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Abstract. In this work, we study the mechanics of metamaterial sheets inspired by the pellicle
of Euglenids. They are composed of interlocking elastic rods which can freely slide along their

edges. We characterize the kinematics and the mechanics of these structures using the special

Cosserat theory of rods and by assuming axisymmetric deformations of the tubular assembly.
Through an asymptotic expansion, we investigate both structures that comprise a discrete num-

ber of rods and the limit case of a sheet composed by infinite rods. We apply our theoretical

framework to investigate the stability of these structures in the presence of an axial load. Through
a linear analysis, we compute the critical buckling force for both the discrete and the continuous

case. For the latter, we also perform a numerical post-buckling analysis, studying the non-linear

evolution of the bifurcation through finite elements simulations.

1. Introduction

Mechanical metamaterials can exhibit unusual properties not present in the base material
through a suitable design of their micro- or meso-architecture [Bertoldi et al., 2017]. Here, we
examine the mechanics of a metamaterial consisting of sheets of interlocking and slidable rods
forming a tubular surface. Structures made of assemblies of rods are common and the geometrical
constraints acting on the individual beams can significantly affect the mechanics of the assembly.
The simplest example of geometrical interacting beams is provided by the birod, an assembly
composed of two elastic beams glued together [Moakher and Maddocks, 2005]. This kinematic
constraint can significantly affect the collective behavior of the two rods, leading to a complex
mechanical behavior [Lessinnes and Goriely, 2016]. Other examples of interacting rod assemblies
are provided by plies [Neukirch and Van Der Heijden, 2002, Thompson et al., 2002, Starostin and
van der Heijden, 2014, Zhao et al., 2014] and braided structures, such as McKibben pneumatic arti-
ficial muscles [Tondu, 2012] and biomimetic structures inspired by the motility of micro-organisms
[Cicconofri et al., 2020].

The material architecture we consider here is motivated by the cell wall (pellicle) of Euglena cells
[Leander et al., 2017, Buetow, 1968]. The pellicle is a surface composed of adjacent flexible strips
made of proteinaceous material. Pellicle strips are crosslinked by molecular motors, which can
actively impose sliding between adjacent strips. By tuning the sliding in space and time, Euglena
cells can harmoniously change their shape to crawl in confined spaces [Noselli et al., 2019b]. Similar
to Frenzel et al. [2017], we obtain a structure that twists under compressive loads, but thanks to
a different geometry of the material micro-architecture.

Most previous theoretical models of the pellicle are kinematical and establish a relation between
the change in local metric achieved by sliding strips and shape [Arroyo et al., 2012, Arroyo and
DeSimone, 2014], in the spirit of the theory of non-Euclidean plates and shells [Klein et al., 2007].
Exploiting the interplay between stretching and curvature encoded in the Theorema Egregium of
Gauss is receiving increasing attention in the literature: we call “Gaussian morphing” this strategy
of shape control of thin two-dimensional structures [Cicconofri et al., 2020], which was pioneered in
[Klein et al., 2007]. Envisaging an artificial realization of a morphable surface made of interlocking
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and slidable rods, Noselli et al. [2019a] developed a discrete mechanical model connecting the
mechanics of the individual rods with that of the rod assembly, but that was restricted to shape
transformations between cylinders.

In this paper, using mechanical modeling, asymptotic analysis and numerical calculations, we
examine the nonlinear mechanics of axisymmetric sheets of interlocking and slidable rods focusing
on the buckling and post-buckling behavior. We show that the kinematic constraints between
adjacent rods fundamentally modify the load-bearing capacity of individual rods. The coupling
between them through their common edge leads to a collective mechanical behavior which produces
a coupling between shortening and twisting, and provides a means to tune (increase or decrease)
the loading capacity of the structure depending on the bending and torsional stiffnesses of the
rods, or on their spontaneous curvature.

2. A sheet of interlocking and slidable elastic rods

In this section, we develop a mathematical model of the sheet metamaterial under the condition
of axisymmetry. The model is based on Kirchhoff rod theory [Antman, 2005, Audoly and Pomeau,
2010] for each of the n interlocking elastic rods, and supplemented by the kinematic constraints
enforcing the interlocking and sliding connection between the rods.

2.1. Kinematics and compatibility constraint. We consider n identical Cosserat rods [Antman,
2005] having straight reference configuration and arranged on a cylinder of radius R0 such that

(1)



rk0(s) = R0 cos

(
2kπ

n

)
EX +R0 cos

(
2kπ

n

)
EY + sEZ ,

dk01(s) = − cos

(
2kπ

n

)
EX − sin

(
2kπ

n

)
EY ,

dk02(s) = sin

(
2kπ

n

)
EX − cos

(
2kπ

n

)
EY ,

dk03(s) = EZ ,

with s ∈ [0, L] and k = 0, . . . , n− 1. In Eq. (1), rk0 is the midline of the k-th rod in the reference

configuration, dk0i is the i-th director of the k-th rod, (EX , EY , EZ) are the basis vectors of the
reference space, and L is the length of the rods. It is clear that s is an arclength parameter for
these curves, which we use as a Lagrangian coordinate. For concreteness, we assume that each rod
has a rectangular cross-section and we denote by t and h its thickness and width in the dk01 and

dk02 directions, respectively. The director dk03 is along the midline of the rods.
For k = 0, the midline of the deformed rod can be described through a general parametrization

of the curve in cylindrical coordinates in terms of the Lagrangian coordinate s, that is

(2) r0(s) = ρ(s) cos θ(s)ex + ρ(s) sin θ(s)ey + z(s)ez,

where (ex, ey, ez) is the vector basis in the Eulerian reference, ρ is the radial distance from the
symmetry axis ez, θ describes the change of the azimuthal angle, and z is the actual height at s,
see Fig. 1. By the assumption of axisymmetry, we can then parametrize the curve representing the
deformed midline of the kth rod as

(3) rk(s) = ρ(s) cos

(
2kπ

n
+ θ(s)

)
ex + ρ(s) sin

(
2kπ

n
+ θ(s)

)
ey + z(s)ez,

and define the surface of revolution S generated by rotating r0(s) about ez. Assuming that rods
are unshearable and inextensible, we obtain the constraints

(4) r′k(s) = dk3(s),

in which a prime denotes differentiation with respect to the arclength parameter, and

(5) |r′k(s)| = 1,

so that s is the arclength of the midline both in the reference and in the actual configuration.
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Figure 1. Reference (left) and actual (right) representation of the rods assembly.
Dashed lines denote the midlines of the rods.

The director dk3(s) is tangent to the kth rod, and thus, by the definition of S, is also tangent

to the surface at rk(s). The other two directors in the deformed configuration, dk1 and dk2 , are

perpendicular to each other and belong to the plane orthogonal to dk3 , namely

dk1(s), dk2(s) ∈ Pks where Pks =
{
v ∈ R3 | dk3(s) · v = 0

}
.

We construct next an orthonormal basis for the subspace Pks alternative to that formed by the
first two directors. The first basis vector, nk(s), is the inward normal to S along the kth rod. We
can express nk as

(6) nk(s) =
dk3 × eφ∣∣∣dk3 × eφ

∣∣∣ ,
where eφ is the unit vector representing the azimuthal direction in the cylindrical coordinate
system. Then, the second orthonormal vector bk can be defined as

(7) bk := dk3 × nk.

Since (nk(s), bk(s),dk3(s)) and (dk1(s), dk2(s),dk3(s)) are two right-handed orthonormal bases,

there exists a rotation of axis dk3(s) and angle α(s) transforming one into the other. In other
words, there exists a function α : (0, L) 7→ R such that

(8)

{
dk1 = cos(α)nk + sin(α)bk,

dk2 = − sin(α)nk + cos(α)bk.

Substituting the expression of rk given by Eq. (3) into Eq. (4), we can express dk3 as a function

of ρ, θ, z and their derivatives. By combining Eqs. (6)-(8), we can further express dk1 and dk2 in
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terms of ρ, θ, z, and α and their derivatives, obtaining

dk1 =
sin(α)

(
ρρ′θ′ cos

(
2πk
n + θ

)
+
(
ρ′2 + z′2

)
sin
(
2πk
n + θ

))
− cos(α)z′ cos

(
2πk
n + θ

)√
ρ′2 + z′2

ex+

+
sin(α)

(
ρρ′θ′ sin

(
2πk
n + θ

)
−
(
ρ′2 + z′2

)
cos
(
2πk
n + θ

))
− cos(α)z′ sin

(
2πk
n + θ

)√
ρ′2 + z′2

ey+

+
ρ′ cos(α) + ρ sin(α)θ′z′√

ρ′2 + z′2
ez,

(9)

dk2 =
cos(α)

(
ρρ′θ′ cos

(
2πk
n + θ

)
+
(
ρ′2 + z′2

)
sin
(
2πk
n + θ

))
+ sin(α)z′ cos

(
2πk
n + θ

)√
ρ′2 + z′2

ex+

+
cos(α)

(
ρρ′θ′ sin

(
2πk
n + θ

)
−
(
ρ′2 + z′2

)
cos
(
2πk
n + θ

))
+ sin(α)z′ sin

(
2πk
n + θ

)√
ρ′2 + z′2

ey+

+
ρ cos(α)θ′z′ − ρ′ sin(α)√

ρ′2 + z′2
ez,

(10)

dk3 =

(
ρ′ cos

(
2πk

n
+ θ

)
− ρθ′ sin

(
2πk

n
+ θ

))
ex+

+

(
ρ′ sin

(
2πk

n
+ θ

)
+ ρθ′ cos

(
2πk

n
+ θ

))
ey + z′ez.

(11)

Notice that, in view of Eq. (11), the inextensibility constraint given by Eq. (5) becomes

(12) ρ′2 + ρ2θ′2 + z′2 = 1.

Up to now, we have required that the deformation of the rod assembly is axisymmetric but we
have not enforced in our model the condition that the rods are interlocking and slidable. Following
Noselli et al. [2019a], this compatibility condition requires that the curves representing the edges
of two adjacent rods coincide. Such a constraint is imposed by requiring that, for each point P
belonging to the common edge of the rods, there exist s and s̃ belonging to [0, L] such that:

(13) rk(s̃)− h

2
dk2(s̃) = rk+1(s) +

h

2
dk+1
2 (s), s ∈ [0, L],

see Fig. 2 for a graphical representation of this constraint. Compared with the kinematic constraint
enforced on n rods forming a ply [Neukirch and Van Der Heijden, 2002], Eq. (13) is rather different.
In fact, in plies the cross-section is circular and the midlines lie at a fixed distance from adjacent
rods. The compatibility equation (13) requires instead that neighboring beams must share a
specific edge. In this way, for each point rk+1(s), having arclength s on the (k + 1)th midline,
we can identify a corresponding point rk(s̃) on the kth midline, having arclength s̃. Through this
correspondence, we can define a function s̃ = s̃(s) mapping [0, L] onto itself. In the reference
configuration s̃(s) = s, and since points along rk cannot exchange ordering during deformation,
we have that s1 < s2 implies that s̃(s1) < s̃(s2). This shows that s̃ is strictly monotonic, and thus
a bijection of [0, L] onto [0, L]. Hence, we have that

(14) s̃(0) = 0, s̃(L) = L.

We note that the compatibility condition enforced here is rather stringent, in that it holds over
the entire common edge between adjacent rods. If we let the ends of the beams free to slide, the
contact region over which the compatibility constraint holds is only a part of the interval (0, L)
and it depends on the configuration assumed by the assembly. Tracking the contact region then
becomes a free boundary problem, which is beyond the scope of the present work. See [Bigoni
et al., 2015, Cicconofri and DeSimone, 2015] for related problems.

We finally introduce the function σ : [0, L]→ R, defined as

(15) σ(s) = s̃(s)− s.
Since in the reference configuration s̃(s) = s, the function σ(s) quantifies the (a-priori unknown)
relative sliding between two adjacent rods. In view of (14), we have

(16) σ(0) = 0, σ(L) = 0.
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Figure 2. A graphical representation of the compatibility constraint enforced by
Eq. (13).

By enforcing the compatibility constraint of Eq. (13) in the reference configuration, we obtain
that α and σ are equal to zero and that

(17) h = 2R0 tan
(π
n

)
,

which provides a relation between R0, h and n, according to which h is the length of one of the
n sides of a regular polygon circumscribed to a circumference of radius R0. If we restrict the
kinematics to cylindrical configurations such that σ is uniform, we recover the model proposed in
[Noselli et al., 2019a] as shown in A. We note, however, that in the present theory σ is a function
of the arclength s and can be non-uniform along the rod.

With Eqs. (3) and (9)-(11) in mind, the compatibility equations (13) provide three scalar differ-
ential equations linking the five scalar functions ρ, θ, z, α and σ. Noting that these functions also
need to satisfy the inextensibility constraint of Eq. (12), we are left with four differential equations
for five unknowns. Thus, these equations should allows us, in principle, to express the functions
ρ, θ, z, α (which fully determine the rods midlines and directors) in terms of the sliding function
σ, and arrive at a reduced theory formulated in terms of the single kinematic variable σ. While
this program is too difficult to implement in general, it is feasible in two important special cases:
i) a linearized theory for finitely many rods in the limit of small sliding σ and ii) the continuum
limit for an assembly of infinitely many strips of infinitesimal width, where a continuous shear
variable γ replaces the discrete sliding σ. These will be addressed in Section 3 and in Section 4,
respectively.

2.2. Elasticity: constitutive assumptions. We introduce the strain vector uk, defined through
the relation

dkj
′

= uk × dkj .

More explicitly, the strain components uj := uk · dkj (no summation over repeated indices) are
given by [Antman, 2005]

u1 = dk2
′
· dk3 , u2 = dk3

′
· dk1 , u3 = dk1

′
· dk2 ,

and represent two bending curvatures and the rate of twisting along the rod axis. Due to axisym-
metry, the strain components uj do not depend on k, thus the subscript k is omitted from now on.
We next obtain an expression of the vector u as a function of ρ, θ, z and α. From the expression
of the directors given in Eqs. (9-11), we find

(18) u1 =
f1 sin(α) + f2 cos(α)√

ρ′2 + z′2
, u2 =

f1 cos(α) − f2 sin(α)√
ρ′2 + z′2

, u3 =
f3 + α′f4 + sin(2α)f5

2 (ρ′2 + z′2)
,
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where the dependence on α has been emphasized and

f1 = z′
(
ρθ′2 − ρ′′

)
+ ρ′z′′,

f2 = ρθ′′
(
ρ′2 + z′2

)
+ θ′

(
2ρ′3 + ρ′

(
ρ
(
ρθ′2 − ρ′′

)
+ 2z′2

)
− ρz′z′′

)
,

f3 = 2ρρ′′θ′z′ − 2ρρ′θ′z′′ + 2ρ′2θ′z′ + 2θ′z′3,

f4 = ρ2ρ′2θ′2 + cos(2α)
(
ρ′2 + z′2

) (
ρ′2 + ρ2θ′2 + z′2 − 1

)
+ 2ρ′2z′2 + ρ′4 + ρ′2 + ρ2θ′2z′2 + z′4 + z′2,

f5 =
(
ρ′2 + z′2

) (
ρ′
(
ρ′′ + ρθ′2

)
+ ρ2θ′θ′′ + z′z′′

)
.

We assume that the rods are elastic and postulate the existence of a function m̂ such that the
torque m applied on the cross-section of a rod at s is given by [Antman, 2005]

m(s) = m̂(s, u).

In particular, denoting by mj the component of m along dj , we assume the following constitutive
relations

(19) m1 = B1(u1 − u∗1), m2 = B2(u2 − u∗2), m3 = T (u3 − u∗3),

where B1, B2, and T are bending and torsion elastic constant and u∗1, u∗2, and u∗3 are the natural
curvatures and twist of the rods. These constitutive relations derive from the potential elastic
energy of each rod given by

(20) E =

∫ L

0

W ds =
1

2

∫ L

0

[
B1(u1 − u∗1)2 +B2(u2 − u∗2)2 + T (u3 − u∗3)2

]
ds,

where W is the strain energy density per unit length.
We consider for definiteness rods with a rectangular cross-section having dimensions t and h

along the d1 and d2 directions, respectively, and let t = λh. In our analysis, we will typically
consider the case of λ < 1, such that it is a classical results that

(21)



B1 =
Eth3

12
=
Eλh4

12
,

B2 =
Eht3

12
=
Eλ3h4

12
,

T =
Gχht3

3
=
Gχλ3h4

3
,

where E and G are Young’s and shear modulus, respectively, and χ is a numerical factor depending
on the aspect ratio λ tending to 1 when λ tends to zero. A possible simplification arises if we
consider rods that are thin along d1, i.e. if λ� 1. In this case, from Eq. (21) we obtain that

B2 � B1, T � B1.

Under this assumption, that we call thin rod approximation, we neglect the contributions of u2 and
u3 to the strain energy density per unit length, which hence reduces to

(22) W =
1

2
B1 (u1 − u∗1)

2
,

where the curvature u1 is given by Eq. (18).
Solving the fully non-linear equilibrium problem for our rod assembly would require finding

the functions ρ, θ, z and α that make the energy functional (20) stationary, subjected to the
inextensibility constraint (5) and the compatibility condition (13), which introduces the additional
unknown function σ. This set of nonlinear equation is complex to solve even numerically due to
the non-local effects resulting from the compatibility constraint. In the next section, we study this
system of non-linear ODEs through an asymptotic expansion about the reference configuration.

3. Small deviation from the reference configuration

In this section, we characterize the compatible configurations of the cylindrical assembly under
the assumption of small relative sliding σ between adjacent rods. Let

ε =
sups∈(0, L) σ

R0
,
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so that we can write σ = εR0σ̃ with sups∈(0, L) σ̃ = 1. We assume the following power series
expansion:

(23)


ρ(s) = R0 + ερ1(s) + ε2ρ2(s) + o(ε2),

θ(s) = εθ1(s) + ε2θ2(s) + o(ε2),

z(s) = s+ εz1(s) + ε2z2(s) + o(ε2),

α(s) = εα1(s) + ε2α2(s) + o(ε2),

as ε→ 0.

We impose that the constraints of Eqs. (12)-(13) are satisfied at each order in ε. First, we perform
a series expansion of the inextensibility constraint (12) in ε up to the second order, obtaining

(24) 2εz′1(s) + ε2
(
R2

0θ
′
1(s)2 + ρ′1(s)2 + z′1(s)2 + 2z′2(s)

)
+ o(ε2) = 0.

Assuming z(0) = 0 and setting equal to zero the first term of (24), we obtain z1(s) = 0. The z
component of the compatibility equation (13) at order ε reads

R0σ̃(s)− 2R2
0 tan

(π
n

)
θ′1(s) = 0.

Thus, assuming θ(0) = 0, we obtain

θ1(s) =
1

2R0
cot
(π
n

)∫ s

0

σ̃(τ) dτ.

We can now compute the first order of the series expansion of the radial and azimuthal component
of the compatibility equation. Setting them equal to zero we obtain

ρ1 = −R0 tan
(π
n

)
α1,

ρ1 = R0 cot
(π
n

)
α1,

and thus α1 = ρ1 = 0.
The computation can be iterated at the second order following the same procedure. First, we

compute z2 from the inextensibility equation (24)

z2(s) = −1

8
cot2

(π
n

)∫ s

0

σ̃(α)2 ds.

Second, we project the compatibility equation along the z direction

−1

2
R2

0

(
4 tan

(π
n

)
θ′2 + σ̃σ̃′

)
ε2 + o(ε2) = 0,

and thus

θ2(s) =
1

8
cot
(π
n

) (
σ̃(0)2 − σ̃(s)2

)
.

Finally, we obtain ρ2 and α2 projecting the compatibility equation along the radial and the az-
imuthal direction. The expression at the second order in ε reads

−2R0 sin2
(π
n

)
α2 −

1

8
R0

(
cos

(
2π

n

)
− 3

)
cot
(π
n

)
σ̃2 − sin

(
2π

n

)
ρ2 = 0,

−R0 sin

(
2π

n

)
α2 +

1

8
R0

(
cos

(
2π

n

)
− 3

)
σ̃2 + 2 sin2

(π
n

)
ρ2 = 0,

from which we obtain

(25)


ρ2 =

1

8
R0

((
csc2

(π
n

)
+ 1
)
σ̃2 − 8 tan

(π
n

)
α2

)
,

ρ2 = R0 cot
(π
n

)
α2 +

1

8
R0

(
csc2

(π
n

)
+ 1
)
σ̃2,

a system whose solution is given byρ2 =
R0

8

(
csc2

(π
n

)
+ 1
)
σ̃2,

α2 = 0.
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Summarizing these results, the asymptotic expansion shows that

(26)



ρ(s) = R0 +
ε2

8
R0

(
csc2

(π
n

)
+ 1
)
σ̃(s)2 + o(ε2),

θ(s) =
ε

2R0
cot
(π
n

)∫ s

0

σ̃(τ) dτ +
ε2

8
cot
(π
n

)
(σ̃(0)2 − σ̃(s)2) + o(ε2),

z(s) = s− ε2

8
cot2

(π
n

)∫ s

0

σ̃(τ)2 dτ + o(ε2),

α(s) = o(ε2).

as ε→ 0.

The fact that α1 and α2 are both zero raises the question of whether α is identically zero. In B,
we compute the third-order expansion and show that this is not the case.

Finally, we express the curvatures and the torsion of the rod in terms of σ by substituting
Eq. (26) into Eq. (18), obtaining

(27)



u1 =
1

2
ε cot

(π
n

)
σ̃′(s)− ε2R0

4
cot
(π
n

) (
σ̃(s)σ̃′′(s) + σ̃′(s)2

)
+ o(ε2),

u2 = ε2

(
cot2

(
π
n

)
σ̃2

4R0
− 1

4
R0

(
csc2

(π
n

)
+ 1
)
σ̃σ̃′′ − 1

4
R0

(
csc2

(π
n

)
+ 1
)
σ̃′2

)
+ o(ε2),

u3 =
ε cot

(
π
n

)
σ̃

2R0
− 1

4
ε2
(

cot
(π
n

)
σ̃σ̃′
)

+ o
(
ε2
)
.

Using these formulae and ignoring higher-order terms, we can express the elastic energy (20) as a
functional of the sliding function σ only

(28) E [σ] =
1

2

∫ L

0

[
B1(u1(σ)− u∗1)2 +B2(u2(σ)− u∗2)2 + T (u3(σ)− u∗3)2

]
ds.

In the following section, we perform an analogous reduction of the energy functional (20) in terms
of a single function by considering the limit case of an infinite number of rods.

4. Limit case of an infinite number of rods

Another interesting situation amenable to explicit calculations is the limit of an infinite number
of rods, n→∞. Remarkably, Noselli et al. [2019a] showed that this limit was a good approximation
of the discrete case for n ≥ 5. Equation (17) shows that h = O(n−1). As the number of rods blows
up, it is reasonable to expect that the sliding displacement between infinitesimally narrow rods
will become small. It is thus natural to define

γ(s) =
σ(s)

h
,

which can be interpreted as an in-plane shear strain of the rod assembly along the rod direction.
We assume the following asymptotic expansions for large n

(29)


ρ(s) = ρ∞(s) + o(1),

θ(s) = θ∞(s) + o(1),

z(s) = z∞(s) + o(1),

α(s) = α∞(s) + o(1),

as n→ +∞.

We now obtain an expression of ρ∞, θ∞, z∞, and α∞ as a function of γ by enforcing the compat-
ibility and the inextensibility constraints in Eqs. (13) and (5). First, we project the compatibility
equation (13) along the z direction. Noting that σ = hγ, we perform a Taylor series expansion
about n =∞ to obtain

2πR0

(
ρ′∞ sin(α∞) + z′∞

(
γ
√
ρ′2∞ + z′2∞ − ρ∞ cos(α∞)θ′∞

))
n
√
ρ′2∞ + z′2∞

+ o

(
1

n

)
= 0,

and hence

(30) γ =
ρ∞ cos(α∞)θ′∞z

′
∞ − ρ′∞ sin(α∞)

z′∞
√
ρ′2∞ + z′2∞

+ o(1).
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Performing an expansion of the compatibility equations projected along the azimuthal direction,
we obtain

−
2πR0 sin(α∞)

√
ρ′2∞ + z′2∞

nz′∞
+ o

(
1

n

)
= 0.

Since ρ′2∞ + z′2∞ 6= 0 (if otherwise γ →∞), we obtain

(31) α∞ = 0.

From the inextensibility constraint (12), at order zero in n−1 we obtain

(32) z′∞ = ±
√
−ρ′2∞ − ρ2∞θ′2∞ + 1.

The plus and minus solutions are related by symmetry and in the following we choose the positive
one. Finally, we project the compatibility equation (13) along the radial direction, obtaining

(33)
2π

n

(
R0√

1− ρ2∞θ′2∞
− ρ∞

)
+ o

(
1

n

)
= 0.

We solve Eqs. (30) and (33) at the leading order in n−1 with respect to ρ∞ and θ′∞. Together with
Eq. (32), we obtain

(34)



ρ∞ = R0

√
γ2 + 1,

θ′∞ =
γ

R0 (γ2 + 1)
,

z′∞ =

√
1−R2

0γ
2γ′2

γ2 + 1
,

α∞ = 0.

Interestingly, Eq. (34) are identical to Eqs. (9)-(11) in [Arroyo and DeSimone, 2014], who studied
the kinematics of a continuous cylindrical surface that could experience simple in-plane shear
deformation along a Lagrangian direction, but ignoring the meso-scale architecture of the assembly.
Thus, the present study shows that the theory developed by Arroyo and DeSimone [2014] arises as
the limit for n→∞ of the discrete theory for assemblies of n rods sliding along the common edge
that is studied here. Remarkably, our study shows that in the limit of large n, which as shown
by Noselli et al. [2019a] is an accurate approximation even for an assembly with a relatively small

number of rods, α∞ = 0 and hence it is justified to assume that the director dk1 remains normal
to the surface S defined by the rod assembly.

Analogously to the previous section, the rod strains u can also be explicitly expressed as a
function of the local shear γ thanks to Eqs. (18)-(34) as

(35)



u1 = γ′ + o

(
1

n

)
,

u2 =
γ2
(
1−R2

0

(
γ2 + 1

)
γ′2
)
−R2

0

(
γ3 + γ

)
γ′′ −R2

0γ
′2

R0 (γ2 + 1)
3/2
√

1−R2
0γ

2γ′2
+ o

(
1

n

)
,

u3 =
γ
(
R2

0

((
γ3 + γ

)
γ′′ + γ′2

)
+ 1
)

R0 (γ2 + 1)
3/2
√

1−R2
0γ

2γ′2
+ o

(
1

n

)
.

Substituting Eq. (35) into Eq. (20) and neglecting the remainder, we can express the elastic energy
of a rod in the assembly as a functional of the shear strain γ

(36) E [γ] =
1

2

∫ L

0

[
B1(u1(γ)− u∗1)2 +B2(u2(γ)− u∗2)2 + T (u3(γ)− u∗3)2

]
ds.

Thus, both in the case of small σ and of n→ +∞, we have been able to write the elastic potential
energy as a function of a single unknown function, σ and γ respectively, see Eqs. (28) and (36).

5. Stability analysis of a cylindrical assembly subjected to an axial load

We apply our two theories, for small relative sliding and for large number of rods, developed
in the previous sections to study the stability of a cylindrical rod assembly subjected to an axial
force. For the sake of simplicity, we assume that the natural strains u∗i are constant.
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5.1. Linear stability analysis using the discrete model. In this section, we use Eq. (27) to
characterize the bending and the torsion of the rod. As discussed in Section 3, these equations
allow us to write the potential energy of the rod as a function of σ only, see Eq. (28).

5.1.1. Case (a): Free rotation. We assume that each rod composing the structure is loaded at
s = L with a force

F = Fez,

so that its work is given by

P[σ] = F · (rk(L)− rk0(L)) = F (z(L)− L).

The total energy of the mechanical system reads

(37) Ψ[σ] = E [σ]− P[σ],

and, using Eqs. (26)-(27), its power series expansion about ε = 0 is

(38) Ψ = Ψ0 + εΨ1 +
ε2

2
Ψ2 + o(ε2).

The term of order zero is given by

(39) Ψ0 =
1

2

(
B1u

∗
1
2 +B2u

∗
1
2 + Tu∗3

2
)
L,

which is a constant independent of σ̃. As for the term of order ε in Eq. (38), this reads

Ψ1[σ̃] = − cot
(π
n

)∫ L

0

Tu∗3σ̃ +B1R0u
∗
1σ̃
′

2R0
ds = − cot

(π
n

)∫ L

0

Tu∗3σ̃

2R0
ds,

where the term multiplying σ̃′ under the integral sign disappears due to the boundary conditions
σ(0) = σ(L) = 0. We observe that Ψ1 corresponds to the first variation of Eq. (37) about the
reference configuration, i.e., Ψ1[σ̃] = δΨ(0)[R0σ̃]. This is zero for all the admissible σ̃ if and only
if

(40) Tu∗3 = 0,

which is the equilibrium condition for the straight configuration of the cylindrical assembly. By
accounting for the results of Eq. (40), the term Ψ2 is a functional of σ̃ and its expression reads

(41)

Ψ2[σ̃] =

∫ L

0

ψ2(σ̃) ds =
1

4R2
0

∫ L

0

[
2R2

0σ̃
(
R0σ̃

′′
(
B1u

∗
1 cot

(π
n

)
+B2u

∗
2

(
csc2

(π
n

)
+ 1
)))

+

+R2
0σ̃
′2
(

csc2
(π
n

)
(B1 + 2B2R0u

∗
2) + 2B1R0u

∗
1 cot

(π
n

)
−B1 + 2B2R0u

∗
2

)
+

+ cot2
(π
n

)
σ̃2 (T + FR2

0 − 2B2R0u
∗
2

)]
ds,

where ψ2 is the integrand of the functional. To study the stability of the reference configuration,
we exploit the Trefftz criterion and compute the first variation of Ψ2 with respect to σ̃ [Bažant
and Cedolin, 2010]. According to this criterion, a bifurcation occurs if there exists a function σ̃
such that

(42) δΨ2(σ̃)[δσ] =

∫ L

0

[
∂ψ2

∂σ̃
− d

ds

∂ψ2

∂σ̃′
+

d2

ds2
∂ψ2

∂σ̃′′

]
δσ ds+

[
∂ψ2

∂σ̃′′
δσ′
]L
0

= 0,

for any admissible δσ. The natural boundary conditions arising from Eq. (42) are given by

(43)
∂ψ2

∂σ̃′′
=

1

2
R0σ̃(s)

(
B1u

∗
1 cot

(π
n

)
+B2u

∗
2

(
csc2

(π
n

)
+ 1
))

= 0, for s = 0, L,

which are identically satisfied by the condition σ̃(0) = σ̃(L) = 0 resulting from our edge compati-
bility condition. As regards the Euler–Lagrange equation, this reads

(44) B1R
2
0σ̃
′′ + σ̃

(
2B2R0u

∗
2 − FR2

0 − T
)

= 0.

We are now in the position to study the stability of the reference configuration. Let

σ̃m(s) = sin
(mπ
L
s
)
, m ∈ N \ {0},
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Figure 3. Non-dimensional critical buckling load FcrR
2
0/B1 versus L/R0 when

u∗2 = 0 (left) and FcrR
2
0/B1 versus B2u

∗
2R0/B1 when L/R0 = 10 (center) for

T/B1 = 0, 1/4, 1/2, 1, 2, 4. The arrows denote the direction in which T/B1

grows. (Right) bifurcation mode for n = 10 and L/R0 = 10. The amplitude of σ
has been set to 0.25R0 for the sake of graphical illustration.

where m is the wavenumber. The mode σ̃m is a solution of the Euler-Lagrange equation (44)
whenever

F = Fm = −π
2B1m

2

L2
− T − 2B2R0u

∗
2

R2
0

and u∗3 = 0.

The critical wavenumber is m = 1 for a critical load of

(45) Fcr = F1 = −π
2B1

L2
− T − 2B2R0u

∗
2

R2
0

.

The configuration corresponding to this critical mode is reported in Fig. 3 (right), which involves
rotation of one of the ends of the assembly with respect to the other end. Interestingly, the fist
term of the critical load coincides with that of a compressed and isolated rod that buckles by
bending along the dk1 direction with constrained rotation at both ends but free lateral translation,
a situation analogous to the rods in the assembly. However, rods in the assembly must twist as they
deform, which increases the critical load with the term proportional to T . This term is divided
by R0, which becomes the parameter determining slenderness for this contribution as opposed
to L for the first term. Finally, natural curvature in the normal direction to the surface (thus,
perpendicular the the main buckling direction) can either increase or decrease the critical load
depending on the sign, see Fig. 3 (left and center). These results thus show how the constraints
imposed by the rod assembly modify the buckling behavior of the rods, and how these constraints
allow us to tune buckling by tuning independently the bending and twisting stiffnesses, natural
curvatures and the dimensions of the assembly.

5.1.2. Case (b): Constrained rotation. We further constrain the system by not allowing the relative
rotation of the cylinder ends during the deformation. Mathematically, this requirement is imposed
by

(46) θ(0) = θ(L).

We introduce a Lagrange multiplier p to impose such a constraint, i.e., we modify the total energy
in Eq. (37) by adding the term

p(θ(L)− θ(0)),

to obtain

(47) Ψ[σ, p] = E [σ]− P[σ] + p(θ(L)− θ(0)).
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Under the assumption of small relative sliding, we can use Eq. (26) to compute the expansion
of θ(L)− θ(0). Furthermore, we assume the following expansion for the Lagrange multiplier

p = p0 + εp1 + o(ε),

where p0 is the Lagrange multiplier in the reference configuration and p1 is its correction as due
to small sliding σ.

Following the same procedure as in Section 5.1.1, we compute the expansion of the Lagrangian
(47) up to the second order in ε, obtaining

(48) Ψ = Ψ0 + εΨ1 +
ε2

2
Ψ2 + o(ε2),

where the term of order zero is given by Eq. (39), so that Ψ0 is a constant independent of σ̃, p0,
and p1. The term of order ε in Eq. (48) reads

Ψ1[σ̃, p0] =

∫ L

0

cot
(π
n

)(p0σ̃ − Tu∗3σ̃ −B1R0u
∗
1σ̃
′

2R0

)
ds =

∫ L

0

cot
(π
n

)(p0σ̃ − Tu∗3σ̃
2R0

)
ds,

where the term multiplying σ̃′ under the integral sign disappears due to the boundary conditions
σ(0) = σ(L) = 0. The term Ψ1 corresponds to the first variation of Eq. (47) about the reference
configuration, namely Ψ1[σ̃, p0] = δΨ(0, p0)[R0σ̃, p1]. This is zero for all the admissible σ̃ if and
only if

(49) p0 = Tu∗3,

so that the reference configuration is in equilibrium also when u∗3 6= 0.
Finally, Ψ2 is a functional of σ̃ and p1. In particular, its expression reads

Ψ2[σ̃, p1] =
1

4R2
0

∫ L

0

[
2R0σ̃

(
R2

0σ̃
′′
(
B1u

∗
1 cot

(π
n

)
+B2u

∗
2

(
csc2

(π
n

)
+ 1
))

+ 2p1 cot
(π
n

))
+

+R2
0σ̃
′2
(

csc2
(π
n

)
(B1 + 2B2R0u

∗
2) + 2B1R0u

∗
1 cot

(π
n

)
−B1 + 2B2R0u

∗
2

)
+

+ cot2
(π
n

)
σ̃2
(
−2B2R0u

∗
2 + FR2

0 + T
)]
ds.

To study the stability of the reference configuration, we adopt again the Trefftz criterion and
compute the first variation of Ψ2 with respect to σ̃ and p1 [Bažant and Cedolin, 2010]. The
natural boundary condition is identically satisfied, as in case (a), owing the edge compatibility
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Figure 4. Non-dimensional critical buckling load FcrR
2
0/B1 versus L/R0 when

u∗2 = 0 (left) and FcrR
2
0/B1 versus B2u

∗
2R0/B1 when L/R0 = 10 (center) for

T/B1 = 0, 1/4, 1/2, 1, 2, 4. The arrows denote the direction in which T/B1

grows. (Right) bifurcation mode for n = 10 and L/R0 = 10. The amplitude of σ
has been set to 0.25R0 for the sake of graphical illustration.
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condition. The Euler-Lagrange equations now read

(50)


cot
(π
n

) (
B1R

2
0σ̃
′′ + σ̃

(
2B2R0u

∗
2 − FR2

0 − T
))

= 2p1R0,∫ L

0

σ̃ ds = 0.

We seek for solutions of the form

σ̃m(s) = sin
(mπ
L
s
)
, m ∈ N \ {0}.

It is easily verified that the mode σ̃m satisfies the second equation of Eq. (50) if and only if m is
even. Using the first equation, we get that the load at which σ̃m is a solution of the linear problem
is given by

F = Fm = −π
2B1m

2

L2
− T − 2B2R0u

∗
2

R2
0

with p1 = 0.

We conclude that the critical mode is m = 2 and the critical load is given by Fcr = F2. The
configuration corresponding to this critical mode is reported in Fig. 4 (right). In the figure (left
and center) we also plot the non-dimensional critical load, exploring the influence of the torsional
stiffness and of the natural curvature u∗2. The effect of these quantities on the critical load is
similar to what is reported for the previous case. Interestingly, now the first term in the critical
load coincides with the buckling load of a doubly clamped beam that buckles by bending along
the dk1 direction, in agreement with the fact that, by constraining the relative rotation of the ends,
the rods extremities cannot undergo a lateral displacement.

5.2. Infinite number of rods: Linear and post-buckling analysis. We examine now the
buckling of a rod assembly subjected to an axial load in the limit of an infinite number of rods, so
that the potential elastic energy is only a function of γ, recall Eq. (36). We adopt the asymptotic
expansion of (29), which led to Eq. (34) and (35), and neglect higher order terms. For the sake of
simplicity, since from Eq. (35), u1 = γ′, in this section we also adopt the thin rod approximation,
which results in greatly simplified expressions.

5.2.1. Case (a): Free rotation. We assume that a force Fez is applied to each rod at s = L. The
work done on a single rod is given by

F (z − L) = F

∫ L

0

√
1−R2

0γ
2γ′2

γ2 + 1
ds− L

 .

so that, the total energy of a single rod reads

(51) Ψ[γ] =
B1

2

∫ L

0

(u1 − u∗1)2 ds− F

∫ L

0

√
1−R2

0γ
2γ′2

γ2 + 1
ds− L

 .

Thus, we can compute the non-linear Euler-Lagrange equation arising from the functional (51) so
that

Fγz′∞
(
R2

0

((
γ3 + γ

)
γ′′ +

(
2γ2 + 1

)
γ′2
)
− 1
)

+B1

(
γ2 + 1

)
γ′′
(
R2

0γ
2γ′2 − 1

)2
= 0.

where z′∞ is given by Eq. (34). We observe that γ(s) = 0 is a solution. To study the stability
of the straight cylindrical configuration, we linearize the system about the relaxed configuration,
obtaining

B1γ
′′ = Fγ.

To judge the linear stability of the trivial solution γ = 0, let

γm(s) = A sin
(mπs

L

)
, m ∈ N \ {0}.

The function γm is a solution of the linearized problem whenever

(52) F = Fm = −π
2m2B1

L2
,

thus, the critical buckling load Fcr is obtained by setting m = 1. The buckled configuration exhibits
a single bulge whose chirality depends on the sign of γ, as shown in Fig. 5. Having neglected B2
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Figure 5. Critical buckling mode when L/R0 = 10. The amplitude of the mode
A as been set equal to 1 for the sake of graphical clarity.

and T , the critical load coincides with the first term in Eq. (45), and hence with the critical load of

an isolated rod that buckles by bending along the dk1 direction with constrained rotation at both
ends but free lateral translation. We note that here B2 = 0 and thus the collective constraints
prevent the rods from buckling along their most compliant direction. Thus, given B1, the critical
buckling load predicted by the theory in the limit n → ∞ is exact and in fact independent of
n. Furthermore, this result shows that the mechanical effect of the assembly constraints on the
critical buckling load is minor in the thin rod approximation. We shall see later that this effect
manifests itself in the post-buckling regime.

5.2.2. Case (b): Constrained rotation. We further constrain the system by forbidding the relative
rotation of the two cylinder ends. Namely, we introduce the constraint

(53) θ(0) = θ(L).

Exploiting Eq. (34), we can express Eq. (53) as a constraint on γ, enforced through the introduction
of a scalar Lagrange multiplier p. Hence, the Lagrangian of a single rod becomes

(54) Ψ[γ, p] =
B1

2

∫ L

0

(γ′ − u∗1)2 ds− F

∫ L

0

√
1−R2

0γ
2γ′2

γ2 + 1
ds− L

+ p

∫ L

0

γ

R0(γ2 + 1)
ds.

As before, we set γ(0) = γ(L) = 0, so that the Euler-Lagrange equations relative to (54) read

(55)


(
γ2 + 1

)
γ′′
(
FR2

0γ
2 −B1

(
γ2 + 1

) (
R2

0γ
2γ′2 − 1

)
z′∞
)

+ FR2
0

(
2γ3 + γ

)
γ′2 − Fγ

((γ2 + 1) (1 −R2
0γ

2γ′2))3/2
=

p
(
1 − γ2

)
R0 (γ2 + 1)2

,∫ L

0

γ

R0(γ2 + 1)
ds = 0.

We observe that (γ(s) = 0, p = 0) is a solution for the system above. Following the same steps as
in the previous section, the linearized Euler-Lagrange equations about the reference configuration
read 

B1γ
′′ − Fγ − p

R0
= 0,∫ L

0

γ ds = 0,

where the latter equation arises from the first variation with respect to the Lagrange multiplier.
To study the linear stability of the reference configuration, we consider the functions

γm(s) = A sin
(mπs

L

)
, m ∈ N \ {0},
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Figure 6. Critical buckling mode when L/R0 = 10. The amplitude of the mode
A as been set equal to 1 for the sake of graphical clarity.

which are solutions of the linearized problem whenever m is even and

(56) F = Fm = −π
2B1m

2

L2
and p = 0.

We observe that the Lagrange multiplier is always null, indicating that the reaction exerted by the
constraint is zero. The effect of the constraint is the suppression of the odd wavenumbers. The
critical mode exhibits two bulges possessing opposite chiralities, as shown in Fig. 6. Again, the
critical load coincides with that of the finite collection of rods with B2 = T = 0 and with that of
a doubly clamped isolated rod buckling along the dk1 direction.

5.2.3. Numerical post-buckling analysis. To study the post-buckling behavior of the rod assembly
in the presence of an axial load in the limit case of n → ∞, we have implemented a numerical
algorithm to solve the fully non-linear problem arising from the minimization of the functionals in
Eqs. (51) and (54) in the absence of natural curvature, i.e. for u∗1 = 0. The numerical procedure
is based on the finite element method using the software FEniCS [Logg et al., 2012]. To compute
the bifurcation diagram of the problem, we use the deflated continuation method exploiting the
library Defcon, see [Farrell et al., 2015, 2016] for details of the continuation algorithm. The control
parameter of the problem is provided by the force F applied to each rod and it is sequentially
incremented by a constant δF when a solution is found.

All the physical quantities of the system are non-dimensionalized with respect to B1 and R0.
The domain (0, L) is discretized by dividing it into 1000 equal subintervals. The local shear γ is
discretized using continuous, piece-wise linear functions while the Lagrange multiplier p is treated
as an additional degree of freedom of the problem.

We report next the results of the numerical simulations when we allow a relative rotation of the
two ends of the cylinder and when both ends are kept fixed.
Case (b): free rotation. Let us introduce the quantity

∆γ = sgn(γ′(0))

(
max
s∈(0,L)

γ(s)− min
s∈(0,L)

γ(s)

)
.

We report in Fig. 7a the bifurcation diagram resulting from the numerical simulation when we leave
the top basis free to rotate. We have verified that the bifurcated branches have their origins in
correspondence of the theoretical critical load computed in Section 5.2.1, validating our numerical
code. We further observe that all the bifurcations have the typical shape of a supercritical pitchfork.
The force-displacement curve is also reported in Fig. 7b in terms of non-dimensional quantities.
The post-buckling evolution of the assembly is depicted in Fig. 7c, and exhibits a bulge at the
middle of the rod assembly whose radius increases as we increment the applied force. We remark
that all the components of the strain vector u are bounded, as shown in Fig. 7d. This shows that
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Figure 7. (a) Bifurcation diagram FR2
0/B1 versus ∆γ when L/R0 = 10. The

red dots denote the theoretical marginal stability threshold arising from the linear
theory, see Eq. (52). (b) Plot of the non-dimensionalized applied force FR2

0/B1

versus vertical displacement of the assembly L − z(L) non-dimensionalized with
respect to R0 for the branch corresponding to the critical mode. (c) Buckled
configuration for L = 10 and FR2

0/B1 = 0.1, 0.15, 0.3 and 0.35. (d) Plot of u1, u2
and u3 (blue, orange and green line respectively) as a function of the arclength s.
We observe that all the components of the strain vector u are bounded.

the terms

(57) B2(u2 − u∗2)2, T (u3 − u∗3)2,

in the potential energy (20) can in fact be neglected: even though B2 and T are negligible when the
thin rod approximation applies, bending, u2, and torsion, u3, curvatures could blow up. However,
this does not happen even in the post-buckling regime.
Case (b): constrained rotation. The introduction of the constraint θ(0) = θ(L) = 0 requires the
introduction of a Lagrange multiplier p, as discussed in Section 5.2.2. This modification of the
problem affects the bifurcation diagram as shown in Fig. 8a: the bifurcated branches corresponding
to the wavenumber m = 1 and m = 3 disappear and the only bifurcated branch corresponds to the
critical wavenumber m = 2. As well as in the unconstrained case shown in the previous section,
the bifurcation diagram exhibit all the characteristics of a supercritical pitchfork bifurcation. As
for the previous analysis, the non-dimensional force-displacement curve is reported in Fig. 8b. The
non-linear evolution of the buckled assembly exhibits two bulges placed one on the top of the other,
as revealed by the linear stability analysis of Section 5.2.2, see also Fig. 8c. We notice that the
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Figure 8. (a) Bifurcation diagram ∆γ versus FR2
0/B1 when L/R0 = 10 and

θ(0) = θ(L) = 0. The red dots denote the theoretical marginal stability threshold
arising from the linear theory, see Eq. (56). (b) Plot of the non-dimensionalized
applied force FR2

0/B1 versus vertical displacement of the assembly L− z(L) non-
dimensionalized with respect to R0 for the branch corresponding to the critical
mode. (c) Buckled configuration for L = 10 and FR2

0/B1 = 0.2, 0.45, 0.55 and
0.67. (d) Plot of u1, u2 and u3 (blue, orange and green line respectively) as a
function of the arclength s. We observe that all the components of the strain
vector u are bounded.

rotation induced by the formation of the two bulges is balanced by their opposite chiralities. As
before, all the components of the strain vector are bounded, as shown in Fig. 8d, confirming the
validity of the thin rod approximation.

6. Discussions of the results and concluding remarks

In this paper, we have studied the mechanics of assemblies composed of n identical rods where
each rod is interlocked to both the adjacent ones. We have developed the mathematical model of
this structure, as inspired by the euglenoid pellicle, using the special Cosserat theory of rods. We
have characterized the mechanics of axisymmetric sheets composed of sliding elastic beams, inves-
tigating buckling in presence of an axial load. As compared to a continuous equivalent shell, the
sliding degrees of freedom make our structures much more compliant. Yet, the sliding constraints
between the rods introduce non-trivial and highly nonlinear couplings between compression and
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twist of the assembly, and between the different deformation modes of the rods. One of the main
results of our paper is summarized in Eq. (45), which shows how the constraints between rods in
our assembly modify the bare buckling load of a single rod. It shows how the helical shapes of
rods induced by the constraints mobilize the higher bending modulus (B1 rather than B2, which
is much smaller in the case of thin rods) and the torsional stiffness T , and hence increase the
buckling load. Moreover, it shows how spontaneous curvature in the non-buckling direction can
either increase or decrease the critical buckling load.

Future efforts will be devoted to the weakening of the constraint given by Eq. (13), allowing us
to enforce the compatibility only in a portion of the beam. We will also study how to program these
sheets to obtain target configurations by controlling the natural curvatures and torsion of the rods.
Furthermore, it would be important to develop computational methods to approximate the fully
non-linear problem also in the discrete case, as well as to obtain an experimental validation of the
proposed model through the realization of these structures by additive manufacturing techniques.
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Appendix A. Cylindrical configurations

In this Appendix, we show how to recover the mathematical description developed in Noselli
et al. [2019a] by restricting the kinematics to cylindrical configurations. Let

(58)


ρ(s) = R,

θ(s) = βs,

α(s) = 0,

β > 0, R > 0.

Enforcing the inextensibility constraint of Eq. (12), we get the following expression of the actual
height z

(59) z(s) = ±s
√

1− β2R2.

Without loss of generality, we can assume that z > 0. Furthermore, since the coordinate z given
by Eq. (59) must be a real number, we get βR < 1. By projecting the compatibility constraint
(13) along the z direction we obtain

σ =
βhR√

1− β2R2
,

while the radial and the azimuthal components lead to

(60) R =
1

2
h
√

1− β2R2 cot

(
π

n
− β2hR

2
√

1− β2R2

)
.

Defining sin ξ = βR, we can rewrite Eq. (60) so that

R =
h

2
cot

(
π

n
− h sin ξ tan ξ

2R

)
cos ξ.

This last equation is exactly Eq. (10) as reported in Noselli et al. [2019a].

Appendix B. Third order expansion

Since both α1 and α2 in Eq. (23) are zero, one could ask if α itself is null for all the possible
axisymmetric configurations satisfying the compatibility equation (13). The answer to this question
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is negative. Indeed, by computing the third order expansion in ε of ρ, θ, z and α, i.e. by writing
ρ(s) = R0 + ερ1(s) + ε2ρ2(s) + ε3ρ3(s) + o(ε3),

θ(s) = εθ1(s) + ε2θ2(s) + ε3θ3(s) + o(ε3),

z(s) = s+ εz1(s) + ε2z2(s) + ε3z3(s) + o(ε3),

α(s) = εα1(s) + ε2α2(s) + ε3α3(s) + o(ε3),

as ε→ 0,

and following the same procedure that was exposed in Section 3 for the first and second order
terms, we get 

ρ3(s) = −R
2
0

8

(
cot2

(π
n

)
+ 2
)
σ̃(s)2σ̃′(s),

θ3(s) =
1

8R0
cot
(π
n

)∫ s

0

σ̃(τ)
(
R2

0σ̃
′(τ)2 − csc2

(π
n

)
σ̃(τ)2

)
dτ,

z3(s) =
R0

24
cot2

(π
n

) (
σ̃(s)3 − σ̃(0)3

)
,

α3(s) = −R0

8
cot
(π
n

)
σ̃(s)2σ̃′(s).
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