoth(2σk) = log[(σk+1/2)/(σk−1/2)],

whose inverse reads σk = coth(εk/2)/2 = [(eεk + 1)/(eεk − 1)]/2 for 1 6 k 6 `. Let us

remark that the uncertainty principle leads to σk > 1/2, and this implies that εk > 0.

The determinant of HA is determined only by the symplectic spectrum. Indeed, by

employing the Williamson’s decomposition (11) and the fact that a symplectic matrix has

determinant equal to one, one finds detHA = det Ed =
∏`

k=1 ε
2
k.
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In [28] the entanglement hamiltonian matrix HA has been expressed in terms of the

reduced covariance matrix γA as follows

HA = 2 i J arccoth(2 iγAJ) = 2 i arccoth(2 iJγA) J . (13)

This relation can be obtained from (11) by employing (12) and

WH = W̃ (14)

where W̃ is given by (10). The details of this derivation have been reported in the

Appendix A. Notice that, if B = A−1(Λ ⊕ Λ)A for some diagonal matrix Λ, then also

B = (J tA)−1(Λ⊕Λ)(J tA). This implies that we can replace W with J tW , −W or −J tW

in (9), and similarly for W̃ . From (5) and (11), one observes that γA and HA are not

affected by this ambiguity.

The expression (13) can be also written as

HA = J tγA J h
(√

(iγAJ)2
)

= h
(√

(iJγA)2
)
J tγA J (15)

where we have introduced the function h(y) ≡ y−1 log[(y+1/2)/(y−1/2)]. The equivalence

between (15) and (13) is shown in Appendix A. Notice that the expression (13) or its

equivalent form (15) cannot be applied for pure states, where (2iJγ)2 = 1.

By employing (5), (10), (11) and (14), one finds γAHA = W t
(
Dd Ed

)
W̃ and its

transpose HA γA = W̃ t
(
Dd Ed

)
W . This implies Tr((HAγA)n) = 2

∑
k(σk εk)

n for n > 1.

Thus, for a generic function f(x) we have Tr(f(HA γA)) = Tr(f(γAHA)) = 2
∑

k f(σk εk).

The above discussion tells that the entanglement hamiltonian matrix HA can be

obtained from γA either through the explicit expressions in (11) and (13) or by finding

the symplectic spectrum of the reduced covariance matrix γA and the symplectic matrix

W first and then use (11), (12) and (14). In the latter procedure, the needed data can

be obtained through a standard diagonalisation, as indicates in (9). In our numerical

analysis, this step is not straightforward because the matrix (iJγA)2 to diagonalise is

not symmetric. In the Appendix B we describe the procedure that we have employed to

construct the symplectic matrix W , that is based on the Cholesky decomposition of γA.

The Williamson’s theorem (11) and the relation (14) allow to write entanglement

hamiltonian (4) in the following diagonal form

K̂A =
1

2
ŝt Ed ŝ W̃ r̂ ≡ ŝ ≡

(
q̂

p̂

)
(16)

where the hermitian operators q̂k and p̂k collected in the vector s satisfy the canonical

commutation relations, being W̃ symplectic. It is convenient to introduce the annihilation

and creation operators b̂
t ≡ (b̂1 . . . b̂` b̂†1 . . . b̂

†
` ) as follows

b̂ ≡ Ω−1ŝ b̂k ≡
q̂k + i p̂k√

2
Ω ≡ 1√

2

(
1 1

−i1 i1

)
(17)
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where the 2` × 2` matrix Ω is unitary. Since Ω−1(iJ)Ω−t = J , it is straightforward to

check that [b̂i, b̂j] = Jij. In terms of these operators, the entanglement hamiltonian (16)

becomes

K̂A =
1

2
b̂
t
(

0 E
E 0

)
b̂ =

∑̀

k=1

εk

(
b̂†k b̂k +

1

2

)
. (18)

This operator has a well known form; hence it can be treated in the standard way.

By introducing the eigenstates |nk〉 of the occupation number operator b†kbk, whose

eigenvalues are given by non negative integers nk, the reduced density matrix (1) can

be written through the projectors |n〉 ≡
⊗`

k=1 |nk〉 as follows [71]

ρA =
∑

n

e−
∑`
k=1 εk(nk+1/2)

ZA
|n〉〈n| ≡

∑

n

λn|n〉〈n| (19)

where nk is the k-th element of the `-dimensional vector n. The coefficients λn provide

the entanglement spectrum. The normalisation condition TrρA = 1 leads to

ZA =
∑

m

〈m|
(∑

n

e−
∑`
k=1 εk(nk+1/2)|n〉〈n|

)
|m〉 =

∏̀

k=1

e−εk/2

1− e−εk
=
∏̀

k=1

√
σ2
k − 1/4 (20)

where the orthonormality of the states |n〉 has been employed to write ZA as the product

of ` geometric series (one for each nk). Combining (19) and (20), the generic element of

the entanglement spectrum can be expressed in terms of the symplectic spectrum D as

follows

λn =
∏̀

k=1

[(
1− e−εk

)
e−nkεk

]
=
∏̀

k=1

1

σk + 1/2

(
σk − 1/2

σk + 1/2

)nk
. (21)

The largest eigenvalue is given by λmax = λ0, namely it has nk = 0 for all k. Its explicit

expression reads λmax =
∏`

k=1(1 − e−εk) =
∏`

k=1(σk + 1/2)−1. Thus, (21) can be written

as

λn = λmax e
−

∑`
k=1 nkεk = λmax

∏̀

k=1

(
σk − 1/2

σk + 1/2

)nk
. (22)

The gap between two eigenvalues in the entanglement spectrum characterised by the

vectors m and n is given by

gm,n ≡ log λm − log λn =
∑̀

k=1

(nk −mk) εk =
∑̀

k=1

(mk − nk) log

(
σk − 1/2

σk + 1/2

)
. (23)

The gaps with respect to the largest eigenvalue are log λmax − log λn =
∑`

k=1 εk nk and

correspond to the special case m = 0 in (23). By arranging the symplectic spectrum in

decreasing order σ1 > σ2 > · · · > σ`, we have ε1 6 ε2 6 · · · 6 ε` for the single particle

entanglement energies. In order to find the gaps 0 < g1 < g2 < . . . with respect to the

largest eigenvalue, one can first introduce B(r)
p ≡

{∑p
j=1 εkj , 1 6 kj 6 r

}
for r > 1 and

then compute the r-th gap as gr = min[(∪rp=1B
(r)
p ) \ {gj, 1 6 j 6 r − 1}]. This procedure
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is not optimal, but it allows to get gr easily also for high values of r. The smallest gaps

are given by g1 = ε1, g2 = min{2ε1, ε2} and g3 = min
{

3ε1,max{2ε1, ε2}, ε3
}

. The curves

in Fig. 7 have been found by employing the above expressions.

It is useful to partition the symmetric matrices γA and HA into `×` blocks as follows

γA ≡
(
Q R

Rt P

)
HA ≡

(
M E

Et N

)
. (24)

The blocks of γA are the correlators Qij = 〈q̂i q̂j〉, Pij = 〈p̂i p̂j〉 and Rij = Re〈q̂i p̂j〉, with

1 6 i 6 ` and 1 6 j 6 `. Correspondingly, the partitions in `× ` blocks of the symplectic

matrices W and W̃ occurring in the Williamson’s decompositions of γA and HA (see (5),

(11) and (10)) read

W ≡
(
U Y

Z V

)
W̃ ≡

(
Ũ Ỹ

Z̃ Ṽ

)
(25)

and therefore the relation (10) becomes

(
Ũ Ỹ

Z̃ Ṽ

)
=

(
V −Z
−Y U

)
. (26)

These partitions in `× ` blocks and the relation (14) lead to write the Williamson’s

decompositions (5) and (11) of γA and HA respectively as

γA =

(
U tDU + ZtDZ U tD Y + ZtD V
Y tDU + V tDZ Y tD Y + V tD V

)
(27)

and

HA =

(
V t E V + Y t E Y −V t E Z − Y t E U
−Zt E V − U t E Y Zt E Z + U t E U

)
. (28)

Since the symplectic spectrum E of HA is related to the symplectic spectrum D of γA
through (12), the expression (28) provides the entanglement hamiltonian matrix HA in

terms of the blocks of the matrices occurring in the Williamson’s decomposition of γA.

In the Appendix C we discuss the special case where γA and HA are block diagonal.

This class is very important because it includes the entanglement hamiltonians matrices

corresponding to static configurations [2, 29, 30,33].

2.2. A contour for the entanglement entropies

The contour for the entanglement entropies is a function of the position inside the region

A (and of the time, when the system is out of equilibrium) that has been introduced to

understand the spatial structure of the bipartite entanglement in pure states. For free

lattice models, it has been studied in [16,39–42]. Like the entanglement hamiltonian, also

the contour for the entanglement entropies cannot be determined from the entanglement

spectrum only.
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The contour function for the entanglement entropies s
(n)
A : A → R must satisfy the

following two conditions

S
(n)
A =

∑

i∈A

s
(n)
A (i) s

(n)
A (i) > 0 . (29)

In [40] other three requirements have been introduced and a contour function for the

entanglement entropy of free fermions has been constructed, verifying that it fulfils all

these five properties. This set of constraints does not fix uniquely the contour function.

In the harmonic lattices, a contour function has been proposed in [42], that satisfies

the two conditions in (29) and a weakened version of the other three conditions proposed

in [40]. In this manuscript we will employ this prescription. Another expression fulfilling

(29) has been suggested in [42], but the remaining three properties have not been proved

for this proposal. A third contour function has been considered in [39,41]: it satisfies the

first condition in (29) but numerical violations of the positivity condition s
(n)
A (i) > 0 have

been observed for some configurations [42].

Let us consider the case where A is an interval made by ` sites, for simplicity. A

contour function s
(n)
A (i) can be constructed by associating ` real numbers pk(i) to every

symplectic eigenvalue σk, where 1 6 i, k 6 `. The function pk(i) is often called mode

participation function [39] and it fulfils the following conditions

∑̀

i=1

pk(i) = 1 pk(i) > 0 . (30)

A mode participation function pk(i) allows to write the entanglement entropies (6) as in

(29) with

s
(n)
A (i) =

∑̀

k=1

pk(i) sn(σk) (31)

being sn(y) the functions defined in (7) and (8) for n > 1.

We find it natural to consider also the contribution to the entanglement entropies

given by an interval (i1, i2) ⊂ A, namely

S(n)
A (i1, i2) =

i2∑

i= i1

s
(n)
A (i) i1, i2 ∈ A . (32)

The entanglement entropies S
(n)
A correspond to the special case where i1 and i2 are the

sites at the boundary of A.

We are interested in the temporal evolution of the above quantities after a global

quench and it is often useful to study their increments with respect to their initial value.

In particular, for S(n)
A (i1, i2; t) given by (32), let us introduce

∆S(n)
A (i1, i2; t) ≡ S(n)

A (i1, i2; t)− S(n)
A (i1, i2; 0) . (33)

In harmonic lattices, the contour function (31) is not unique because any mode

participation function fulfilling (30) provides a contour function (31) that satisfies (29).
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Furthermore, any 2` × 2` orthogonal matrix O can be employed to construct a mode

participation function pk(i). In order to make contact with the reduced covariance matrix

γA, in [42] the Euler decomposition of the symplectic matrix W in (5) has been employed

to construct an orthogonal matrix K leading to a reasonable candidate for the contour

function s
(n)
A (i). This orthogonal matrix can be written in terms of W as follows

K ≡ (WW t)−1/2W = W (W tW )−1/2. (34)

Partitioning this 2`× 2` orthogonal matrix into `× ` blocks

K =

(
UK YK
ZK VK

)
(35)

the contour function for the entanglement entropies in harmonic lattices proposed in [42]

is (31) with the mode participation function given by

pk(i) =
1

2

(
[(UK)k,i]

2 + [(YK)k,i]
2 + [(ZK)k,i]

2 + [(VK)k,i]
2

)
. (36)

Thus, the symplectic spectrum of γA and the symplectic matrix W occurring in its

Williamson’s decomposition (5) provide both the entanglement hamiltonian matrix HA

of [28] (see e.g. (28)) and the contour function for the entanglement entropies of [42].

Let us remark that, although the discussion about the contour function s
(n)
A (i) has

been done for an interval, it is straightforward to extend the above formulas to higher

spatial dimensions or to subregions A made by many disconnected components.

3. Free fermionic lattices

In this section we consider a fermionic system described by a quadratic hamiltonian. In

§3.1 we study the entanglement hamiltonian of a subsystem, that is quadratic as well.

In §3.2 we review the construction of the contour for the entanglement entropy in these

systems proposed in [40]. Relevant special cases are discussed in §3.3.

3.1. Entanglement hamiltonian

In a chain of free fermions described by a quadratic hamiltonian and in a Gaussian state,

the entanglement hamiltonian K̂A takes the following quadratic form [25]

K̂A =
1

2

∑̀

i,j=1

(
Bi,j ĉ

†
i ĉj +Di,j ĉi ĉ

†
j + Fi,j ĉi ĉj +Gi,j ĉ

†
i ĉ
†
j

)
(37)

where for the operators ĉi and ĉ†i the canonical anticommutation relations {ĉi, ĉ†j} = δi,j
and {ĉi, ĉj} = {ĉ†i , ĉ

†
j} = 0 hold. The complex matrices in (37) satify D = −B∗ and

G = −F ∗ to ensure that K̂A is hermitian. Collecting the operators into the 2` dimensional

vector â defined by ât ≡ (ĉ1 . . . ĉ` ĉ
†
1 . . . ĉ

†
` ), the canonical anticommutation relations
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become {âi, âj} = Ii,j, being I the 2`×2` symmetric matrix with the `× ` matrix 0 along

the diagonal and the `× ` identity matrix off diagonal. Standard manipulations allow to

write the entanglement hamiltonian (37) in the following form [25]

K̂A =
1

2
âtHa â Ha =

(
X −T ∗
T −X∗

)
(38)

up to constant terms, where the `× ` matrices T and X are

T ≡ 1

4

(
B +B† −

(
D +D†

)∗)
X ≡ 1

4

(
F − F t −

(
G−Gt

)∗)
(39)

and satisfy the conditions T † = T and Xt = −X.

The matrix Ω defined in (17) allows to introduce the vector r̂ ≡ Ω â, whose elements

are hermitian operators that satisfy {r̂i, r̂j} = δi,j, being Ω I Ωt = 1. In terms of these

Majorana operators, the entanglement hamiltonian (38) becomes

K̂A =
1

2
r̂tHr r̂ =

i

2
r̂tHA r̂ Hr ≡ Ω−tHa Ω−1 HA ≡ −iHr (40)

where HA is the following matrix

HA ≡
(

Im(T +X) Re(T +X)

−Re(T −X) Im(T −X)

)
. (41)

Since HA is 2`×2` real and antisymmetric, a 2`×2` real orthogonal matrix Õ exists such

that

Õ HA Õ
t =

(
0 E
−E 0

)
(42)

where E = diag{ε1, . . . , ε`} with εk > 0 [72]. The εk are sometimes called single particle

entanglement energies. From (42) one observes that Õ (iHA)2 Õt = E2 ⊕ E2. Thus, the

real symmetric matrix −H2
A has a degenerate spectrum given by { ε2k , 1 6 k 6 ` } and is

diagonalised by the orthogonal matrix Õ.

The second crucial 2`× 2` real antisymmetric matrix in the analysis of the fermionic

Gaussian state is the following correlation matrix [73–76]

(ΓA)i,j ≡ − i 〈[r̂i, r̂j]〉 (43)

which gives 〈r̂ir̂j〉 = [ i (ΓA)i,j + δi,j ]/2. The same theorem employed above for HA allows

to claim that a 2`× 2` real orthogonal matrix O exists such that

O ΓAO
t =

(
0 N
−N 0

)
(44)

where N ≡ diag
{
ν1, . . . , ν`

}
with νk > 0.

The single particle entanglement spectrum E and the orthogonal matrix Õ in (42)

are related to the diagonal matrix E and the orthogonal matrix O in (44) as follows [25]

E = 2 arctanh
(
N
)

O = Õ (45)
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where the first expression is equivalent to εk = 2 arctanh(νk) = log[(1 + νk)/(1− νk)] with

1 6 k 6 `. By employing (44), the relations in (45) lead to‡

HA = 2 arctan
(
ΓA
)
. (47)

This formula plays the same role of (13) in the bosonic case (see §2.1).

The relation (42) leads to introduce d̂ ≡ O r̂, whose elements satisfy {d̂i, d̂j} = δi,j,

being O orthogonal. Furthermore, it is convenient to define fermionic creation and

annihilation operators f̂†k and f̂k as f̂ ≡ Ω−1d̂, where f̂
t

= ( f̂1 . . . f̂` f̂†1 . . . f̂
†
` ), whose

elements satisfy {f̂i, f̂j} = Ii,j. Combining the linear maps introduced above, one obtains

f̂ = Ω−1OΩ â (48)

Ω−1OΩ is unitary, being O real orthogonal and Ω unitary. The relation (42) and the

anticommutation relations of f̂ allow to write the entanglement hamiltonian (40) in terms

of the operators in d̂ and f̂ respectively as

K̂A =
i

2
d̂
t
(

0 E
−E 0

)
d̂ =

∑̀

k=1

εk

(
f̂†k f̂k −

1

2

)
(49)

that makes explicit the role of the single particle entanglement energies.

Let us introduce the partition in `×` blocks of the orthogonal matrix defined in (44),

namely

O =

(
UO YO
ZO VO

)
(50)

where the blocks are constrained by the orthogonality of O as follows

OOt =

(
UOU

t
O + YOY

t
O UOZ

t
O + YOV

t
O

ZOU
t
O + VOY

t
O ZOZ

t
O + VOV

t
O

)
=

(
1 0

0 1

)
. (51)

In terms of the blocks of O in (50), the unitary matrix in (48) becomes

Ω−1OΩ =
1

2

(
UO + VO + i(ZO − YO) UO − VO + i(ZO + YO)

UO − VO − i(ZO + YO) UO + VO − i(ZO − YO)

)
. (52)

By employing that d̂ ≡ OΩ â in (49) and comparing the resulting expression with (38),

‡ Notice that, for an odd function fodd(x) ≡
∑

p>0 tp x
2p+1, by using (44), one finds

fodd
(
O ΓAO

t
)

=

(
0 f̃odd(N )

− f̃odd(N ) 0

)
(46)

where f̃odd(x) ≡
∑

p>0(−1)p tp x
2p+1.
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one writes T and X in terms of the blocks of O in (50) as follows

T =
1

2

{
U t
O E VO + V t

O E UO − Y t
O E ZO − Zt

O E YO (53)

+ i
[
U t
O E ZO − Zt

O E UO + Y t
O E VO − V t

O E YO
]}

X =
1

2

{
U t
O E VO − V t

O E UO + Y t
O E ZO − Zt

O E YO (54)

+ i
[
U t
O E ZO − Zt

O E UO − Y t
O E VO + V t

O E YO
]}
.

The expression (49) for the entanglement hamiltonian naturally leads to introduce

the fermionic occupation number operators f̂†k f̂k, whose eigenvalues and eigenvectors allow

to write the reduced density matrix as ρA =
∑

n λn|n〉〈n|. Thus, one can perform an

analysis similar to the one reported for the harmonic lattices in §2.1, with the crucial

difference that the elements of the vector n are nk ∈ {0, 1} in these fermionic models. In

particular, the reduced density matrix can be written as

ρA =
∑

n

e−
∑`
k=1 εk(nk−1/2)

ZA
|n〉〈n| ≡

∑

n

λn|n〉〈n| (55)

whose normalisation condition TrρA = 1 provides the following normalisation constant

ZA =
∑

m

〈m|
(∑

n

e−
∑`
k=1 εk(nk−1/2)|n〉〈n|

)
|m〉 =

∏̀

k=1

eεk/2
(
1 + e−εk

)
. (56)

Plugging this expression in (56), one obtains the entanglement spectrum

λn =
e−

∑`
k=1 εk nk

∏`
k=1(1 + e−εk)

= λmax e
−

∑`
k=1 εk nk (57)

where the largest eigenvalue corresponds to nk = 0 for all k, being εk > 0. This gives

λmax =
∏`

k=1(1 + e−εk)−1, that has been used to get the last expression in (57). The gap

between two eigenvalues can be written as follows

gm,n ≡ log λm − log λn =
∑̀

k=1

(nk −mk) εk =
∑̀

k=1

(nk −mk) log

(
1 + νk
1− νk

)
. (58)

We find it convenient to consider the gaps with respect to the largest eigenvalue. These

gaps and their temporal evolution after a global quench are discussed in §6.

3.2. A contour for the entanglement entropies

An exhaustive analysis of a contour function for the entanglement entropy in chains of

free fermions has been carried out in [40]. We employ this prescription in our analysis

and refer the reader interested in further details to this reference.
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From (44) and the matrix Ω introduced in (17), it is straightforward to find

1 + i ΓA
2

= Ot Ω

(
1 +N

2
⊕ 1−N

2

)
Ω†O . (59)

Similarly, considering (42) and (45), one also obtains

1 + iHA

2
= Ot Ω

(
1 + E

2
⊕ 1− E

2

)
Ω†O . (60)

Thus, by employing (59), for a generic function f , we have [5, 40]

Tr

[
f

(
1 + i ΓA

2

)]
=
∑̀

k=1

[
f

(
1 + νk

2

)
+ f

(
1− νk

2

)]
(61)

The entanglement entropy can be obtained by specifying this formula to f(x) = −x log(x),

while the n-th moment TrρnA of the reduced density matrix corresponds to f(x) = xn. We

remark that νk < 1 [75].

A natural contour for the entanglement entropies is obtained as explained in §2.2

(see (31)) with the mode participation function given by [40]

pk(i) =
1

2

(
[(UO)k,i]

2 + [(YO)k,i]
2 + [(ZO)k,i]

2 + [(VO)k,i]
2

)
. (62)

In [40] it has been shown that the contour function constructed from (62) satisfies other

three properties beside (29) that we do not discuss in this manuscript. All these constraints

can be part of a more detailed definition (still unknown) that could lead to identify the

contour function for the entanglement entropies in a unique way.

3.3. Special cases

It is worth focussing the expressions discussed in §3.1 and §3.2 in some special cases.

First, let us consider the class of entanglement hamiltonians having

VO = UO YO = −ZO (63)

that includes the entanglement hamiltonian after the global quench discussed in §6.

The unitary matrix (52) that provides the map (48) becomes the diagonal matrix

Ω−1OΩ = (UO + iZO)⊕ (UO− iZO), with UO + iZO unitary. The latter condition can be

obtained also by specialising the orthogonality condition (51) to this case. Furthermore,

(53) and (54) simplify respectively to

T = U t
O E UO + Zt

O E ZO + i
(
U t
O E ZO − Zt

O E UO
)

X = 0 (64)

where we remind that T is hermitian. Hence, (38) becomes a fermionic hamiltonian with

hopping terms given by [25]

K̂A =
∑̀

i,j=1

Ti,j ĉ
†
i ĉj (65)
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and (41) simplifies to

HA =

(
ImT ReT

−ReT ImT

)
. (66)

The hermitian matrix T in (65) can be diagonalised by a unitary matrix Ũ and it has real

eigenvalues ηk, i.e. Ũ T Ũ † = diag{ηi, . . . η`}. This decomposition allows to write

Ti,j =
∑̀

k=1

ηk Ũ
∗
k,i Ũk,j . (67)

Plugging this result into (65), the entanglement hamiltonian becomes K̂A =
∑`

k=1 ηk f̂
†
k f̂k,

where we have defined f̂ = Ũ ĉ. Comparing this result with the map in (48), that is

diagonal in this special case and it is written in the text below (63), we conclude that

Ũ = UO + iZO. These observations have been done in [25], where it has also found that

T t = log(C−1A − 1) (68)

being CA the correlation matrix whose generic element is (CA)i,j = 〈ĉ†i ĉj〉, with i, j ∈ A.

From (68), we have that the eigenvalues ηk of T are related to the eigenvalues ζk of CA
as follows

ηk = log(1/ζk − 1) . (69)

Comparing with §3.1, one finds εk = |ηk| and νk = |2ζk − 1|.
The Rényi entropies are obtained from the eigenvalues of CA as [1, 2, 4–6]

S
(n)
A =

∑̀

k=1

sn(ζk) sn(y) ≡ 1

1− n
log
[
yn + (1− y)n

]
. (70)

The limit n→ 1+ of these expressions provides the entanglement entropy as

SA =
∑̀

k=1

s(ζk) s(y) ≡ − y log(y)− (1− y) log(1− y) . (71)

As for the contour for the entanglement entropies, in the special case (63) the mode

participation function (62) simplifies to

pk(i) = [(UO)k,i]
2 + [(ZO)k,i]

2 =
∣∣Ũk,i

∣∣2 . (72)

As consistency check, let us observe that the i-th element of the diagonal of the matrix

relation Ũ †Ũ = 1 gives the condition
∑`

k=1 pk(i) = 1 for 1 6 i 6 `.

Another relevant special case corresponds to YO = ZO = 0. For these entanglement

hamiltonian matrices the unitary matrix (52) reduces to

Ω−1OΩ =
1

2

(
UO + VO UO − VO
UO − VO UO + VO

)
(73)
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where UO and VO are orthogonal. In this case (53) and (54) become respectively

T =
1

2

{
U t
O E VO + V t

O E UO
}

X =
1

2

{
U t
O E VO − V t

O E UO
}
. (74)

Let us remarks that in the formulas described above we have not specified the explicit

form of the two-point correlators, hence they can be used to study more complicated

configurations like e.g. the ones where A is the union of many disjoint blocks of sites.

Finally, an interesting class of entanglement hamiltonian matrices included in the

one defined by (63) corresponds to VO = UO and YO = ZO = 0. In this case the unitary

matrix (52) becomes the diagonal matrix Ω−1OΩ = UO ⊕ UO, where UO is orthogonal.

Furthermore, the expression of T in (64) simplifies to T = U t
O E UO. For instance, at

equilibrium, the entanglement hamiltonians of an interval in the ground state considered

in [31,32] belongs to this class.

4. Insights from CFT

In this section we employ the analytic results obtained for the entanglement hamiltonian

of a semi-infinite line after a global quench in CFT [15] to get some insights about

the qualitative behaviour of the entanglement spectrum and of the contour for the

entanglement entropies.

The CFT analysis performed in [44] (see also the recent review [63]) leads to the

following linear growth of the entanglement entropies before the saturation

S
(n)
A '

πc

3τ0

(
1 +

1

n

)
t t/` < 1/2 (75)

(comparing the notation with [63], we have τ0 = 4τ0,there), where c is the central charge of

the model. This gives SA ' 2πc t/(3τ0) for the entanglement entropy and, by fitting this

linear growth, we can get τ0 numerically. A slight dependence on n has been observed

in τ0 (see e.g. [55]). We find worth remarking that a factor of 2 in (75) is due to the

fact that the interval has two endpoints. Taking the limit n → ∞ in (75) one obtains

− log λmax ' πc t/(3τ0). The parameter τ0 encodes some features of the initial state (we

refer to [47] for a complete discussion).

The temporal evolution of the entanglement hamiltonian of a semi-infinite line after a

global quantum quench in CFT has been studied in [15] by employing methods and results

of CFT with boundaries [19]. This analysis provides also the entanglement spectrum and,

in particular, the above linear growth for − log λmax is recovered up to a factor of 2, which

is due to the fact that the semi-infinite line has only one endpoint. This result suggests to

explore the qualitative behaviour of the entanglement spectrum before the saturation at

t/` ' 1/2 by taking the analytic CFT expressions for the semi-infinite line and introducing

properly a factor of 2 to take into account the occurrence of two endpoints. As for the

gaps in the entanglement spectrum, from [15] we obtain

ga,0 '
πτ0 ∆a

2 t
t/` < 1/2 (76)
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which is 1/2 of the corresponding quantity for the semi-infinite line. In (76), the

coefficients ∆a are the non vanishing conformal dimensions (including also the ones of

the descendants) of a boundary CFT with the proper boundary condition, as discussed

in [15]. We find it worth considering also the ratios gb,0/ga,0 = ∆b/∆a because they are

independent of τ0. From (75) and (76) it is straightforward to construct another expression

where τ0 does not occur, namely

ga,0 S
(n)
A '

π2c

6

(
1 +

1

n

)
∆a t/` < 1/2 . (77)

The temporal evolutions of (76), of (77) and of the ratios of the entanglement gaps with

respect to the first one after the global quenches that we consider in this manuscript are

shown in Fig. 7 and Fig. 20. From these data we notice that the best agreement with

CFT is observed for the ratios of the entanglement gaps.

The above analysis can be easily adapted to the temporal evolution after a local

quantum quenches [48] by employing the corresponding results of [15]. The crucial

difference is that logarithmic growths occur in these cases. For instance, for local quenches

(76) has log t instead of t in the denominator. Instead, (77) holds also for local quenches.

In the remaining part of this section we exploit the CFT results for the entanglement

hamiltonian of the semi-infinite line after a global quench [15] to get insights about the

temporal evolution of the contour function for the entanglement entropies of an interval.

For some particular one-dimensional spatial bipartitions at equilibrium (e.g. an

interval in the infinite line at zero and finite temperature, or in a finite periodic system

for the ground state) a natural candidate for the contour function for the entanglement

entropies in CFT can be obtained from the weight function occurring in the entanglement

hamiltonian [42]. By applying this idea to the half line after a global quench, one finds

the following CFT ansatz for the contour function [15]

s
(n)
h.l.(x, t) =

c

12

(
1 +

1

n

)
Fh.l.(x, t) (78)

where n > 1 and

Fh.l.(x, t) ≡
2π [cosh(2πt/τ0)]

2 coth(πx/τ0)

τ0 [cosh(4πt/τ0) + cosh(2πx/τ0)]
. (79)

It is straightforward to observe that τ0 s
(n)
h.l.(x, t) depends on x/τ0, t/τ0 and the central

charge c. Furthermore, Fh.l.(x, t) = 1/x + O(1) as x → 0+, independently of time.

This implies that the expected logarithmic divergence of S
(n)
A as the UV cutoff ε → 0

is independent of time as well. Indeed, this divergence can be obtained by removing an

infinitesimal disk around the endpoint of the half line and integrating the contour function

(78) from ε to some point inside the half line. Instead, by integrating (78) in the entire

half line (ε,+∞) with ε/τ0 � 1, one obtains [15]

∫ ∞

ε

s
(n)
h.l.(x, t) dx =

c

12

(
1 +

1

n

)
log
( τ0
πε

cosh(2πt/τ0)
)

+O(ε2) (80)
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Figure 1: The contour function for the entanglement entropy of half line (left panel) from

(78) and of an interval (right panel) from the naive formula (81). In these plots c = 1 and

τ0 = 3.7905.

that gives the linear growth found in [44], namely πc
3τ0
t when t � τ0. The r.h.s. of (80)

provides only the leading term of the entanglement entropy as ε→ 0. A subleading O(1)

term comes from the contribution of the conformal boundary states introduced through

the regularisation procedure [15, 77] (see [42] for a discussion on this term in relation to

the contour function at equilibrium).

Considering t/τ0 fixed in (78), we find that s
(n)
h.l.(x, t) ∼ e−2πx/τ0 as x→ +∞ and that

the height of the horizontal plateau is given by π c
12τ0

(1 + 1
n
) (this can be done by taking

t→∞ first and then x→ +∞).

A typical temporal evolution of the contour function for the entanglement entropy

sh.l.(x, t) ≡ s
(1)
h.l.(x, t) is shown in the left panel of Fig. 1. The linear divergence as x→ 0+

and the exponential decay as x → +∞ are independent of time. These two regimes are

connected for the intermediate values of x by a smooth step at x ' 2t whose height is
π c
6 τ0

. The occurrence of this step moving in time has been first observed in the numerical

analysis performed in [40].

In this manuscript we are interested in the contour function for the entanglement

entropies of an interval A of length ` in the infinite line after a global quantum quench.

A CFT analysis for this case is not available in the literature. Hence, let us consider the

naive contour function obtained by superposing the two contour functions (78) associated

to the half lines (0,+∞) and (−∞, `), namely

s
(n)
A,0(x, t) ≡ s

(n)
h.l.(x, t) + s

(n)
h.l.(`− x, t) =

c

12

(
1 +

1

n

)[
Fh.l.(x, t) + Fh.l.(`− x, t)

]
(81)

with Fh.l.(x, t) given by (79). The observations made above about Fh.l.(x, t) lead to notice

that τ0 s
(n)
A,0(x, t) obtained from (81) is a function of t/`, x/` and τ0/`; and that s

(n)
A,0(x, t)

displays a linear divergence for x→ 0+ and for x→ `−, with the same time independent
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coefficient. For t = 0, the naive analytic result (81) gives

s
(n)
A,0(x, 0) =

πc

6τ0

(
1 +

1

n

)[
1

sinh(2πx/τ0)
+

1

sinh(2π(`− x)/τ0)

]
(82)

and in the asymptotic regime of long time we find

lim
t→∞

s
(n)
A,0(x, t) =

πc

12 τ0

(
1 +

1

n

)[
coth(πx/τ0) + coth(π(`− x)/τ0)

]
. (83)

The naive contour function for the entanglement entropy is given by (81) with n = 1

and its typical temporal evolution is shown in the right panel of Fig. 1. This evolution

can be explained qualitatively in terms of two fronts with height πc
6τ0

that start at the two

different endpoints of the interval and then propagate in opposite directions with velocity

equal to 2. The two fronts cross and superpose at t/` ' 1/4 and each front takes t ' `/2

to travel across the entire interval. This qualitative features have been first observed

in [40] by analysing the numerical data obtained in a chain of free fermions. Further

numerical data supporting this picture are presented in §5 and §6.

Given two points 0 < x1 < x2 < ` inside the interval A, let us integrate the naive

contour function (81) in the interval (x1, x2). The result reads

S(n)
A,0(x1, x2; t) ≡

∫ x2

x1

s
(n)
A,0(x, t) dx (84)

=
c

24

(
1 +

1

n

)
log

([
cosh(4πt/τ0) + cosh(2π(`− x)/τ0)

](
sinh(πx/τ0)

)2
[

cosh(4πt/τ0) + cosh(2πx/τ0)
](

sinh(π(`− x)/τ0)
)2

)∣∣∣∣∣

x2

x1

which is a function of t/`, x1/`, x2/` and τ0/`. Subtracting to (84) its value at t = 0, one

finds

∆S(n)
A,0(x1, x2; t) ≡ S

(n)
A,0(x1, x2; t)− S

(n)
A,0(x1, x2; 0) =

c

24

(
1 +

1

n

)
log

(
η(x2; t)

η(x1; t)

)
(85)

where we have introduced the following function

η(x; t) ≡ cosh(π(2t− `+ x)/τ0) cosh(π(2t+ `− x)/τ0) [cosh(πx/τ0)]
2

cosh(π(2t− x)/τ0) cosh(π(2t+ x)/τ0) [cosh(π(`− x)/τ0)]2
. (86)

In Fig. 11 and Fig. 22 this formula (where the value of τ0 is obtained by fitting the

linear growth of the entanglement entropy) gives the grey dashed-dotted curves, that can

be compared against numerical data corresponding to particular quenches in a harmonic

chain (see §5) and in a chain of free fermions (see §6) respectively.

The expression in (85) provides the entanglement entropies when (x1, x2) = (ε, `− ε).
In this case, we have

∆S(n)
A,0(0, `; t) = lim

ε→ 0
∆S(n)

A,0(ε, `− ε; t) =
c

12

(
1 +

1

n

)
log

(
2 [cosh(π`/τ0) cosh(2πt/τ0)]

2

cosh(2π`/τ0) + cosh(4πt/τ0)

)
.

(87)
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Taking t � τ0 and ` � τ0 first, and then considering the regimes t � `/2 and t � `/2,

this expression simplifies respectively to

∆S(n)
A,0(0, `; t) '

πc

3τ0

(
1 +

1

n

)
t ∆S(n)

A,0(0, `; t) '
πc

3τ0

(
1 +

1

n

)
`

2
(88)

in agreement with [44].

Let us remark that the results reported above have been obtained by employing in a

naive way the CFT analytic expressions of [15] corresponding to the half line to study the

case of a finite interval, assuming that the dynamics before the thermalisation at t/` ' 1/2

is governed by a neighbourhood of the endpoints, where the interval is indistinguishable

from the half line. It would be interesting to extend the analysis of [15] for the quantum

quenches to a finite interval.

5. Interval in a harmonic chain

In this section we study the temporal evolution of the entanglement hamiltonian matrix

HA of an interval A in an infinite harmonic chain after a global quench of the frequency

parameter.

The hamiltonian (2) with periodic boundary conditions q̂L = q̂0 and p̂L = p̂0 can be

diagonalised in the Fourier space by introducing the annihilation and creation operators ak
and a†k in the standard way. This procedure can be understood also in terms of canonical

transformations through the Williamson’s theorem applied to the matrix defining the

quadratic hamiltonian (2). The diagonalised form of (2) is given by

Ĥ(ω) =
L−1∑

k=0

ωk

(
â†kâk +

1

2

)
(89)

where the dispersion relation reads

ωk ≡
√
ω2 +

4κ

m

[
sin(πk/L)

]2
k = 0, . . . , L− 1 . (90)

The quench protocol is the following. The system is prepared in the ground state

|ψ0〉 of the hamiltonian (2) with periodic boundary conditions and non vanishing mass

ω = ω0 6= 0, whose diagonalised form is

Ĥ(ω0) =
L−1∑

k=0

ω0,k

(
â†0,k â0,k +

1

2

)
(91)

being the dispersion relation ω0,k given by (90) with ω = ω0. At t = 0 the frequency

parameter is suddenly quenched to a different value ω 6= ω0; hence the unitary time

evolution of |ψ0〉 for t > 0 is determined by the hamiltonian (2) with ω 6= ω0, namely

|ψ(t)〉 = e−iĤ(ω)t |ψ0〉 t > 0 . (92)
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The temporal evolution of several quantities after this quench have been studied in

various papers (see the reviews [63,64] for an exhaustive list of references).

We are interested in the temporal evolution of the entanglement hamiltonian matrix

HA discussed in §2.1 after the global quench of the frequency parameter described above.

The entanglement hamiltonian matrix HA(t) can be evaluated once the reduced covariance

matrix γA(t) is known (see (13), (15) and (28)). Thus, the first step is to construct the

covariance matrix γ(t) of the entire system, whose blocks are given by the following two-

point correlators
Qi,j(t) ≡ 〈ψ0| q̂i(t) q̂j(t) |ψ0〉

Pi,j(t) ≡ 〈ψ0| p̂i(t) p̂j(t) |ψ0〉

Ri,j(t) ≡ Re
[
〈ψ0| q̂i(t) p̂j(t) |ψ0〉

]
(93)

where the time evolved operators in the Heisenberg picture q̂j(t) and q̂j(t) read

q̂j(t) = eiĤtq̂j(0)e−iĤt q̂j(t) = eiĤtq̂j(0)e−iĤt . (94)

For periodic boundary conditions, the explicit expressions of the correlators in (93)

in the thermodynamic limit read [46]

Qi,j(t) =
1

4π

∫ 2π

0

Qk̃(t) cos
[
(i− j) k̃

]
dk̃

Pi,j(t) =
1

4π

∫ 2π

0

Pk̃(t) cos
[
(i− j) k̃

]
dk̃

Ri,j(t) = − 1

4π

∫ 2π

0

Rk̃(t) cos
[
(i− j) k̃

]
dk̃

(95)

where the functions Qk(t), Pk(t) and Rk(t) containing the dependence on ω, ω0 and t are

defined as follows

Qk(t) ≡
1

mωk

(
ωk
ω0,k

cos2(ωkt) +
ω0,k

ωk
sin2(ωkt)

)

Pk(t) ≡ mωk

(
ωk
ω0,k

sin2(ωkt) +
ω0,k

ωk
cos2(ωkt)

)

Rk(t) ≡
(

ωk
ω0,k

− ω0,k

ωk

)
sin(ωkt) cos(ωkt)

(96)

where ωk ≡
√
ω2 + 4κ

m
[sin(k/2)]2 and ω0,k is given by the same expression with ω replaced

by ω0. At t = 0 these functions become respectively

Qk(0) =
1

mω0,k

Pk(0) = mω0,k Rk(0) = 0 . (97)

Plugging these expressions into (95), one recovers the correlators associated to the ground

state of Ĥ0, as expected.
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It is important to remark that for t > 0 all the modes labelled by k in (95) and (96)

provide a finite contribution when ω = 0. The zero mode, i.e. the one corresponding to

k = 0, deserves a particular attention because, for static configurations, the occurrence of

this mode leads to a divergence in the correlator 〈q̂iq̂j〉 as ω → 0+. This is related to the

translation invariance of the periodic chain. Instead, the correlators (95) are finite in the

massless regime; hence, we are allowed to consider a global quench where the evolution

hamiltonian has ω = 0.

The time evolved state (92) is also Gaussian, hence it can be described through the

formalism discussed in §2.1. In particular, the correlators (95) provide the blocks of the

covariance matrix γ(t) after the global quench. The correlators (95) or their modifications

have been employed to study different aspects of entanglement in harmonic lattices (see

e.g. [52, 55,59]).

5.1. Numerical results for the entanglement hamiltonian matrix

We are interested in the temporal evolution of the entanglement hamiltonian matrix HA(t)

corresponding to an interval A made by ` sites after the global quench of the frequency

parameter. The reduced covariance matrix γA(t) and the entanglement hamiltonian

matrix HA(t) can be partitioned into ` × ` blocks (see (24)) that depend on t > 0,

namely

γA(t) =

(
Q(t) R(t)

R(t)t P (t)

)
HA(t) =

(
M(t) E(t)

E(t)t N(t)

)
. (98)

The relation between HA(t) and the reduced covariance matrix γA(t) can be expressed as

in (13), (15) or (28).

In our numerical analysis, the entanglement hamiltonian matrix HA(t) has been

constructed by employing the Williamson’s decomposition (11) for HA and (14), where

the symplectic matrix W entering in the Williamson’s decomposition (5) for γA has been

obtained as explained in the Appendix B. The symplectic eigenvalues of HA(t) have been

found from the symplectic spectrum of γA through the relation (12). The correlators

employed to define γA(t) have been introduced in (95). In this manuscript we mainly

consider the global quench of the frequency parameter described above with ω0 = 1 and

ω = 0. Some data corresponding to an initial state having ω0 = 5 are also provided.

The relation (12), that provides the symplectic spectrum of HA in terms of the one

of γA, requires σk > 1/2. Since many elements of the symplectic spectrum of γA are very

close to 1/2, the software approximates them to 1/2, spoiling the applicability of (12) to

get the symplectic spectrum of HA. This forces to obtain σk’s with very high numerical

precision. The number of digits depends on various parameters of the configuration like

` and t. In our numerical analysis for the harmonic chain we worked with precisions

between 200 and 1000 digits.

In Fig. 2 we show the temporal evolution of the entanglement hamiltonian matrix

HA(t) after the global quench written in the form (98), i.e. in terms of its ` × ` blocks.

The main feature to highlight with respect to the entanglement hamiltonian matrices
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t = 200
<latexit sha1_base64="pWRFTEDVyq1fZTFIAxrp2vxoyQw=">AAAB7HicbZC7SgNBFIbPxluMt6ilIINBSBVmY6GNGLCxTMBNAnEJs5PZZMjs7DIzK4SQ0trGQhFbS+s8h53P4Es4uRSa+MPAx/+fw5xzgkRwbTD+cjIrq2vrG9nN3Nb2zu5efv+gruNUUebRWMSqGRDNBJfMM9wI1kwUI1EgWCPoX0/yxj1Tmsfy1gwS5kekK3nIKTHW8sxlGeN2voBLeCq0DO4cClcf49r3w/G42s5/3nVimkZMGiqI1i0XJ8YfEmU4FWyUu0s1Swjtky5rWZQkYtofTocdoVPrdFAYK/ukQVP3d8eQRFoPosBWRsT09GI2Mf/LWqkJL/whl0lqmKSzj8JUIBOjyeaowxWjRgwsEKq4nRXRHlGEGnufnD2Cu7jyMtTLJfeshGu4UCnCTFk4ghMoggvnUIEbqIIHFDg8wjO8ONJ5cl6dt1lpxpn3HMIfOe8/WyqSDw==</latexit>

t = 0.1
<latexit sha1_base64="g0fwzxBj/VBTEMqHcgPDC6dgJJM=">AAAB7HicbZC7SgNBFIbPxluMt6ilIItBSLXMaqGNGLCxTMBNAskSZiezyZDZ2WVmVghLSmsbC0VsLa3zHHY+gy/h5FJo4g8DH/9/DnPOCRLOlEboy8qtrK6tb+Q3C1vbO7t7xf2DuopTSahHYh7LZoAV5UxQTzPNaTORFEcBp41gcDPJG/dUKhaLOz1MqB/hnmAhI1gby9NXyHE7xRJy0FT2MrhzKF1/jGvfD8fjaqf42e7GJI2o0IRjpVouSrSfYakZ4XRUaKeKJpgMcI+2DAocUeVn02FH9qlxunYYS/OEtqfu744MR0oNo8BURlj31WI2Mf/LWqkOL/2MiSTVVJDZR2HKbR3bk83tLpOUaD40gIlkZlab9LHERJv7FMwR3MWVl6F+5rjnDqqhUqUMM+XhCE6gDC5cQAVuoQoeEGDwCM/wYgnryXq13malOWvecwh/ZL3/AFaYkgw=</latexit>

Figure 2: Entanglement hamiltonian matrix HA(t) in (98) for an interval having ` = 100

sites in the infinite harmonic chain after the global quench given by ω0 = 1 and ω = 0.
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corresponding to static configurations [2] is that the off diagonal block E is not vanishing

and therefore it contributes in a non trivial way to determine the out of equilibrium

dynamics. The magnitudes of the elements of HA(t) become very small for long time.

Indeed, a smaller scale has been chosen in the three bottom panels of Fig. 2 to show the

structure of the non vanishing elements. At early times only the diagonal blocks are non

vanishing and mostly around their main diagonals. As time evolves, also the off diagonal

elements of the blocks become relevant. The most evident feature that can be observed

from the time evolution in Fig. 2 is the occurrence of bands in the different blocks of

HA(t) whose widths increase with time. We consider these widths in more detail below,

during the discussion of Fig. 4, Fig. 5 and Fig. 6.

The reflection symmetry of the configuration with respect to the center of the interval

leads to a corresponding reflection symmetry with respect to the center in any given

diagonal of the blocks M(t) and N(t) at any fixed time. More explicitly, we checked

numerically that Mi,i = M`−i+1,`−i+1 and Ni,i = N`−i+1,`−i+1 with 1 6 i 6 ` for the

main diagonals and that Mi,i+p = M`−p−i+1,`−i+1 and Ni,i+p = N`−p−i+1,`−i+1 along the

p-th diagonal, with p > 0 and 1 6 i 6 ` − p. As for the off diagonal block E(t), we

observe a symmetry with respect to the center of the block, namely Ei,j = E`−i+1,`−j+1

for 1 6 i, j 6 `.

The temporal evolution of the blocks composing HA(t) is qualitatively different. As

for the symmetric ` × ` matrix M(t) in (98), the largest contributions come from the

main diagonal, that decrease as time evolves and remain positive during all the evolution,

reaching a stationary curve for long times (see the top left panel of Fig. 3). The first

diagonals are mostly negative and in some point become positive at some time (see the

top right panel of Fig. 3 and the corresponding inset). In the top left panel of Fig. 4 we

show the antidiagonal of M(t), that displays oscillations around zero.

Interesting features can be observed also for the temporal evolution of the symmetric

block N(t) in (98). The diagonal of N(t) is shown in the middle left panel of Fig. 3: first

it grows until a maximal curve and then it relaxes to a positive curve for long time. The

elements of N(t) are mostly positive but some of them become negative for large times

(see e.g. the inset of the top right panel in Fig. 4 and the one of the middle right panel

in Fig. 3). The block N(t) is the only one where the evolution of the main diagonal and

of the first diagonal are qualitatively similar: a smooth positive wedge grows from the

center of the interval until t/` ' 0.2, then its tip decreases and gets smooth forming a

plateau whose height decreases in time.

The evolution of the block E(t) is qualitatively different from the one of M(t) and

N(t) because this matrix is not symmetric. Furthermore, it vanishes for t = 0 and it

seems that its contribution is zero also for long times. The elements of this block are

mostly negative but without a definite sign for all the times (see e.g. its first diagonal in

the bottom right panel of Fig. 3). From Fig. 2, we observe the formation of two mostly

negative bands close to the diagonal for small times having the shape of two parallelograms

(see also the top right panel in Fig. 18) whose height along the antidiagonal increases in

time until t/` ' 0.5, when they vanish. As for the main diagonal of E(t), a smooth
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Figure 3: Harmonic chain: Temporal evolution of the main diagonals (left panels) and of

the first diagonals (right panels) composing the `×` blocks of the entanglement hamiltonian

matrix HA(t) in (98) for an interval with ` = 100 sites. The insets zoom in on small values,

in order to show the curves for large times. This figure, that is complementary to Fig. 2

and Fig. 4, has been discussed in §5.1.
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Figure 4: Harmonic chain: Temporal evolution of the antidiagonals of the ` × ` blocks

composing the entanglement hamiltonian matrix HA(t) in (98) for an interval with ` = 100

sites. The insets containing red curves zoom in on small values, in order to show the curves

for large times. In the second zoom of the top left panel we show only two curves to highlight

the fact that the antidiagonals are very small for |i/` − 1/2| & t/`. A similar behaviour

occurs in the other panels, as shown in Fig. 5.

negative wedge develops until it reached a minimum value; then it goes back to zero in a

peculiar way; indeed a small plateau is formed whose width increases and then decreases,

leading to two fronts that move in the opposite directions towards the endpoints of the

interval (see the bottom left panel of Fig. 3).

In Fig. 4 we show the temporal evolution of the antidiagonals of the blocks composing

the entanglement hamiltonian matrix HA(t) in (98). Although the temporal evolutions

of the antidiagonals in the three blocks look quite different, the main common feature

is the fact that at a fixed time they become very small (and not vanishing) around the

same points. The distance 2d0 between these points provides the total width of the bands

occurring at any given time in each block (see Fig. 2). The width d0 increases linearly in

time with velocity equal to one, as shown in the top left panel of Fig. 18. This feature has

been highlighted in Fig. 5, where each panel shows all the three antidiagonals together at

a given time.

As for the block M(t), its main diagonal (top left panel of Fig. 3) is not captured in



Entanglement hamiltonians in 1D free lattice models after a global quantum quench 29

×××××××××××××××××××××××××××××××××××××××××××××××××

××

×××××××××××××××××××××××××××××××××××××××××××××××××++++++++++++++++++++
+

+

+

+

+

+

+

+

+
+
+
+
+
+
+
++

++++++++++++++
++++++++++++++

+
+
+
+
+
+
+

+

+

+

+

+

+

+

+
++++++++++++++++++++△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△

△△△△△△△△△
△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△

△△△
△△△△△△△△△△△△△△△△△△▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽

▽ ▽

▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽□ □ □ □ □ □ □ □ □ □ □
□

□
□

□
□

□ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □
□

□
□

□
□

□ □ □ □ □ □ □ □ □ □ □○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○
○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○

○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○

▽ ×

□ +

○ △

0.0 0.2 0.4 0.6 0.8 1.0

0

5

10

×××××××××××××××××××××××××××××××××××××××××××××××××

××

××××××××
×××××××××××××××××××××××××××××××××××××××××++++++++++++++++++++++++++++++++++++++++

+

+

+

+

+

+

+

+

+

++

+

+

+

+

+

+

+

+

+
++++++++++++++++++++++++++++++++++++++++△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△

△
△△△

△△△△△△△△△△△△△△△
△
△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽

▽
▽

▽

▽ ▽

▽
▽

▽
▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽□ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □

□
□

□
□ □

□
□

□

□ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○
○ ○ ○ ○ ○ ○ ○ ○ ○ ○

○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○

▽ ×

□ +

○ △

0.0 0.2 0.4 0.6 0.8 1.0
-2

0

2

4

6

8

10

12

×××××××××××××××××××××××××××××××××××××××××××××××××

××

×××××××××××××××××××××××××××××××××××××××××××××××××++++++++++++++++++++++++++++++
+
+

+

+
+

+
+
+
+
+
+
+
+
+
+
+
+
+
+
++

+
+
+
+
+
+
+
+
+
+
+
+
+
+

+
+

+

+
+
++++++++++++++++++++++++++++++△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△
△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽

▽ ▽

▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽□ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □
□

□
□

□
□

□
□ □ □ □ □ □

□
□

□
□

□
□

□ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○

▽ ×

□ +
○ △

0.0 0.2 0.4 0.6 0.8 1.0

0

5

10

15

20

×××××××××××××××
××××××××××××××××××××××××××××××

×××

×

××

×

××××××××××××××××××××××××××××××××××××
××××××××××××++++++++++

+

+

+

+

+

+

+
+
+
++++++++++++++++++++++++++++++

++

+++++++++++++++++++++++++++
+++

+
+
+

+

+

+

+

+

+
++++++++++△△△△△△△△△△

△
△△

△
△△△

△△△△
△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△

△△
△
△△△△△△△△△△▽ ▽ ▽ ▽ ▽ ▽ ▽

▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽
▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽

▽

▽ ▽

▽
▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽

▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽
▽ ▽ ▽ ▽ ▽ ▽ ▽□ □ □ □ □

□

□

□
□ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □

□ □
□ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □

□

□

□
□ □ □ □ □○ ○ ○ ○ ○

○
○ ○

○ ○
○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○

○ ○
○ ○

○
○ ○ ○ ○ ○

▽ ×

□ +
○ △

0.0 0.2 0.4 0.6 0.8 1.0

-1

0

1

2

3

t/` = 0.1
<latexit sha1_base64="OpG2TW8q0v7A8m/DIM4FNcxIvzc=">AAAB83icbVDLSgNBEOyNrxg1Rj16GQyCp3U3HvQiBLx4jGAekF3C7GQ2GTL7YKZXCCG/IagHRbz6M978G2eTHDSxoKGo6qa7K0il0Og431ZhbX1jc6u4XdrZ3SvvVw4OWzrJFONNlshEdQKquRQxb6JAyTup4jQKJG8Ho5vcbz9wpUUS3+M45X5EB7EIBaNoJA/PPS4luSaO7fYqVcd2ZiCrxF2Qar38lOO50at8ef2EZRGPkUmqddd1UvQnVKFgkk9LXqZ5StmIDnjX0JhGXPuT2c1TcmqUPgkTZSpGMlN/T0xopPU4CkxnRHGol71c/M/rZhhe+RMRpxnymM0XhZkkmJA8ANIXijOUY0MoU8LcStiQKsrQxFQyIbjLL6+SVs12L+zanUnDhjmKcAwncAYuXEIdbqEBTWCQwiO8wpuVWS/Wu/Uxby1Yi5kj+APr8wcKuZQL</latexit>

t/` = 0.2
<latexit sha1_base64="pW0sCQX1HQ/0Ml5eIxC/Z68MKz8=">AAAB83icbVDLSgNBEJyNrxg1Rj16GQyCp3U3HvQiBLx4jGAekCxhdtKbDJl9MNMrhCW/IagHRbz6M978G2eTHDSxoKGo6qa7y0+k0Og431ZhbX1jc6u4XdrZ3SvvVw4OWzpOFYcmj2WsOj7TIEUETRQooZMoYKEvoe2Pb3K//QBKizi6x0kCXsiGkQgEZ2ikHp73QEp6TR271q9UHduZga4Sd0Gq9fJTjudGv/LVG8Q8DSFCLpnWXddJ0MuYQsElTEu9VEPC+JgNoWtoxELQXja7eUpPjTKgQaxMRUhn6u+JjIVaT0LfdIYMR3rZy8X/vG6KwZWXiShJESI+XxSkkmJM8wDoQCjgKCeGMK6EuZXyEVOMo4mpZEJwl19eJa2a7V7YtTuThk3mKJJjckLOiEsuSZ3ckgZpEk4S8kheyZuVWi/Wu/Uxby1Yi5kj8gfW5w8MPZQM</latexit>

t/` = 0.3
<latexit sha1_base64="VgKhAPC6mY+G3plyzlwlaAHWUFo=">AAAB83icbVA9SwNBEJ2LXzFqjFraLAbB6rxLCm2EgI1lBJMIyRH2NnvJkr0PdueEcORvCGqhiK1/xs5/416SQhMfDDzem2Fmnp9IodFxvq3C2vrG5lZxu7Szu1ferxwctnWcKsZbLJaxuvep5lJEvIUCJb9PFKehL3nHH1/nfueBKy3i6A4nCfdCOoxEIBhFI/XwvMelJFfEsev9StWxnRnIKnEXpNooP+V4bvYrX71BzNKQR8gk1brrOgl6GVUomOTTUi/VPKFsTIe8a2hEQ669bHbzlJwaZUCCWJmKkMzU3xMZDbWehL7pDCmO9LKXi/953RSDSy8TUZIij9h8UZBKgjHJAyADoThDOTGEMiXMrYSNqKIMTUwlE4K7/PIqaddst27Xbk0aNsxRhGM4gTNw4QIacANNaAGDBB7hFd6s1Hqx3q2PeWvBWswcwR9Ynz8NwZQN</latexit>

t/` = 0.4
<latexit sha1_base64="2U0MyXth40UY49yAviBVcAfCF1k=">AAAB83icbVBNS8NAEJ3Ur1q1Vj16WSyCp5hUQS9CwYvHCrYVmlA220m7dPPB7kYopX9DUA+KePXPePPfuGl70NYHA4/3ZpiZF6SCK+0431ZhZXVtfaO4Wdra3invVvb2WyrJJMMmS0Qi7wOqUPAYm5prgfepRBoFAtvB8Dr32w8oFU/iOz1K0Y9oP+YhZ1QbydOnHgpBrohjn3crVcd2piDLxJ2Tar38lOO50a18eb2EZRHGmgmqVMd1Uu2PqdScCZyUvExhStmQ9rFjaEwjVP54evOEHBulR8JEmoo1maq/J8Y0UmoUBaYzonqgFr1c/M/rZDq89Mc8TjONMZstCjNBdELyAEiPS2RajAyhTHJzK2EDKinTJqaSCcFdfHmZtGq2e2bXbk0aNsxQhEM4ghNw4QLqcAMNaAKDFB7hFd6szHqx3q2PWWvBms8cwB9Ynz8PRZQO</latexit>

×××××
×××

×
××××

×
×
×
××××

×
×
××

×
××

×
××

××
×××

××
×
××××

××××
×
×

×

××

×

×
×
×
×××

××
×××

××
×
××

××
××

×
××

×
××

×
×
××××

×
×
×
××××

×
××

××××××++
+
++

++++
++++

+++
+++++++++++++++++++++++++++++++

+

+

++

+

++++++++++++++++++++++++++
+++++++++

++++
++

++

++
+
++△△△△

△△
△△△△

△△
△
△△△

△△
△
△△△△

△
△△

△△△△
△△△△

△△△△△
△△△△△△△△△△△△△△△△△△

△△△△△△△△
△△△△

△△△△
△
△△

△
△△△△

△
△△△

△△
△
△△△△

△△
△△

△△△
△

▽ ▽ ▽ ▽
▽

▽
▽

▽
▽

▽

▽
▽ ▽

▽
▽

▽
▽ ▽ ▽

▽

▽
▽

▽

▽

▽ ▽

▽

▽
▽

▽

▽
▽ ▽ ▽

▽
▽

▽

▽ ▽
▽

▽

▽
▽

▽
▽

▽
▽ ▽ ▽ ▽□

□

□ □
□ □ □

□ □ □
□ □ □ □ □ □ □ □ □ □ □ □ □

□

□ □

□
□ □ □ □ □ □ □ □ □ □ □ □ □

□ □ □
□ □ □

□ □

□
□○

○ ○

○ ○
○ ○

○
○ ○ ○ ○

○
○

○
○ ○

○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○
○ ○

○
○

○
○ ○ ○ ○

○
○ ○

○ ○

○ ○
○

▽ ×

□ +

○ △

0.0 0.2 0.4 0.6 0.8 1.0

-0.6

-0.4

-0.2

0.0

t/` = 0.5
<latexit sha1_base64="9t04rTXxkSC31V60wQ9tgZnEjo0=">AAAB83icbVBNS8NAEJ3Ur1q1Vj16WSyCp5hURC9CwYvHCrYVmlA220m7dPPB7kYopX9DUA+KePXPePPfuGl70NYHA4/3ZpiZF6SCK+0431ZhZXVtfaO4Wdra3invVvb2WyrJJMMmS0Qi7wOqUPAYm5prgfepRBoFAtvB8Dr32w8oFU/iOz1K0Y9oP+YhZ1QbydOnHgpBrohjn3crVcd2piDLxJ2Tar38lOO50a18eb2EZRHGmgmqVMd1Uu2PqdScCZyUvExhStmQ9rFjaEwjVP54evOEHBulR8JEmoo1maq/J8Y0UmoUBaYzonqgFr1c/M/rZDq89Mc8TjONMZstCjNBdELyAEiPS2RajAyhTHJzK2EDKinTJqaSCcFdfHmZtGq2e2bXbk0aNsxQhEM4ghNw4QLqcAMNaAKDFB7hFd6szHqx3q2PWWvBms8cwB9Ynz8QyZQP</latexit>

Figure 5: Harmonic chain: Antidiagonals of the blocks in the entanglement hamiltonian

matrix (98) for various times and two values for `. The points where all these antidiagonals

become very small evolve linearly in opposite direction travelling from the center towards

the endpoints of the interval with velocity equal to one (see top panels in Fig. 18, where

2d0 denotes the width of the curves shown here).
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Figure 6: Harmonic chain: Antidiagonals of the blocks in the correlation matrix (98)

for an interval of length `. The points where all these antidiagonals become very small

evolve linearly in opposite direction travelling from the center towards the endpoints of the

interval with velocity equal to one. This evolution is observed also for the entanglement

hamiltonian matrix (see Fig. 5). The bottom right panel shows CA for t = 20 and ` = 100.

This should be compared with the left panel of the second line in Fig. 2.
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the top left panel of Fig. 4 because ` is even. In N(t) both the temporal evolutions of the

diagonal (middle left panel in Fig. 3) and of the antidiagonal (top right panel in Fig. 4)

display a plateau but we remark that the behaviour before the formation of this plateau

is very different.

It is instructive to compare the temporal evolution of the blocks in entanglement

hamiltonian matrix HA(t) with the one of the blocks in the reduced covariance matrix

γA(t) (see (98)). The main difference is the fact that the blocks of HA(t) are not

homogeneous along their diagonals (see Fig. 2 and Fig. 3), while the blocks of γA(t) are

constant along any given diagonal (see the bottom right panel of Fig. 6, that corresponds

to a given time), as it can be easily inferred from (95). In Fig. 6 we consider the temporal

evolution of the antidiagonals of the blocks in γA(t). Comparing this figure with Fig. 5,

one concludes that also the width of the bands occurring in the three blocks of γA(t)

increase linearly in time with velocity equal to one. Nonetheless, let us stress that the

shape of the antidiagonals occurring in HA(t) and in γA(t) is very different.

As first quantitative check, we have compared the linear growth of the entanglement

entropy obtained from our numerical data for the harmonic chain with the CFT formula

SA ' 2πc t/(3τ0) [44, 63] (see also §4) with c = 1, finding τ0 ' 3.79 (which agrees e.g.

with the numerical value obtained in [42])

5.2. Entanglement spectrum

A numerical analysis for some quantities related to the entanglement spectrum has been

reported in Fig. 7. The top left panel shows the symplectic spectrum of HA for various

times and two different values of `. For the low-lying part of this spectrum, i.e. small k’s,

we have εk ' εk+1 and this degeneracy disappears for high values of k. At small times, εk
is linear in terms of k while for long time the curve of εk bends towards zero, although it

never vanishes. It would be interesting to consider εk/` in the limit of large values of `. In

the top right panel of Fig. 7 we consider the temporal evolution of the largest eigenvalue of

the entanglement spectrum (see the text below (21)). Since S
(n)
A → − log λmax as n→∞,

this curve can be compared with the CFT results for the Rényi entropies [44, 63] and a

good agreement is found. Fitting the linear growth of − log λmax we get a slope of 1
2.1

times the slope of the entanglement entropy, while the one predicted by (75) is 1
2
.

In the remaining panels of Fig. 7 we explore the temporal evolutions of the gaps

in the entanglement spectrum. The data about these evolutions display two distinct

temporal regimes separated by t/` ' 1/2. For t/` < 1/2, the CFT result (76), obtained

from the analysis of [15] for the semi-infinite line, predicts linear growths in time for the

inverse of the gaps with slopes proportional to the conformal spectrum (including also the

dimensions of the descendants) allowed by the proper conformal boundary conditions. The

numerical data in the middle left panel of Fig. 7 display these linear growths for t/` < 1/2.

By fitting the slopes of these linear growths through (76) with τ0 ' 3.79 obtained above

from the linear growth of the entanglement entropy, we find ∆1 = 1.022, ∆2 = 2.045 and

∆3 = 3.058. In order to reduce the influence of the initial state encoded in τ0, in the
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Figure 7: Harmonic chain: Entanglement spectrum for an interval of length ` after the

quench of the frequency parameter given by ω0 = 1 and ω = 0. Top left: Single particle

entanglement spectrum (see (12)). Top right: Temporal evolution of the largest eigenvalue

of the entanglement spectrum (see the text below (21)). Middle left: Temporal evolution

of the first gaps in the entanglement spectrum (see the text below (23)). The legenda of

this panel holds also in the remaining ones. Middle right: Temporal evolution of grSA (the

inset zooms in on the lowest plateau, showing that the data having ` = 50 and ` = 100

do not overlap). Bottom: Temporal evolution of the ratios gr/g1 between the gaps in the

entanglement spectrum (the insets zoom in on the two higher plateaux).
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Figure 8: Harmonic chain: Temporal evolution of the gaps in the entanglement spectrum

for an interval of length ` after the quench of the frequency parameter given by ω0 = 5 and

ω = 0 (see also the corresponding panels in Fig. 7). Top left: Temporal evolution of the

first gaps in the entanglement spectrum (see the text below (23)). The legenda of this panel

holds also for the other ones. Top right: Temporal evolution of grSA. Bottom: Temporal

evolution of the ratios gr/g1 between the gaps in the entanglement spectrum. The panel

on the left focuses on the regime t/` < 1 (the insets zoom in on the two higher plateaux),

while the panel on the right highlights the behaviour for long times. The curves in the left

panel are very similar to the ones in the bottom panel of Fig. 7.

middle right panel and in the bottom panel of Fig. 7 we consider the temporal evolutions

of grSA and the ratios gr/g1 respectively, which should be independent of τ0 according to

(75) and (76). As for grSA, it is evident that curves corresponding to different values of

` do not collapse; hence more values of ` (possibly also larger than the ones considered

here) are needed in order to make comparisons with CFT results.

The temporal evolutions of the ratios gr/g1 of the entanglement gaps in the bottom

panel of Fig. 7 display interesting features. For t/` < 1/2 the curves having different

`’s collapse forming plateaux whose heights are given by strictly positive integers. This

result agrees with the fact that the underlying CFT contains the primary ∂zφ and its

descendants.

In Fig. 8 we show numerical data for the temporal evolution of the gaps in the
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entanglement spectrum when the initial state has ω0 = 5, in order to explore the

robustness of the observations made above under changes of the initial state. For this ω0

we consider small values of ` such that the product ω0` gets the same values corresponding

to the data shown in Fig. 7. The qualitative behaviour of 1/gr is the same one observed

in Fig. 7 (the slopes of the linear growths are different, as expected, being (76) dependent

on the initial state through τ0). In the temporal evolution of grSA we observe oscillations

that are due to the small values of ` (indeed, they do not occur in the middle right panel

of Fig. 7). Interestingly, the temporal evolutions of the ratios gr/g1 coincide with the

ones reported in Fig. 7, meaning that this quantity displays some independence on the

initial state. It would be instructive to consider other values of ω0 and higher gaps in

order to understand better how much the temporal evolutions of gr/g1 are robust under

modifications of the initial state. In the bottom right panel of Fig. 8 we have considered

also long times and from these data we can identify two regimes: t/` 6 1/2 and the

long time regime. In both these temporal regimes we observe plateaux having the same

heights. Thus, the ratios in the CFT spectrum can be read also from the long time regime.

5.3. A contour function from the quasi-particle picture

In [44] a quasi-particle picture has been introduced to explain the temporal evolution of

the entanglement entropy after a global quantum quench. The underlying idea is based

on the fact that the initial state has very high energy with respect to the ground state

of the hamiltonian governing the temporal evolution; hence it can be seen as a source of

quasi-particle excitations. In particular, in one spatial dimension, it is assumed that at

t = 0 each point of the space emits two quasi-particles with opposite momenta p and −p
according to certain probability distribution that depends on both the initial state and

the evolution hamiltonian. Only the particles emitted at the same point are entangled

and all the points of the space emit the quasi-particles in the same way. For t > 0, the

positions of the quasi-particles emitted at the same point x are x+ vpt and x− vpt, being

vp > 0 and v−p = −vp for p > 0.

Considering a spatial bipartition A∪B and two points x1 ∈ A and x2 ∈ B; at time t

they are entangled only if they are reached simultaneously by two quasi-particle emitted

from the same point x at t = 0. The bipartite entanglement between A and B is obtained

by summing the contributions of all the points x fulfilling this condition. In particular,

for the entanglement entropy we have [44]

SA(t) ≈
∫

x1∈A
dx1

∫

x2∈B
dx2

∫ ∞

−∞
dx

∫
dp δ(x1 − x− vpt) δ(x2 − x+ vpt) s̃(p) (99)

where s̃(p) is obtained by multiplying the momentum distribution function and the

contribution of the pair of quasi-particles with momenta p and −p to the entanglement

entropy. The integration domain of the allowed momenta is model dependent. Performing

the spatial integrals in (99), one finds

SA(t) ≈ 2 t

∫

2|vp|t<`
dp s̃(p) vp + `

∫

2|vp|t>`
dp s̃(p) . (100)
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Figure 9: Temporal evolution of the contour for the entanglement entropy of an interval

made by ` sites in the periodic harmonic chain, evaluated from (31) and (36). Left: ` = 50.

Right: ` = 100. The insets show the temporal evolution of the entanglement entropy

obtained through the contour function (see (29) for n = 1).

When a maximum velocity vmax exists, SA grows linearly in time for vmaxt 6 `/2, while

SA ∝ ` for vmaxt� `/2. In a CFT we have |vp| = vmax = 1 for all p [44, 63]. Notice that

(100) does not take into account the initial value of the entanglement entropy.

The expression (100) of the entanglement entropy obtained from this quasi-particle

picture provides some functions sA(x, t) such that SA(t) =
∫
A
sA(x, t)dx. Let us introduce

three positive functions f0(x), f1(x, p, t) and f2(x, p, t) fulfilling the following conditions

∫

A

f0(x) dx = SA
∣∣
t=0

∫

A

f1(x, p, t) dx = 2vp t

∫

A

f2(x, p, t) dx = ` . (101)

Taking into account the initial value SA|t=0 in (100) and employing the constraints (101),

it is straightforward to write the entanglement entropy as SA(t) =
∫
A
sA(x, t) dx with

sA(x, t) =

∫

2|vp|t<`
dp f1(x, p, t) s̃(p) +

∫

2|vp|t>`
dp f2(x, p, t) s̃(p) + f0(x) . (102)

Since our configuration is symmetric with respect to the center of the interval, it is natural

to require that f0(x) = f0(`− x) and fi(x, p, t) = fi(`− x, p, t) for i = 1, 2. As mentioned

above, (99) is obtained by assuming that the emission of the quasi-particles is spatially

homogeneous, and this assumption provides a significant restriction to the form of the

functions in (102).

Let us consider the infinitesimal contribution to the entanglement entropy dSA(t) =

sA(x, t)dx provided by an infinitesimal interval (x − dx/2, x + dx/2) centered in a point

x ∈ A. At t > 0, this quantity is proportional to the number of quasi-particles (i) that

are in this infinitesimal interval (ii) whose entangled quasi-particle is in B. The quasi-

particles fulfilling these conditions have been emitted at t = 0 from the position x− |vp|t
or from x+ |vp|t. For vp t ≤ `/2, the quasi-particles emitted at x− |vp|t contribute when

2|vp| t > x, while the ones emitted at x + |vp|t matter when 2|vp| t > ` − x. Instead, for
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Figure 10: Temporal evolution of the contour for the entanglement entropy of an interval

of length ` in the periodic harmonic chain according to (104), obtained through the quasi-

particle picture (see §5.3). Left: f0(x) = 0 identically. Right: f0(x) = s
(1)
A,0(x, 0) defined in

(82) has been used in (104) in order to capture the linear divergence close to the endpoints.

vp t > `/2 the quasi-particles coming from both x− |vp|t and x+ |vp|t contribute. These

considerations lead to the following expressions

f1(x, p, t) =
1

2

[
ϕ1(x) Θ(2|vp| t− x) + ϕ1(`− x) Θ(2|vp| t− `+ x)

]
f2(x, p, t) = ϕ2(x)

(103)

where ϕj are non negative, ϕ2(`− x) = ϕ2(x) and Θ is the Heaviside step function. The

spatial homogeneity in the quasi-particle production leads to drastic simplifications given

by ϕ1(x) = ϕ2(x) = 1 identically.

The functions in (103) fulfil (101) and the symmetry conditions introduced in the

text below (102). Thus, the contour function (102) becomes

sA(x, t) =
1

2

[ ∫

x<2|vp|t<`
s̃(p) dp +

∫

`−x<2|vp|t<`
s̃(p) dp

]
+

∫

2|vp|t>`
s̃(p) dp+ f0(x) (104)

Integrating this expression between two generic points 0 < x1 < x2 < `, we obtain

SA(x1, x2; t) =
x2 − x1

2

[
2

∫

2|vp|t>`
s̃(p) dp +

∫

`−x1<2|vp|t<`
s̃(p) dp +

∫

x2<2|vp|t<`
s̃(p) dp

]
(105)

+
1

2

[ ∫

`−x2<2|vp|t<`−x1
s̃(p) (2|vp|t+ x2 − `) dp +

∫

x1<2|vp|t<x2
(2|vp|t− x1) s̃(p) dp

]
+

∫ x2

x1

f0(x) dx .

The function s̃(p) can be computed by employing the fact that the density of

thermodynamic entropy in the stationary state coincides with the one of the entanglement

entropy in (100) [60].

For the global quench in the harmonic chain that we are considering, the stationary

values of local observables can be described by a Generalised Gibbs Ensemble [50, 57]

(we refer the interested reader to the review [65] for an extensive list of references). The
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velocity vp of the quasi-particles can be computed as vp = ∂pωp, being ωp the dispersion

relation of the model. For the harmonic chain, in [46,60] it has been found that

s̃(p) =
1

2π

[
(np + 1) log (np + 1)− np log np

]
np =

1

4

(
ωp
ω0,p

+
ω0,p

ωp

)
− 1

2
(106)

where ωp ≡
√
ω2 + 4κ

m
[sin(p/2)]2 (see (90)) and ω0,p is obtained by replacing ω with ω0 in

ωp. The dispersion relation (90) provides the velocity of each momentum mode as follows

vp ≡
∂ωp
∂p

=
(κ/m) sin(p)√

ω2 + (4κ/m) sin2(p/2)
(107)

Let us remark that the above results based on the quasi-particle picture hold for any value

of the frequencies ω0 and ω, while in our numerical analysis ω0 = 1 and ω = 0. It would

be interesting to consider also other values for these parameters.

In Fig. 9 we show the temporal evolution of the contour for the entanglement entropy

evaluated through the prescription of [42], outlined in §2.2. This qualitative behaviour,

which has been observed also in [40] for fermionic chains after a global quench, has been

obtained through the naive analysis performed in §4 by employing the CFT formulas

of [15] (see the right panel of Fig. 1). The curves in Fig. 9 can be interpreted in terms of

two fronts starting from the endpoints and travelling in the opposite directions towards

the center of the interval. Each front has a plateau, that is not exactly horizontal in the

numerical data. Since the two fronts have velocity equal to 2 (see also §4), they cross

each other around t/` ' 1/4 and superpose until they reach the opposite endpoint around

t/` ' 1/2. Notice that the data shown in the two panels of Fig. 9 do not overlap, meaning

that larger values of ` are needed to obtain a prediction for this curve in the limit of large

`. This prediction can be done from the data obtained for the global quench in the chain

of free fermions considered in §6 (see Fig. 21). We remark that the data in Fig. 9 display

a divergence close to the endpoints of the interval that is independent of time.

The contour function for the entanglement entropy obtained through the quasi-

particle picture (namely by employing (104), (106) and (107)) is shown in Fig. 10, where

in the left panel f0(x) = 0 identically, while f0(x) = s
(1)
A,0(x, 0) in (82) has been chosen

in the right panel. The latter choice leads to reproduce also the linear divergencies of

the contour function for the entanglement entropy near the endpoints of the interval.

The quasi-particle picture formula (104) captures in a better way some features of the

numerical data with respect to the corresponding CFT expression (81). For instance, the

curve in Fig. 10 having t/` = 1/4 is not flat in the middle of the interval and that the

local maximum of the curve having 1/4 < t/` < 1 increases with time, while in the right

panel of Fig. 1 it is constant and equal to half of its asymptotic value for t→∞.

In Fig. 11 we consider the quantity introduced in (33) with n = 1 for three different

choices of (i1, i2): the case with i1 = 0 (top panel), the case with fixed 0 < i1 < `/2 and i2
variable (middle panel) and the case with (i1, i2) in the middle of the interval A (bottom

panel). The data points (obtained through (31), (32), (33) and (36)) are compared against

the corresponding formula coming from the quasi-particle picture expression (105) (black
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<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit> <̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>

x1
<latexit sha1_base64="DXriiUWREYqBDfEskT2c0axexYo=">AAAB6nicbVDLSgNBEOz1GeMr6lGQwSCIh7CrBz0GvHiMaB6QhDA76U2GzM4uM7NiWPIJgnhQxKvX/IPfIHjwb5w8DppY0FBUddPd5ceCa+O6387C4tLyympmLbu+sbm1ndvZregoUQzLLBKRqvlUo+ASy4YbgbVYIQ19gVW/dznyq3eoNI/krenH2AxpR/KAM2qsdHPf8lq5vFtwxyDzxJuSfBEOhl+PH8NSK/fZaEcsCVEaJqjWdc+NTTOlynAmcJBtJBpjynq0g3VLJQ1RN9PxqQNyZJU2CSJlSxoyVn9PpDTUuh/6tjOkpqtnvZH4n1dPTHDRTLmME4OSTRYFiSAmIqO/SZsrZEb0LaFMcXsrYV2qKDM2nawNwZt9eZ5UTgveWcG9tmmcwAQZ2IdDOAYPzqEIV1CCMjDowAM8w4sjnCfn1XmbtC4405k9+APn/Qcy95Fj</latexit>

a1
<latexit sha1_base64="FTGV4TOEcf546xsMSZhdLGvNWtg=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAZBPIRdPegx4MVjRPOAZAmzk95kyOzsMjMrhJBPEMSDIl695h/8BsGDf+PkcdDEgoaiqpvuriARXBvX/XYyS8srq2vZ9dzG5tb2Tn53r6rjVDGssFjEqh5QjYJLrBhuBNYThTQKBNaC3tXYr92j0jyWd6afoB/RjuQhZ9RY6Za2vFa+4BbdCcgi8WakUILD0dfjx6jcyn822zFLI5SGCap1w3MT4w+oMpwJHOaaqcaEsh7tYMNSSSPU/mBy6pAcW6VNwljZkoZM1N8TAxpp3Y8C2xlR09Xz3lj8z2ukJrz0B1wmqUHJpovCVBATk/HfpM0VMiP6llCmuL2VsC5VlBmbTs6G4M2/vEiqZ0XvvOje2DROYYosHMARnIAHF1CCayhDBRh04AGe4cURzpPz6rxNWzPObGYf/sB5/wEP7ZFM</latexit>z }| {

<latexit sha1_base64="onTyWulSckt4p2wUTbvrDqaGIAM=">AAACCXicbVDLSsNAFJ34rPEVdelmsAjioiS60I1YcOOygn1AE8pkOmmHTmbCzEQsIVs3foYuXehCEbf+gRvxb5w+EG09cOFwzr3ce0+YMKq0635ZM7Nz8wuLhSV7eWV1bd3Z2KwpkUpMqlgwIRshUoRRTqqaakYaiSQoDhmph72zgV+/IlJRwS91PyFBjDqcRhQjbaSWA31h7FAiTDI/6SKuRZxd/yDPW07RLblDwGnijUnx9PHu0z5J7ist58NvC5zGhGvMkFJNz010kCGpKWYkt/1UkQThHuqQpqEcxUQF2fCTHO4apQ0jIU1xDYfq74kMxUr149B0xkh31aQ3EP/zmqmOjoOM8iTVhOPRoihlUAs4iAW2qSRYs74hCEtqboW4i0ws2oRnmxC8yZenSe2g5B2W3Au3WN4HIxTANtgBe8ADR6AMzkEFVAEGN+ABPIMX69Z6sl6tt1HrjDWe2QJ/YL1/A0a8n50=</latexit>

0
<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit> <̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>`/2

<latexit sha1_base64="NH3FUBbj5c/pIrSGqKlw2cR/qhU=">AAAB7XicbVC7SgNBFL0bX3F9RS0FGQyCWMTdWGgZsLFMwDwgWcLsZDYZMzuzzMwKIaRMb2OhiK2/4HfY+Q3+hJNHoYkHLhzOuZd77wkTzrTxvC8ns7K6tr6R3XS3tnd293L7BzUtU0VolUguVSPEmnImaNUww2kjURTHIaf1sH8z8esPVGkmxZ0ZJDSIcVewiBFsrFRrUc4viu1c3it4U6Bl4s9JvuSOjz8q3+NyO/fZ6kiSxlQYwrHWTd9LTDDEyjDC6chtpZommPRxlzYtFTimOhhOrx2hU6t0UCSVLWHQVP09McSx1oM4tJ0xNj296E3E/7xmaqLrYMhEkhoqyGxRlHJkJJq8jjpMUWL4wBJMFLO3ItLDChNjA3JtCP7iy8ukViz4lwWvYtM4hxmycAQncAY+XEEJbqEMVSBwD4/wDC+OdJ6cV+dt1ppx5jOH8AfO+w91vpH8</latexit>

z }| {
<latexit sha1_base64="onTyWulSckt4p2wUTbvrDqaGIAM=">AAACCXicbVDLSsNAFJ34rPEVdelmsAjioiS60I1YcOOygn1AE8pkOmmHTmbCzEQsIVs3foYuXehCEbf+gRvxb5w+EG09cOFwzr3ce0+YMKq0635ZM7Nz8wuLhSV7eWV1bd3Z2KwpkUpMqlgwIRshUoRRTqqaakYaiSQoDhmph72zgV+/IlJRwS91PyFBjDqcRhQjbaSWA31h7FAiTDI/6SKuRZxd/yDPW07RLblDwGnijUnx9PHu0z5J7ist58NvC5zGhGvMkFJNz010kCGpKWYkt/1UkQThHuqQpqEcxUQF2fCTHO4apQ0jIU1xDYfq74kMxUr149B0xkh31aQ3EP/zmqmOjoOM8iTVhOPRoihlUAs4iAW2qSRYs74hCEtqboW4i0ws2oRnmxC8yZenSe2g5B2W3Au3WN4HIxTANtgBe8ADR6AMzkEFVAEGN+ABPIMX69Z6sl6tt1HrjDWe2QJ/YL1/A0a8n50=</latexit>

2a0
<latexit sha1_base64="yY3h/OSPnE726An9Kgw+updyI/g=">AAAB63icbVDLSgNBEOyNrxhfUY+CDAZBPITdeNBjwIvHCOYByRJmJ7PJkJnZZWZWCEt+QQQPinj1mH/wGwQP/o2zSQ6aWNBQVHXT3RXEnGnjut9ObmV1bX0jv1nY2t7Z3SvuHzR0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDIbXmd+8p0qzSN6ZUUx9gfuShYxgk0kV3HW7xZJbdqdAy8Sbk1IVjidfjx+TWrf42elFJBFUGsKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LZVYUO2n01vH6NQqPRRGypY0aKr+nkix0HokAtspsBnoRS8T//PaiQmv/JTJODFUktmiMOHIRCh7HPWYosTwkSWYKGZvRWSAFSbGxlOwIXiLLy+TRqXsXZTdW5vGOcyQhyM4gTPw4BKqcAM1qAOBATzAM7w4wnlyXp23WWvOmc8cwh847z9/r5GH</latexit>

x0
<latexit sha1_base64="GQoWaSvqfvpczrI+uhevOxNoS/4=">AAAB6nicbVDLSgNBEOz1GeMr6lGQwSCIh7CrBz0GvHiMaB6QhDA76U2GzM4uM7NiWPIJgnhQxKvX/IPfIHjwb5w8DppY0FBUddPd5ceCa+O6387C4tLyympmLbu+sbm1ndvZregoUQzLLBKRqvlUo+ASy4YbgbVYIQ19gVW/dznyq3eoNI/krenH2AxpR/KAM2qsdHPfclu5vFtwxyDzxJuSfBEOhl+PH8NSK/fZaEcsCVEaJqjWdc+NTTOlynAmcJBtJBpjynq0g3VLJQ1RN9PxqQNyZJU2CSJlSxoyVn9PpDTUuh/6tjOkpqtnvZH4n1dPTHDRTLmME4OSTRYFiSAmIqO/SZsrZEb0LaFMcXsrYV2qKDM2nawNwZt9eZ5UTgveWcG9tmmcwAQZ2IdDOAYPzqEIV1CCMjDowAM8w4sjnCfn1XmbtC4405k9+APn/Qcxc5Fi</latexit>

0
<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit> <̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>

0
<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit>

<̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>

x1
<latexit sha1_base64="DXriiUWREYqBDfEskT2c0axexYo=">AAAB6nicbVDLSgNBEOz1GeMr6lGQwSCIh7CrBz0GvHiMaB6QhDA76U2GzM4uM7NiWPIJgnhQxKvX/IPfIHjwb5w8DppY0FBUddPd5ceCa+O6387C4tLyympmLbu+sbm1ndvZregoUQzLLBKRqvlUo+ASy4YbgbVYIQ19gVW/dznyq3eoNI/krenH2AxpR/KAM2qsdHPf8lq5vFtwxyDzxJuSfBEOhl+PH8NSK/fZaEcsCVEaJqjWdc+NTTOlynAmcJBtJBpjynq0g3VLJQ1RN9PxqQNyZJU2CSJlSxoyVn9PpDTUuh/6tjOkpqtnvZH4n1dPTHDRTLmME4OSTRYFiSAmIqO/SZsrZEb0LaFMcXsrYV2qKDM2nawNwZt9eZ5UTgveWcG9tmmcwAQZ2IdDOAYPzqEIV1CCMjDowAM8w4sjnCfn1XmbtC4405k9+APn/Qcy95Fj</latexit>

a1
<latexit sha1_base64="FTGV4TOEcf546xsMSZhdLGvNWtg=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAZBPIRdPegx4MVjRPOAZAmzk95kyOzsMjMrhJBPEMSDIl695h/8BsGDf+PkcdDEgoaiqpvuriARXBvX/XYyS8srq2vZ9dzG5tb2Tn53r6rjVDGssFjEqh5QjYJLrBhuBNYThTQKBNaC3tXYr92j0jyWd6afoB/RjuQhZ9RY6Za2vFa+4BbdCcgi8WakUILD0dfjx6jcyn822zFLI5SGCap1w3MT4w+oMpwJHOaaqcaEsh7tYMNSSSPU/mBy6pAcW6VNwljZkoZM1N8TAxpp3Y8C2xlR09Xz3lj8z2ukJrz0B1wmqUHJpovCVBATk/HfpM0VMiP6llCmuL2VsC5VlBmbTs6G4M2/vEiqZ0XvvOje2DROYYosHMARnIAHF1CCayhDBRh04AGe4cURzpPz6rxNWzPObGYf/sB5/wEP7ZFM</latexit>z }| {

<latexit sha1_base64="onTyWulSckt4p2wUTbvrDqaGIAM=">AAACCXicbVDLSsNAFJ34rPEVdelmsAjioiS60I1YcOOygn1AE8pkOmmHTmbCzEQsIVs3foYuXehCEbf+gRvxb5w+EG09cOFwzr3ce0+YMKq0635ZM7Nz8wuLhSV7eWV1bd3Z2KwpkUpMqlgwIRshUoRRTqqaakYaiSQoDhmph72zgV+/IlJRwS91PyFBjDqcRhQjbaSWA31h7FAiTDI/6SKuRZxd/yDPW07RLblDwGnijUnx9PHu0z5J7ist58NvC5zGhGvMkFJNz010kCGpKWYkt/1UkQThHuqQpqEcxUQF2fCTHO4apQ0jIU1xDYfq74kMxUr149B0xkh31aQ3EP/zmqmOjoOM8iTVhOPRoihlUAs4iAW2qSRYs74hCEtqboW4i0ws2oRnmxC8yZenSe2g5B2W3Au3WN4HIxTANtgBe8ADR6AMzkEFVAEGN+ABPIMX69Z6sl6tt1HrjDWe2QJ/YL1/A0a8n50=</latexit>

0
<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit> <̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>`/2

<latexit sha1_base64="NH3FUBbj5c/pIrSGqKlw2cR/qhU=">AAAB7XicbVC7SgNBFL0bX3F9RS0FGQyCWMTdWGgZsLFMwDwgWcLsZDYZMzuzzMwKIaRMb2OhiK2/4HfY+Q3+hJNHoYkHLhzOuZd77wkTzrTxvC8ns7K6tr6R3XS3tnd293L7BzUtU0VolUguVSPEmnImaNUww2kjURTHIaf1sH8z8esPVGkmxZ0ZJDSIcVewiBFsrFRrUc4viu1c3it4U6Bl4s9JvuSOjz8q3+NyO/fZ6kiSxlQYwrHWTd9LTDDEyjDC6chtpZommPRxlzYtFTimOhhOrx2hU6t0UCSVLWHQVP09McSx1oM4tJ0xNj296E3E/7xmaqLrYMhEkhoqyGxRlHJkJJq8jjpMUWL4wBJMFLO3ItLDChNjA3JtCP7iy8ukViz4lwWvYtM4hxmycAQncAY+XEEJbqEMVSBwD4/wDC+OdJ6cV+dt1ppx5jOH8AfO+w91vpH8</latexit>

z }| {
<latexit sha1_base64="onTyWulSckt4p2wUTbvrDqaGIAM=">AAACCXicbVDLSsNAFJ34rPEVdelmsAjioiS60I1YcOOygn1AE8pkOmmHTmbCzEQsIVs3foYuXehCEbf+gRvxb5w+EG09cOFwzr3ce0+YMKq0635ZM7Nz8wuLhSV7eWV1bd3Z2KwpkUpMqlgwIRshUoRRTqqaakYaiSQoDhmph72zgV+/IlJRwS91PyFBjDqcRhQjbaSWA31h7FAiTDI/6SKuRZxd/yDPW07RLblDwGnijUnx9PHu0z5J7ist58NvC5zGhGvMkFJNz010kCGpKWYkt/1UkQThHuqQpqEcxUQF2fCTHO4apQ0jIU1xDYfq74kMxUr149B0xkh31aQ3EP/zmqmOjoOM8iTVhOPRoihlUAs4iAW2qSRYs74hCEtqboW4i0ws2oRnmxC8yZenSe2g5B2W3Au3WN4HIxTANtgBe8ADR6AMzkEFVAEGN+ABPIMX69Z6sl6tt1HrjDWe2QJ/YL1/A0a8n50=</latexit>

2a0
<latexit sha1_base64="yY3h/OSPnE726An9Kgw+updyI/g=">AAAB63icbVDLSgNBEOyNrxhfUY+CDAZBPITdeNBjwIvHCOYByRJmJ7PJkJnZZWZWCEt+QQQPinj1mH/wGwQP/o2zSQ6aWNBQVHXT3RXEnGnjut9ObmV1bX0jv1nY2t7Z3SvuHzR0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDIbXmd+8p0qzSN6ZUUx9gfuShYxgk0kV3HW7xZJbdqdAy8Sbk1IVjidfjx+TWrf42elFJBFUGsKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LZVYUO2n01vH6NQqPRRGypY0aKr+nkix0HokAtspsBnoRS8T//PaiQmv/JTJODFUktmiMOHIRCh7HPWYosTwkSWYKGZvRWSAFSbGxlOwIXiLLy+TRqXsXZTdW5vGOcyQhyM4gTPw4BKqcAM1qAOBATzAM7w4wnlyXp23WWvOmc8cwh847z9/r5GH</latexit>

x0
<latexit sha1_base64="GQoWaSvqfvpczrI+uhevOxNoS/4=">AAAB6nicbVDLSgNBEOz1GeMr6lGQwSCIh7CrBz0GvHiMaB6QhDA76U2GzM4uM7NiWPIJgnhQxKvX/IPfIHjwb5w8DppY0FBUddPd5ceCa+O6387C4tLyympmLbu+sbm1ndvZregoUQzLLBKRqvlUo+ASy4YbgbVYIQ19gVW/dznyq3eoNI/krenH2AxpR/KAM2qsdHPfclu5vFtwxyDzxJuSfBEOhl+PH8NSK/fZaEcsCVEaJqjWdc+NTTOlynAmcJBtJBpjynq0g3VLJQ1RN9PxqQNyZJU2CSJlSxoyVn9PpDTUuh/6tjOkpqtnvZH4n1dPTHDRTLmME4OSTRYFiSAmIqO/SZsrZEb0LaFMcXsrYV2qKDM2nawNwZt9eZ5UTgveWcG9tmmcwAQZ2IdDOAYPzqEIV1CCMjDowAM8w4sjnCfn1XmbtC4405k9+APn/Qcxc5Fi</latexit>

0
<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit>

<̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>

0
<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit> <̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>

x1
<latexit sha1_base64="DXriiUWREYqBDfEskT2c0axexYo=">AAAB6nicbVDLSgNBEOz1GeMr6lGQwSCIh7CrBz0GvHiMaB6QhDA76U2GzM4uM7NiWPIJgnhQxKvX/IPfIHjwb5w8DppY0FBUddPd5ceCa+O6387C4tLyympmLbu+sbm1ndvZregoUQzLLBKRqvlUo+ASy4YbgbVYIQ19gVW/dznyq3eoNI/krenH2AxpR/KAM2qsdHPf8lq5vFtwxyDzxJuSfBEOhl+PH8NSK/fZaEcsCVEaJqjWdc+NTTOlynAmcJBtJBpjynq0g3VLJQ1RN9PxqQNyZJU2CSJlSxoyVn9PpDTUuh/6tjOkpqtnvZH4n1dPTHDRTLmME4OSTRYFiSAmIqO/SZsrZEb0LaFMcXsrYV2qKDM2nawNwZt9eZ5UTgveWcG9tmmcwAQZ2IdDOAYPzqEIV1CCMjDowAM8w4sjnCfn1XmbtC4405k9+APn/Qcy95Fj</latexit>

a1
<latexit sha1_base64="FTGV4TOEcf546xsMSZhdLGvNWtg=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAZBPIRdPegx4MVjRPOAZAmzk95kyOzsMjMrhJBPEMSDIl695h/8BsGDf+PkcdDEgoaiqpvuriARXBvX/XYyS8srq2vZ9dzG5tb2Tn53r6rjVDGssFjEqh5QjYJLrBhuBNYThTQKBNaC3tXYr92j0jyWd6afoB/RjuQhZ9RY6Za2vFa+4BbdCcgi8WakUILD0dfjx6jcyn822zFLI5SGCap1w3MT4w+oMpwJHOaaqcaEsh7tYMNSSSPU/mBy6pAcW6VNwljZkoZM1N8TAxpp3Y8C2xlR09Xz3lj8z2ukJrz0B1wmqUHJpovCVBATk/HfpM0VMiP6llCmuL2VsC5VlBmbTs6G4M2/vEiqZ0XvvOje2DROYYosHMARnIAHF1CCayhDBRh04AGe4cURzpPz6rxNWzPObGYf/sB5/wEP7ZFM</latexit>z }| {

<latexit sha1_base64="onTyWulSckt4p2wUTbvrDqaGIAM=">AAACCXicbVDLSsNAFJ34rPEVdelmsAjioiS60I1YcOOygn1AE8pkOmmHTmbCzEQsIVs3foYuXehCEbf+gRvxb5w+EG09cOFwzr3ce0+YMKq0635ZM7Nz8wuLhSV7eWV1bd3Z2KwpkUpMqlgwIRshUoRRTqqaakYaiSQoDhmph72zgV+/IlJRwS91PyFBjDqcRhQjbaSWA31h7FAiTDI/6SKuRZxd/yDPW07RLblDwGnijUnx9PHu0z5J7ist58NvC5zGhGvMkFJNz010kCGpKWYkt/1UkQThHuqQpqEcxUQF2fCTHO4apQ0jIU1xDYfq74kMxUr149B0xkh31aQ3EP/zmqmOjoOM8iTVhOPRoihlUAs4iAW2qSRYs74hCEtqboW4i0ws2oRnmxC8yZenSe2g5B2W3Au3WN4HIxTANtgBe8ADR6AMzkEFVAEGN+ABPIMX69Z6sl6tt1HrjDWe2QJ/YL1/A0a8n50=</latexit>

0
<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit> <̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>`/2

<latexit sha1_base64="NH3FUBbj5c/pIrSGqKlw2cR/qhU=">AAAB7XicbVC7SgNBFL0bX3F9RS0FGQyCWMTdWGgZsLFMwDwgWcLsZDYZMzuzzMwKIaRMb2OhiK2/4HfY+Q3+hJNHoYkHLhzOuZd77wkTzrTxvC8ns7K6tr6R3XS3tnd293L7BzUtU0VolUguVSPEmnImaNUww2kjURTHIaf1sH8z8esPVGkmxZ0ZJDSIcVewiBFsrFRrUc4viu1c3it4U6Bl4s9JvuSOjz8q3+NyO/fZ6kiSxlQYwrHWTd9LTDDEyjDC6chtpZommPRxlzYtFTimOhhOrx2hU6t0UCSVLWHQVP09McSx1oM4tJ0xNj296E3E/7xmaqLrYMhEkhoqyGxRlHJkJJq8jjpMUWL4wBJMFLO3ItLDChNjA3JtCP7iy8ukViz4lwWvYtM4hxmycAQncAY+XEEJbqEMVSBwD4/wDC+OdJ6cV+dt1ppx5jOH8AfO+w91vpH8</latexit>

z }| {
<latexit sha1_base64="onTyWulSckt4p2wUTbvrDqaGIAM=">AAACCXicbVDLSsNAFJ34rPEVdelmsAjioiS60I1YcOOygn1AE8pkOmmHTmbCzEQsIVs3foYuXehCEbf+gRvxb5w+EG09cOFwzr3ce0+YMKq0635ZM7Nz8wuLhSV7eWV1bd3Z2KwpkUpMqlgwIRshUoRRTqqaakYaiSQoDhmph72zgV+/IlJRwS91PyFBjDqcRhQjbaSWA31h7FAiTDI/6SKuRZxd/yDPW07RLblDwGnijUnx9PHu0z5J7ist58NvC5zGhGvMkFJNz010kCGpKWYkt/1UkQThHuqQpqEcxUQF2fCTHO4apQ0jIU1xDYfq74kMxUr149B0xkh31aQ3EP/zmqmOjoOM8iTVhOPRoihlUAs4iAW2qSRYs74hCEtqboW4i0ws2oRnmxC8yZenSe2g5B2W3Au3WN4HIxTANtgBe8ADR6AMzkEFVAEGN+ABPIMX69Z6sl6tt1HrjDWe2QJ/YL1/A0a8n50=</latexit>

2a0
<latexit sha1_base64="yY3h/OSPnE726An9Kgw+updyI/g=">AAAB63icbVDLSgNBEOyNrxhfUY+CDAZBPITdeNBjwIvHCOYByRJmJ7PJkJnZZWZWCEt+QQQPinj1mH/wGwQP/o2zSQ6aWNBQVHXT3RXEnGnjut9ObmV1bX0jv1nY2t7Z3SvuHzR0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDIbXmd+8p0qzSN6ZUUx9gfuShYxgk0kV3HW7xZJbdqdAy8Sbk1IVjidfjx+TWrf42elFJBFUGsKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LZVYUO2n01vH6NQqPRRGypY0aKr+nkix0HokAtspsBnoRS8T//PaiQmv/JTJODFUktmiMOHIRCh7HPWYosTwkSWYKGZvRWSAFSbGxlOwIXiLLy+TRqXsXZTdW5vGOcyQhyM4gTPw4BKqcAM1qAOBATzAM7w4wnlyXp23WWvOmc8cwh847z9/r5GH</latexit>

○○
○○

○○
○○

○○
○○

○○
○○

○○
○○

○○
○○

○○
○○

○○
○○

○
○○
○○

○○
○○

○○
○○

○○
○○

○○
○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○

▽▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽

▽ ▽
▽

▽

▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽
▽

▽

◦◦◦◦
◦◦◦

◦◦◦
◦◦

◦◦
◦◦

◦◦
◦◦

◦◦
◦◦

◦◦
◦◦

◦◦
◦◦

◦
◦◦
◦◦

◦◦
◦◦

◦◦
◦◦

◦◦
◦◦

◦◦
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

◻◻◻◻
◻◻◻

◻◻◻
◻◻◻

◻◻
◻◻

◻◻
◻◻

◻◻
◻◻

◻◻
◻◻

◻◻
◻◻

◻◻
◻◻

◻◻
◻◻

◻◻
◻◻

◻◻
◻◻

◻◻
◻ ◻ ◻ ◻

◻

◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻
◻

◻

△△△△
△△△

△△△
△△△

△△△
△△△

△△△
△△

△△
△△

△△
△△

△△△△
△△△

△△△
△△△

△△△
△△△

△ △ △ △ △ △ △ △ △ △ △ △ △ △

××××
×××

×××
×××

×××
×××

×××
××

××
××

××
××

××
××

×××
×××

×××
×××

×××
× × × ×

×

× × × × × × × ×
×

×

▯▯▯▯
▯▯▯

▯▯▯
▯▯▯

▯▯▯
▯▯▯

▯▯▯
▯▯▯

▯▯▯
▯▯▯

▯▯▯▯▯
▯▯▯

▯▯▯
▯▯▯

▯▯▯
▯▯▯

▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯

▽▽▽▽
▽▽▽

▽▽▽
▽▽▽

▽▽▽
▽▽▽

▽▽▽
▽▽▽

▽▽▽
▽▽▽

▽▽▽
▽▽▽

▽▽▽
▽▽▽

▽▽▽
▽▽▽

▽▽
▽ ▽ ▽ ▽

▽

▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽▽ ▽

++++
+++

+++
+++

+++
+++

++++
++++++++

++ ++++
+++

+++
+++

+++
++ + + + + + + + + + + + + + +

□□□□□
□□□

□□□
□□□

□□□
□□□□

□□□□□
□□□□□□□

□□□□
□□□□

□□□□
□□□□

□□ □ □ □ □

□

□ □ □ □ □ □ □ □□ □

○○○○
○○○

○○○
○○○○○○

○○○○○○○○○○○○○○○○○○○○○○○○○○○○
○○○○

○○○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○

◇◇◇◇
◇◇◇

◇◇◇
◇◇◇

◇◇◇◇◇◇◇
◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇

◇◇◇◇◇◇◇◇
◇◇◇◇◇

◇ ◇ ◇ ◇ ◇

◇

◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇◇ ◇

○▽

◦◻

△×

▯▽

+□
○◇

0.0 0.2 0.4 0.6 0.8 1.0

0.00

0.05

0.10

0.15

0.20

0.25

0.30

○○○
○○

○○
○○

○○
○○

○○
○○

○○
○○

○○
○○

○○
○○

○
○
○
○
○○
○
○○

○○
○○

○○
○○

○○
○○

○
○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○

▽▽▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽
▽
▽▽

▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽

▽
▽

▽

▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽
▽

□□□□□□□□□□□□□
□□

□□
□□

□□
□□

□□
□□

□□
□□

□□
□□
□□

□□
□□

□□
□□□

□□□
□□

□ □ □ □ □ □ □ □ □ □ □ □ □

△△△△△△△△△△△△△△
△△

△△
△△

△△
△△

△△
△△

△△
△△

△△
△△

△△
△△

△△
△△

△△
△△

△△
△ △ △ △

△

△ △ △ △ △ △ △ △ △
△

◦◦◦◦◦◦◦◦◦◦◦◦◦◦
◦◦◦

◦◦◦
◦◦

◦◦
◦◦

◦◦
◦◦

◦◦
◦ ◦◦◦

◦◦
◦◦◦

◦◦◦◦
◦◦◦◦

◦◦
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯
▯▯▯

▯▯▯
▯▯

▯▯
▯▯

▯▯
▯▯

▯▯
▯▯

▯▯
▯▯

▯▯▯
▯▯▯

▯▯▯
▯▯▯

▯ ▯ ▯

▯

▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯▯

◻◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻
◻ ◻ ◻

◻ ◻ ◻
◻ ◻ ◻

◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻
◻ ◻ ◻

◻◻ ◻
◻ ◻ ◻

◻ ◻ ◻
◻ ◻ ◻ ◻ ◻ ◻

◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻

◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇
◇◇◇

◇◇◇
◇◇◇◇◇

◇◇◇◇◇◇
◇◇◇◇

◇◇◇
◇◇◇◇

◇◇◇◇
◇◇◇◇ ◇ ◇ ◇

◇

◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇◇

○▽

□△

◦▯

◻◇

0.0 0.2 0.4 0.6 0.8 1.0

0.00

0.05

0.10

0.15

0.20

0.25

○○
○○

○○
○○

○○
○○

○○
○○

○○
○○

○○
○○

○○
○○

○○
○○

○
○○
○○

○○
○○

○○
○○

○○
○○

○○
○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○

▽▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽

▽
▽

▽

▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽
▽

◻◻ ◻ ◻ ◻ ◻ ◻ ◻
◻ ◻

◻ ◻
◻ ◻

◻ ◻
◻ ◻

◻ ◻
◻ ◻

◻ ◻
◻ ◻

◻ ◻
◻ ◻

◻ ◻
◻
◻◻

◻ ◻
◻ ◻

◻ ◻
◻ ◻

◻ ◻
◻ ◻

◻ ◻
◻ ◻

◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻

△△△△△△△△△
△△

△△
△△

△△
△△

△△
△△

△△
△△

△△
△△

△△
△△

△△
△△

△△
△△

△△
△△

△△
△△

△
△ △

△

△ △ △ △ △ △ △ △ △
△

▽▽▽▽▽▽▽▽▽▽▽▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽
▽▽

▽▽
▽▽

▽▽▽
▽▽▽▽

▽▽▽
▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽

▯▯▯▯▯▯▯▯▯▯▯▯▯▯
▯▯

▯▯
▯▯

▯▯
▯▯

▯▯
▯▯

▯▯
▯▯

▯▯
▯▯

▯▯
▯▯

▯▯
▯▯

▯▯▯
▯▯▯

▯ ▯ ▯ ▯

▯

▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯▯

□□□□□□□□□□□□□□□□□
□□

□□
□□

□□
□□

□□
□□

□□
□□
□□□

□□□□□□
□□□□□□

□ □ □ □ □ □ □ □ □ □ □ □ □ □

◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦
◦◦

◦◦
◦◦

◦◦
◦◦

◦◦
◦◦

◦◦
◦◦

◦◦◦
◦◦◦◦

◦◦◦◦
◦◦◦ ◦ ◦ ◦

◦

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦◦

○○○○○○○○○○○○○○○○○○○○○○
○○○

○○
○○

○○○
○○○○○○○○○○○

○○○○○○○○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○

◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇
◇◇◇

◇◇
◇◇◇

◇◇◇◇
◇◇◇◇◇◇◇

◇◇◇◇◇◇◇◇
◇ ◇ ◇

◇

◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇◇

○▽

◻△

▽▯

□◦

○◇

0.0 0.2 0.4 0.6 0.8 1.0

0.00

0.05

0.10

0.15

0.20

0.25

0.30

Subtracted data  
on the right

Figure 11: Harmonic chain: Temporal evolution of (33) for n = 1.
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dashed curves), where the terms containing f0 cancel, and also against the naive CFT

expression (85) (grey dashed-dotted curves). Notice that the CFT curves and the ones

obtained from the quasi-particle picture change slope at the same values of t/`. At the

beginning of the evolution, ∆SA grows linearly with a slope that depends on whether

(i1, i2) contains one or two endpoints of A (notice that the red curves in the top and

bottom panels correspond to the entanglement entropy), while it vanishes whenever the

endpoints of A do not belong to (i1, i2). For t/` > 1/2 all the pairs of quasi-particles have

contributed and the curves reach a constant value proportional to the size of the interval

(i1, i2).

For t/` < 1/2, all the curves in Fig. 11 exhibit a piecewise linear behaviour and, for

a given configuration, the slope changes at most four times in correspondence to values of

t/` that depend on (i1, i2) and that are captured both by the naive CFT expression (85)

and by the quasi-particle picture expression (105). In the top panel of Fig. 11 the changes

of slope occur at t/` = x0/(2`), t/` = (`− x0)/(2`) and t/` = 1/2; in the middle panel at

t/` = x1/2, t/` = (a1 + x1)/(2`), t/` = (`− a1 − x1)/(2`) and t/` = (`− x1)/(2`) (in the

data shown correspond to x1 = `/5); and in the bottom panel at t/` = (`/2−a0)/(2`) and

t/` = (`/2+a0)/(2`). These values come from the quasi-particle picture. First we observe

that the segments composing any piecewise linear curve are horizontal or have a positive

slope that can take two values such that one is twice the other one. The quasi-particles

can entangle (i1, i2) with B by crossing one or both the endpoints of A. Denoting by nR
(nL) the number of particles entangling (i1, i2) with B across the right (left) endpoint of

A, we have that the segment is horizontal whenever both nR and nL are constant in time.

Instead, when only either nR or nL is increasing in time, the corresponding segment has a

positive slope, that becomes twice this value whenever both nR and nL are increasing in

time. By adapting these considerations to the configurations for (i1, i2) considered in the

three panels of Fig. 11, one obtains the above values of t/` corresponding to the changes

in the slope of the piecewise linear curves.

6. Interval in a chain of free fermions

In this section we study the temporal evolution of the entanglement hamiltonian matrix

after the global quench in a chain of free fermions introduced in [1, 49].

Let us consider the following inhomogeneous hamiltonian written in terms of the

fermionic creation and annihilation operators cn and c†n, (that satisfy the standard

anticommutation relations {c†n, c†m} = {cn, cm} = 0 and {cn, c†m} = δm,n) [49]

Ĥ0 = − 1

2

+∞∑

n=−∞

tn
(
ĉ†n ĉn+1 + ĉ†n+1 ĉn

)
(108)

where t2n = 1 and t2n+1 = 0, namely only pairs of sites are coupled (dimerized chain).

The system is half filled and prepared in the ground state |ψ0〉 of H0.

At t = 0 the inhomogeneity is removed and the unitary time evolution of |ψ0〉 is
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governed by the translation invariant hopping hamiltonian given by

Ĥ = − 1

2

+∞∑

n=−∞

(
ĉ†n ĉn+1 + ĉ†n+1 ĉn

)
(109)

which is also known as the tight binding model at half filling.

In [49] the analytic expression of the correlation matrix after the global quench has

been computed. Its generic element Ci,j(t) ≡ 〈c†i (t) cj(t)〉 reads

Ci,j(t) = C
(∞)
i,j + i

i− j
4t

e−i
π
2
(i+j)Ji−j(2t) (110)

where Jν(x) is the Bessel function of the first kind and

C
(∞)
i,j ≡

1

2

[
δi,j +

1

2

(
δi,j+1 + δi,j−1

)]
. (111)

By employing that J−ν(x) = (−1)νJν(x), we have that Re[Ci,j(t)] is symmetric and that

Im[Ci,j(t)] is antisymmetric. Furthermore, we remark that Ci,j(t) → C
(∞)
i,j as t → +∞;

hence the correlation matrix is real in the asymptotic regime of long time.

6.1. Entanglement hamiltonian matrix

Considering an interval A containing ` sites labelled by 1 6 i 6 `, the generic element of

the `× ` correlation matrix CA(t) is obtained by just restricting to the rows and columns

corresponding to the sites in A, namely CA(t)i,j = C(t)i,j in (110) with 1 6 i, j 6 `.

The entanglement hamiltonian of A after this global quench is the operator (65) with the

matrix T given by (68), i.e. [25]

T t = log
(
CA(t)−1 − 1

)
. (112)

This implies that the relation between the eigenvalues ηk of T and the eigenvalues ζk
of CA reads ηk = log(1/ζk − 1), as already discussed in §3.3. For a generic value of t,

the entanglement hamiltonian matrix T in (112) is a complex ` × ` matrix. Since T is

hermitian at any t, its real part is symmetric and its imaginary part is antisymmetric.

Thus, we can focus on the p-th diagonal of these two matrices with p > 0.

The eigenvalues ζk ∈ (0, 1) and many of them lie exponentially close to 0 and 1.

This forces us to work with very high precision in order to get finite results for (112). In

particular, the largest interval we considered has ` = 600 sites and we employed between

900 and 2500 digits, depending on the value of t. The needed working precision decreases

as time increases.

Also for this global quench, the configuration given by an interval in the infinite line

is symmetric with respect to the center of the interval and this leads to a symmetry in

the elements of the p-th diagonal. In particular, the odd diagonals of T are symmetric,

while the even ones are antisymmetric, namely Ti,i+p = T`−i−p+1,`−i−p+1 for odd p and

Ti,i+p = −T`−i−p+1,`−i−p+1 for even p. The main diagonal vanishes identically.
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t = 0.4
<latexit sha1_base64="p777oDRdWTOpRv/t9fgB+fZ6tas=">AAAB7HicbZC7SgNBFIbPeo3xFrUUZDEIFrLMqqCNGLCxTMBNAskSZiezyZDZ2WVmVghLSmsbC0Vs7e18DjufQR/CyaXQxB8GPv7/HOacEyScKY3QpzU3v7C4tJxbya+urW9sFra2qypOJaEeiXks6wFWlDNBPc00p/VEUhwFnNaC3tUwr91SqVgsbnQ/oX6EO4KFjGBtLE9fIOe0VSgiB41kz4I7geLl29fd3nvlu9wqfDTbMUkjKjThWKmGixLtZ1hqRjgd5JupogkmPdyhDYMCR1T52WjYgX1gnLYdxtI8oe2R+7sjw5FS/SgwlRHWXTWdDc3/skaqw3M/YyJJNRVk/FGYclvH9nBzu80kJZr3DWAimZnVJl0sMdHmPnlzBHd65VmoHjvuiYMqqFg6grFysAv7cAgunEEJrqEMHhBgcA+P8GQJ68F6tl7GpXPWpGcH/sh6/QGlrpJK</latexit>

FERMIONS - 
EH density 

plots Real part

Figure 12: Temporal evolution of the real part of the entanglement hamiltonian matrix

(112) of an interval with ` = 400 in the infinite chain of free fermions after the global quench

(see §6).
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t = 40
<latexit sha1_base64="fu8SBituS9V0fXTBdhO4lHU1Grk=">AAAB63icbZDLSgMxFIbPeK31VnUpSLAILqRkVNCNWHDjsgV7gXYomTRtQ5OZIckIZejSrRsXirj1Adz5HO58Bn0I02kX2vpD4OP/zyHnHD8SXBuMP525+YXFpeXMSnZ1bX1jM7e1XdVhrCir0FCEqu4TzQQPWMVwI1g9UoxIX7Ca378a5bVbpjQPgxsziJgnSTfgHU6JSa2LU9zK5XEBp0Kz4E4gf/n2dbf3Xv4utXIfzXZIY8kCQwXRuuHiyHgJUYZTwYbZZqxZRGifdFnDYkAk016SzjpEB9Zpo06o7AsMSt3fHQmRWg+kbyslMT09nY3M/7JGbDrnXsKDKDYsoOOPOrFAJkSjxVGbK0aNGFggVHE7K6I9ogg19jxZewR3euVZqB4X3JMCLuN88QjGysAu7MMhuHAGRbiGElSAQg/u4RGeHOk8OM/Oy7h0zpn07MAfOa8/OgGSEg==</latexit>

t = 80
<latexit sha1_base64="uPaCxdDACc3TSzjH9Xh7q12p8T4=">AAAB63icbZC7SgNBFIbPeo3xFrUUZDAIFhJmtTCNGLCxTMBcIFnC7GSSDJmZXWZmhbCktLWxUMTWB7DzOex8Bn0IN5sUmvjDwMf/n8Occ/xQcGMx/nQWFpeWV1Yza9n1jc2t7dzObs0EkaasSgMR6IZPDBNcsarlVrBGqBmRvmB1f3A1zuu3TBseqBs7DJknSU/xLqfEptZFEbdzeVzAqdA8uFPIX7593R28V77L7dxHqxPQSDJlqSDGNF0cWi8m2nIq2CjbigwLCR2QHmsmqIhkxovTWUfoKHE6qBvo5CmLUvd3R0ykMUPpJ5WS2L6Zzcbmf1kzst2iF3MVRpYpOvmoGwlkAzReHHW4ZtSKYQKEap7MimifaEJtcp5scgR3duV5qJ0W3LMCruB86QQmysA+HMIxuHAOJbiGMlSBQh/u4RGeHOk8OM/Oy6R0wZn27MEfOa8/QBWSFg==</latexit>

t = 120
<latexit sha1_base64="I5+e37n7ej6AI10cWKwtIwg47Ds=">AAAB7HicbZC7SgNBFIbPeo3xFrUUZDAIFhJmY6GNGLCxTMBNAskSZieTZMjs7DIzK4QlpbWNhSK29nY+h53PoA/h5FJo4g8DH/9/DnPOCWLBtcH401lYXFpeWc2sZdc3Nre2czu7VR0lijKPRiJS9YBoJrhknuFGsHqsGAkDwWpB/2qU126Z0jySN2YQMz8kXck7nBJjLc9cuEXcyuVxAY+F5sGdQv7y7evu4L3yXW7lPprtiCYhk4YKonXDxbHxU6IMp4INs81Es5jQPumyhkVJQqb9dDzsEB1Zp406kbJPGjR2f3ekJNR6EAa2MiSmp2ezkflf1khM59xPuYwTwySdfNRJBDIRGm2O2lwxasTAAqGK21kR7RFFqLH3ydojuLMrz0O1WHBPC7iC86UTmCgD+3AIx+DCGZTgGsrgAQUO9/AIT450Hpxn52VSuuBMe/bgj5zXH6c4kks=</latexit>

t = 160
<latexit sha1_base64="CxHsoxUIe8XKdBG0PczcAseNJEA=">AAAB7HicbZC7SgNBFIbPeo3xFrUUZDAIFhJmFdRGDNhYJuAmgSSE2clsMmR2dpmZFcKS0trGQhFbezufw85n0Idwcik08YeBj/8/hznn+LHg2mD86czNLywuLWdWsqtr6xubua3tio4SRZlHIxGpmk80E1wyz3AjWC1WjIS+YFW/dzXMq7dMaR7JG9OPWTMkHckDTomxlmcu3FPcyuVxAY+EZsGdQP7y7etu7738XWrlPhrtiCYhk4YKonXdxbFppkQZTgUbZBuJZjGhPdJhdYuShEw309GwA3RgnTYKImWfNGjk/u5ISah1P/RtZUhMV09nQ/O/rJ6Y4LyZchknhkk6/ihIBDIRGm6O2lwxakTfAqGK21kR7RJFqLH3ydojuNMrz0LluOCeFHAZ54tHMFYGdmEfDsGFMyjCNZTAAwoc7uERnhzpPDjPzsu4dM6Z9OzAHzmvP61Mkk8=</latexit>

t = 200
<latexit sha1_base64="lhQqfoHFpidJaTRw6/uuUFUxpR4=">AAAB7HicbZC7SgNBFIbPeo3xFrUUZDAIFhJmY6GNGLCxTMBNAskSZieTZMjs7DIzK4QlpbWNhSK29nY+h53PoA/h5FJo4g8DH/9/DnPOCWLBtcH401lYXFpeWc2sZdc3Nre2czu7VR0lijKPRiJS9YBoJrhknuFGsHqsGAkDwWpB/2qU126Z0jySN2YQMz8kXck7nBJjLc9cFDFu5fK4gMdC8+BOIX/59nV38F75LrdyH812RJOQSUMF0brh4tj4KVGGU8GG2WaiWUxon3RZw6IkIdN+Oh52iI6s00adSNknDRq7vztSEmo9CANbGRLT07PZyPwvaySmc+6nXMaJYZJOPuokApkIjTZHba4YNWJggVDF7ayI9ogi1Nj7ZO0R3NmV56FaLLinBVzB+dIJTJSBfTiEY3DhDEpwDWXwgAKHe3iEJ0c6D86z8zIpXXCmPXvwR87rD6W0kko=</latexit>

t = 240
<latexit sha1_base64="d+6F+JRy5EOq0XV0XGPnrIA0050=">AAAB7HicbZC7SgNBFIZn4y3GW9RSkMEgWEjYjYI2YsDGMgE3CSRLmJ3MJkNmZ5eZs0JYUlrbWChia2/nc9j5DPoQTi6FJv4w8PH/5zDnHD8WXINtf1qZhcWl5ZXsam5tfWNzK7+9U9NRoihzaSQi1fCJZoJL5gIHwRqxYiT0Bav7/atRXr9lSvNI3sAgZl5IupIHnBIwlgsXpVO7nS/YRXssPA/OFAqXb193++/V70o7/9HqRDQJmQQqiNZNx47BS4kCTgUb5lqJZjGhfdJlTYOShEx76XjYIT40TgcHkTJPAh67vztSEmo9CH1TGRLo6dlsZP6XNRMIzr2UyzgBJunkoyARGCI82hx3uGIUxMAAoYqbWTHtEUUomPvkzBGc2ZXnoVYqOidFu2oXysdooizaQwfoCDnoDJXRNaogF1HE0T16RE+WtB6sZ+tlUpqxpj276I+s1x+ryJJO</latexit>

t = 400
<latexit sha1_base64="eYFzAtc364EwvX6zLGRsvqb65c4=">AAAB7HicbZC7SgNBFIZnvcZ4i1oKMhgECwmzKmgjBmwsE3CTQBLC7GQ2GTI7u8ycFcKS0trGQhFbezufw85n0Idwcik08YeBj/8/hznn+LEUBgj5dObmFxaXljMr2dW19Y3N3NZ2xUSJZtxjkYx0zaeGS6G4BwIkr8Wa09CXvOr3roZ59ZZrIyJ1A/2YN0PaUSIQjIK1PLg4JaSVy5MCGQnPgjuB/OXb193ee/m71Mp9NNoRS0KugElqTN0lMTRTqkEwyQfZRmJ4TFmPdnjdoqIhN810NOwAH1injYNI26cAj9zfHSkNjemHvq0MKXTNdDY0/8vqCQTnzVSoOAGu2PijIJEYIjzcHLeF5gxk3wJlWthZMetSTRnY+2TtEdzplWehclxwTwqkTPLFIzRWBu2ifXSIXHSGiugalZCHGBLoHj2iJ0c5D86z8zIunXMmPTvoj5zXH6jAkkw=</latexit>

t = 20
<latexit sha1_base64="HLwNo2NvtfcqZ136UpXV3mKuYHM=">AAAB63icbZC7SgNBFIbPeo3xFrUUZDAIFhJmY6GNGLCxTMBcIFnC7GSSDJnZXWZmhbCktLWxUMTWB7DzOex8Bn0IJ5sUmvjDwMf/n8Occ/xIcG0w/nQWFpeWV1Yza9n1jc2t7dzObk2HsaKsSkMRqoZPNBM8YFXDjWCNSDEifcHq/uBqnNdvmdI8DG7MMGKeJL2AdzklJrUuiridy+MCToXmwZ1C/vLt6+7gvfJdbuc+Wp2QxpIFhgqiddPFkfESogyngo2yrViziNAB6bGmxYBIpr0knXWEjqzTQd1Q2RcYlLq/OxIitR5K31ZKYvp6Nhub/2XN2HTPvYQHUWxYQCcfdWOBTIjGi6MOV4waMbRAqOJ2VkT7RBFq7Hmy9gju7MrzUCsW3NMCruB86QQmysA+HMIxuHAGJbiGMlSBQh/u4RGeHOk8OM/Oy6R0wZn27MEfOa8/NveSEA==</latexit>

t = 0.4
<latexit sha1_base64="p777oDRdWTOpRv/t9fgB+fZ6tas=">AAAB7HicbZC7SgNBFIbPeo3xFrUUZDEIFrLMqqCNGLCxTMBNAskSZiezyZDZ2WVmVghLSmsbC0Vs7e18DjufQR/CyaXQxB8GPv7/HOacEyScKY3QpzU3v7C4tJxbya+urW9sFra2qypOJaEeiXks6wFWlDNBPc00p/VEUhwFnNaC3tUwr91SqVgsbnQ/oX6EO4KFjGBtLE9fIOe0VSgiB41kz4I7geLl29fd3nvlu9wqfDTbMUkjKjThWKmGixLtZ1hqRjgd5JupogkmPdyhDYMCR1T52WjYgX1gnLYdxtI8oe2R+7sjw5FS/SgwlRHWXTWdDc3/skaqw3M/YyJJNRVk/FGYclvH9nBzu80kJZr3DWAimZnVJl0sMdHmPnlzBHd65VmoHjvuiYMqqFg6grFysAv7cAgunEEJrqEMHhBgcA+P8GQJ68F6tl7GpXPWpGcH/sh6/QGlrpJK</latexit>
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Figure 13: Temporal evolution of the imaginary part of the entanglement hamiltonian

matrix (112) of an interval with ` = 400 in the infinite chain of free fermions after the

global quench (see §6).
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Figure 14: Chain of free fermions: Temporal evolution of the p-th diagonal with 1 6 p 6 4

of the entanglement hamiltonian matrix (112) of an interval with ` = 400 after the global

quench. The insets zoom in on small values, in order to show the curves for large times.

In Fig. 12 and Fig. 13 we show respectively the real part of T and the imaginary part

of T of an interval with ` = 400 for nine values of t. For t → ∞ the imaginary part

of T vanishes (a detailed analysis of this asymptotic regime is performed in §6.4). We

also checked numerically that the imaginary part of T vanishes for t → 0, as expected.

In the complex matrix T the odd diagonals are real, while the even diagonals are purely

imaginary, like in the correlation matrix (110).

As time evolves, the amplitude of the elements of T decreases; indeed, in Fig. 12 and

Fig. 13 a zoom is needed for large values of t in order to appreciate the fact that T is non

vanishing. It is straightforward to observe that at the beginning the main contribution is

localised on the diagonals close to the main one and that, during the temporal evolution,

also the diagonals corresponding to longer range interactions become more important.

In Fig. 14 we show the temporal evolution of the first four diagonals in the

entanglement hamiltonian matrix. Notice that Ti,i+1 is always positive, while in the

other panels also negative values occur. We find it worth remarking that all the curves

displayed in this figure vanish at the endpoints of the interval. The spatial inhomogeneity

of these diagonals is a characteristic feature of the entanglement hamiltonian matrix, if

compared with the correlation matrix restricted to the interval (see Fig. 19).

It is worth studying the limit ` → ∞ of the entanglement hamiltonian matrix, as
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FERMIONS : Scaling of the diagonals
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Figure 15: Chain of free fermions: First diagonal of the entanglement hamiltonian matrix

(112) for four values t after the global quench and for different values of `.

done [29,31,32] for a static configurations (see [34] for the continuum limit). In Fig. 15 we

consider increasing values of ` for some fixed values of t/`. While the data have reached

the asymptotic curve when t/` = 0.1 and t/` = 0.5, it seems that larger values of ` are

needed to observe this collapse for higher values of t/`.

In Fig. 12 and Fig. 13 it is straightforward to observe that the diagonals providing a

long range interaction become more relevant as time evolves by forming a band around the

main diagonal whose width 2d0 increases with time. A similar feature has been highlighted

for the global quench in the harmonic chain discussed in §5.1. This observation naturally

leads to consider the antidiagonals in Re(T ) and Im(T ), that are shown in Fig. 16 and

Fig. 17, making evident the occurrence of a band and the increasing of its width during

the temporal evolution. The width 2d0 of this band can be defined by taking the distance

between the two minima for Re(T ) and the distance between the minimum and the

maximum for Im(T ). In the bottom panels of Fig. 18 we show that d0(t) defined in

this way increases linearly with velocity equal to one as time evolves.

A similar band, whose width increases linearly with velocity equal to one as well,

occurs also in the temporal evolution of Re(CA) and Im(CA) whose antidiagonals display

a behaviour like the one shown in Fig. 16 and Fig. 17 for the entanglement hamiltonian
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Figure 16: Chain of free fermions: Antidiagonal of the real part of the entanglement

hamiltonian matrix (112) (see also Fig. 12) for various times and two different lengths. The

points corresponding to the two minima travel in opposite directions from the center of the

interval towards the endpoints with velocity equal to one (see also the bottom panels in

Fig. 18, where 2d0 denotes the distance between these two minima).
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Figure 17: Chain of free fermions: Antidiagonal of the imaginary part of the entanglement

hamiltonian matrix (112) (see also Fig. 13) for various times and two different lengths. The

points corresponding to the maximum and to the minimum travel in opposite directions

from the center of the interval towards the endpoints with velocity equal to one (see also

the bottom panels in Fig. 18, where 2d0 denotes the distance between the two extrema).
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Figure 18: Linear growth of the width of the bands occurring in the blocks of the

entanglement hamiltonian matrices after the global quench. The width 2d0 of the various

bands is highlighted by the black arrows in the panels on the right, where the entanglement

hamiltonian matrices are shown at a typical value t such that t/` ∈ (0, 1/2) (see Fig. 2,

Fig. 12 and Fig. 13). In the left panels the slope of the dashed lines is one. Top: Harmonic

chain (see also Fig. 5). Bottom: Chain of free fermions (see also Fig. 16 and Fig. 17).

matrix (see Fig. 19 for t/` = 0.2). Thus, the main difference between the temporal

evolutions of T and of CA is given by the inhomogeneity of the former one along

the diagonals, that can be observed by comparing the top panels in Fig. 19 with the

corresponding panels in Fig. 12 and Fig. 13.

6.2. Entanglement spectrum

Also for this global quench we find it worth considering the temporal evolution of some

quantities related to the entanglement spectrum. In the top left panel of Fig. 20, the

eigenvalues ηk = log(1/ζk − 1) of the hermitian matrix T obtained from the eigenvalues

ζk of the reduced correlation matrix CA(t) are shown for different values of time. The

solid black curve corresponds to the asymptotic curve for t → ∞ obtained in [49]. The

eigenvalues ηk occur in the expression (67) of the entanglement hamiltonian matrix T .

Since ηk = −η`−k and only even values of ` are considered, we find it convenient to

label these eigenvalues as ηk with k = ±1
2
, ±3

2
, · · · ± `−1

2
. This gives ηk = −η−k. Since

K̂A =
∑

k ηk f̂
†
k f̂k, by adapting to this model the steps that provide (57) for the harmonic
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Figure 19: Chain of free fermions: Correlation matrix CA obtained by restricting (110)

to an interval of length ` at a fixed time after the quench given by t/` = 0.2. Top: Re(CA)

(left) and Im(CA) (right) for ` = 400. Bottom: Antidiagonals of Re(CA) (left) and Im(CA)

(right) for two values of `.

chain, one finds that the largest eigenvalue in the entanglement spectrum is given by the

configuration where all the modes with negative ηk are occupied. This leads to write the

largest eigenvalue as λmax =
[∏

k(1 + e−ηk)
]−1∏

k<0 e
−ηk , whose temporal evolution for

` = 200 and ` = 400 is shown in the top right panel of Fig. 20.

The gaps in the entanglement spectrum can be computed from the single particle

entanglement energies ηk by considering the particle-hole excitations with respect to

the Fermi level. For the first gaps 0 < g1 < g2 < . . . , this analysis gives g1 = 2η 1
2
,

g2 = η 1
2

+ η 3
2

and g3 = min
{
η 1

2
+ η 5

2
, 2η 3

2

}
. The expressions for the higher gaps become

difficult to write as r increases, but this can be done numerically in a systematic way. For

these entanglement gaps we carry out an analysis similar to the one performed for the

corresponding quantities in the harmonic chain (see Fig. 7), whose results are collected

in the middle and bottom panels of Fig. 20. Also for this global quench the data about

the temporal evolution of the entanglement gaps display two distinct regimes separated

by t/` ' 1/2. In the middle left panel of Fig. 20 we show the temporal evolution of the
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Figure 20: Chain of free fermions: Entanglement spectrum for an interval of length ` after

the quench discussed in §6. Top left: Single particle entanglement spectrum for different

values of t (see also Fig. B.1 in [49]). Top right: Temporal evolution of the largest eigenvalue

of the entanglement spectrum. Middle left: Temporal evolution of the first gaps in the

entanglement spectrum. The legenda of this panel holds also in the remaining ones. Middle

right: Temporal evolution of grSA (the insets zoom in on the two lower plateaux, showing

that at a smaller scale the data having ` = 200 and ` = 400 do not overlap). Bottom:

Temporal evolution of the ratios gr/g1 between the gaps in the entanglement spectrum (the

insets zoom in on higher plateaux). The limits of the curves for t→∞ and large values of

` are the strictly positive integers.
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inverse of the entanglement gaps, in order to highlight the linear growths predicted by

the CFT formula (76) before t/` ' 1/2. The numerical value for τ0 is obtained by fitting

the linear growth of the entanglement entropy through the CFT formula SA ' 2πc t/(3τ0)

of [44,63] (see §4) with c = 1 for the free massless Dirac fermion, finding τ0 ' 3.26. This

allows to fit the slope of the linear growths in the middle left panel of Fig. 20 through

(76), finding ∆1 = 1.224, ∆2 = 2.448 and ∆3 = 3.662. We find it curious that the

linear growths in the middle left panels of Fig. 7 and Fig. 20 basically coincide, despite

the diversity of the underlying models (notice that the values of τ0 are different in the

two quenches).

As done for the harmonic chain, in order to reduce the influence of the parameter τ0,

we consider the temporal evolutions of grSA and of the ratios gr/g1. As for grSA (middle

right panel of Fig. 20), the curves corresponding to different values of ` collapse much

better than the ones obtained for the quench in the harmonic chain (middle right panel

of Fig. 7) because the values of ` considered for this fermionic chain are large enough.

Nonetheless, the zooms in the insets show that these curves are distinguishable.

Also for this quench the temporal evolutions of the ratios gr/g1 in the entanglement

spectrum (bottom panel of Fig. 20) display the most interesting features. When t/` < 1/2,

curves having different `’s nicely collapse identifying neatly plateaux that correspond to

strictly positive integers. The same positive integers are obtained also in the asymptotic

regime of long time and large `. We checked numerically this result by plugging into

the code employed to study gr/g1 the asymptotic values for ηk found in [49], that will

be reported later in §6.4 (see (117)). The plateaux before t/` ' 1/2 and for long time

should correspond to the ratios between the conformal dimensions in the spectrum of the

underlying CFT, and the data agree with the expected results for a massless Dirac fermion

with free boundary conditions. We remark that in our analysis we considered only the

particle-hole excitations. It would be interesting to improve this numerical analysis by

including higher gaps or by considering other configurations.

In some spin chains at the critical point, the entanglement spectrum for an interval

at equilibrium has been studied numerically in [37] finding the conformal spectrum of

a boundary CFT with free boundary conditions. In the Ising model, the entanglement

spectrum after a global quench has been considered in [56] and also in this model the gaps

close as time evolves when the evolution is determined by a critical hamiltonian.

6.3. A contour function from the quasi-particle picture

In order to construct a contour function for the entanglement entropy by employing the

quasi-particle picture, we need to know the dispersion relation of the model after the

quench and the entropy density in momentum space of the quasi-particles (see §5.3),

which are quantities corresponding to the entire system. The dispersion relation of the

hamiltonian (109), which determines the evolution of the system after the quench, is

given by ω(θ) = cos θ, where −π 6 θ 6 π [73]. In order to compute the entropy density,

let us consider the asymptotic state of the system after the quench. For t → ∞, the
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Figure 21: Chain of free fermions: Temporal evolution after the global quench of the

contour for the entanglement entropy of an interval made by ` sites, evaluated from (31),

(71) and (72). The inset shows the entanglement entropy for certain values of t, according

to the same colour code of the main plot. The black dashed lines are obtained from the

quasi-particle picture, by using (104) with f0(x) = 0 and other expressions discussed in

§6.3. The blue dashed curve is obtained from (119) and it does not change significantly for

the values of ` corresponding to these data.

correlators are given by (111) with i and j labelling two generic sites of the infinite chain.

Considering a periodic chain made by an even number L of sites, a circulant matrix C̃
(∞)
i,j

with i, j ∈ [−L/2, L/2] is obtained, whose eigenvalues are ζk = [1 + cos(2πk/L)] /2, with

k ∈ [−L/2, L/2]. Plugging these eigenvalues into (71), one finds the asymptotic entropy

S(∞) = − 2

L/2∑

k=−L/2

{
cos2

(
πk

L

)
log

[
cos

(
πk

L

)]
+ sin2

(
πk

L

)
log

[
sin

(
πk

L

)]}
. (113)

After introducing θ = 2πk/L, we take the limit L → ∞ of S(∞)/L with S(∞) given by

(113), and the result provides the entropy density s(∞)(θ) as follows

− 1

π

∫ π

−π

[(
cos(θ/2)

)2
log[cos(θ/2)] +

(
sin(θ/2)

)2
log[sin(θ/2)]

]
dθ ≡

∫ π

−π
s(∞)(θ) dθ

(114)

These observations lead to construct a contour function from the quasi-particle picture

by employing s(∞)(θ) and v(θ) ≡ ω′(θ) = sin θ into (104), being θ ∈ [−π, π].

In Fig. 21 we show the temporal evolution of the contour for the entanglement entropy

evaluated through the prescription of [40] discussed in §3.3, namely by employing (29),

(30), (70) and (72). Notice that the data corresponding to different values of ` collapse
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<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit> <̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>

x1
<latexit sha1_base64="DXriiUWREYqBDfEskT2c0axexYo=">AAAB6nicbVDLSgNBEOz1GeMr6lGQwSCIh7CrBz0GvHiMaB6QhDA76U2GzM4uM7NiWPIJgnhQxKvX/IPfIHjwb5w8DppY0FBUddPd5ceCa+O6387C4tLyympmLbu+sbm1ndvZregoUQzLLBKRqvlUo+ASy4YbgbVYIQ19gVW/dznyq3eoNI/krenH2AxpR/KAM2qsdHPf8lq5vFtwxyDzxJuSfBEOhl+PH8NSK/fZaEcsCVEaJqjWdc+NTTOlynAmcJBtJBpjynq0g3VLJQ1RN9PxqQNyZJU2CSJlSxoyVn9PpDTUuh/6tjOkpqtnvZH4n1dPTHDRTLmME4OSTRYFiSAmIqO/SZsrZEb0LaFMcXsrYV2qKDM2nawNwZt9eZ5UTgveWcG9tmmcwAQZ2IdDOAYPzqEIV1CCMjDowAM8w4sjnCfn1XmbtC4405k9+APn/Qcy95Fj</latexit>

a1
<latexit sha1_base64="FTGV4TOEcf546xsMSZhdLGvNWtg=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAZBPIRdPegx4MVjRPOAZAmzk95kyOzsMjMrhJBPEMSDIl695h/8BsGDf+PkcdDEgoaiqpvuriARXBvX/XYyS8srq2vZ9dzG5tb2Tn53r6rjVDGssFjEqh5QjYJLrBhuBNYThTQKBNaC3tXYr92j0jyWd6afoB/RjuQhZ9RY6Za2vFa+4BbdCcgi8WakUILD0dfjx6jcyn822zFLI5SGCap1w3MT4w+oMpwJHOaaqcaEsh7tYMNSSSPU/mBy6pAcW6VNwljZkoZM1N8TAxpp3Y8C2xlR09Xz3lj8z2ukJrz0B1wmqUHJpovCVBATk/HfpM0VMiP6llCmuL2VsC5VlBmbTs6G4M2/vEiqZ0XvvOje2DROYYosHMARnIAHF1CCayhDBRh04AGe4cURzpPz6rxNWzPObGYf/sB5/wEP7ZFM</latexit>z }| {

<latexit sha1_base64="onTyWulSckt4p2wUTbvrDqaGIAM=">AAACCXicbVDLSsNAFJ34rPEVdelmsAjioiS60I1YcOOygn1AE8pkOmmHTmbCzEQsIVs3foYuXehCEbf+gRvxb5w+EG09cOFwzr3ce0+YMKq0635ZM7Nz8wuLhSV7eWV1bd3Z2KwpkUpMqlgwIRshUoRRTqqaakYaiSQoDhmph72zgV+/IlJRwS91PyFBjDqcRhQjbaSWA31h7FAiTDI/6SKuRZxd/yDPW07RLblDwGnijUnx9PHu0z5J7ist58NvC5zGhGvMkFJNz010kCGpKWYkt/1UkQThHuqQpqEcxUQF2fCTHO4apQ0jIU1xDYfq74kMxUr149B0xkh31aQ3EP/zmqmOjoOM8iTVhOPRoihlUAs4iAW2qSRYs74hCEtqboW4i0ws2oRnmxC8yZenSe2g5B2W3Au3WN4HIxTANtgBe8ADR6AMzkEFVAEGN+ABPIMX69Z6sl6tt1HrjDWe2QJ/YL1/A0a8n50=</latexit>
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<latexit sha1_base64="GQoWaSvqfvpczrI+uhevOxNoS/4=">AAAB6nicbVDLSgNBEOz1GeMr6lGQwSCIh7CrBz0GvHiMaB6QhDA76U2GzM4uM7NiWPIJgnhQxKvX/IPfIHjwb5w8DppY0FBUddPd5ceCa+O6387C4tLyympmLbu+sbm1ndvZregoUQzLLBKRqvlUo+ASy4YbgbVYIQ19gVW/dznyq3eoNI/krenH2AxpR/KAM2qsdHPfclu5vFtwxyDzxJuSfBEOhl+PH8NSK/fZaEcsCVEaJqjWdc+NTTOlynAmcJBtJBpjynq0g3VLJQ1RN9PxqQNyZJU2CSJlSxoyVn9PpDTUuh/6tjOkpqtnvZH4n1dPTHDRTLmME4OSTRYFiSAmIqO/SZsrZEb0LaFMcXsrYV2qKDM2nawNwZt9eZ5UTgveWcG9tmmcwAQZ2IdDOAYPzqEIV1CCMjDowAM8w4sjnCfn1XmbtC4405k9+APn/Qcxc5Fi</latexit>

0
<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit> <̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>

0
<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit> <̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>

x1
<latexit sha1_base64="DXriiUWREYqBDfEskT2c0axexYo=">AAAB6nicbVDLSgNBEOz1GeMr6lGQwSCIh7CrBz0GvHiMaB6QhDA76U2GzM4uM7NiWPIJgnhQxKvX/IPfIHjwb5w8DppY0FBUddPd5ceCa+O6387C4tLyympmLbu+sbm1ndvZregoUQzLLBKRqvlUo+ASy4YbgbVYIQ19gVW/dznyq3eoNI/krenH2AxpR/KAM2qsdHPf8lq5vFtwxyDzxJuSfBEOhl+PH8NSK/fZaEcsCVEaJqjWdc+NTTOlynAmcJBtJBpjynq0g3VLJQ1RN9PxqQNyZJU2CSJlSxoyVn9PpDTUuh/6tjOkpqtnvZH4n1dPTHDRTLmME4OSTRYFiSAmIqO/SZsrZEb0LaFMcXsrYV2qKDM2nawNwZt9eZ5UTgveWcG9tmmcwAQZ2IdDOAYPzqEIV1CCMjDowAM8w4sjnCfn1XmbtC4405k9+APn/Qcy95Fj</latexit>

a1
<latexit sha1_base64="FTGV4TOEcf546xsMSZhdLGvNWtg=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAZBPIRdPegx4MVjRPOAZAmzk95kyOzsMjMrhJBPEMSDIl695h/8BsGDf+PkcdDEgoaiqpvuriARXBvX/XYyS8srq2vZ9dzG5tb2Tn53r6rjVDGssFjEqh5QjYJLrBhuBNYThTQKBNaC3tXYr92j0jyWd6afoB/RjuQhZ9RY6Za2vFa+4BbdCcgi8WakUILD0dfjx6jcyn822zFLI5SGCap1w3MT4w+oMpwJHOaaqcaEsh7tYMNSSSPU/mBy6pAcW6VNwljZkoZM1N8TAxpp3Y8C2xlR09Xz3lj8z2ukJrz0B1wmqUHJpovCVBATk/HfpM0VMiP6llCmuL2VsC5VlBmbTs6G4M2/vEiqZ0XvvOje2DROYYosHMARnIAHF1CCayhDBRh04AGe4cURzpPz6rxNWzPObGYf/sB5/wEP7ZFM</latexit>z }| {

<latexit sha1_base64="onTyWulSckt4p2wUTbvrDqaGIAM=">AAACCXicbVDLSsNAFJ34rPEVdelmsAjioiS60I1YcOOygn1AE8pkOmmHTmbCzEQsIVs3foYuXehCEbf+gRvxb5w+EG09cOFwzr3ce0+YMKq0635ZM7Nz8wuLhSV7eWV1bd3Z2KwpkUpMqlgwIRshUoRRTqqaakYaiSQoDhmph72zgV+/IlJRwS91PyFBjDqcRhQjbaSWA31h7FAiTDI/6SKuRZxd/yDPW07RLblDwGnijUnx9PHu0z5J7ist58NvC5zGhGvMkFJNz010kCGpKWYkt/1UkQThHuqQpqEcxUQF2fCTHO4apQ0jIU1xDYfq74kMxUr149B0xkh31aQ3EP/zmqmOjoOM8iTVhOPRoihlUAs4iAW2qSRYs74hCEtqboW4i0ws2oRnmxC8yZenSe2g5B2W3Au3WN4HIxTANtgBe8ADR6AMzkEFVAEGN+ABPIMX69Z6sl6tt1HrjDWe2QJ/YL1/A0a8n50=</latexit>

0
<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit> <̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>`/2

<latexit sha1_base64="NH3FUBbj5c/pIrSGqKlw2cR/qhU=">AAAB7XicbVC7SgNBFL0bX3F9RS0FGQyCWMTdWGgZsLFMwDwgWcLsZDYZMzuzzMwKIaRMb2OhiK2/4HfY+Q3+hJNHoYkHLhzOuZd77wkTzrTxvC8ns7K6tr6R3XS3tnd293L7BzUtU0VolUguVSPEmnImaNUww2kjURTHIaf1sH8z8esPVGkmxZ0ZJDSIcVewiBFsrFRrUc4viu1c3it4U6Bl4s9JvuSOjz8q3+NyO/fZ6kiSxlQYwrHWTd9LTDDEyjDC6chtpZommPRxlzYtFTimOhhOrx2hU6t0UCSVLWHQVP09McSx1oM4tJ0xNj296E3E/7xmaqLrYMhEkhoqyGxRlHJkJJq8jjpMUWL4wBJMFLO3ItLDChNjA3JtCP7iy8ukViz4lwWvYtM4hxmycAQncAY+XEEJbqEMVSBwD4/wDC+OdJ6cV+dt1ppx5jOH8AfO+w91vpH8</latexit>

z }| {
<latexit sha1_base64="onTyWulSckt4p2wUTbvrDqaGIAM=">AAACCXicbVDLSsNAFJ34rPEVdelmsAjioiS60I1YcOOygn1AE8pkOmmHTmbCzEQsIVs3foYuXehCEbf+gRvxb5w+EG09cOFwzr3ce0+YMKq0635ZM7Nz8wuLhSV7eWV1bd3Z2KwpkUpMqlgwIRshUoRRTqqaakYaiSQoDhmph72zgV+/IlJRwS91PyFBjDqcRhQjbaSWA31h7FAiTDI/6SKuRZxd/yDPW07RLblDwGnijUnx9PHu0z5J7ist58NvC5zGhGvMkFJNz010kCGpKWYkt/1UkQThHuqQpqEcxUQF2fCTHO4apQ0jIU1xDYfq74kMxUr149B0xkh31aQ3EP/zmqmOjoOM8iTVhOPRoihlUAs4iAW2qSRYs74hCEtqboW4i0ws2oRnmxC8yZenSe2g5B2W3Au3WN4HIxTANtgBe8ADR6AMzkEFVAEGN+ABPIMX69Z6sl6tt1HrjDWe2QJ/YL1/A0a8n50=</latexit>

2a0
<latexit sha1_base64="yY3h/OSPnE726An9Kgw+updyI/g=">AAAB63icbVDLSgNBEOyNrxhfUY+CDAZBPITdeNBjwIvHCOYByRJmJ7PJkJnZZWZWCEt+QQQPinj1mH/wGwQP/o2zSQ6aWNBQVHXT3RXEnGnjut9ObmV1bX0jv1nY2t7Z3SvuHzR0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDIbXmd+8p0qzSN6ZUUx9gfuShYxgk0kV3HW7xZJbdqdAy8Sbk1IVjidfjx+TWrf42elFJBFUGsKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LZVYUO2n01vH6NQqPRRGypY0aKr+nkix0HokAtspsBnoRS8T//PaiQmv/JTJODFUktmiMOHIRCh7HPWYosTwkSWYKGZvRWSAFSbGxlOwIXiLLy+TRqXsXZTdW5vGOcyQhyM4gTPw4BKqcAM1qAOBATzAM7w4wnlyXp23WWvOmc8cwh847z9/r5GH</latexit>

x0
<latexit sha1_base64="GQoWaSvqfvpczrI+uhevOxNoS/4=">AAAB6nicbVDLSgNBEOz1GeMr6lGQwSCIh7CrBz0GvHiMaB6QhDA76U2GzM4uM7NiWPIJgnhQxKvX/IPfIHjwb5w8DppY0FBUddPd5ceCa+O6387C4tLyympmLbu+sbm1ndvZregoUQzLLBKRqvlUo+ASy4YbgbVYIQ19gVW/dznyq3eoNI/krenH2AxpR/KAM2qsdHPfclu5vFtwxyDzxJuSfBEOhl+PH8NSK/fZaEcsCVEaJqjWdc+NTTOlynAmcJBtJBpjynq0g3VLJQ1RN9PxqQNyZJU2CSJlSxoyVn9PpDTUuh/6tjOkpqtnvZH4n1dPTHDRTLmME4OSTRYFiSAmIqO/SZsrZEb0LaFMcXsrYV2qKDM2nawNwZt9eZ5UTgveWcG9tmmcwAQZ2IdDOAYPzqEIV1CCMjDowAM8w4sjnCfn1XmbtC4405k9+APn/Qcxc5Fi</latexit>

0
<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit> <̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>

0
<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit> <̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>

x1
<latexit sha1_base64="DXriiUWREYqBDfEskT2c0axexYo=">AAAB6nicbVDLSgNBEOz1GeMr6lGQwSCIh7CrBz0GvHiMaB6QhDA76U2GzM4uM7NiWPIJgnhQxKvX/IPfIHjwb5w8DppY0FBUddPd5ceCa+O6387C4tLyympmLbu+sbm1ndvZregoUQzLLBKRqvlUo+ASy4YbgbVYIQ19gVW/dznyq3eoNI/krenH2AxpR/KAM2qsdHPf8lq5vFtwxyDzxJuSfBEOhl+PH8NSK/fZaEcsCVEaJqjWdc+NTTOlynAmcJBtJBpjynq0g3VLJQ1RN9PxqQNyZJU2CSJlSxoyVn9PpDTUuh/6tjOkpqtnvZH4n1dPTHDRTLmME4OSTRYFiSAmIqO/SZsrZEb0LaFMcXsrYV2qKDM2nawNwZt9eZ5UTgveWcG9tmmcwAQZ2IdDOAYPzqEIV1CCMjDowAM8w4sjnCfn1XmbtC4405k9+APn/Qcy95Fj</latexit>

a1
<latexit sha1_base64="FTGV4TOEcf546xsMSZhdLGvNWtg=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAZBPIRdPegx4MVjRPOAZAmzk95kyOzsMjMrhJBPEMSDIl695h/8BsGDf+PkcdDEgoaiqpvuriARXBvX/XYyS8srq2vZ9dzG5tb2Tn53r6rjVDGssFjEqh5QjYJLrBhuBNYThTQKBNaC3tXYr92j0jyWd6afoB/RjuQhZ9RY6Za2vFa+4BbdCcgi8WakUILD0dfjx6jcyn822zFLI5SGCap1w3MT4w+oMpwJHOaaqcaEsh7tYMNSSSPU/mBy6pAcW6VNwljZkoZM1N8TAxpp3Y8C2xlR09Xz3lj8z2ukJrz0B1wmqUHJpovCVBATk/HfpM0VMiP6llCmuL2VsC5VlBmbTs6G4M2/vEiqZ0XvvOje2DROYYosHMARnIAHF1CCayhDBRh04AGe4cURzpPz6rxNWzPObGYf/sB5/wEP7ZFM</latexit>z }| {

<latexit sha1_base64="onTyWulSckt4p2wUTbvrDqaGIAM=">AAACCXicbVDLSsNAFJ34rPEVdelmsAjioiS60I1YcOOygn1AE8pkOmmHTmbCzEQsIVs3foYuXehCEbf+gRvxb5w+EG09cOFwzr3ce0+YMKq0635ZM7Nz8wuLhSV7eWV1bd3Z2KwpkUpMqlgwIRshUoRRTqqaakYaiSQoDhmph72zgV+/IlJRwS91PyFBjDqcRhQjbaSWA31h7FAiTDI/6SKuRZxd/yDPW07RLblDwGnijUnx9PHu0z5J7ist58NvC5zGhGvMkFJNz010kCGpKWYkt/1UkQThHuqQpqEcxUQF2fCTHO4apQ0jIU1xDYfq74kMxUr149B0xkh31aQ3EP/zmqmOjoOM8iTVhOPRoihlUAs4iAW2qSRYs74hCEtqboW4i0ws2oRnmxC8yZenSe2g5B2W3Au3WN4HIxTANtgBe8ADR6AMzkEFVAEGN+ABPIMX69Z6sl6tt1HrjDWe2QJ/YL1/A0a8n50=</latexit>

0
<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit> <̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>`/2

<latexit sha1_base64="NH3FUBbj5c/pIrSGqKlw2cR/qhU=">AAAB7XicbVC7SgNBFL0bX3F9RS0FGQyCWMTdWGgZsLFMwDwgWcLsZDYZMzuzzMwKIaRMb2OhiK2/4HfY+Q3+hJNHoYkHLhzOuZd77wkTzrTxvC8ns7K6tr6R3XS3tnd293L7BzUtU0VolUguVSPEmnImaNUww2kjURTHIaf1sH8z8esPVGkmxZ0ZJDSIcVewiBFsrFRrUc4viu1c3it4U6Bl4s9JvuSOjz8q3+NyO/fZ6kiSxlQYwrHWTd9LTDDEyjDC6chtpZommPRxlzYtFTimOhhOrx2hU6t0UCSVLWHQVP09McSx1oM4tJ0xNj296E3E/7xmaqLrYMhEkhoqyGxRlHJkJJq8jjpMUWL4wBJMFLO3ItLDChNjA3JtCP7iy8ukViz4lwWvYtM4hxmycAQncAY+XEEJbqEMVSBwD4/wDC+OdJ6cV+dt1ppx5jOH8AfO+w91vpH8</latexit>

z }| {
<latexit sha1_base64="onTyWulSckt4p2wUTbvrDqaGIAM=">AAACCXicbVDLSsNAFJ34rPEVdelmsAjioiS60I1YcOOygn1AE8pkOmmHTmbCzEQsIVs3foYuXehCEbf+gRvxb5w+EG09cOFwzr3ce0+YMKq0635ZM7Nz8wuLhSV7eWV1bd3Z2KwpkUpMqlgwIRshUoRRTqqaakYaiSQoDhmph72zgV+/IlJRwS91PyFBjDqcRhQjbaSWA31h7FAiTDI/6SKuRZxd/yDPW07RLblDwGnijUnx9PHu0z5J7ist58NvC5zGhGvMkFJNz010kCGpKWYkt/1UkQThHuqQpqEcxUQF2fCTHO4apQ0jIU1xDYfq74kMxUr149B0xkh31aQ3EP/zmqmOjoOM8iTVhOPRoihlUAs4iAW2qSRYs74hCEtqboW4i0ws2oRnmxC8yZenSe2g5B2W3Au3WN4HIxTANtgBe8ADR6AMzkEFVAEGN+ABPIMX69Z6sl6tt1HrjDWe2QJ/YL1/A0a8n50=</latexit>

2a0
<latexit sha1_base64="yY3h/OSPnE726An9Kgw+updyI/g=">AAAB63icbVDLSgNBEOyNrxhfUY+CDAZBPITdeNBjwIvHCOYByRJmJ7PJkJnZZWZWCEt+QQQPinj1mH/wGwQP/o2zSQ6aWNBQVHXT3RXEnGnjut9ObmV1bX0jv1nY2t7Z3SvuHzR0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDIbXmd+8p0qzSN6ZUUx9gfuShYxgk0kV3HW7xZJbdqdAy8Sbk1IVjidfjx+TWrf42elFJBFUGsKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LZVYUO2n01vH6NQqPRRGypY0aKr+nkix0HokAtspsBnoRS8T//PaiQmv/JTJODFUktmiMOHIRCh7HPWYosTwkSWYKGZvRWSAFSbGxlOwIXiLLy+TRqXsXZTdW5vGOcyQhyM4gTPw4BKqcAM1qAOBATzAM7w4wnlyXp23WWvOmc8cwh847z9/r5GH</latexit>

FERMIONS - 
Integrated 

Contour - V2

x0
<latexit sha1_base64="GQoWaSvqfvpczrI+uhevOxNoS/4=">AAAB6nicbVDLSgNBEOz1GeMr6lGQwSCIh7CrBz0GvHiMaB6QhDA76U2GzM4uM7NiWPIJgnhQxKvX/IPfIHjwb5w8DppY0FBUddPd5ceCa+O6387C4tLyympmLbu+sbm1ndvZregoUQzLLBKRqvlUo+ASy4YbgbVYIQ19gVW/dznyq3eoNI/krenH2AxpR/KAM2qsdHPfclu5vFtwxyDzxJuSfBEOhl+PH8NSK/fZaEcsCVEaJqjWdc+NTTOlynAmcJBtJBpjynq0g3VLJQ1RN9PxqQNyZJU2CSJlSxoyVn9PpDTUuh/6tjOkpqtnvZH4n1dPTHDRTLmME4OSTRYFiSAmIqO/SZsrZEb0LaFMcXsrYV2qKDM2nawNwZt9eZ5UTgveWcG9tmmcwAQZ2IdDOAYPzqEIV1CCMjDowAM8w4sjnCfn1XmbtC4405k9+APn/Qcxc5Fi</latexit>

0
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Figure 22: Chain of free fermions: Temporal evolution of (33) for n = 1.
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on the same curves. The black dashed curves are obtained from (104) with f0(x) = 0 and

(114) as explained above: they display perfect agreement with the data, except in the

neighbourhoods of the endpoints. Similarly to the case of the harmonic chain described

in §5.3, the divergencies of the contour function close to the endpoints can be reproduced

by choosing a suitable expression for f0(x) (e.g. (82) with n = 1 and the proper τ0, as

done for the harmonic chain in the right panel of Fig. 10). The qualitative behaviour

of the curves in Fig. 21 is the same observed in [40] for a different global quench and it

is roughly reprodiced also by the naive CFT formula (81) discussed in §4 (see the right

panel in Fig. 1). The blue dashed line in Fig. 21 corresponds to the asymptotic regime

t → ∞ discussed below in §6.4. Also for this global quench the numerical data display

linear divergencies close to the endpoints of the interval that are independent of time.

In Fig. 22 we show the temporal evolution of (33) with n = 1 for the same choices

of (i1, i2) considered in Fig. 11. The qualitative behaviour of the curves is similar to

the corresponding curves obtained for the global quench in the harmonic chain, hence

the qualitative arguments reported §5.3 about the changes of the slopes holds also in

this case. On the other hand, for t/` > 1/2 the asymptotic values for long times are

different from the ones observed in the harmonic chain, as expected from the fact that

the asymptotic value of the entanglement entropy depends both on the model and on the

initial state. We find worth remarking that for the chain of free fermions we have access

to larger values of ` with respect to the harmonic chain, hence the curves corresponding

to different values of ` display a better collapse than the ones shown in Fig. 11 for the

harmonic chain, capturing the asymptotic curves for ` → ∞. The black dashed lines,

obtained from the quasi-particle picture analysis by using (32), (33) and (104), display a

very good agreement with the numerical data. The data are also compared against the

corresponding naive CFT expression (85) (grey dotted-dashed curves), where τ0 = 3.26

has been used.

6.4. Long time regime

In the asymptotic regime t → ∞, the imaginary part of the correlation matrix (110)

vanishes, as already remarked above. In particular, Ci,j(t) → C
(∞)
i,j being C

(∞)
i,j the real

symmetric and tridiagonal matrix defined in (111), which has the same value along a given

diagonal. Because of the simple structure of C
(∞)
i,j , analytic expressions for its eigenvalues

and for the corresponding eigenvectors can be written. The eigenvalues of C(∞) read [49]

ζk =
1 + cos θk

2
θk ≡

π k

`+ 1
. (115)

In order to study the matrix occurring in the entanglement hamiltonian, we also need

the eigenvectors corresponding to the eigenvalues (115), that are given by

uk(r) =
sin(r θk)√
(`+ 1)/2

1 6 r 6 ` (116)

where the normalisation condition
∑

r uk(r)
2 = 1 has been imposed. Then, the orthogonal

matrix Ũ having the eigenvector uk(r) in (116) as k-th column can be constructed and, by
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Figure 23: Chain of free fermions: Long time regime after the global quench (see §6.4).

Top: First diagonal (left) and third diagonal (right) of the entanglement hamiltonian matrix

of an interval with ` = 200. The data points have been found by using (67), while the solid

black curves correspond to (118) with p = 1 (left) and p = 3 (right). Bottom: Contour for

the entanglement entropy for two values of ` and two (large) values of t for each length.

The data points, obtained from (31), (71) and (72), agree with the solid lines found from

(119) with n = 1.

employing this matrix in (67), the generic element of the `× ` entanglement hamiltonian

matrix reads

Ti,j =
2

`+ 1

∑̀

k=1

ηk sin(iθk) sin(jθk) ηk = 2 log
[
tan(θk/2)

]
(117)

where 1 6 i, j 6 ` and the single particle entanglement energies have been obtained from

(68) and (115). Notice that sin(rθk) = 0 when r = 0 or r = L+ 1. The matrix T in (117)

is symmetric, as expected; hence we can focus on its p-th diagonal with 0 6 p 6 ` − 1,

whose generic element is

Ti,i+p =
1

`+ 1

∑̀

k=1

ηk

(
cos(p θk)

[
1− cos(2iθk)

]
+ sin(p θk) sin(2iθk)

)
1 6 i 6 `− p .

(118)
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Fermions: Large time & TD

Figure 24: Chain of free fermions: ` → ∞ in the long time regime after the global

quench (see §6.4). Top: First diagonal (left) and third diagonal (right) of the entanglement

hamiltonian matrix for increasing values of `. The solid curves are obtained from (118) and

the dashed lines correspond to (120). Bottom: Contour for the entanglement entropy. The

solid lines are obtained from (119) with n = 1, while the horizontal dashed line corresponds

to (121).

Notice that θ`−k+1 = π − θk, and this implies η `−k+1 = −η k. By using this property and

splitting the sum in (118) into a sum from 1 to `/2 and a sum from `/2 + 1 to `, one

can show that the even diagonals vanish, namely Ti,i+2p = 0 for non negative integers p.

Furthermore, simple trigonometric identities allow to observe that the p-th diagonal is

symmetric with respect to its middle point, namely T`−i−p+1,`−i+1 = Ti,i+p.

In the top panels of Fig. 23, the expression (118) has been checked against numerical

data corresponding to large values of t for p = 1 (left) and p = 3 (right). The agreement

is satisfactory, but the insets show that larger values of t should be taken in order to

improve it.

The contour for the entanglement entropies can be written by employing (31), (72)

and (116), together with the observations made above. This gives

s
(n)
A (i) =

∑̀

k=1

sn(ζk)uk(i)
2 =

2

`+ 1

∑̀

k=1

sn(ζk)
[
sin(iθk)

]2
(119)
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where sn(ζk) is obtained by evaluating (70) or (71) for the ζk’s given in (115). The

expression (119) corresponds to the black dashed curve in Fig. 21 and to the solid lines

in the bottom panel of Fig. 23. Agreement is observed with the data points obtained for

large values of time.

It is useful to consider the limit ` → ∞ of the above expressions holding in the

asymptotic regime of long time. As the entanglement hamiltonian matrix element (118),

by neglecting the highly oscillating terms coming from cos(2iθk) and sin(2iθk), for i far

enough from 1 and `− p, one finds (see also section 7.1 of [1])

− Ti,i+p −→ − 1

π

∫ π

0

η(θ) cos(p θ) dθ =

{
0 even p

2/p odd p
(120)

where η(θ) ≡ 2 log[tan(θ/2)] (see (117)).

The limit (120) is checked in the top panels of Fig. 24 for p = 1 (left) and p = 3

(right).

As for the entanglement entropy, from (71) and the eigenvalues in (115), one obtains

SA
`
−→ 1

π

∫ π

0

s(θ) dθ = −1 + log 4 ' 0.386 `→∞ (121)

that is the flat value reached for t→∞ both in the inset and in the main plot of Fig. 21.

Also the horizontal dashed line in the bottom panel of Fig. 24 corresponds to (121). The

consistency of this result can be checked by employing (119), that for `→∞ gives

− 2

π

∫ π

0

[(
cos(θ/2)

)2
log[cos(θ/2)] +

(
sin(θ/2)

)2
log[sin(θ/2)]

]
dθ = −1 + log 4 (122)

where we used that 1/2 is the mean value constant coming from [sin(iθk)]
2. For the Rényi

entropies, from (70) one finds

S
(n)
A

`
−→ 1

(1− n)π

∫ π

0

log
[(

cos(θ/2)
)2n

+
(

sin(θ/2)
)2n]

dθ (123)

that can be evaluated for explicit values of n, finding e.g. log(24− 16
√

2) for n = 2 and

log(4/3) for n = 3.

The previous analysis has provided the values of the entanglement hamiltonian and

of the contour for the entanglement entropies in the central part of the interval. In the

following we improve this analysis by capturing also the behaviour of these quantities

close to one of the endpoints. Here we only mention the results, reporting the details of

their derivation in the Appendix D§.
When `→∞, the expression in (117) becomes

Ti,j =





0 even |i± j|

2

(
1

i+ j
− 1

|i− j|

)
odd |i± j| (124)

§ These results and their derivation reported in the Appendix D have been obtained by Ingo Peschel.

We are grateful to him for allowing us to include his analysis in this manuscript.
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Figure 25: Chain of free fermions: ` → ∞ in the analytic expressions for the long time

regime after the global quench (see §6.4). Top: First diagonal (left) and third diagonal

(right) of the entanglement hamiltonian matrix. The solid curves are obtained from (118),

while the black and the red dashed lines correspond respectively to (120) and (124). Bottom:

Contour for the entanglement entropy. The solid lines are obtained from (119) with n = 1,

while the black and the red dashed lines correspond respectively to (121) and (125).

where 1 6 i 6 ` and 1 6 j 6 `. This implies that the generic element of the p-th diagonal

is Ti,i+p = 0 when p is even and Ti,i+p = −4i/[p(2i + p)] when p is odd. Taking i → ∞
in these expressions, one finds Ti,i+p ≈ −2/p + 1/i + O(1/i2) for odd p; hence (120) is

recovered. A numerical check of (124) is reported in the top panels of Fig. 25.

The contour for the entanglement entropy can be analysed in a similar way. Taking

`→∞ in (119) with n = 1, one obtains

sA(i) = log 4− 1 +
1

2i(4i2 − 1)
(125)

being i = 1, 2, 3, . . . up to infinity. The limit i → ∞ of this expression gives sA(i) →
log 4 − 1 + O(1/i3), which allows to recover (122) and also to find the power law decay

O(1/i3) for the contour function sA(i) close to the endpoint. The expression (125) has

been checked numerically in the bottom panel of Fig. 25.

In this analysis the interval becomes a semi-infinite line; hence we can study the
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behaviour of the entanglement hamiltonian matrix and of the contour function only

around one of the endpoints of the interval.

7. Conclusions

We studied the temporal evolution of the entanglement hamiltonian of an interval after

a global quantum quench in two simple free lattice models: the harmonic chain and a

chain of free fermions. In the harmonic chain (in the thermodynamic limit) we considered

a quench of the frequency parameter such that the evolution hamiltonian is massless.

In the chain of free fermions at half filling, we explored the global quench introduced

in [49], where the initial state is the ground state of a dimerised chain and the evolution

hamiltonian is determined by the homogenous hopping hamiltonian. In these free models,

the time dependent entanglement hamiltonian is a quadratic operator; hence it is fully

determined by a matrix that can be written explicitly as a function of the matrix whose

elements are the two point correlators [2, 23–25, 28]. The entanglement hamiltonian

matrix can be decomposed in terms of a diagonal matrix containing the single particle

entanglement spectrum and another matrix that is symplectic for the harmonic chain

or orthogonal for the chain of free fermions. The single particle entanglement spectrum

and the matrix occurring in this decomposition can be employed to construct also a

contour for the entanglement entropies [40,42], that encodes information about the spatial

structure of the bipartite entanglement. For static configurations, some entanglement

hamiltonian matrices in the harmonic chain and in a chain of free fermions have been

explored in [2, 23–25,28–34].

In this manuscript we explored the temporal evolution of the entanglement

hamiltonian matrices and of the contours for the entanglement entropy of an interval made

by ` sites after the global quenches mentioned above. During the temporal evolution, the

entanglement hamiltonian matrix is not block diagonal in the harmonic chain and it is

complex in the chain of free fermions. All the diagonals of the ` × ` blocks composing

the entanglement hamiltonian matrix in the harmonic chain and of the ` × ` real and

imaginary parts of the entanglement hamiltonian matrix in the chain of free fermions

(with the obvious exception of the ones that vanish at half filling) display a non trivial

temporal evolution. Bands of diagonals around the main diagonal in these `× ` matrices

can be identified whose width growths linearly with velocity equal to one. This is observed

also in the covariance matrix for the harmonic chain and in the correlation matrix for the

chain of free fermions, where all the elements of each diagonal are equal.

The analytic results obtained in CFT for the entanglement hamiltonian of a semi-

infinite line [15] have been exploited to write expressions for the finite interval in the

continuum limit that reproduce qualitatively the behaviour of the numerical data of some

quantities in some regimes. In particular, the linear growth of the gaps in the entanglement

spectrum before t/` ' 1/2 and the qualitative temporal evolution of the contour for the

entanglement entropy have been obtained. In our numerical analysis we have also observed

that the temporal evolution of the ratios of the gaps in the entanglement spectrum can be
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employed to read the ratios in the conformal spectrum of the underlying CFT when the

evolution hamiltonian is critical. This observation holds both for t/` < 1/2 (as predicted

in [15]) and in the asymptotic regime of long time. Furthermore, it seems true also for

different initial states. It would be interesting to further explore this idea by considering

global quenches governed by different critical hamiltonians.

The quasi-particle picture of [44] has been employed to obtain semi-empirical analytic

expressions of the contour for the entanglement entropy, finding reasonable agreements

with the numerical data, in particular for the chain of free fermions, where larger

subsystems have been studied. For the harmonic chain, the formula for the contour

is valid also for the global quenches where the mass in the evolution hamiltonian is non

vanishing; hence it would be interesting to test it also for these protocols. For the global

quench in the chain of free fermions, the entanglement hamiltonian matrix and the contour

for the entanglement entropy have been studied in the asymptotic regime of t→∞.

The analysis of entanglement hamiltonians and the contours for the entanglement

entropies can be extended in many interesting directions. For instance, it would be useful

to find some analytic expressions describing the asymptotic regime of long time for the

global quench considered here in the harmonic chain, like the ones discussed in §6.4 in

the chain of free fermions. Other kinds of global quenches can be considered or also

quenches of different nature, like the local quenches [48]. An interesting development

is given by more complicated bipartitions, like the one where A is made by disjoint

intervals [13, 15, 33] whose entanglement entropies have been studied in CFT, lattice

models [78] and holography [79]. Connections could be established also with some recent

results in harmonic lattices [80].

It is worth studying the temporal evolutions of the entanglement hamiltonians and

of the contours for the entanglement entropies after global and local quenches also

in interacting models and in higher dimensions. Indeed, in this manuscript we have

highlighted the role of the entanglement gaps to obtain the conformal dimensions of

the underlying CFT when the evolution hamiltonian is critical; hence it would be

interesting to test this idea also in interacting models. In the context of the gauge/gravity

correspondence, the bit threads approach to the holographic entanglement entropy [81]

suggests a possible gravitational dual of the contour for the entanglement entropy [82].

The entanglement hamiltonians and their dynamics are very important also because

they are the building blocks to explore other interesting quantities that capture different

aspects of entanglement. For instance, the bipartite entanglement of mixed states can be

quantified through the partial transpose and the logarithmic negativity [83], which have

been studied also in quantum field theories [84] and in some lattice models [85]. Other

interesting directions to explore concern excited states [86] and quantities involving them,

like e.g. the relative entropy [87].
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Appendices

A. On the Williamson’s decomposition of HA

In the harmonic lattices described in §2, the entanglement hamiltonian matrix (13) and

its equivalent form (15) can be obtained from its Williamson’s decomposition (11). In

this Appendix we discuss the details of this derivation.

By employing the Williamson’s decomposition (5) of the reduced covariance matrix

γA, one finds

iDd J = (JW ) iJγA (JW )−1 iJ Dd = (W tJ)−1 iγAJ (W tJ) . (126)

Then, since (iDdJ)2 = (iJDd)
2 = D2

d , we have that

D2k
d = (iDdJ)2k = (iJDd)

2k D2k+1
d = (iDdJ)2k+1 iJ = iJ (iJDd)

2k+1 . (127)

Considering a generic even function fe(x), the first expression in (127) leads to fe(Dd) =

fe(iDdJ) = fe(iJDd). By employing (126) into this result, one obtains

fe(Dd) = (JW ) fe(iJγA) (JW )−1 = (W tJ)−1 fe(iγAJ) (W tJ) . (128)

Similarly, for a generic odd function fo(x), the second expression in (127) implies that

fo(Dd) = fo(iDdJ) iJ = iJ fo(iJDd). This result combined with (126) leads to

fo(Dd) = (JW ) fo(iJγA) (JW )−1 iJ = iJ (W tJ)−1 fo(iγAJ) (W tJ) . (129)

Another useful relation can be derived by noticing that (iJγA)n = J (iγAJ)nJ−1 for

any integer n > 0. This observation implies that, for a generic function f(x), we have

f(iJγA) = − J f(iγAJ) J . (130)

The relation (12) gives Ed = 2 arccoth(2Dd), that is an odd function of Dd; hence, by

specifying (129) to this case, we find that

Ed = (JW t)−1
[
2 i J arccoth(2 iγAJ)

]
(W tJ) . (131)
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By isolating the matrix within the square brackets, one obtains the first expression in

(13) with HA written through its Williamson’s decomposition (11) and WH given by (14).

The second expression in (13) can be easily found from the first one by using (130).

Let us observe that, from the relations (11) and (10), we have J tHAJ = W tEdW ,

which tells that the Williamson’s decompositions of γA and J tHA J involve the same

symplectic matrix W .

An equivalent way to express the entanglement hamiltonian matrix HA in terms of

γA is given by (15). Indeed, from the Williamson’s decomposition of HA in (11) with WH

given by (14) and (10), by using that Ed = h(Dd)Dd, with h(y) defined in the text below

(15), one finds

HA = W−1J−1 h(Dd)DdWJ =
[
(JW )−1 h(Dd) (JW )

]
J t(W tDdW ) J . (132)

In the second step the identity matrix 1 = W̃ W t has been properly inserted in order to

recognise the Williamson’s decomposition (5) for γA and the relation (128) for the even

function h(y), that allow to write the last expression of (132) in the form reported in the

last step of (15). Similarly, by inserting the identity matrix 1 = (W tJ)−1(W tJ) into the

first expression in (132) in the proper way, we find that it can written as follows

HA = W−1Dd(W
t)−1

[
(W tJ)h(Dd) (W tJ)−1

]
(133)

where, by using (5) and (128), one recognises the first expression in (15).

Another equivalent expression for the entanglement hamiltonian matrix HA can be

found by observing that the relation (12) between D and E gives

Dd =
1

2
coth(Ed/2) Ed = log

[
coth

(
1

2
log(2Dd)

)]
. (134)

By employing these relations, (5), (10) and (11), we arrive to

Dd = (W t)−1 γAW
−1 = W̃ γA W̃

t Ed = (W̃ t)−1HA W̃
−1 = W HAW

t . (135)

Plugging these expressions into (134), one easily finds

γA =
1

2
W t

[
coth

(
1

2
W HAW

t

)]
W (136)

and

HA = W̃ t

{
log

[
coth

(
1

2
log(2 W̃γAW̃

t)

)]}
W̃ (137)

which provides another form to express the relation between the reduced covariance matrix

γA and the entanglement hamiltonian matrix HA.
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B. On the numerical determination of the symplectic matrix W

The symplectic matrix W occurring in the Williamson’s decomposition (5) of the reduced

covariance matrix γA plays a crucial role throughout this manuscript. In this Appendix

we discuss the method employed to construct W numerically.

The reduced covariance matrix γA is symmetric and positive definite; hence, according

to the Cholesky decomposition, there exists a unique way to write γA as follows

γA = LγL
t
γ (138)

where Lγ is a real lower triangular matrix. Plugging (138) into (9), one obtains

(JLγ)
t γA (JLγ) = (WL−tγ )−1D2

d (WL−tγ ) = (W̃Lγ)
−1D2

d (W̃Lγ) . (139)

The first expression in this sequence of equalities is a real symmetric matrix that can

be diagonalised by an orthogonal matrix Wγ, namely (JLγ)
t γA(JLγ) = W−1

γ ΛWγ, being

Λ a diagonal matrix. Comparing this formula with (139), we find that Λ = D2
d and

Wγ = N WL−tγ , where N is an invertible diagonal matrix. By imposing that Wγ is

orthogonal, one obtains N = D1/2
d . Thus, the matrix W can be written as

W = D−1/2d Wγ L
t
γ . (140)

By employing the fact that Wγ is orthogonal and the Cholesky decomposition (138), it

is straightforward to verify that (140) satisfies (5), as expected. The fact that (140) is

symplectic can be checked by following the procedure adopted to verify this property in

the proof of the Williamson’s theorem given in [70]. As consistency check, one can repeat

this analysis starting from the last expression in (139) and this leads (140) again.

In our numerical analysis we have constructed W by employing (140) and Wolfram

Mathematica. In particular, given the reduced covariance matrix γA, the software provides

the unique matrix Lγ and the orthogonal matrix Wγ that diagonalises the symmetric

matrix (JLγ)
t γA (JLγ). Given these two matrices and the symplectic spectrum obtained

from (9), the symplectic matrix W is constructed as in (140).

C. Block diagonal entanglement hamiltonians in harmonic lattices

In the harmonic lattices and for static configurations, both the reduced covariance matrix

γA and the entanglement hamiltonian matrix HA are block diagonal [2,29,30,33]. In this

Appendix we specify the results discussed in §2.1 to the simpler case.

When γA = Q⊕P is block diagonal, namely R = 0 in (24), the symplectic matrix W

in the Williamson’s decomposition (5) of γA is block diagonal as well, namely W = U⊕V ;

hence the Williamson’s decomposition of γA can be written as

Q = U tDU P = V tD V . (141)

The condition that W and W t are symplectic leads respectively to

UV t = V U t = 1 U tV = V tU = 1 (142)
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telling that U−1 = V t and V −1 = U t. In particular, U and V are not orthogonal matrices.

The relations (141) do not provide the diagonalization of the real and symmetric matrices

Q and P because U and V are invertible but not orthogonal. Moreover, being W = U⊕V ,

we have that (10) becomes W̃ = V ⊕ U .

The matrices (9) to diagonalise in order to find the symplectic spectrum simplify to

(iJγA)2 = (PQ) ⊕ (QP ) and (iγAJ)2 = (QP ) ⊕ (PQ) when γA is block diagonal. From

this observation and (142), the first expression in (9) gives

QP = U tD2 V = V −1D2 V PQ = V tD2 U = U−1D2 U . (143)

When γA is block diagonal, the entanglement hamiltonian matrixHA is block diagonal

as well. In particular, from the above remarks and J tγAJ = P ⊕Q, one observes that the

expressions in (15) reduce to [2]

HA = M ⊕N =
(
h
(√

PQ
)
⊕ h
(√

QP
))(

P ⊕Q
)

(144)

=
(
P ⊕Q

)(
h
(√

QP
)
⊕ h
(√

PQ
))
. (145)

The equivalence of these two expressions can be verified by transposing one of them and

employing that M and N are symmetric combined with (
√
QP )t =

√
PQ, that can be

easily obtained from the fact that also Q and P are symmetric. Another useful expression

for the block diagonal entanglement hamiltonian matrix HA can be obtained by specifying

(28) to this simpler case where W = U ⊕ V (i.e. Y = Z = 0 in (25)). This gives

HA =
(
V t E V

)
⊕
(
U t E U

)
. (146)

Notice that, for a block diagonal γA, in (138) we have Lγ = LQ ⊕ LP ; therefore also

the expressions reported in the Appendix B simplify.

D. On the regime of long time and large ` for the fermionic chain

In this appendix we discuss the derivation of the expressions (124) and (125) about the

limit `→∞ of the regime of long time for the quench of the fermionic chain (see §6.4).

For a given function f , the large ` limit of the sum 1
`+1

∑`
k=1 f(θk) gives

∫ π
0

dθ
π
f(θ).

Thus, for (117) in this limit we get

Ti,j = −
∫ π

0

dθ

π
η(θ) [ cos (θ(i+ j))− cos (θ(i− j)) ] (147)

where η(θ) has been defined in the text below (120). Splitting (147) as a sum of two

integrals and focussing on one of them, we have

−
∫ π

0

dθ

π
η(θ) cos (θ (i± j)) =

2

π(i± j)

∫ π

0

sin(θ(i± j))
sin θ

dq =





0 even (i± j)
2

|i± j|
odd (i± j)

(148)
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where an integration by parts has been performed, observing that the boundary terms

vanish. The expression (124) is obtained by employing (148) into (147).

As for the contour for the entanglement entropy, in the limit ` → ∞ we find that

(119) becomes

sA(i) =
1

π

∫ π

0

dθ s(θ) [1− cos(2 θ i)] = log 4− 1− 1

π

∫ π

0

dθ s(θ) cos(2 θ i) (149)

where the expression for s(θ) introduced in (122) can be written as

s(θ) = − log
(
(sin θ)/2

)
+ cos θ log

(
(tan θ)/2

)
. (150)

Plugging this expression into (149), an integral to compute is given by

1

π

∫ π

0

log
(
(sin θ)/2

)
cos(2 θ i) dθ = − 1

2π i

∫ π

0

sin(2 θ i)

tan θ
dθ = − 1

2 i
(151)

where an integration by parts has been performed (the corresponding boundary terms

vanish). The remaining integral becomes a sum of two simpler integrals once the product

cos(θ) cos(2θi) is written as a sum of two single cosine functions. These two integrals in

(149) can be evaluated as follows

− 1

2π

∫ π

0

cos(θ µ) log
(
(tan θ)/2

)
dθ =

1

2π µ

∫ π

0

sin(θ µ)

sin θ
dθ =

1

2µ
(152)

where µ = 2 i ± 1 is an odd positive integer. By employing (151) and (152) into (149),

the expression (125) is obtained.

As consistency check for (125), let us recover the value of the entanglement entropy

found in (121) by summing (125) over the sites of the interval A. Since A has ` sites, the

first term of this sum gives ` ( log 4−1 ). Then, by using that
∑∞

i=1
1

2 i (4 i2−1) = 1
2
(log 4−1)

and taking into account that the interval has two endpoints, we obtain
∑

i∈A sA(i) =

(`+ 1)(log 4− 1), which is the result reported in (121).
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