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ABSTRACT

In contrast to linear control, a general and systematic methodology to study stability and
stabilization of nonlinear systems does not exist. The development of fuzzy logic by L.
Zadeh in the mid-sixties led one decade later to the work of E. Mamdani who implemented
a fuzzy algorithm scheme to control a laboratory-built steam engine, and it represented a
watershed to consider fuzzy logic as an alternative to control nonlinear systems. However,
this approach is based on heuristic rules and the lack of a mathematical model describing
the system implies that some performance requirements such as optimality and robustness
cannot be guaranteed. The pioneer work in 1985 of T. Takagi and M. Sugeno overcame this
drawback with the introduction of a mathematical tool to construct a fuzzy representation
of a system. The Takagi-Sugeno representation uses fuzzy IF-THEN rules with local linear
state-space realizations as a consequence to describe a nonlinear system. In the late 2000s,
this idea was extended to the polynomial case, reducing, in general, the number of fuzzy rules

and extending the region of approximation of the fuzzy model.

Model-based fuzzy control schemes have drawn attention from control community around
the globe, and have become a workaround to design controllers for complicated nonlinear
systems. For this purpose, Lyapunov’s second method plays a central role. Nevertheless,
the search for a single quadratic Lyapunov function in common for a set of state equations
brings conservative results. The introduction and utilization of multiple Lyapunov functions
such as fuzzy Lyapunov functions, piecewise Lyapunov function, and integral-type Lyapunov

functions have reduced this conservativeness.

This thesis addresses the problem of improving sum-of-squares-based stability and control
synthesis conditions by using an integral-type Lyapunov function, also known as line integral
fuzzy Lyapunov function, which is a more general case of the quadratic one. In contrast to the
standard fuzzy Lyapunov functions, integral-type functions become independent on the time

derivative of the membership functions. Moreover, this idea is generalized to an integral-type
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polynomial form, bringing more relaxed results than the aforementioned proposal. Finally,
the proposed Lyapunov function will work as an approximator of the value function of the
Hamilton-Jacobi-Isaac’s equation, which is the solution for the H infinity problem in the
context of differential games.

The present thesis is structured as follows: Chapter 1 introduces an overview of the
control problem (nonlinear and fuzzy control), the objective of this thesis and related works.
Secondly, Chapter 2 presents the Takagi-Sugeno and polynomial fuzzy representations, the
sum-of-squares decomposition, the H infinity control problem and differential games as well
as the mathematical concepts that are used to relax the proposed conditions. In Chapter 3
the integral-type Lyapunov function presented by Rhee et al., is used to find SOS stability
analysis conditions for model-based fuzzy control systems relaxed by using copositive-based
idea. Moreover, the stabilization problem is relaxed via the Positivstellensatz. Then, the
work introduced by Rhee et al., is generalized in Chapter 4 to the case that the integrand
is a polynomial vector field, resulting in the polynomial form of the integral-type Lyapunov
function. Iterative SOS conditions for control design are presented by means of the extended
Lyapunov function proposed in the present thesis. Chapter 5 addresses the two-player zero-
sum game to study the H infinity problem. Iterative SOS conditions are presented and
the simultaneous policy update algorithm is employed to enhance the approximation of the
solution of the Hamilton-Jacobi-Isaacs equation for the polynomial fuzzy system case. A
summary of the outcome and discussion presented in previous chapters as well as future

direction of the current research are presented in Chapter 6.
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INTRODUCTION

“The way to get started is to quit talking and begin doing.”

— Walt Disney

The history of automatic control systems dates back to 270 BC with the work developed by
Ktesibios of Alexandria. He designed a water clock consisting of two feedback forms, one
floating valve to guarantee a constant flow of water into a tank and a siphon to return to the
lower level of the clock when the maximum level in the tank was reached. Later works, such
as the automata described by Heron of Alexandria in Pneumatica, the control of the level of
water in a steam engine boiler designed by Sutton Thomas Wood, and the construction of
the first automatic windmill by Edmund Lee are part of the the early period of automatic
control.

The first major contribution of automatic control systems to engineering came in the
XVIII century with James Watt with the introduction of his velocity regulator (also known
as Watt’s governor) for a steam engine. His work improved the efficiency of steam engines
and opened the way to the Industrial Revolution. Nevertheless, subsequent studies showed
that Watt’s governor had some troubles such as variations in the velocity instead of staying
in a constant value, and in the worst case, an unlimited increase of the velocity, or in other
words, instability.

Before James Clerk Maxwell presented his work titled On governors in 1868, the design
of automatic control system was by trial and error. However, Maxwell demonstrated that
the stability of a steam engine equipped with a Watt’s governor depends on the coefficients
of its differential equation, and gave a criterion for differential equations up to 4th order.
This work was a watershed to consider the automatic control as a mathematical problem,
giving the basis of the control theory. The following decades were a period of progress in
the control theory field with the works of Edward Routh and Adolf Hurwitz generalizing

Maxwell’s criterion to higher order, Aleksandr Lyapunov and his stability method based on a



Chapter 1 Introduction

generalized energy function, and Oliver Heaviside and his study of systems using the concept

of transfer function.

During the first fifty years of last century, classical control flourished with the rele-
vant works of Nicolas Minorsky in 1922 who introduced the idea of a proportional-integral-
derivative (PID) controller for an automatic steering system. Years later, Harold Black, an
inventor at Bell Laboratories, investigated the benefits of using a negative feedback to reduce
the noise in amplifiers and in cooperation with Harry Nyquist, proposed a stability criterion
based on the polar-plot of a complex function. Some time afterwards, Hendrik Bode intro-
duced the phase and magnitude plots as well as the study of closed-loop stability by means
of the concepts of gain and phase margins. Then, John Ziegler and Nathaniel Nichols gave
tuning rules to determine the parameters of a PID controller and Walter Evans presented his
root locus method to have a graphical representation of the location of the closed-loop poles
in the complex s-plane.

Frequency domain methods from classical control faced their limitation in the study of
multivariable and nonlinear systems. The description of a system via state-space models
paved the way to the development of the modern control theory. In contrast to classical
control, the time domain techniques from modern control are applicable to both linear and
nonlinear control systems and it thrived during the Cold War with the works in dynamic pro-
gramming of Richard Bellman, the development of the maximum principle by Lev Pontryagin
and the filtering problem solved by Rudolf Kalman.

Computers started to play a central role in control engineering at the time when sys-
tems became more and more complex, and the intelligent control, whose methods comprises
fuzzy control, neural network-based control and genetic algorithms, emerged as a prominent

alternative to deal with them [1-5].

1.1 An Overview of Fuzzy Control

The idea of a multi-valued logic started in the Ancient Greece with Plato who thought that
there were more logical values besides true and false. But it was not until the early 20th
century when Jan Lukasiewicz introduced the three-valued logic, which includes ‘possible’ as
a third value and it is an option other than the bi-valued Aristotelian logic [6]. The excellent

work of Lotfi Zadeh in 1965 introduced the mathematics of fuzzy sets and fuzzy logic [7],
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Section 1.1 An Overview of Fuzzy Control

which is a multi-valued logic whose truth values can be any number between 0 and 1. One
decade later, the first control application of fuzzy logic was presented by Ebrahim Mamdani

who controlled a laboratory-built steam engine [8].

The main feature of Mamdani’s approach is the capability to capture human operators’
experience on a process in a set of fuzzy IF-THEN rules, and these rules become the heart of
the Mamdani-type fuzzy logic controller. Nonetheless, considering the fact that a mathemat-
ical model is not required to design this heuristic fuzzy controller, some basic requirements
such as optimality, robustness and so on, cannot be guaranteed. This drawback was over-
come with the introduction of the model-based fuzzy control, in which the Takagi-Sugeno
fuzzy model [9] has been one of the most fruitful approaches. The difference resides in the
consequent part of the fuzzy IF-THEN rules, which is a state-space representation of a lin-
ear system describing local dynamics, and all the consequent parts blended together exactly
represent, locally or globally, the nonlinear system under study [10]. A strong advantage of
representing a nonlinear system as a Takagi-Sugeno fuzzy model is that stability and stabi-
lization conditions based on a quadratic Lyapunov function can be expressed in the form of
linear matrix inequalities (LMI), and there already exists efficient numerical methods to solve
them [11]. By the end of the 2000s decade, the work presented in [12] introduced a more
general representation: the polynomial fuzzy model. Here, the consequence parts are not re-
stricted to be linear state-space realization, but polynomial state-space forms. Unfortunately,
LMI solvers cannot be directly used. In order to deal with this polynomial representation, the
referred work made use of the sum of squares (SOS) optimization which had been effectively

developed a few year earlier [13].

Both Takagi Sugeno and polynomial fuzzy model-based approaches leverage Lyapunov
methods to study stability and synthesize stabilizing controllers, and quadratic Lyapunov
function is the most commonly used doubtlessly (see [10, 14, 15] and references therein).
Conditions via quadratic Lyapunov functions are generally simple, however, they tend to be
conservative. For the sake of reducing the conservativeness, new forms of Lyapunov functions
have been introduced in the literature, such as non-quadratic [16], piecewise function [17,18],
polynomial [12,19], fuzzy function [20,21], to mention but a few. The latter form follows
the same fuzzy IF-THEN rules structure, with the difference that the consequent parts are
quadratic functions. In general, it brings better results. Nevertheless, since the inferred Lya-

punov function includes membership functions (MFs), their time derivatives appear when
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Chapter 1 Introduction

applying Lyapunov method, complicating the conditions. The upper bound of the time
derivatives is usually used instead, but it is not easy to determine due to the dependence
on states and control input [20]. The work in [22] introduced the line integral fuzzy Lya-
punov function, which is an alternative form of the fuzzy Lyapunov functions that makes
stability conditions independent of the derivative with respect to time of the MFs, and it has
been employed with success to lessen the conservativeness for nonlinear systems expressed as

Takagi-Sugeno forms [23-26].

Without any doubt, stability is the most important attribute of a control system. How-
ever, the closed-loop system is also expected to accomplish desired performance objectives,
for instance optimality and robustness. H,, control design framework [27,28] is used to
synthesize controllers that mitigates the effect of external disturbance in the state variables,
showing its effectiveness in the model-based fuzzy control field with the works [29-32] and
references therein. In the context of differential games, the H,, problem can be expressed
as a two-player zero-sum game [33,34]. The control law and external disturbance are the
players which are at odds with each other, one of the players is attempting to minimize a cost
functional, and the other to maximize it. The solution of this minimax optimization problem
is analogous to find a solution for the Hamilton-Jacobi-Isaacs (HJI) equation, which is a first
order nonlinear partial differential equation. In the context of linear systems, this problem
reduces to solve an algebraic Ricatti equation, which is well defined and easily solved by
numerical methods. Nevertheless, for general nonlinear systems, there might not be solution
for the HJI equation. Policy iteration is an alternative method to approximate the solution
of the two-player zero-sum game for a nonlinear system. This procedure assumes that a
control input law is known a priori and consists of two steps [35]. The first step, known as
policy evaluation, solves a more tractable HJI equation whose solution is used in the policy
improvement step to make better the control input, doing again until the convergence of the
solution is reached. It is worth to mention that the “more tractable” HJI equation is still
hard to solve. Therefore, approximation techniques are used to express the value function
and adaptive dynamic programming [35-38] has been an excellent method to deal with it.
However, a drawback of using neural network-based adaptive dynamic programming methods
is an inherent characteristic stated by the universal approximation theorem, which says that
a neural network with at least one hidden layer can be close to a continuous function only

on a compact set [39,40]. As an alternative, Hamilton-Jacobi-Bellman (HJB) equation has
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Section 1.2 Outline and Contributions

been converted to a set of inequalities [41] that make possible the extension to higher degree
polynomials, and as a result the works in [42] and [43] have successfully computed by means
of SOS optimization an approximated solution for the HJB and HJI equations associated to

polynomial nonlinear systems, respectively.

1.2 Outline and Contributions

This thesis presents the results of the study on stability and stabilization of a class of nonlinear
systems. In spite of the model-based fuzzy control has become an workaround to represent,
and consequently, study nonlinear systems, there are still open problems that draw attention
from fuzzy control community. Quadratic Lyapunov function gives a simple and elegant char-
acterization of Lyapunov’s second method, however, this quadratic form has its limitations
as well. One of those handicaps is the fact to find a single quadratic function in common for
the set of state-space realization that defines the fuzzy model.

The summation structure of the fuzzy model brings multiple-summation form in stabiliza-
tion and performance behaviour conditions that complicates the reduction of the Lyapunov
inequalities to linear matrix inequalities (LMI) or sum of squares (SOS) conditions.

Throughout the present thesis, the research focus its attention in the following points to

decrease the inherent conservatism of the model-based fuzzy control.

e By means of polynomial fuzzy model. A vast body of literature related to polynomial
fuzzy system have shown the improvement on the results compared to the Takagi-
Sugeno fuzzy system. Moreover, the use of SOS paves the way for increasing the degree
of the Lyapunov function, and employing mathematical techniques such as Positivstel-

lensatz and copositivity property to enhance the conditions.

e By means of more general Lyapunov functions. The novel work in [22] introduced
an integral-type form, which is a variation of fuzzy Lyapunov functions avoiding its
biggest drawback: handle with the time derivative of the MFs. Furthermore, this study
proposes a more general setting of the aforementioned function that brings a relaxation

on the results compared to other current methods.

e By means of including polynomial restrictions for the MFs. Conservative results emerge

from the conditions to check positivity of multiple-summation. A large number of

5



Chapter 1 Introduction

techniques have been proposed in the literature, but it remains as an open problem. This
study considers two options, first the substitution of the MFs by quadratic variables,
and secondly, the replacement by first-degree variables instead with the inclusion of the
fact that the summation of the MFs is equal to 1 and adding polynomial restrictions

via the S-procedure.
This thesis is structured as follows.

e The second chapter of this thesis introduces the mathematical background and essential
definitions which are going to be employed in the sequel to obtain the main results and

contributions of the present dissertation.

e The third chapter of the present thesis leverages the Lyapunov function introduced
n [22]. In contrast to other current criteria that make use of this integral-type form,
this research has employed it in the study of polynomial fuzzy systems. The com-
bination of the integral-type Lyapunov function and polynomial fuzzy system have
considerably enhanced the results as shown in the examples. Copositivity property and
Positivstellensatz refutation have been applied as relaxation techniques in the stability
and stabilization problems, respectively. These results are part of author’s works [44]

and [45].

e The fourth chapter of the present thesis generalizes the Lyapunov function discussed in
previous section to a polynomial setting. Rather than considering gradients of quadratic
forms in the integrand, this study focuses its attention on gradients of higher-even-
degree-homogeneous polynomials. The contributions are the derivation of SOS-based
stabilization conditions by using the proposed function, whose relaxation considers two
ideas, improving the conditions by means of Positivstellensatz and S-procedure. These

results are part of author’s works [46] and [47].

e The fifth chapter of the present thesis confronts the disturbance attenuation problem.
First of all, a solution via quadratic stabilization is proposed. Then, the research tackles
this problem by means of differential games. The contribution here is to bring the policy
iteration algorithms to the fuzzy control framework, presented as SOS conditions and
the relaxation is performed by making use of integral-type Lyapunov function proposed
in Chapter 3 and S-procedure idea from Chapter 4. These results are part of author’s

work [47].
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e The sixth chapter of this thesis summarizes and discusses the results presented in pre-
vious chapters as well as introduces a general idea of future work that this research can

lead to.

1.3 Related Works

Model-based fuzzy control is a fruitful research topic in the control community. The novel
line integral fuzzy Lyapunov function idea in [22] has led the way to the works [23-26,48], to
name but a few. These works have focus their attention in the Takagi-Sugeno fuzzy model
and have shown the improvement on the results.

While doing this research, the works in [49,50] have also studied the generalization of the
integral-type function presented by Rhee et al. in [22]. Former proposes a new path indepen-
dent structure which covers a larger class of nonlinear systems expressed in Takagi-Sugeno
form that can be tackled with the Lyapunov function under study, while latter introduces
a general setting of the integral term to the polynomial case, and it only gives stability
conditions

Novel relaxation techniques have taken into account the MFs in the conditions. The
work in [51] have suggested that the lack of knowledge on the shape of the MFs in the
conditions is a source of conservatism and the work in [52] has successfully given membership-
function-dependent conditions for the guarantee cost control case. Other studies [53-55]
consider bounds based on the time derivative of the MFs, multisimplex representation, and
matrix operations derived from the fact that the result of adding fuzzy-MFs is equal to one,
respectively

Regarding to the Ho, problem, the studies in [29, 31, 56] have given LMI conditions for
Takagi-Sugeno models, synchronization [57] and sliding mode controller [58] for polynomial
fuzzy models, and filtering problem conditions [26] via integral-type Lyapunov functions.
From the point of view of differential games, the H,, has been studied mainly by means of
neural networks approaches [35-38], and to the best of author’s knowledge, the work in [43]

for polynomial (non-fuzzy) nonlinear systems is the only in the sum of squares context.






PRELIMINARIES

“Study hard what interests you the most in the most undisciplined,
wrreverent and original manner possible.”

— Richard Feynman

This second chapter includes basic definitions, necessary mathematical tools, and a brief
explanation of stability theory, model-based fuzzy control, and the relation between distur-
bance attenuation and differential games that will be employed in the sequel. Throughout
the present thesis, bold letters denote matrices and vectors; and scalars otherwise. For the
ease of notation, initial condition (¢t = 0) will be written as xo and variables depending on
time such as state-space variables x(t), control input u(t), external disturbance w(t), and

output y(t) will be simply denoted as x, u, w, and y, respectively.

2.1 Definitions, notations and mathematical tools
2.1.1 Positive Definiteness

A continuous multivariate function V(z1,z2,...,2,) = V(x) : R" — R is called positive
definite if for all € R — {0}, the function satisfies V() > 0 and V(0) = 0. If V(x) > 0
at * # 0 and V(0) = 0, then it is said to be positive semidefinite. Moreover, a function
satisfying that —V(x) > 0 or —V(x) > 0 at * # 0 and V(0) = 0 is called respectively
negative definite or negative semidefinite [28]. Readers should not confuse the concept of
positive definite function with a nonnegative function, simply denoted as h(x) > 0.

Let P be a square matrix of order n. Similarly, P is named a positive define (P > 0),
positive semidefinite (P > 0), negative definite (P < 0) or negative semidefinite (P < 0)

matrix if the resulting function V(z) = ! Pz satisfies any of the above definitions [11].

9
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2.1.2 Sum of Squares Decomposition

Let R[x] be the polynomial ring. Define the cone of sum of squares (SOS) polynomials as

the set

= {qu(az)Q ‘ gi(x) e Rlz], z € N}. (2.1)
i=1

As a consequence of the above definition, a form p(x) € S[x] is a nonnegative function [13].
The satisfaction of p(x) — ¢(x) € S[z] for a given ¢(x) € R[x| that is positive definite,
guarantees that p(x) > 0,Vx # 0, p(0) = 0. Now, consider the case that P(x) is a square
polynomial matrix of order m and define a vector column y = [y1,¥2, . . ., ¥m]? Wwhose entries
are independent on . If y? P(z)y € S[z,y] then P(x) > 0 [59]. There are some third-party
MATLAB toolboxes that solve SOS optimization problems and this research has made used
of the toolbox SOSOPT. The author refers readers to the manual [60] for further explanation

of the toolbox.

2.1.3 Copositivity

Consider the problem of determining if a matrix M € R™*" is positive for all vector y € R"*!

taking values in the nonnegative orthant, that is to say
y ' My >0, Yy > 0. (2.2)

Then, M will be copositive. The aforementioned verification problem is a well-known
computational hard problem [13], a natural way to rewrite this problem is considering the

change of variable y; = 97, then latter condition becomes

g9 Mg = Z Z g g5mij > (2:3)

=1 j=1

Here, m;; denotes the entry of the matrix M being situated in the row ‘4’ and column 5’,

and 9§ = [93,...,92]T. By Polya theorem [13], a relaxed condition in terms of SOS is given

by
n
(So02) 3= St <5l 24)
k=1 i=1 j=1
where s € ZZY is the Polya exponent.

10
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2.1.4 Positivstellensatz

The Positivstellensatz is a powerful mathematical tool belonging to real algebraic geome-
try, which characterizes positive polynomials on a semialgebraic set [61]. Consider a finite
sequence of polynomials inequalities fi(z) > 0,..., f.,(z) > 0 and polynomial equations
gi(x) =0,...,9.,(x) = 0. If there exist oo(x), oi(x) € S[x] and 7;(x) € R[x] such that the

Positivstellensatz refutation

2f Zg

oo(x) + Z oi(z) fi(x) + ZTi(m)gi(m) = -1, (2.5)

i=1 =1

holds true, then the semialgebraic set

Jp— fl({E)ZOa---afo(w)ZO’ = 0. (26)

g1(x) =0,...,g.,(x) =0.
2.1.5 S-Procedure

As a consequence of the Positivstellensatz, the work presented in [62] generalized the well-
known S-procedure for quadratic forms [11]. Given polynomials fo(z),..., fz,(x), the fol-
lowing condition

zf

N {z e ®"[fiz) > 0} < {= e R"|fo() > 0}, (2.7)

i=1

is verified if there exist multipliers o;(x) € S[x] such that
z
fo(x) =Y oi(x) fi(x) € Sla]. (2.8)
i=1

2.1.6 Schur Complement

Suppose M € RP*P, N € R?*P, L € R?*? and L > 0 is invertible. Consider the matrix

inequality below.

M NT
> 0. (2.9)
N L1

Then the Schur complement is expressed as M — NTLN > 0. The importance of this

result is the capability to transform a bilinear relationship into a higher-dimension linear

11
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condition [11].

2.2 Stability in the Sense of Lyapunov

Let
& =F(x), (2.10)

be a nonlinear system. Here, the column vector @ = [z1, 9, ... ,:Un}T

represents the state
variables and F(x) : R" — R" is locally Lipschitz continuous. Define the equilibrium point
as the value of x that makes the time derivative equal to zero, that is to say F(x) = 0.
Without loss of generality, define & = 0 as the equilibrium point. There are several definitions

of stability (e.g. input-output stability), notwithstanding, Lyapunov theory addresses the

stability of the zero equilibrium. The existence of § > 0 satisfying
llzo|] < 6 = ||x(t)]| <e, V>0, (2.11)

for each £ > 0 verifies stability of the origin of (2.10), see Figure 2.1. Moreover, if the selection
of § fulfills

llzol| < 0 = tlggo xo =0, (2.12)

then, the origin is said to be asymptotically stable. Finally, it is unstable if it is not stable [28].
The beauty of Lyapunov stability theory is that generalizes the concept of energy for a
conservative dynamic system to general systems. In a conservative system, the energy is
a positive function decreasing to zero as the states approach to an stable equilibrium [63].
Aleksandr Lyapunov proved that other functions with the same properties as the energy

functions can be used to determine stability of the equilibrium of general systems.

2.2.1 Second Method of Lyapunov

Lemma 1. Let V(z) : D — R" be a C! function, where D C R" is containing the origin.
The zero equilibrium of (2.10) is stable if a function V (x), whose trajectories monotonically
decrease and is radially unbounded i.e., limg_,o, V() — 00, exists and fulfills

dV(x)
dt

V(z)>0and V(x) = <0, Ve € R" — {0} and V(0) = 0. (2.13)

12
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R e,
e .
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----------

Figure 2.1: Stability according to the theory of Lyapunov.

Furthermore, if V() < 0, the equilibrium is asymptotically stable [28]. This function was

given the name of Lyapunov function.

2.3 Model-Based Fuzzy Control

Consider a nonlinear system whose dynamics are modeled as the state equations below.

z=F(x)+ G(x)u. (2.14)

Here, F(x) and G(x) are matrices of appropriate dimensions whose entries are Lipschitz
continuous nonlinear functions with the assumption that (0) = 0 and u is the input control
variable [28]. Equation (2.14) becomes & = Ax + Bu, which is the general form of the
state-space realization of a linear system, when F(x) = Az and G(x) = B, with A and B

being constant matrices.

2.3.1 Takagi-Sugeno Form

Mamdani-type fuzzy controller emerged as an alternative to control complicated plants since a
mathematical model is not required [8]. Instead, the designer synthesizes the fuzzy controller
based on the expertise of human operators on the plant via a set of IF-THEN rules and using
fuzzy inference [7]. However, the lack of a mathematical model became also a drawback

since desired behaviour such as optimal and robust performance cannot be ensured. The
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introduction of the Takagi-Sugeno fuzzy model in [9] overcame this issue and became an
alternative method to represent, verify stability and design controllers for nonlinear systems

since then. Fuzzy rules in Takagi-Sugeno form are structured as

i" model rule: IF z; is M;; and - - - 2, is M, THEN: & = A;x + Bju, (2.15)

forall e =1,2,...,r. Here, 21, 29, ..., 2, are premise variables, M;1, Mo, ..., M;,, are fuzzy
sets, r is the number of rules, A; € R**" and B; € R™*!. It is worthwhile to mention that the
consequence parts of the above fuzzy rules are linear state-space realizations. The defuzzified

system is given as

T = zr: h,(z){Azac + BZ"U,}, (2.16)
=1
with
hi(2) = [ Mis(z5)- (2.17)
j=1

In above equation, M;;(z;) are the membership function (MF) associated with the fuzzy
set M;;. Therefore
'
D hi(z) =1, 0<hi(z) <1Vi (2.18)
i=1

There are several approaches to obtain a Takagi-Sugeno fuzzy model, such as sector
nonlinearity [10]. Here, a brief explanation of the sector nonlinearity will be addressed. The

dynamics of a simple pendulum with friction are given by the state equations

T = w2,
(2.19)
To = —10sinxy — xs.
Define the premise variable z = S22 and
maxz =1, minz = —0.2172 (2.20)
1 1
The sector nonlinearity idea [10] allows expressing the premise variable as
z=maxz - My1(z) + min z - Mo (2), (2.21)
T 1

where Mj1(z) and Moy (z) are the MFs related the the fuzzy sets My and Moy, respectively.

14
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Therefore, M11(z) + M21(z) = 1 and consequently

sinx1+0.2172x4 T 0 x1—sinxy 0
) 1 , L1
1, Tl = 0 0, Tl = 0
Thus
15t model rule: IF z is M;; THEN: & = Az,
(2.23)

2" model rule: IF z is Moy THEN: & = Asz.

Then, the inferred fuzzy model is

2

&= hi(z) Az (2.24)

=1

For this fuzzy system in Takagi-Sugeno form, the state and input matrices are

0 1 0o 1
Al = L Ay = , (2.25)
~10 -1 2172 —1

with MFs hi(2) = M11(2) and ha(z) = Mai(2).
2.3.2 Polynomial Form

Fuzzy systems in polynomial form were introduced in [12] and extends the well-known Takagi-
Sugeno fuzzy model to a more general setting. The structure of the polynomial fuzzy model
resembles the structure of the Takagi-Sugeno fuzzy model with the difference that the conse-

quence parts admit nonlinear (polynomial) state-space realization as seen in equation below.
i model rule: IF z; is My and - - - 2, is Mj,, THEN: & = A;(z)x + B(x)u,  (2.26)
where A;(z) € R[z]"*" and B;(z) € R[z]"*! and the fuzzy inferred model expressed as

&= hi(z){Aiz)z + Bi(z)u}. (2.27)
=1

The sector nonlinearity method briefly explained in previous section can be also used
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to obtain a polynomial fuzzy model. However, a more accurate representation can be ob-
tained by using a Taylor series-based approximation [51]. For the nonlinear system (2.19)

representing a simple pendulum with friction, the premise variable Z = sin x1 can be written

as
2= fo(x) + Ry(x)z9, (2.28)
where .
0 rlkl(o
folz) = ! k‘( ) 4, (2.29)
k=1

is the (¢—1)th-order Taylor series expansion and R,(x) is the Taylor remainder. Considering a

second-order expansion of the sinusoidal function, the Taylor remainder of Z = sin 1 becomes

Ry(ay) = - d3m1) _ sinan — o (2.30)

Ty Ly

Rewriting the Taylor remainder as
R3(.’L‘1) = II}C?X Rg(l'l) . MH(,?) + H%lln R3(.’L‘1) - Moy (2), (2.31)

with M11(2) + M21(2) = 1 and

1
max R3(z1) =0, minR3(z1) = & (2.32)
1 1

Hence

. 1 . . . 1 .
Z=x1 — *I‘?Mgl (z) = (MH(Z) + Mgl(z)) — *%?Mgl(,@

6 , 6 (2.33)
= ZL‘1M11(2) =+ (ZL‘1 — EZE?)Mgl(ﬁ)
Finally, the polynomial fuzzy model of the simple pendulum with friction (2.19) is
2
=) hi(%)Ai(z)z, (2.34)
i=1
with

Al(x) - ) AQ(x) - ) (235)
-10 -1 —-10+4 Pz -1
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and

) ) 6(sinzé711) 11, a 7& 0 ) ) )
hl(z) = MH(Z) = 1 , hQ(Z) = Mgl(z) =1- hl(z) (2.36)
0, T = 0

2.3.3 Stability Analysis

The study of stability of model-based fuzzy systems makes use of Lyapunov’s theory explained
in section 2.2. The asymptotic stability conditions for fuzzy systems have the general form
written below.

V(x) >0,

V() (2.37)

ox

Ai(x)r <0, Vi=1,2,...,r

for all © # 0 and V(0) = 0. Here, the Lyapunov function candidate V(x) can assume
the form of a quadratic function [10], polynomial function [12], non-quadratic function [64],
multiple function [17,20,22], and so on. For a quadratic Lyapunov function V(z) = z” Pz

and a Takagi-Sugeno fuzzy model, previous equation converts to an LMI condition.

P>0, —ATP - PA; >0, Vi. (2.38)

2.3.4 Stabilization

Analogous to the fuzzy systems aforementioned, parallel distributed compensation (PDC)

has the structure
i model rule: IF z; is My, and - -« zp, is My, THEN: u = — Fy(x)x. (2.39)

Here, F;(x) € R[z]!*" are the feedback gain vectors. The defuzzification process of the

PDC controller is calculated as
-

u=— Z hi(z)F;(x)x. (2.40)

i=1
Inserting the PDC control law above in the open-loop system (2.27) leads to the feedback
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system below.

&= Y hi(z)hj(z){Ai(z) — Bi(z)Fj(z)}. (2.41)

i=1 j=1

Control synthesis conditions based on Lyapunov method have the following general setting

Vi(x) >0,

roor 2.42
ZZhi<z>hj<z>{8gf>(Ai<w>—Bi<cc>Fj<w>)w}<o, 2

at  # 0 with V(0) = 0. Note that latter condition has two challenges. First, it involves a
double-fuzzy summation and checking its positiveness is still an open problem. Researchers
around the globe have proposed some method to deal with this issue, see [10, 14,29, 65-67]
and references therein. Second, the condition includes two decision variables in a single term,
therefore they are bilinear conditions. By using a quadratic Lyapunov function as in (2.38)

with a Takagi-Sugeno fuzzy system, LMI conditions are
X >0,
-XAT — A, X + M'B! + B;M; > 0,

(2.43)
~ XAl -AX -XAT - A X

+M! B + B.M; + M B} + B;M; >0, i< j,
where X = P! and M; = F,X. As seen, using the quadratic Lyapunov function leads to

simple and linear conditions, yet conservative results.

2.4 Integral-type Lyapunov Function
The present thesis deals with the line integral below introduced in [22].

Vi) =2 [ ¢w)- du. (2.44)

Here, C is any curve that connects the origin state 0 with the current state a, 1 denotes

the integration variable and (-) is the inner product. Define the integrand by setting

¢(z) = 2T P(x). (2.45)
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Line integral (2.44) along C can be seen as a Lyapunov function under the strict assump-
tion that it is independent of the path [22]. Let Py € R™*™ be a matrix whose entries inside
the main diagonal are set to be zero and D; = diag(di,,--- ,d,). Consider the following

fuzzy rules.

it" rule: IF z; is Mj; and - - -z, is M;, THEN: P(z) = Py + D;. (2.46)

Note that this integral-type Lyapunov function is applicable to model-based fuzzy systems
whose jth fuzzy set in the ith fuzzy rule depends exclusively on the x; state variable, in other

words M;;(z;). The defuzzification process of (2.46) leads to the expression

P(ZIB) =P+ ZT: hz(m)DZ (2.47)
i=1

Following the selection criteria of the main diagonal entries of D; stated in [22] ensures
that the line integral (2.44) is path independent. When the premise variable z; belongs to
the same fuzzy set in different rules (e.g. My, = M), the ith entries of the matrices D, and
D, have to be the same (i.e. dj, = d};). Under the assumption that (2.44) is independent of

the path, the substitution of ¥ = 7& brings the condition

V(x) = Q/CC(d))di/J =2 /01 C(rp)zdr = 2 /01 ral (Po + Z hi(Ta:)Di> xdr.  (2.48)
=1

Therefore, if Py+ D; >0, Vi € {1,...,r} implies that P(x) > 0 = V(x) > 0. For more

details on the stability and stabilization conditions, please refer to [22-25].

2.5 Disturbance Attenuation and Differential Games

Let x(t) : [0,00) — R be a piecewise continuous function. The set containing all the contin-

uous signals represented by x(¢) with finite energy, in other words

/O " Ix@2dt < oo (2.49)
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with || - || being the Euclidean norm, receives the name of £3]0, c0) space. In addition, the

nonnegative value

Ix(®)]]2 = /0 NN (2.50)

defines the £ gain of the signal. The state-space equation (2.51) describes a nonlinear system

with an external disturbance.

(2.51)

Above equation is a more general representation of a nonlinear system than (2.14). Here,
K(z) and M(x) are vectors of nonlinear functions, w € L2[0, 00) is the exogenous disturbance
signal and y is the measured output. Let z be the performance output and define the Lo

gain of the system as
[|=1]2

w220 |[wll2

(2.52)

For an input-output system, the £ gain is a measure of the maximal gain from input w
to output z. Now, consider that z = [y, \/EU]T The existence of a positive definite function
V() satisfying

V(z)+y'y + v Ru — v*wlw <0, (2.53)

guarantees that (2.52) hold true. This is clear to see when integrating with respect to ¢ from

0 to T equation (2.53). The assumption that &y = 0 leads to
T
V(@(T)) + / (yTy + u Ru — 2w w)dt < 0. (2.54)
0

The quantity V(«(T")) is nonnegative. Thus

fOT(yTy +uT Ru)dt

<. 2.55
fOT wlwdt ( )

2.5.1 Two-Player Zero-Sum Game

Differential games belong to the branch of mathematics known as game theory and studies

the modeling of cooperation and conflict of decision-makers in the context of dynamical
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systems [33,34]. Consider the cost functional below.

J (xo, u,w) = / (yTy +ul Ru — 'waTw)dt. (2.56)
0

Here, xg denotes the initial condition. The players u and w are at odds with each other
and the victory of one implies the defeat of the other. This is equivalent to J'(xq,u,w) =
J(xo, u, w) = —J? (xo,u, w) and u and w have the goal to minimize J' and J?, respectively.
Define

V*(xo) = i%f sup J (z, u, w), (2.57)
w

as the two-player zero-sum game where V*(x) is the value if optimal strategies are employed.
The Nash equilibrium of the game (2.57) is the saddle point (u*, w*), which exists if the Nash

equilibrium condition J (xg, v*, w) < J(xg, v*, w*) < J(xg, u, w*) holds true. Let
oo
V(x) = / (y"y + v Ru — v*w"w)dr (2.58)
t

be the value function for a fixed policy pair (u,w). The differential form obtained by using

Leibniz’s formula is

H(x, V(x),u,w) := - {F(x) + G(z)u+ K(z)w} + yTy 4+ uf Ru — v*wTw = 0, (2.59)
with H(x, V(x),u, w) being the Hamiltonian. Isaacs’ condition requires that
inf supH(z, V(x), u, w) = supinf H(xz, V(x), u, w), (2.60)

holds for all control and disturbance policies (u,w). Previous conditions is necessary for the

existence of the saddle point. The stationary points are calculated by

8H($,V($),U, U)) _ 0’ 87—[(:13,‘/(93),16, w) — 0’ (261)
au aw

and lead to the expressions of the policies u and w stated below.

T
u = —;R—lgT(m)(a‘gf)> , (2.62)
T
_ 2}Y2;cT<w><8‘gf)> . (2.63)
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The replacement of the policy pair given by (2.62), (2.63) and the output y from (2.51)

in (2.59) brings the Hamilton-Jacobi-Isaacs (HJI) equation

*( *(p *(x r
()
* o (2.64)
+ s P e @) P ) M) Me) =0

The minimum solution denoted as V*(x) > 0 satisfies V(x) > V*(x) > 0 for any other
function V(x) solving the HJI equation. The Nash equilibrium (u*,w*) is given by (2.62)

and (2.63) considering the partial derivative of V*(x).

2.5.2 Policy Iteration

Finding the solution of the HJI equation is a requirement to design an H, controller. Un-
fortunately, it is a partial differential equation that is hard to solve for general nonlinear
systems. Policy iteration methods are algorithms that allow approximating the value func-
tion assuming that an initial admissible stabilizing control law w is known. In general, they
consists in two steps: 1) in the policy evaluation a solution for the simplified HJI equation
including the admissible control policy is found, and 2) the policy improvement updates the
admissible control policy by means of using the solution computed in the previous step, doing
this steps again until the solution converges [68]. Updating the disturbance policy during the
second step was suggested in [69] and the convergence of the solution and stability of this
modified policy iteration method were studied in [35]. This modification of the policy iter-
ation algorithm is called simultaneous policy update algorithm (SPUA), and it is presented

below (see flowchart in Figure 2.2).

Algorithm 1. SPUA for nonlinear systems.

Step 1: Assuming that an initial admissible control law wug for the nonlinear system (2.51)
at wg = 0 is known, set ¢ = 0 for a given v > 0.

Step 2: Find the solution V;(x) of the equation below, satisfying that V;(x) > 0 and V;(0) =0

Vi(x)
ox

(F(z) + G(x)u; + K(z)w;) + y"y + u] Ru; — v*w] w; = 0. (2.65)
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Step 3: With the solution V;(x) previously found, update the policy pair by means of

Uity = _}R—1gT(m) <8V¢(w)>:r
(3 2 ?

ox
| ovi(z)\
i\
wi+1:WKT(w)< 9z )

Step 4: Increase i = i+ 1 and return to Step 2, repeat these steps until convergence of V;(x)

(2.66)

is reached.

4 N
Select an initial admissible
controller ug and set: = 0

\§ + /

4 N

Solve (2.65) for V;(x) > 0
and V;(0) = O0atx # 0

-
Increase Update (w41, wi4+1)
i=1+1
by (2.66)
X \ <

Has V;(x)

converged?

Figure 2.2: Flowchart of the conventional SPUA.

2.5.3 Relaxed SPUA

The conventional SPUA requires to solve a more tractable differential equation in the evalu-
ation policy step. However, it is still hard to find a solution, or in the worst of the cases, the
solution cannot be written as elementary functions. The works [41-43] have opted for the
relaxation of the dynamic programming problem to an optimization problem, that is to say,

find a solution V(x) > 0, V(0) = 0 at « # 0 of the following minimizing linear programming
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problem

min // V(x)dzy - - - dz, subject to
V(@) o (2.67)

H(z,V(x),u,w) <0,

where @ C R™ and the origin is an element of this subset. A solution V() satisfying (2.67)
is not an strict solution of the HJI equation, yet a lower bound [70] or a upper bound [42,43]

of the real cost.

2.5.4 Converse Optimal Problem

The converse problem to the optimal control problem formulated in [71] consists in finding
a class of nonlinear systems for which a given performance and a given storage function, the
latter is the solution of the optimal control problem. The converse problem is also described
by the HJI equation. However, since the value function and performance are given, the HJI
reduces to an algebraic equation in the unknowns F(x), G(x) and K(x), instead of solving
a first-order nonlinear partial differential equation in unknown V() when the vectors F(x),
G(x) and K(x) are given.

Consider the nonlinear system below.

T = —gx —|—§x a:Z—Zm —L%—la: arctan(ze) + xou + w

T T B A SO
ij = I,

y = 1. (2.68)

For the performance index fooo (yTy+ulu—~3wTw)dt and a minimum attenuation factor

Yo = %, the value function and optimal controller are
V(x) = 327 + 723 + 23 arctan(zs), (2.69)

u = —3r179. (2.70)

Proof. By choosing the value function as (2.58), its gradient is

2
T

oV (x)

T
e + 29 arctan(za)| . (2.71)

= [Da,V,Dy,V] = [6951, 1429 + o
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Considering the unknowns F(x) = [fi(z), fo(x)]”, G(x) = [g1(x),0], K(x) = [k1(),0]

and define the output as y = x1. The substitution in the HJI equation leads to

T
T
V(z) |h(@)| 10V(x) |9(@)] |90(@) (awm)
ox fo() 4 Ox 0 0 ox
4 T
ki(x ki(x
%81/(1:) 1(@)| |ki(z) vV (x) L0 (272)
dyg Ox 0 0 ox
Reducing the algebraic expression, it is obtained
621 fl(m)+<14x2+x%+2xg arctan(zs) ) fo()— 1 (621)°63 (@) + o (621 k3 () 127 = 0.
z3+1 4 ! 473 ! 1
(2.73)

Isolating f1(x)

I2
(14;1:2 + Wil + 229 arctan(xg))fg(ac) 32102 () - 3ok (x) @

- _ - —. 2.74
h(=) 6z, + 2 278 6 ( )

By choosing fa(x) = x1, we get

2 2 12
filz) = _zx2 _ % %arctan(xg) + 3$1921(w) - 33:12;8(:1:) — % (2.75)

At this point, one can freely choose g1 (x) and k1 (x) to make it as complicated as desired,

1

7 have been chosen to obtain

for simplicity, g1(x) = z2, k1(x) = 1 and vy =

7 3 o 3 19
filz) = —g¥2 - Wi—ﬂ -3 arctan(zz) + 595133% a2t (2.76)
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3

STABILITY STUDY AND SYNTHESIS OF

CONTROLLERS

“Nothing is more powerful than an idea whose time has come.”

— Victor Hugo

This chapter addresses the stability and stabilization problems by means of the integral-
type Lyapunov function presented in [22]. The first study considers the polynomial fuzzy
system (2.27) under zero input condition. The time derivative of V' (x) involves a double-
fuzzy summation that is relaxed by using the copositive idea. The stabilization problem
makes use of the Positivstellensatz refutation to characterize the polynomials conditions on

the semialgebraic set of interest.

3.1 Stability Analysis

Theorem 3.1. Let (2.27) at u = 0 be a fuzzy system in polynomial form describing the
dynamic behaviour of a nonlinear system with the zero equilibrium state. If there exist

matrices Py, D; € R™™ and s € Z= such that, for given € > 0, polynomials €;;(x) > 0, the

conditions
T {Py + D; — eI}z € S[x] Vi, (3.1)
( hi) ZZthQA ) € S[h, x] Vi, j, (3.2)
k=1 i=1 j=1

with A (z) = —aT (AZ-T(:B)(PO + D))+ (Py+ D) Ay() + qj(a;)f)a; and h = [h2 12 h2)

hold true, then the origin is asymptotically stable.

Proof. This demonstration leverages the integral-type Lyapunov function candidate (2.44).

Keep in mind that the square matrices Py and D; have to be constructed under the guidelines
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dV (x)
dt

to ensure independence of the path. The vector is expressed as

V(z) =22 P(x)x
(3.3)
=i P(x)x + 2" P(x)x.

The replacement of (2.27) assuming that © = 0 in (3.3) brings the following condition
= Z hi(x){xT AT (2)P(x)x + =T P(x)A;(x)x}. (3.4)
Substituting (2.47) and factorizing one obtains

= ZZh z)z" {A] (x)(Py + D;) + (P + Dj) Ai(z)} . (3.5)

=1 j5=1

The nonnegativity property of the MFs hy(x),- - , hy(x) permits the substitutionn ﬁf =
hi(x), H? = hj(x) to consider them as quadratic polynomial variables and become part of

the conditions. Thus

ZZthQ (Al (z)(Py + Dj) + (Py + D;)Ai(z) }x. (3.6)

The conditions V(x) < 0 is verified if —V () — e(z) € S[x]. Finally, copositivity property

for the double-fuzzy summation brings more relaxed results. O

3.1.1 Stability Analysis Examples

Example 1. Consider the 4-rule fuzzy model in Takagi-Sugeno form below.

4
T = Z hi(x)A;zx, (3.7)
=1
where the state matrices are
-5 —4 —4 —4
Al - P A2 = ;
-1« _%(319—2) $(3a—4)
-3 —4 -2 —4
Az = , Ay =
1(2b-3) %(2a-6) b -2
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The varying parameters are in the range a € [—13,0] and b € [0,390] and the normalized

MFs are
hi(x) = M (z1) My (x2), ho(x) = M] (z1)M3(22),
hs(x) = M7 (1) My (x2), ha(x) = MP(x1) M3 (22),
with
)
0.5(1 —sin(zy)) if |2y < §
My (z2) =4 0 ifay>7
1 if z) < —g

\

M3(z)) =1— Mi(xy), Xe{1,2}.

Therefore, the appropriate diagonal matrices D; that ensure the independence of the path

are given by

a0 a0
Dl _ 11 : D2 _ 11 :
0 di, 0 di
- : - : (3.8)
a3, 0 a3, 0
D3 _ 11 : D4 _ 11 :
0 di 0 d3
and _
0 »p
Py — 2 (3.9)
pi2 O

Above fuzzy model has been used in [22,23] as a benchmark example. The purpose is
to find the largest feasible region where a Lyapunov function can be found to check stability
of the equilibrium of the system (3.7) when the parameters a and b vary in discrete steps.
First of all, the standard polynomial Lyapunov function approach [12] to determine stability
of the system is used. Figure 3.1 depicts the feasible areas of the system in Example 1 for
quadratic, fourth-degree, sixth-degree and eighth-degree Lyapunov functions. A symbol in
the coordinate (a,b) marks when a feasible solution for conditions in [12] was found, proving

stability of the zero equilibrium.

The next step is to compare the proposed SOS conditions with other criteria based on
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=
en
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e

4

-10

-12

Parameter 'a’

Figure 3.1: Feasible region from conditions in [12] in Example 1 using quadratic Lyapunov
function (o) and higher-degree polynomial Lyapunov functions: quartic (x), hexic (A) and

octic (+).

the Lyapunov function introduced by [22]. The results are shown in Figure 3.2.

F<<tt< x OO0 000000000000 0O00O
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[t X X OO0 0000000000 OOOOOOOE
<<t X xOOOO0 0000000000000 00
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FxO00000004
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F£xO0000000

H< xOOO0O000000

F<t x OO000000004
F£xO0000000O00

F<t x OOOOOOO000O00O

<4 XOO0O00000000O000

< X XOOO0O0O00O0O000000A

Ht X OOOO0000O0O0O0O
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Parameter 'a’'

Figure 3.2: Feasible region from conditions in [22] (o), conditions in [23] (x), conditions

in [25] (A) and SOS conditions in Theorem 3.1 with Polya exponent s = 2 (+).

As seen in Figure 3.2, this proposal verifies that & = 0 of the system in Example 1 is
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asymptotically stable at a = —12 and b = 390, the solutions are

2.1379 —-0.0101
P() + D1 - ’
—0.0101  0.1455
2.1379 —-0.0101
Py + Dy = ;
—0.0101  0.0523
- - (3.10)
5.5892 —0.0101
Py + D3 = ;
—0.0101  0.1455
5.5892 —0.0101
Py, + D, = .
—0.0101  0.0523

The trajectories in the phase plane at oy = [-0.8,3]7, g = [-0.8,-2.1]7, zy =
[-0.1,-3]T, &y = [0.5,-1]T, g = [0.2,1]7, and zo = [-0.5,0.4]T are exhibited in Fig-

ure 3.3, and Figure 3.4 shows the states response for &y = [—0.5, 0.4]T.

A < T# L T T
e : N A A
N N T e < iz /\
. ~ v v
3 L 3 NA A < “ < /X
I A S
< NA < < < /‘
A v T
I A o N S S DR
NA < < v
Ll e e ) T T
S s + o T T
A S S N
? Z B + o 1 T A
™ L L <L < < < 7z
8 0: + + . . . = . T T T T 1
S N N . + T T T 1
-1k . Ll + T T -
. + > T T
- d r b T T
-2_ - _ - » 7 T T
L - - - - - - - - . 7 7 K T
= - - - - - - - -l - - - - » » 7 7 7
[ - - - - - - - - - - - - - » » 7 7 7
-4 | | | | | | | z z| z i 7
-1 0.8 0.6 0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Figure 3.3: Phase trajectories in the plane x1 — x2 of the system in Takagi-Sugeno form in
Example 1, setting the parameter at a = —12 and b = 390.
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—
D --Ty
05+ P |

15 | | | | | | | | |
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

time [s]

Figure 3.4: State-variable response for a = —12 and b = 390 at &g = [—0.5,0.4]T.

Example 2. Consider the state equations below.

2
T = Zhi(w)AZ(az)w,
=1
where
—1.1098z% + 0.17975z 2 — 23 + 21 — 1 1
Al(a:) = y
-1 —1
—1.18072% + 0.18751z1209 — 23+ 11 — 1 1
As(x) =
0.2172 -1
and MFs
1+ tanhx 1 —tanhx
hi(z1) = %, ha(z1) = fl

Different from Example 1, the aforementioned state equations are in a polynomial fuzzy
form. Therefore, LMI conditions presented in [22,23,25] do not work to study stability of the
fuzzy system in polynomial form. On the other hand, our SOS conditions are feasible with

the following solutions

0.2367 0 02112 0
Py , Py = : (3.11)
0  0.3087 0  0.3087
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.15 | [ Ni | I
-1.5 -1 -0.5 0 0.5 1 1.5
T

Figure 3.5: Phase trajectories in the plane x1 — z2 of the system in Example 2.

—T -
-~y
0.6 - N
0.8 - -
aF -
12 ! I I I I I I I I I
0 1 2 3 4 5 6 7 8 9 10

time [s]

Figure 3.6: State-variable response at &g = [0.7, —1.2]7.

For initial conditions ¢ = [~1.1,0.5]7, ¢ = [-0.8,1.2]7, o = [1.2,1]7, xo = [-0.9, —1]7,
xo = [1.4,-0.2]7, and g = [0.7, —1.2]7, the trajectories in the phase plane are depicted in
Figure 3.5, and Figure 3.6 illustrates the time response of the states variables at xg =

[0.7,—1.2].
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3.2 Control Synthesis

Theorem 3.2. The zero solution & = 0 of the polynomial fuzzy system on the form (2.41)
is feedback stabilizable with a PDC control law (2.40) if there exists square matrices Py +
D;, polynomial feedback gain vectors Fj(x) and Positivstellensatz multipliers 7(x) € R[z],
oi(x), pij(x) € S[x] such that

T {Py + D; — eI}z € S[x] Vi, (3.12)

7 s T T

S hZhzh h?{a, )[QmT<(Po+Dk)Ai(:c)—(P0+Dk)Bi(m)Fj(w)
i=1 j=1 k=1 I=1

— a(Py+ Dy))a| + (@) + py(@) | + > hin(@) € Slh,al, (3.13)

=1
where € > 0 is a given small real number, o < 0 and b = [h2,--- , h2].
Proof. The time derivative of the integral-type (2.44) is
V(z) = 22" P(x)a. (3.14)
Substituting (2.41) and factorizing, it becomes
=2 Zr: z”: hi(x)h; (a:):BT{P(a:) (Ai(z) — B;(z)Fj(z)) }x. (3.15)

i=1 j=1

Now, replacing (2.47), one can rewrite latter equation as

23 Y > hi(m)hj(:z:)hk(:c)azT{(Po + D) Ai(x) — (Py + Dk)Bi(:c)Fj(m)}az <0. (3.16)

i=1 j=1 k=1

Recalling the property of the MFs Y| h;(x) = 1. Moreover, since MFs are nonnegative,

one can replace them as ﬁf = h;(x) and consider the following set conditions

Sy S S 20202 {227 | (R + Dy) Ai(w)
how € R™"| (P, + Dy)Bi(x) Fy(x) — a(Py + Dy)|x} >0, ¢ = 0. (3.17)

> izt Z;‘:l D k=1 B?hgh% —1=0
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By making use of the Positivstellensatz, the semialgebraic set is empty if the equality

below is satisfied.

T T T
—a(Py+ Dk)}m} +i(hoa) |3 OSSR~ 1| = —1. (3.18)
i=1 j=1 k=1
The multiplication of previous equation by an SOS polynomial denoted as q(fz, x) brings

the expression

Note that the resulting polynomial g(h, x)s; (h, x) is SOS and q(h, 2)t(h, ) is an element
of the polynomial ring (not SOS). Therefore, for simplicity g(h,x)si(h, z) = e ﬁ%al(x),
q(h,z)t(h,z) = 3)_, fzfn(a:) where o;(z) € S[h,x] and 7(x) € R[z]. Moreover, the iso-
lated term q(h, z) is rewritten as Y7, D el Dokl i1 ﬁ?ﬁ?ﬁiﬁ%pu (z) for pij(x) € S[h, .

Then, equation (3.19) becomes condition (3.13), finishing the proof. O

3.2.1 Path Following Algorithm

Conditions stated in Theorem 3.2 represent a non-convex optimization problem, therefore,
conventional SOS solvers cannot find a solution. We leverage an iterative SOS method (also

called path-following) to solve this bilinear formulation.

Algorithm 2. Path following for the stabilization problem

Step 1. Assume that each consequent part of the fuzzy system in polynomial form is an

independent nonlinear systems and solve the following conditions
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zT{X; — eI}z € S[z],
(3.20)

—"(4;(@)X; - Bj(@)M; (@) + X;A] (x) - M (@) B (2) )v € S[v, ],

where € > 0 is a small real number, vector v do not depend on = and Fj(z) = M;(z)X 1.

Step 2. Set P; = D; and employ the vectors Fj(x) calculated in Step 1 to find a solution for

the following minimizing problem

Irlljina subject to (3.22) and (3.23), (3.21)
with
T {P; — el}x € S[x] Vi, (3.22)
- Z Z Z h2h2hiAi(z) € S[h, 2], (3.23)
i=1 j=1k=1

where A (x) = 22T { P, Ai(x) — P.B;(x)F;(x) — aP}x. Set n =0 and P/ = P;.

Step 3. Set P; = P" and o;(x) = 1. Solve the minimizing problem below.

min a subject to (3.12)-(3.13 394
Fj(z),m(x),pij (x) (3.12)-(3.13) (3.24)

If any feasible solutions are found with o < 0, then they satisfy Theorem (3.2). Otherwise,

go to step 4.

Step 4. By using P; and the previous computed values of Fj(x), o;(x), 7(x) and p;j(x)

solve the following SOS minimizing problem

min « subject to (3.26)-(3.34 3.25
6Fj(:1:),§Pi,50l(m),&n(m),&pij(m) J ( ) ( ) ( )

The SOS conditions are
xT{P; + 6P, — eI}z € S[x], Vi, (3.26)
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where € is a given small positive real number and P, = § Py + 0 D;.

S S i o) [Mela) + B (w)] + @) M)

i=1 j=1 k=1 [=1

+ (@) + om (@) + pij () + Spi(a } n Z h2{7(x) + on(x)} € S[h,a], (3.27)

where, 6A;j;(z) = 227 {0 P, A;(x) — 6P, B;(x)F;(x) — PyB;(x)6Fj(x) — ad Py .

oi(x) + doi(x) € S[x], VI, (3.28)
pij() + 0pij(x) € Slzx], Vi, j (3.29)
epP? §P;
vi o vy € S[vy], Vi, (3.30)
6P, I
erF;(x)FT §F;
vy rE@E | v € Sl ], Vi, (3.31)
SF] I
€cO 2 Soy(x
vy 1) 1) v3 € Svg, z], Vi, (3.32)
(50’[(:12) 1

v, vy € Slvy, x|, VI, (3.33)
(5Tl($) 1

€ i‘iIZQ 52:13
vl P (@) 00is() vs € Slvs, x|, Vi, ], (3.34)

Spij(z) 1

where v1, v2, v3, v4, v5 are vectors that do not depend on x and ep, €r, €5, €7, €,, are small
positive real numbers. For §P; obtained from (3.25), set P;Hl = P, 4+ 6 P,. Then, increase

n =1+ 1 and return to step 3.
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3.2.2 Design Examples

Example 3. The following is a nonlinear system in a three-rule Takagi-Sugeno form

3
x = Z hl(:B){AliB + Biu},

=1

with state matrices and input vectors given below

1.59 —7.29 0.02 —4.64 —a
1= ) A2 = ; A3 =
0.01 0 0.35 0.21 0
1 8 —-b+6
Bl = ) BQ = ) B3 = y
0 0 -1

and MFs

cos(10z1) + 1

hi(z1) = 4

sin(10z1) + 1
ho(z1) = (41)7

— 10 —sin(10 2
ha(z1) = cos(10z1) — sin(10z1) + '

4

—4.33
0.05

(3.35)

The present benchmark example has been thoroughly studied in the literature (see [14,15,

72] and references therein). This Takagi-Sugeno fuzzy model includes two varying parameters

(a and b). Setting a = 2, the purpose is to determine the maximum value of the parameter b

such that a stabilizing control can be designed. Table 3.1 summarizes the results obtained by

using proposed conditions and other existing results. It is worth mentioning that the criterion

in this thesis admits polynomial feedback gain vectors Fj(x), however constant feedback gain

vectors F}; are used instead to fairly make a comparison with the LMI-based approaches. As

Table 3.1: Comparative results on the maximum value of parameter b in Example 3

Method | bmaa |

Theorem 3.2 6.9
Method in [72] 6.5
Theorem 5 in [14] | 6.5
Theorem 5 in [15] 6

seen in Table 3.1, the b4, obtained using our proposal is higher than other b,,,, obtained
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via other existing approaches. For a = 2 and b = 6.9, the solutions of the SOS conditions in

Theorem 3.2, with @ = —0.0022 are

F = [4.0241 0.7055] , By = [1.0221 1.0051] , B3 = [—0.2238, —3.7678] »

0.0476 0.0957
Py+ D, = ;
0.0957 2.3981
0.0050 0.0957
PO + D2 - y
0.0957 2.3981
0.7473 0.0957
Py+ D3 = .
0.0957 2.3981

Figure 3.7 illustrates the phase trajectories of the uncontrolled systems while Figure 3.8
shows trajectories of the feedback system in Takagi-Sugeno form in Example 3, setting a = 2
and b = 6.9 at ®y = [-0.3,1.1]T, =y = [-1.2,0.9]T, =y = [1.1,0.7)]7, =y = [0.4,—1.1]T,
xo = [1.3,-0.4]", and x¢ = [-1.2, —0.8]7.

1.5 1

— — 4
L - -— —— —-— - - -
17 —

L—<«— o

= —0 _ - - - - - - - S

- - - - — - — - -— - -—
05+

T3
ll
]
ll
|
|
|
|
oo
lT//'

0.5+ —— —_ —_— J— — —_— — —_— —
o——

— —_— — —_— —_— —— — — — — —
Y= .
— — — — —— — —_—

Qs —— —# T i | T
1.5 -1 0.5 0 0.5 1 1.5

T

Figure 3.7: Phase trajectories in the plane 21 — 2 of the uncontrolled system in Example 3

The time plot of state-variables and wu(t) of the feedback fuzzy system in Example 3 at

xo = [-1.2,—0.8]T are illustrated in Figure 3.9.
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Figure 3.8: Phase trajectories in the plane x1 — z2 of the feedback system in Example 3
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Figure 3.9: State-variable response (top) and control input response (bottom) of the feedback
system in Example 3 at ¢y = [—1.2, —0.8]T

Finally, the Positivstellensatz multipliers are

o1(x) = 0.9647, oa(x) = 0.0226, o3(x) = 0.0036,
m1(x) = 0.00022422% 4 0.000514582 29 + 0.003172523,

mo(z) = 0.00221782% + 0.00079401z x5 + 7.1601 x 10~ %23,

40



Section 3.2 Control Synthesis

m3(z) = 0.0002875122 4 0.00010249x1 x5 + 1.2752 x 10~ %23,
p11(x) = 0.000229532% + 0.00175542 29 + 0.00644723,
pr2(x) = 0.01516722 + 0.00666122 129 + 0.001582923,
p13(x) = 0.000220282% + 0.00028119z; 25 + 0.00381823,
po1(x) = 0.015167z7 4 0.0066612z1 x5 + 0.001582923,
poz () = 0.00053782z% + 0.00019231z 29 + 1.7528 x 107% 23,
pa3(x) = 0.005306227 4 0.0018981 15 + 0.0001711523,
p31(x) = 0.00022028z2 + 0.00028119z 25 + 0.003818232,
p32(x) = 0.005306227 4 0.0018981 122 + 0.0001711523,

p33(x) = 0.000134712% + 4.9438 x 10™ Pz 29 + 1.0557 x 10~ %23

Example 4. Consider the state equation below.

3

&= hi(@){Ai(x)x + Bi(w)u)}, (3.36)

i=1
where

1.59 + x% — 2:5% — 2129 —7.29 + 22129

0.01 fx% — :c%

0.02 + ac% — 238% —x1x9 —4.64 + 27179
AQ(EB) = s
0.35 0.21 — 23 — 23

—a + x% - 2:1;% —x10 —4.33 4+ 22129
A3<CC) - )
0 0.05 — 22 — 23

and

1+ + af
0

8 + 71 + 22

0
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~b+6+ 1 + 22
Bs(z) =

—1

For this fuzzy system in polynomial form, the MFs are defined as

1 1
(@) = T msere @) = T e

hs(x1) = 1—hi(x1) — ha(z1).

This example shows that the SOS conditions presented in this chapter can be applied to
fuzzy systems in polynomial form, in contrast to other existing criteria based on the integral-

type Lyapunov function introduced by [22] limited to study fuzzy systems in Takagi-Sugeno

form. Setting the parameters a = 2 and b = 6, Figure 3.10 shows the solutions of the

feedback polynomial fuzzy model at xy = [0.4,0.7]7, =y = [1,1.3]7, ¢y = [-1.3,-0.6]7,

xo = [1.1,-0.9]7, 2o = [1.3,0.2], and z¢ = [-0.1, —-1.1]T.

15 ! — - r - [ : ' =

Figure 3.10: Phase trajectories in the plane 1 — x2 of the feedback system in Example 4.

Figure 3.11 depicts the time plot of state-variables and control input u(t) for the feedback

system in polynomial fuzzy form at zo = [-0.1, —1.1]T.

The feedback gain vectors and matrices Py 4+ D; computed by using Theorem 3.2, with
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1 : ‘ |
0.5 7
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time [¢]

Figure 3.11: State-variable response (top) and control input response (bottom) of the feedback
system in Example 4 at ¢ = [-0.1, —1.1]7

a = —0.0089, are

F = [5.6713 1.6926] Iy = [2.2789 1.0365} ,Fy = [1.4221 —2.3872} .

Py + D,

Py + D,

Py + Ds

For this example in polynomial fuzzy form, the Positivstellensatz multipliers are

0.0880
0.1626

0.2488
0.1626

0.8007

0.1626

0.1626
1.8927

0.1626
1.8927

0.1626

1.8927

o1(x) = 0.8622, o2(x) = 0.8591, o3(x) = 0.7692,

m1(z) = 0.02351x] + 0.0059104z3 25 + 0.2899822x3 + 0.5049z 25 + 1.1711x4,

() = 0.257752] + 0.6861625 x5 + 1.49822%3 — 0.017196x 25 + 1.2894x3,

m3(x) = 0.02689z] — 0.1694623 x5 + 0.94501x2x3 — 0.071207z 125 + 1.1448z5,

p11(z) = 0.013241z7] + 0.028462x3 2 4 0.14023z222 + 0.1404521 25 + 0.3402223,

pr2(x) = 0.243727 + 0.2014623 29 4 0.546252723 — 0.01384621 23 + 0.5815723,
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p13(x) = 0.017915z] — 0.071747x3 x5 + 0.531382322 + 0.0075253z 125 + 0.5778z4,
po1(x) = 0.2437z7 + 0.2014625 25 + 0.5462527 23 — 0.013847x 125 + 0.58157x3,
paz(x) = 0.059357] + 0.14703z5 25 + 0.38265x2x3 + 0.01983221 25 + 0.35359x3,
poz(x) = 0.22341x] + 0.1297623 x5 + 0.489142323 + 0.016644x1 23 + 0.57108z3,
p31(zx) = 0.017915z] — 0.071747x3 29 + 0.5313823235 4+ 0.007525x1 x5 + 0.57779x4,
p32(x) = 0.22341x] + 0.1297623 29 + 0.489142223 4 0.016643x1 25 + 0.57107x1,

p33(x) = 0.01169727 — 0.031294x3 x5 + 0.273282323 + 0.0021582z1 25 4 0.31911x73.

3.3 Discussion and Conclusions of the Chapter

This chapter has provided stability and stabilization SOS-based conditions for polynomial
model-based fuzzy systems derived through integral-type functions (2.44). Examples 1 and
3 have shown that proposed criteria have improved the results, or obtained the same for the

second-order stability case, compared to some current LMI methods.

In Example 1, the conditions were firstly compared to the criterion based on polynomial
Lyapunov functions; for this case, the use of multiple Lyapunov functions have been proved
to bring more relaxed results rather than the search for a single common Lyapunov function
(see [17,18,20,22]). Compared to other existing integral-type-based conditions, the use of
the copositivity property instead of the use of well-known double-fuzzy summation relaxation
techniques [10, 14,29] has significantly decreased the inherent conservativeness by including
the MFs and their properties in the conditions. Proposed conditions and the criteria intro-
duced in [25] have the same results for this example, however, the latter proposed a specific
structure that is only valid for second-order Takagi-Sugeno fuzzy systems, this restriction is

not presented in the proposal of this thesis.

In Example 3, the stabilization proposal was tested in a benchmark Takagi-Sugeno fuzzy
model. Thanks to the use of SOS optimization, the Positivstellensatz [13] was applied to
provide a certificate for the positive definiteness of the Lyapunov’s second method for stability
conditions in a semialgebraic set defined by the MFs. The same as in stability conditions,
the substitution of MFs by quadratic polynomial variables allows expressing the conditions
as multiple-fuzzy summation rather than using parameterized techniques, such as [14], which

brings more relaxed conditions.
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Section 3.3 Discussion and Conclusions of the Chapter

Finally, compared to other existing integral-type-based works in terms of LMIs, SOS-based
conditions given in the present chapter are useful to study stability and control synthesis for

polynomial fuzzy systems as shown in Examples 2 and 4.
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(GENERALIZED INTEGRAL-TYPE

LYAPUNOV FUNCTION

“Innovation distinguishes between a leader and a follower.”

— Steve Jobs

This chapter covers the generalization of the integral-type Lyapunov function presented by
[22]. The proposal considers a more general setting of the integrand, extending from quadratic
forms to higher even degree polynomial forms. Then, the study focuses on the derivation of
control synthesis conditions, and the Positivstellensatz and a MFs knowledge-based approach

are used to relax the conditions.

4.1 Polynomial setting of the integral-type Lyapunov function

From now on, the present thesis deals with a Lyapunov function with the structure
V(a) = /C C() - de. (4.1)

In the same manner of the integral-type Lyapunov function presented by [22], consider a
curve C in the state-space extending from the zero state to the current state x, the vector ¥

is a dummy-variable and

xr 4 'UP\] Zr
o) = D =5 ) 2212 (42)

i=1

(]

is the function to be integrated. Define v, (x) € Rlz] and vzm (0) = 0 as homogeneous
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Chapter 4 Generalized Integral-type Lyapunov Function

polynomials of even degree \. Writing the polynomials as

UE/\] (a}) = Z ai,jx? -+ Z bamé, (43)
7j=1

6eb

Here, a; j and bs are the coefficients. Now, define DD to be the set

n
D= {(01,02 ,60) €N"| D6, = A3, # A} (4.4)
p=1
The multi-index notation denotes the monomials a° = x‘lslng -2 and their coefficients

bs = bs, 5,-..6, for all 6 € D. Observe that second term after the equal sign in equation (4.3)
represents the addition of multivariate monomials in & and their coeflicients bs have to be

set equal in vl[/\](x) for all 7 = 1,2...,r. The method to select the coefficients a; ; of the
univariate monomials, i.e. first summation after the equal sign in equation (4.3), is like the
criteria explained in [22] to choose the elements of the diagonal matrices. In summary, rules
with the same x;-based fuzzy sets share the same coefficients a; ; in their polynomials vlm (x),

and the coefficients are independent otherwise.

Lemma 2. The integral (4.1) depends only on the starting and finishing states, i.e. it is
path independent, if coefficients of the polynomials (4.3) are chosen under the aforementioned

criterion.

Proof. The vector &(x) = [&1(x), &(x), -, & (x)] is a path independent vector field, also
called a conservative vector field [73], if the condition

06, (x) _ 0,(x)

4.
x4 oxp (4.5)

holds for any pair (p,q) € {1,2,---,n}? excluding p # ¢q. The vector gradient of the homo-

geneous polynomials are

o (z)
ox

9 9
Aag ot + . D bsat, o Ayt ) bémﬂ
1 sen 5eD

_ _ 0
= [Aai71x1\ 1, SN /\ai,nx;\L 1:| + % JGZD béwa'
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Section 4.1 Polynomial setting of the integral-type Lyapunov function

The fuzzy blending of the gradients brings equation (4.2) into the form

" 81)[ ] _ 8 5
> hite) Z i [Mz N Aagna 1} + 2 S bt (4.7)
=1 oeD

Observe that last element on the right-hand side in equation (4.7) is a gradient of a

function and implies that is a conservative vector field.

Notation in equation (2.17) may be confusing to prove that the fuzzy vector is independent
of the path, since subscript ¢ in M;;(x;) represents the rule in which the fuzzy set belongs to,
and j is associated with the premise variable related to the fuzzy set under study. For the
avoidance of doubt, let A, be the standard simplex

Ay

P

2
= { (M), M2 () | S My () = 1, 0 Myi(ap) <1}, (48)
k=1
Note that MFs h;(x) are in fact members of the resulting set
{hi(@),....he(2)} = Apy x (Agy X -+ X (Ag,_s X Ag,) ), (4.9)

where M /}(l’p), M 3(%) are MFs related to the corresponding fuzzy set given by sector nonlin-
earity [10,51], the number of premise variables is denoted as m and X represents the Cartesian
product. Note and keep in mind that M;;(z;) € A,;. For the sake of simplicity and with no

loss of generality, pay attention on the first entry on the first vector in the right-hand side of

(4.7), which is

Z h )\az 1£L‘ -1 = zT: ﬁ M,;j (xj))\ai,lxi\_l. (4.10)

i=1 j=1
As aforementioned, when two fuzzy rules include the same fuzzy set, coefficients a;; are
identical in both polynomials related to those rules, and it is clear that both MFs h;(x)

include the same My (z,). Rename all those coefficients as a; and factorize them to obtain

p
r om r/2 m
Z H Mij (xj))\ai,lxl Z )\(L'fMl I Z H Mzg x] . (4.11)
i=1 j=1 =1 j=2
Observe that
7‘/2 m 2 2 2
DI Mij) = D My (x2) Y Mg (a3)--- Y My (wm) = 1. (4.12)
=1 j=2 Ko=1 Kk3=1 Em=1
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Equation (4.11) reduces to
Z H Mij(a?j))\ai71$1 Z Aaff Ml xl 1. (4.13)
i=1 j=1

Therefore, first entry depends on z1. In general, the p-th entry exclusively depends on z,

and condition (4.5) holds true due to 85579(3:21,) =0 for p # q. O

The demonstration that V(x) in (4.1) is positive definite and radially unbounded func-
tion comes next. Before going any further, the following is an useful relation concerning

homogeneous functions [74].
Lemma 3. Let §(x) be a homogeneous function with degree of homogeneity «, said otherwise
O(tx) = 7"0(x). The function satisfies the condition

09 (x)
ox

-x = KkO(x). (4.14)

Moreover, all entries of the vector gradient, denoted as aggf), are also homogeneous of

degree k — 1.

Lemma 4. The fulfillment of v/ (x) > 0, V& # 0, v/ (0) = 0 and limpy . v/ (@) = +00

implies that V(x) is a candidate Lyapunov function.
Proof. The substitution of equation (4.2) in (4.1) brings the following equation
(g 20 ()
)= hi(p)—%——— - di. 4.15
- [ > i) = (4.15)

As stated by Lemma 2, line integral (4.15) is independent of the path by following the
coefficients selection criteria. Denote 9 = nx, 0 < n < 1 as the parametric form of line

segment extending from 0 to x, then
1T (A
dv;” (nx)
= hi(nx)————= - xdn. 4.16
/ > ki) (4.16)

Recalling that v,L[/\] (x) are homogeneous polynomials. By means of Lemma 3 the equation
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below is obtained

! : v ()
_ A-1 . i .
Vie) = /0 n Z hi(nx) 5 xdn

= Z(/O M (nm)dn) D). (4.17)

=1

The nonnegativity property of the MFs entails that Ap*~h;(nx) > 0 in n € [0,1] for
i€ {1,2,---,r} and fol M Yhi(nx)dn > 0 verified with the monotony of the integral.
Observe that fol AP hi(nz)dn = fol M Ldn = nMi = 1. Consequently, V(x) > 0 at
x # 0 and vzp‘](O) =0 if vzw(w) are positive definite. Lastly, V(x) is radially unbounded due

to vzp‘] (x) — oo as ||x|| — oo, thereby concluding the proof. O

Remark 1. Integral-type Lyapunov function introduced in [22] is in fact a special case of the

proposed Lyapunov function assuming that the polynomials v[ ]( ) are quadratic forms.

Remark 2. Assuming that all the polynomial ’UZP\] (x) are fized to be equal, the Lyapunov

function (4.1) reduces to a homogeneous polynomial Lyapunov function [12].

Remark 3. A linear combination v;(x) = v[/\](:c) + UZPﬁQ] () +---+ vl[z] (z) of polynomials

7

satisfying path independence structure, entails

T

Vie) = > ( /0 ARy () d77> Z < / A_3hi(77x)dn>vl[/\_2](w)+...

i=1

+ Z(/ 20h; ﬁm)dn)v?](m). (4.18)

Thus, V(x) is positive definite if conditions UZ[»)\](m) > 0, UZ[/FQ](:B) >0, ..., UP](iB) > 0,

UH(O) =0 at x # 0 hold true for alli1 € 1,2,...,r

7

4.2 Stability and Stabilization Analysis

Corollary 1. Fuzzy system (2.27) at u = 0 is asymptotically stable if there exist »Uz[)‘] (x) €
R[x] and a nonnegative integer s such that, for given polynomials €;(x) > 0, €;(x) > 0, the
conditions

oWM(x) — (=) € S[z] ¥, (4.19)
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r M
_ (Z ﬁg) Z { (@) Ai(w)w—i—eij(w)} e Slh, x] Vi, j, (4.20)

i=1 j=1

hold true with h = [h2 k3 --- h2].

Proof. This result is an immediate corollary from Theorem 3.1 with the difference that these
conditions have employed the proposed Lyapunov function, rather than the integral-type

form introduced by [22]. O

Corollary 2. Consider a polynomial fuzzy system (2.41) with the origin as equilibrium.
The existence of polynomials vzw (x), Positivistellensatz multipliers oj(x), pij(z) € S[z],
7i(x) € Rlz], polynomial gain vectors Fj(x) of suitable dimensions and a < 0 satisfying
(4.21) and (4.22), proves that the zero equilibrium of the system is feedback asymptotically

stabilizable.
M(@) — e(z) € S[z] Vi, (4.21)

r r r T yininis 8’[)][3\](33)
- Rz ou@)| =5 Ai(@) - Bi(@) F(2)e} - avi(a)
=11=1

H
H
?T‘

i=1j=

+ (@) + pij } E:MH )€ Slh, 2], (4.22)
where h = [h2,---  h2] and a given e(x) positive definite polynomial.

Proof. This result is an immediate corollary from Theorem 3.2 with the difference that these
conditions have employed the proposed Lyapunov function, rather than the integral-type

form introduced by [22]. O

4.2.1 Examples

Example 5. Consider the stable polynomial fuzzy model below.

@ = Z hi(x)A;(x), (4.23)
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with matrices A;(x) defined as

—4—2x% —4
Ay(x) = ;
—1 -2
~2 —4
AQ(%) = 5
20 —2—a? — 513
—3.8—xf —4
As(x) = :
-1 -2
—2 —4
Ay(x) = ;
20 —2—5z% — 23

and MFs written as hy(x) = M{ (x1) M3 (z2), ha(x) = Mi (1) M2(x2), h3(x) = M?Z(z1) M3 (x2),
hy(x) = M3E(z1)MZ(x2) and M{(z1) = 0.5(1 + sinzy), M7 (x1) = 0.5(1 — sinzy), Mj(x2) =
0.5(1 + sinxy), M2(x3) = 0.5(1 — sinzy). The fourth-degree polynomials coming next are

used to verify stability by means of the generalized integral-type Lyapunov function.

ol (z) = 0.07282% + 0.03542% + 0.05372222,
ol (z) = 0.07282% + 0.00412% + 0.05372222,
o (@) = 0.071321 + 0.035428 + 0.05372242, (4.24)

ol (@) = 0.071327 + 0.004124 + 0.053727 22

2 4 5
2oj1 @i T bs=(2,2)®

This examples will demonstrate that the proposed structure (4.1) is actually a Lyapunov

function. The gradient vectors of above polynomials are

avgzw) = [0.20122% + 010742122 , 0.107422z, + 0.141623)
&)i@ = [0.29122F + 0.1074x123 , 0.1074z3z2 + 0.016473),
avgzw) = [0.28522% + 010742123 , 0.1074z3w5 + 0.141623]
avﬁgzm) = [0.28522% + 0.1074z125 , 0.1074a3z; + 0.016423].
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Fuzzy blending brings the expression

4 [4]
vt
> hi(x) vgf) —[0.2912h, ()3 + 0.2912hs(w)a? + 0.2852h3 ()2 + 0.2852h4(z)? |
i=1
0.1416h1 (z)x5 4+ 0.0164hs ()23 + 0.1416h3(z) x5 + 0.0164hy () 23]
+[0.10742173 , 0.1074x7as].
Factorizing
1 1
= [0.2912M/ (z1) (M ( 5 (22)) 2} + 0.2852M7 (1) (M3 (z 5 (22))at
1 1
0.1416 M3 (z2) (M (z T(21)) 25 + 0.0164M3 (z2) (M (z T(21))3)
+ [0.10742123 , 0.1074x72s]
= [0.2912M7 (x1)2} + 0.2852M7 (z1)a , 0.1416M; (z2)x5 + 0.0164M3 (v2) 23]
+ [0.10742175 , 0.1074x72s].
Define

[€1(z1), &2(x2)] = [0.2012]M] (z1)2 + 0.2852M7 (1) + 0.10742123 |

0.1416 M3 (z9)x3 + 0.0164M3 (x9)x3 + 0.1074:@1‘2].

Then, by conditions (4.5) it leads to

OLT1) _ 9148010y = 2272)

4.25
8x2 8331 ( )

Consequently, it is path independent and line integral (4.1) is a Lyapunov function for the
Takagi-Sugeno fuzzy system in this example. For the initial conditions &y = [—0.9, —1],
xo = [—1.3,1.2], zy = [1.2,—-0.7], &y = [0.6, —1.3], xp = [1.25,1] and xy = [-0.7,0.9] the

phase trajectories in the 1 — xo plane are depicted in the figure below.

Example 6. The 3-rule Takagi-Sugeno fuzzy model in Example 3 presented in subsection

3.2.2 will be tackled again.

As in Example 3, this Takagi-Sugeno fuzzy benchmark model is used to compare the

performance of the proposed SOS conditions presented in this chapter. Setting a = 2, the
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Figure 4.1: Phase trajectories in the plane x1 — 2 of the system in Example 5.

purpose is to find the maximum value of the parameter b for which the design conditions
are feasible. The results obtained by using some existing criteria in the literature and the

proposal in this chapter are listed in Table 4.1.

Table 4.1: Comparative results on the maximum value of parameter b in Example 6

Method | bmao |

Corollary 2 (quartic) 7.8
Corollary 2 (quadratic) | 6.9

Theorem 5 in [75] 6.6
Theorem 5 in [14] 6.5
Theorem 5 in [15] 6
Theorem 1 in [48] 2.5

According to Table 4.1, SOS conditions are feasible for b = 7.8 with a = —0.0065 and

considering quartic polynomials, which are

V[ (z) = 0.012072% — 0.01883823 x5 + 0.146252222 + 0.2676 12123 + 1.40552,
ViU (z) = 0.018632% — 0.018838z3 75 + 0.146252222 + 0.2676 12123 + 1.4055z3,  (4.26)

Vi (@) = 0.004152% — 0.0188382%2 + 0.146250223 + 0267612123 + 1.405524.
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The stabilizing vectors F} are

F, = [13.1627 2.8852] , Fy = {48.9872 38.3044] , Fy = [—13.5236 —123.8248] . (4.27)

In order to demonstrate that the feedback system is stable, Figure 4.2 shows the trajecto-
ries in the phase plane at g = [-0.1,0.5], o = [-0.9, —1.1], o = [1.2,0.9], &y = [0.5, —0.5],
xo = [1.3,—0.5] and o = [-1.3,0.6].

Figure 4.2: Phase trajectories in the plane x1 — z2 of the feedback system in Example 6.

The state-variables and control input u(t) at &g = [—1.3,0.6] are depicted in Figure 4.3.

For this example in polynomial fuzzy form, the Positivstellensatz multipliers are

o1(x) = 0.5260, oa(x) = 0.6694, o3(x) = 1.6914,

m1(x) = 3.5505 x 107527 — 0.0002z3 x5 + 0.0023z323 + 0.0039z, 25 4 0.001623,

mo(z) = 0.0020z — 0.00103 25 — 0.0008z222 4 0.0020x1 x5 + 0.0012z3,

m3(x) = 5.9602 x 10~°z] — 0.0002z3 25 4+ 0.006123x3 — 0.0058z 125 + 0.005025,
p11(x) = 2.5681 x 107 5zF — 9.4485 x 10 5 z3x 4 0.000722x3 + 0.0013z 125 + 0.00063,
p12(x) = 0.0433z] — 0.0829x3 x5 + 0.04322323 + 0.22952 5 + 0.10094x3,

p13(x) = 3.8386 x 107521 — 0.0002z3 25 + 0.02362223 — 0.1405x1 x5 + 0.27963z4,
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Figure 4.3: State-variable response (top) and control input response (bottom) of the feedback
system in Example 6 at xy = [—1.3,0.6].

pa1(x) = 0.043327 — 0.0829z3 29 + 0.04322323 + 0.2295z1 25 + 0.1009z3,
poz(x) = 0.0008z7F — 0.0003z3 x5 — 0.00022223 + 0.0009z1 25 4 0.000625,
pas(x) = 0.000927 — 0.0024z3 25 + 0.0040x323 — 0.0004x1 23 + 0.0015x3,
p31(x) = 3.8386 x 107527 — 0.0002z3 x5 + 0.023642323 — 0.140521 25 + 0.2796x3,
ps2(z) = 0.0009z7 — 0.002423 25 + 0.00402223 — 0.0004z 125 4 0.001425,

pa3(@) = 4.2473 x 10" %24 — 0.0002z325 + 0.0052z323 — 0.0055z1 23 + 0.0051274.

4.3 Control Synthesis (S-procedure relaxation)

Theorem 4.1. The polynomial fuzzy system (2.27) is stabilizable to the origin by a PDC
controller (2.39) on the condition that there exist v,[j‘} (x) € R[z], feedback gain vectors Fj(x)

of suitable dimensions and S-procedure multipliers o,(x), 7\, (x) € S[x] such that

i ﬁivl[A] —e(x ZT)\L ) € Slh, x|, (4.28)
=1
ror.oro v[)\} x
-y a2 ';%( ){Ai(m) B,(x)F; () }o - e3(a)
i=1 j=1 k=1
- ZO—L ) € S[h, z]. (4.29)
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Chapter 4 Generalized Integral-type Lyapunov Function

Here, €1(x) > 0 and ex(x) > 0 are positive definite polynomials, b = [fi11, fl12, . . ., fl1g)-
Polynomial restrictions p,(h) are written based on the domain of the variables h, and h;

represent the i — th element of the set resulting from the Cartesian product of the simplexes.

{iLl,...,iLi,...,iLr} = {/111,1—,&11} X ({ﬂu,l—ﬂu} X ( X {ﬂlqal_ﬂlq}> ) (430)

Proof. This theorem considers the property M jl (zj) + M ]2 (zj) = 1. Recall the definition of
standard simplex in equation (4.8) and the description of MFs h;(x) as elements of the Carte-
sian product (4.9) Substituting Mjl(a:j) = fu1j, MJQ(JZ]) = 1 — fi1;, where fi1; are polynomial
variables. As a result, sets {Mj1 (x5), Mj-Q(mj)} become {fi1;,1 — fi1;} and satisfy > ;_; hi = 1.

The derivative of (4.1) with respect to time is
V) =555 e 2@ 4 ) Bi)E, 4.31
( aw)_zzz iltg kT{ z(m)— z($) J(m)}m ( . )

Observe that previous equation is a polynomial form in both variables h and x. The next step
is to define a set of constraints S = {pi1(h) > 0,...,p.(h) > 0} based on MFs, inserted by
means of the S-procedure. Therefore, —V (h, x) will be positive in S whether (4.29) is satisfied
with multipliers o,(x) € S[x]. Analogously, a less conservative verification of positiveness of
V() is to make use of constraints on the variables that replace the MFs. Equation (4.17)
and the monotony property validate that the positive definiteness of the integrand entails
that V(x) >0, V(0) > 0 at  # 0.

Because A is an even positive integer and n € [0,1], one just need to verify that the
inequality . hi(nw)v?‘] () > 0 holds true at & # 0. Replacing h;(nx) = h; brings the
expression » ., Bivz[/\] (z) which in terms of  and h, and the S-procedure is applied to check

positivity in S. O

Remark 4. For a linear combination as stated in Remark 3, V(x) is positive definite if

condition (4.28) are satisfied for A, A —2,...,2.

4.3.1 Design Examples

Example 7. Consider again the benchmark problem in Example 3 in subsection 3.2.2.

Finding the maximum value of the varying parameter b when fixing a = 2 has been the
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Section 4.3 Control Synthesis (S-procedure relaxation)

object of study of many literature in the model-based fuzzy control field. In contrast to
Example 3 and Example 6, the study of this example considers knowledge of the membership

function (see Figure 4.4) via polynomial constraints.

Figure 4.4: MFs in Example 7

It became clear that 0 < hi(z1) < 0.5, 0 < ha(x1) < 0.5 and 0.1464 < hy(z1) + ha(z1) <
0.8536. Replacing the MFs by linear polynomial variables as hi(x) = fi1, ha(x) = f2,
hs(x) = 1 — i1 — f12 and making use of above inequalities to define the following set of

polynomials restrictions in the variables yi; and pio

S = {01(0.5— f11) >0, fi2(0.5 — fig) > 0, (fi1 + fiz —0.1464)(0.8536 — iy — f12) > 0}. (4.32)

Table 4.2: Comparative results on the maximum value of parameter b in Example 7

] Method | bmao |
Theorem 4.1 (A = 4) 9
Theorem 4.1 (A = 2) 8.4
Corollary 1 in [55] 8
Theorem 1 (quartic) in [76] 8
Theorem 4.1 (Common quadratic Lyapunov function) | 7.4
Theorem 1 (quadratic) in [76] 7
Theorem 5 in [75] 6.6
Theorem 5 in [14] 6.5
Theorem 5 in [15] 6
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Chapter 4 Generalized Integral-type Lyapunov Function

As stated in Table 4.2, the proposed SOS conditions in Theorem 4.1 are feasible with

A=4 at a=2 and b = 9. The solutions are

F1 = [0.7099, —4.298], F, = [1.6225,3.6693],
(4.33)

F3; = [—0.3806, —7.765],

and

V(x) = 1.3318 x 107521 — 3.0747 x 10~ °z3x5 + 0.00142223 + 0.001 72125 4+ 0.0069z3, (4.34)

and S-Procedure multipliers are

o1(z) = 0.0003z7 — 0.001923 x5 + 0.0113z323 + 0.0024z1 25 4 0.044925,
o2(x) = 0.0001z] — 0.0033x322 + 0.027622235 — 0.0725x1x5 + 0.0772x4,

o3(z) = 1.4032 x 107%2] — 3.2644 x 10~ %2329 — 0.00022%23 — 0.0017x125 + 0.0347x3.

Note that all polynomials v;(x) resulted to be the identical, reducing to the standard quartic
Lyapunov function. The trajectories in the phase plane at @y = [-0.5,0.9], yp = [-0.9,1.2],
xo = [1.1,0.9], &y = [0.4,—1.1], g = [1.3,—0.4], g = [-1.4,—1] are shown in Figure 4.5
and Figure 4.6 illustrates the time plot of state-variables, u(t) and Lyapunov function at

rog — [—1.4, —1].
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s -1 0.5 0 0.5 1 15

Figure 4.5: Phase trajectories in the plane x1 — z2 of the feedback system in Example 7.

—I

T1,T2

-9

time [s]

Figure 4.6: From top to bottom, state-variable response, time plot of u and time response of
Lyapunov function of the feedback system in Example 7

Example 8. This example considers a slightly modification of the well-known benchmark
Example 3 in subsection 3.2.2, consisting of the same state matrices A; and input vectors B;

with MF's stated below.

cos(z1) + 2
10

hg(.’El) =1- hl(.’El) — hg(il?l).

sin(z1) + 3

haler) = 0 (4.35)

, ho(xr) =
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Chapter 4 Generalized Integral-type Lyapunov Function

This modification of the well-known benchmark example was borrowed from [53] and was
employed to demonstrate the significance of adding knowledge on the MF's in the design
conditions. In the cited work, authors leveraged the fuzzy quadratic Lyapunov function and
reached a maximum value of parameter b = 9.5 at a = 2. To fairly compare the proposed SOS
conditions in Theorem 4.1, set A\ = 2 and define the following set of polynomial restrictions

(see Figure 4.9).

S = {(11—0.1)(0.3—f11) > 0, (12—0.2)(0.4—fi2) > 0, (fi1+/iz—0.3586)(0.6414—fiy —fi2) > 0}.
(4.36)

Figure 4.7: MFs in Example 8.

Using this information, SOS conditions are feasible for a = 2 and b = 11 with the solutions

below.

v (z) = 0.37222 — 1.563129 + 14.317222,

v (z) = 2.10322 — 1.56129 + 14.317222,

v (@) = 0.627 — 1562129 + 14.317223.
Fi = F, = F; = [0.48985, —1.4883],
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Section 4.4 Discussion and Conclusions of the Chapter

and the S-procedure multipliers are

mi(x) = 11.74572% — 0.11892 129 + 12.966722,
mo(x) = 11.909627 — 0.09432 29 + 12.853122,
m3(x) = 8.34492% — 0.1908x1 x5 + 10.206523,
o1(x) = 14.34762% — 5.24592 129 + 19.473822,
oo(x) = 20.63152% + 10.8021x 25 + 19.775823,

o3(x) = 12.7527x7 + 8.8439x 29 + 24.3123.

Figure 4.8 shows the phase trajectories in the plane z; — zo at @y = [—1.3, —O.G]T, Ty =
[—0.5,0.7T, &y = [1.2,0.6]T, o = [0.6, —1.1]T, &y = [1.4,0.1]T, and xy = [-0.8,—1]T. On
the other hand, Figure 4.9 represents graphically the time plot of the states, control input

and Lyapunov function at zg = [-0.8, —1]T.

Figure 4.8: Phase trajectories in the plane x1 — x5 of the feedback system in Example 8

4.4 Discussion and Conclusions of the Chapter

This chapter has presented and given the proof of a novel integral-type Lyapunov function,
which is a higher-degree polynomial setting of the form employed in previous chapter. The

purpose of Example 5 has been to demonstrate that the proposal is in fact a Lyapunov
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Figure 4.9: From top to bottom, state-variable response, time plot of u and time response of
Lyapunov function of the feedback system in Example 8.

function for the system under study whereas Example 6 has brought more relaxed results when
increasing the degree of the function. Latter example uses in fact the same Takagi-Sugeno
benchmark fuzzy system as in Example 3, and it shows that the novel proposal brings more
relaxed results than conditions in Theorem 3.2, this is mainly due to the fact that the higher
the degree of the Lyapunov function is, the more the results are relaxed. Furthermore, as in
previous section, the use of multiple Lyapunov functions, the Positivstellensatz certification
and the substitution of the MF's by quadratic polynomial variables contribute to improve the
stabilization conditions.

Last two examples (7 and 8) in the present chapter used the novel relaxation technique.
Rather than including the basic properties of MFs as semialgebraic set conditions via the
Positivstellensatz, the novel relaxation technique defines a set of polynomial restrictions which
depend on the knowledge on the MFs and are included via the S-procedure. Both examples
use the same benchmark model as in Example 6, and the inclusion of knowledge on the MF's
in the conditions have reflected an improvement on the results, getting a higher maximum
value for the parameter b. In spite of the matrices A; and B; are the same in Examples 7
and 8, the MFs differ from each other. By employing conditions which exclude knowledge
of the MFs, the results must be the same. Therefore, the proposal has demonstrated the
significance of using conditions that contain polynomial restrictions representing knowledge

on the MFs as a part of the control synthesis conditions.
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DISTURBANCE ATTENUATION

CONTROL

“He who seeks for methods without having a definite

problem in mind seeks for the most part in vain.”

— Dayvid Hilbert

Previous two chapters have delimited the study of open-loop and feedback stability of non-
linear systems in polynomial fuzzy form in the absence of external disturbance signals. The
present chapter covers the disturbance attenuation problem in the model-based fuzzy control
framework. To this end, disturbed nonlinear system (2.51) is expressed as the next state-space

realization
=3 hi(a:){Ai(a:)zc + Bi(x)u + E,-(:B)w},
=1

y= Z hi(x)Ci(x).

The disturbance attenuation problem will be firstly tackled via quadratic stabilization as

follows.

5.1 Disturbance attenuation control via quadratic stabiliza-
tion
Theorem 5.1. The control law u = — Y., Fj(x)x quadratically stabilizes the zero equi-

librium of (2.51) in the polynomial fuzzy form (5.1) at w = 0, and renders the Lo gain of

the feedback system less or equal than v at w # 0 if there exist a symmetric matrix P and
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Chapter 5 Disturbance Attenuation Control

polynomial vectors M;(x) of appropriate dimensions satisfying the SOS conditions below.

min subject to
P,Ml(m),...,MT(m)fY )
97 (P — eI)9; € S[91], (5.2)
— Z Z h2h2'l9TF ’192 € S[h "—927 ]7

=1 j=1

Here, € is a small enough positive number selected in advance, ¥, and 19 are vectors

depending neither  nor w and

Ay(@) Ef2) PCl) M(2)]
El(z —~2I 0 0
Ci(z)P 0 I 0
| Mj(z) 0 0 ~R™! |

with Mj(x) = Fj(x)P and

Ajj(@) = Ai(x)P — Bi(z)M;(x) + PA] (z) — M (z)B] (x).

Proof. This proof leverages a quadratic form V(x) = 7 P~'x for P~! > 0 as Lyapunov

function, whose time derivative is
Viz)=z'Plx + TP L. (5.4)

Using above equation, polynomial fuzzy model (5.1) and PDC controller, inequality (2.53)

becomes

> D hix)hy («’v){-’BT (Ai(@) - Bi(@)F;(w)) P~ 'z + 2" P (A(w) — Bi(z) Fj(x))a

i=1 j=1

+ 2T P E (x)w + w! Ej(x)' P x — ’waTw}

T T r

=1 i=1

r T r
+(Sntenen) n Sn@ne) <o

1=1 i=1
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Section 5.2 Disturbance Attenuation Control via Differential Games

which is equivalent to the following matrix form

T

L x Aiyj(x) P lEfx)| |
hi(x)h;(x)

;]2 w Ei(x)TP~! 421 w

T (5.6)

T
N x Cl(z) FI(z)| |[I 0] |Ci(z) Of |= <o,
w 0 0 0 R| |Fi(x) 0| |w

where A;j(x) = (A;(z) — B,-(:C)Fj(a:))TP_1 + P7'(A;(x) — Bi(x)F;(z)). Applying Schur

complement, it becomes

[ Ay@) P E(x) Cl(x) Fl(z)
T ()P 2

Bl (@)P 7 / L (5.7)
Ci(x) 0 —I 0

| i) 0 0 R

In order to avoid nonconvex terms, we multiply both sides by diag(P, I, I,I) and equation
(5.6) transforms into (5.3). The substitution of the MFs by quadratic polynomial variables

hi(x) = ﬁf concludes the proof of this Theorem. O

5.2 Disturbance Attenuation Control via Differential Games

In contrast to previous section, here the disturbance attenuation problem is formulated as a
differential game and the integral-type Lyapunov function is used as an approximator of the
solution of the HJI equation. Inserting the polynomial fuzzy model (5.1) in equation (2.59)

then becomes

(%W(
H(x, V(x sz { {A ) + Bj(z)u + E;(x)w}

1=1 j=1

—l—:cTC’Z»T(:U)C’j(ac):B} +ul Ru — v*wlw, (5.8)

67



Chapter 5 Disturbance Attenuation Control

and the associated control and disturbance policies result to be

ror 81)[)\] T T
u= 3RS hil)hs(w) BY <w>(gm()) , (5.9)

i=1 j=1
1 r r avj[‘/\} (ZL') T
w=53 ; ]:21 hi(z)h;(x)E (x) (83:) : (5.10)

The disturbance attenuation problem addressed in this section consists in two steps: 1)
find an initial admissible control policy or policy pair, and 2) enhance the controller by means
of the SPUA. An admissible control policy (or policy pair) guarantee that the feedback system

is stable at & # 0 and the performance index (2.56) is finite.

5.2.1 Path Following Algorithm

The challenge of finding a solution for the bilinear disturbance attenuation conditions is that
the optimization problem includes two variables to be minimized. To avoid this difficulty, be-
low algorithm considers v as a decision variable restricted to be positive and only minimizes a
single variable. Recall that this algorithm is searching for an initial admissible control policy
(or policy pair), and the attenuation level v is going to be minimized via policy iteration
afterwards. Just for the sake of simplicity, this algorithm considers a polynomial Lyapunov

function instead of the integral-type form.

Algorithm 3. Path following for the disturbance attenuation problem

~

Step 1: Set k = 0 and define the policy pair (i, w) with 49 = > _;_; hipi(x) for pi(x) €
R[z], and w a polynomial as & to be included in the SOS conditions.

Step 2: Find a feasible solution for the optimization problem

min « subject to
Vi (2),5,Wij(x),0.()

Vi(x) — e(x) € Slz], (5.11)

r

_ Z iLz a]gc;w) {AZ(CB).’IZ + B;(x)l; + El(w)w} 4
=1
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- Z Z iLZﬁJ{wTCzT(w)Cj (x)m — OZWZ](w)}

i=1 j=1

q

—il Ry, + 4wl w — Z o,(x)p.(h) € Sz, h,w],
=1

VI/’L](:C) € S[SL‘L Vi, 7,

o,(x) € S[x], Ve,

~

4 > 0.

(5.12)
(5.13)
(5.14)

(5.15)

Step 3: A feasible solution with @ < 0 means that 4y is an admissible control policy.

Otherwise, define V(x) = Vi(x) and consider the next minimizing problem

min a subject to
5V(w)7ﬁ/lej(a})7O’L(w)

LA 1oV OV (z)\T
—;;hihj{mTC’iT(w)Cj(m)m—4R 1( a;)Bi(m)B]T(a:)( a;))

B,(z)B (x) (aagf))z“ + aégﬁgm)Bi(az)BjT () (m;f))T) - aWij(m)}

—> ax)p.(h) € Sz, h,w],

=1

V() 4+ 6V (x) — e(x) € S[x],
2(x x
vl wVie) V() v € S[z, v],
oV (x) 1

sz(a:) € S[.’B], Vi7j7
o,(x) € S[x], Ve,

g > 0.

(5.16)

(5.17)
(5.18)

(5.19)
(5.20)

(5.21)

The entries of vector v do not depend on x and is employed to verify positivity of the

polynomial matrix as stated in subsection 2.1.2, and ey > 0 is a small real number.
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the solution dV(x) update the control policy as

U1 = —%Rfl Z hiBY (z) <0(V(m) + V(=) )T, (5.22)

ox
i=1

and increase k = k + 1. Return to Step 2.

5.2.2 SPUA for Model-Based Fuzzy Control Systems

As stated in subsection 2.5.2, policy iteration methods are useful algorithms to approximate
the value function of the Hamilton-Jacobi equations as long as the designer knows an initial
admissible control policy (or policy pair). Algorithm 3 gives a methodology to find an ini-
tial initial setting, but any other method can be used instead, for instance a solution from

Theorem 5.1. Once an initial setting is known, one can write the Hamiltonian as follows.

R
H,(h,z,v;(x), u,w,7) ZZh h; { (@ ){Ai(m)w+Bi(m)u+Ei(a:)w}

it (5.23)

—l—wTCZ-T(a:)Cj(w)a:} — vl Ru + 72w w — Zq: o,(x)p.(h) € S[h, z].
=1

Define €2 C R™ as the region where the attenuation is expected the most. The SOS-based

SPUA method is explained below (see flowchart in Figure 5.1).

Algorithm 4. SOS-based SPUA for model-based fuzzy control systems

Step 1: Define (ug,wp) as the initial admissible policy pair and select an arbitrary v > 0

and set 0 = 0.

Step 2: Find a feasible solution for the SOS conditions coming next

Z hivgy () — e(x) = > m(@)p(h) € Slh,a], (5.24)
3 =1

Zﬁ(vé”“ —vpi@) = Y ou(@p(h) € Sha) (5.25)
=1 =1

Hu(w,vgf‘l](w),u@,wg) € Sih,z], (5.26)
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with 7y, (x), oy (x) € S[x].

Step 3: The new policy pair is given as

i o (DU @)\
U9+1:—§R Zzhithi () T , (5.27)

i=1 j=1

NS BT (e (20 2
w0+1—27222 ih; E; () v B (5.28)

i=1 j=1

Step 4: If polynomials satisfy

\/ / /Q (0, (@) — oD (@))2day -, < e, (5.29)

for a small given € > 0, convergence has been reached and bring the algorithm to an end. Or

else increase §# = 0 + 1 and return to Step 2.

Remark 5. This algorithm finds an upper bound [42,/3] on the solution of the HJI equation.
Therefore, Vy(x) > Vpi1(x) > 0. Using this fact and equation (4.17) lead to (5.25).

Remark 6. Since Vo(x) > Vyii(x), it entails that [, Vo(x) > [o Vor1(x). The Lyapunov
function used in this proposed algorithm already has a line integral structure, which may have

a nonelementary antiderivative. Therefore, this study considers the integral of vg)‘] (x) instead.

4 Select an initial admissible h
policy pair (ug, wo)
andset =0

Solve SOS conditions
(5.24)-(5.26)

v

4 N
Increase Update policy pair
0=0+1 (Ug+1,wo+1)
by (5.27) and (5.28)
\ J

Does condition

(5.29) hold true?

\4

Figure 5.1: Flowchart of the SOS-based SPUA
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Algorithm 4 finds a solution for the suboptimal disturbance attenuation problem. The

solution of the near-optimal problem is given below.

min v¢ subject to (5.30)

N ()0, (2),72. (@)

v
J

Z Elvé[)/\z] (x) —e(x) — ZT,\L(a:)pL(h) € Sh,z], (5.31)
i=1 =1

H(a, v (@), ug,wg) € S[h, ). (5.32)

Here, the attenuation level 7¢ is the minimum value for the minimizing problem above for
a given policy pair (ug,we). Setting v = ¢ and (ug,wo) = (ug,we), Algorithm 4 computes
an upper bound on the value function for this v. Defining the policy pair (ugy1,wey1) as
the suboptimal solution found in Algorithm 4 and increase £ = £ + 1, optimization problem
(5.30)-(5.32) is solved again until |y¢—1 — 7¢| < €¢ for a small ¢, > 0. The convergence of the

attenuation level entails that a near-optimal solution has been found (see flowchart in Figure

4 Select an initial admissible A
@—b policy pair (ug, we)
andset§ =0

Find minimum Ve

5.2).

\4

from (5.30)~(5.32)

v

Ve
Sety = d
Increase Ly = e an
E=¢+1 (uo, wo) = (ug, we)
q and solve Algorithm 4

A + J
4 N\
Define
(ug+1, wet1) = (ug, wo)
\ J

NO YES °

Figure 5.2: Flowchart of the near-optimal searching method
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5.2.3 Disturbance Attenuation Control Examples

Example 9. Consider the following four-rule fuzzy system in Takagi-Sugeno form

4
T = Z h2($){Az$ + B;u + Eiw},
7 (5.33)
=1

Here,
—0.8 2.8 —0.8 2.2
Al = s A2 = )
2 -3 0.8 -1
-3.4 1 34 04
A3 = ) A4 = )
—-14 -24 —2.6 —-3.6
0.3 T )
Bi = 5 Cl =109 1.7, Vi € {1727374}>
1.3 .
0.4 -1 1 —0.4
E, = , By = , B3 = , By =
—1.4 0.4 —2.2 —0.4

The MF's are defined as follows

hi(z) = p1(@1)pa(x2), ho(z) = pa(z1)p2(z2),

hs(x) = p2(x1)p1(22), ha(®) = p2(21) p2(z2),

where

pi(w1) =1 = cos®(z1), pa(z1) =1 — m(z1),

() = (1 = sin®(22)) e /(1 + €02)) iy (a) = 1 puy (a2).

Table below compares the minimum value of the attenuation levels v reached with both
the feasible solution computed via the SOS convex conditions in Theorem 5.1 and the SOS-

based SPUA for polynomial fuzzy system when R = 10.
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Table 5.1: Comparative results on the minimum value of v in Example 9

’ Method ‘ Minimum value of v | Reduction rate of ~ ‘
Theorem 5.1 2.7925 -
SOS-based SPUA* 2.4609 11.875%
SOS-based SPUA 2.2591 19.101%

As indicated in Table 5.1, convex conditions from Theorem 5.1 are feasible with a mini-

mum v = 2.7925, whose resulting matrix P and vectors M, are

0.1128  —0.0914
P= : (5.34)

—0.0914 0.1666

M, = [0.0837 0.0570] , My = [0.0643 0.0912] ,
(5.35)

Ms; = [0.0157 0.1334] , My = [0.0449 0.0779] .

As aforesaid, the SOS-based SPUA requires an initial control policy ug. Define the initial
control policy as
4
uy = —Zhi(a:)Minlw, (5.36)
i=1

and the subset of the state-space where the effect of the disturbance is expected to be miti-
gated the most is
Q={xeR®: |z < 1,Vie {1,2}}. (5.37)

Consider the substitution h;(x) = h? and the initial control policy ug in (5.36). Three
iterations later the SOS-based SPUA converged to v = 2.4609 and the resulting controller is
defined as

u = —2.116h%x; — 1.6392h%xs — 2.116h3x1 — 2.7531h320 — 2.6617h2x, — 1.6392h2x,
(5.38)

—2.6617h2x1 — 2.7531h3xs.

Next step is to introduce knowledge on the MFs by replacing lﬂ = [i11f112, ilQ = fi11(1 —
f12), hs = (1= fi11) 112, hy = (1 = f111)(1 — f112) and introducing the following polynomial in

the variables fi11, fi12 via the S-procedure

S = {11(1 = 1) >0, f112(0.7311 — fiz2) > 0}, (5.39)
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The SOS-based SPUA converged to v = 2.2591 after 4 iterations and the solution is

V(z) = 20.94962% + 24.9114x 29 + 13.906123, (5.40)

with S-procedure multipliers are

o1(x) = 35.868427 — 69.7384x x5 + 48.4823x3,

oo(x) = 186.547522 4 221.9611x 20 + 104.812323.

For this specific example, the variable representing the external disturbance w was re-
placed by a linear variable w due to the substitution on the disturbance policy (5.10) brings
an infeasible solution. Figure 5.3 shows that the controller (5.9) at w = 0 stabilizes the origin
since the trajectories of the initial states zo = [0.8,1.2]7, 2o = [0.9,0.1]T, 2o = [1.2, —1.3]T,
xo = [-1.2,0]7, &y = [-0.8, —1.1]7 and =y = [-0.1,1.4]" reach the equilibrium state. On
the other hand, Figure 5.4 depicts the time plot of the variables @, u and y for a null initial

condition and the exogenous disturbance

8te=(=10) cos(t — 10), if ¢ > 10

w = : (5.41)
0, otherwise
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Figure 5.3: Phase trajectories in the plane x1 — xo of the feedback system in Example 9
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Figure 5.4: From top to bottom, state-variable response, time plot of v and output y of the
feedback system in Example 9.

The cost function (2.56) includes a term u’ Ru, where R > 0. This design parameter is
useful to penalize the control input. The larger the value of R is, the more the control input
is penalized. Figure 5.5 and 5.6 depict the time plot of the states variables, output and
control input when the penalization parameter is R € {0.1,1,10} at v = 2.2591 for an initial
condition xp = [0.9,1.25] and external disturbance signal w given by (5.41), demonstrating

the benefit of including this term in the design conditions.

1 T
—R =10
--R=1
----- R=0.1]
0.5 | | | | | | | | |
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1.5 T
1k —R=10]]
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il )
8 ) = =
0\ y
05 .
1 | | | | | | | | |
0 2 4 6 8 10 12 14 16 18 20

time [s]

Figure 5.5: Time plot of the states of the feedback system in Example 9 when changing the
penalization parameter R.
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Figure 5.6: Time plot of the output (top) and control input (bottom) of the feedback system

in Example 9 when changing the penalization parameter R.

Now, consider the design conditions introduced in [31] for Takagi-Sugeno fuzzy systems,

whose cost function excludes the input penalization term, which is equivalent to

/ yTydtS’yQ/ wl wdt. (5.42)
0 0

The comparison of the time plot of the input pf the feedback system with controllers de-
signed by using SOS-based SPUA proposal and conditions in [31] is shown in Figure 5.7. As
expected, the transient response of the control input given by the SOS-based SPUA control
feedback system is better since the amplitude of signal and overshot is less than those given

by the control input of the feedback system with controller constructed by means of [31].
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Figure 5.7: Comparison of the time plot of the control input of the feedback system in
Example 9 with controllers design via the proposed SOS-based SPUA method and conditions
in [31].

Example 10. The state equations below represent a second-order nonlinear system con-

structed via the converse HJB method (see subsection 2.5.4).

19 +3 5 T 3 arctan(zs) + Tau +
1 =——o1+ =175 — T2 — ——— — —xoarctan(z Tou + w
1 61212326(x%+1)32 2 2 )
9 = 1, (5.43)
Yy=2xi.
Which is represented by the fuzzy system in polynomial form
3
&= hi(x2){Ai(@)z + Bi(w)u + Ei(x)w},
o (5.44)
y=>_ hi(x:)Ci(x)z,
i=1
where
19 | 3.2
—= 4 sx5 —2.7264
A@) = | "7 :

1 0
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19 3.2
—=2 1+ 295 —4.7264
1 0
19 3.2
——= 4+ 5T —1.7264
Ay(@) = | &7 :
1 0
o

and

arctan(x s
ho(z2) = 9(2) + 13’

_ T2,
623 +6 12
h3(x2) = 1— hi(z2) — ha(z2).

hl(xg)

It is important to note that convex conditions in Theorem 5.1 are infeasible for the fuzzy
system in polynomial form described in this example. Nevertheless, the SOS-based SPUA
method can find a disturbance attenuation controller. As demonstrated in subsection 2.5.4,
both value function and optimal control policy are known, given by equations (2.69) and
(2.70), respectively. The region in the state-space where the H, performance is expected the
most is defined as

Q={zeR:|z;| < 1,Vie {1,2}}. (5.45)

Substituting hi(x2) = fu1, ho(xa) = fi2, hs(xa) = 1 — i1 — fiz and define the set of

inequalities restrictions in terms of polynomial in the variables fi1, f1.
S (T
§={in(G-m) <0 (G —in) <0}. (5.46)

For the sake of comparison, consider the initial control policy ug = —10x129 with the
following three cases:

Case I: Polynomial Lyapunov function. SOS-based SPUA conditions are feasible with a
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fourth-degree polynomial Lyapunov function as a solution. The attenuation level tended to

v = 0.7684 and algorithm reached the solution
V(x) = 0.42878x3 + 3.00022% 4 1.1557x1x5 + 5.5858z2, (5.47)

after 4 iterations.
Case II: Integral-type Lyapunov function. SOS-based SPUA conditions are feasible with
vi(x) = vl[4](:c) + v?] () for all ¢ € {1,2,3}. The attenuation level tended to v = 0.7071 with

the functions

vy () = 0.000744z5 + 327 + 0.00198z 25 + 8.176423,
va(x) = 0.00074425 4 322 + 0.00198z 29 + 14.176423, (5.48)

v3(x) = 0.000744z5 + 327 + 0.00198z 25 + 5.176423,

and S-Procedure multipliers

Toeay 1 () = 0.01725 + 2.29527 + 0.000221 2 + 2.288723,

Toed) 2(2) = 0.002975 + 2.285227 + 0.0009z1 77 + 2.25813,

Tone2)1 (@) = 0.01723 + 2.294827 — 0.0009z1 22 + 2.74523,

Tn=2)2(z) = 0.002863923 + 2.284527 — 0.0038204x1 22 + 4.56343,
o1(x) = 0.012472322 4+ 0.02492923 — 0.00012542 129 + 0.1550623,

oo(x) = 0.0022952223 + 0.005358223 — 0.0001687 19 + 0.04346423.

Figure 5.8 depicts the time plot of y, v and disturbance attenuation (2.55) at &y = 0 when

the external disturbance signal is

B 15te/3 cos(0.2t)

0.49
t+1 ( )

w

One can see that the control policy (5.9) renders the disturbance attenuation (2.55) of

the stabilized polynomial fuzzy system when ¢t — oo less than 2.

Case III: Recasted nonlinear system. This final case addresses the attenuation control syn-

thesis of the nonlinear system (5.43) using a non-fuzzy nonlinear technique presented in [43].
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Figure 5.8: From top to bottom, time plot of y, v and disturbance attenuation. Feedback
system (solid line) and system at u = 0 (dashed line) in Example 10.

The referred work introduces conditions for polynomial nonlinear systems. State equations
(5.43) can be recasted [77] by introducing a new state variable x3 = arctan(x2) and it is

rewritten as

a’:——l—gx —|—§xx2—zx —i—lxaﬁ + zou +w
P T2t 3 T g(a2 1) 3T ’

T2 = 1,
(5.50)
. X1
m - )
3 x% +1
Yy =2

The range of the function arctan(xs) is [~5, 5] and it is introduced to the HJI inequality

via S-procedure

—(z2+1) (81{;3(: {.’F(m) +G(x)u+ lC(:c)w} +yly +u'Ru— ’y2wTw>

~—

(5.51)
—n(@)(§ —=3) € Slal.

Here, n(x) € S[z] is the S-procedure multiplier. SOS-based policy iteration conditions
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proposed in [43] tended to v = 0.7667 after 4 iterations and the solution is

V(z) = 0.486625 + 0.0401z3x3 — 0.000673z322 + 0.12822025 — 0.0320523
(5.52)

+ 3.00022% + 1.31072 129 + 5.6267x3 — 0.99728x523 + 0.498643.

The comparison of the evolution of the attenuation level v during the policy iterations

algorithms for the above three cases are shown in Figure 5.9.

T
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- Case III

= 1/V3

oy oy
g g

®
®
®
¥

= o
152 -

5 6
iterations

10

=N |
o H
o H

Figure 5.9: Tterations versus value of + during the SOS-based SPUA for fuzzy system in
Example 10.

Example 11. The dynamic behaviour of a second-order nonlinear system are represented

by the following polynomial fuzzy system

2
&= hi(x)){Ai(@)z + Bi(w)u + Bi(w)w}, (5.53)
=1
with y = «, and
14z +22+zmy—123 1 14z +22+zm—23 1
Al(‘”) - ) AQ(w) - ’

—1+ 323 —0.00832f -1 —1+ a? —1

T 0.7

Bi(z) = By(z) = , Ei(z) = Exy(x) =
0 0
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MFs take the form

sin(x1)—;t1+%z‘;’ .
—— 6L if 1 #£0
0.0083x2 ’
hi(z1) = 1 ;
1, if £1=0

hg(l’l) = 1—h1($1).

In contrast to previous examples, here an initial controller is unknown and quadratic con-
ditions in Theorem 5.1 are infeasible. Therefore, path following iterative method is applied

with p;(x) = x1 + z2. Solutions

Vi(x) = 706.5819z + 1250.6708z2 + 1581.8412z2,
T, = —1396.2548z7 — 12.7893z2,

4 = 1920.7789

were found at @ = —0.0992. With this values as initial setting for the SOS-based SPUA,
table below summarizes the iterations required to reached the attenuation level for quartic

and hexic polynomials.

Table 5.2: Iterations required to converge to the attenuation level v for the fuzzy system in
Example 11

’ Degree ‘ Iterations | Minimum value of ~y
Quadratic Infeasible
4th degree 12 1.2523
6th degree 6 0.9488

SOS-based SPUA gave the results below for quartic polynomials

vi(z) = 2.0384z7 + 2.930422 + 5.171423,

vp(x) = 2.0385z7 + 2.930722 + 5.171422,

and S-Procedure multiplier

o1(x) = 5.2981 x 10~ °x] — 0.014793z3 x5 + 2.8857x3 22

+2.7005 x 107°2% — 0.014675z 29 + 2.738123,
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and for hexic polynomials

vy () = 0.0012038z8 + 0.40137z7 + 1.399123x5 + 1.21772323 + 0.0047x5 + 1.9188z2
1 1 1 142

+ 2.276x 129 4 2.375523,

va(x) = 0.00120472% + 0.4119727 + 1.39912322 4 1.21772222 + 0.0047z4 + 1.920622

+ 2.27621 29 + 2.375522,

the S-Procedure multipliers is

o1(x) = 0.304928 + 0.436725 x5 + 0.46422123 + 0.612223 25 4+ 0.603 1272
— 0.5672x1 — 0.651223 29 + 0.43112222 4 0.07862, 25 + 0.0432x5

+0.282% + 0.2747x1 29 + 0.069323.

Figure 5.10 depicts the time plot of the states and control input for a null initial condition

at w = 5e tsint.

— 1 —T1
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0.5r ] 05r
o~
)
g
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05— ‘ ‘ 05— ‘ ‘
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Figure 5.10: Time plot of the states for quartic polynomials (left-top) and hexic polynomials
(right-top). Time plot of the control input for quartic polynomials (left-bottom) and hexic
polynomials (right-bottom).
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5.3 Discussion and Conclusions of the Chapter

This chapter has studied the disturbance attenuation problem in the context of quadratic
stabilization and differential games. Example 9 proved that SOS-based SPUA method brings
better results than quadratic H,, conditions. Convex conditions used the standard quadratic
Lyapunov function, that is to say, a single common quadratic form to check stability of the
closed-loop polynomial fuzzy system. These conditions are simple yet conservative. The
feasible solution from proposed convex criteria has been used as an initial control policy
for the SOS-based SPUA method which used the integral-type Lyapunov function as an
approximator of the value function.

Furthermore, Examples 10 and 11 have demonstrated that nonconvex conditions and
SPUA method via proposed integral-type Lyapunov function can find a feasible solution in
cases when quadratic-based conditions have failed. These results concurred with discussion
from previous chapters, in which it was concluded that a higher-degree polynomial form can
bring more relaxed results than quadratic functions. Last but not least, the employment of a
multiple form and the novel relaxation method which includes knowledge on the membership
function have contributed to enhance the policy iteration algorithm, which is already known

to be an efficient method to obtain a disturbance attenuation control law.
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CONCLUSIONS AND FUTURE WORK

“There is only one thing that makes a dream impossible
to achieve: the fear of failure.”

— Paulo Coelho

This dissertation has made used of the integral-type Lyapunov function to study stability,
synthesize stabilizing controllers and design disturbance attenuation controllers for a class of
nonlinear systems described by model-based fuzzy control systems.

Chapter 3 has introduced a relaxation in the stability condition via the copositivity prop-
erty. Example 1 has illustrated that by using proposed SOS conditions one can get better
or same results as other current integral-type-based conditions [22-25] without the need for
adding slack variables that complicate the conditions. In contrast to previous works using
the integral-type form, Example 2 has shown that the criterion in this thesis can be used
to determine stability of fuzzy systems in polynomial form. For the stabilization problem,
the Positivstellensatz refutation was applied to transform a semialgebraic set describing Lya-
punov’s second method for fuzzy systems into an SOS condition. Example 3 has dealt with
a well-known benchmark Takagi-Sugeno fuzzy model whose maximum parameter b is larger
than other current quadratic stabilization methods at a = 2. Analogously, Example 4 has
studied a polynomial fuzzy system and found an stabilizing control at ¢ = 2 and b = 6, values
on which other current criteria [76,78,79] had failed to synthesize a control law.

Chapter 4 has presented a general setting of the integral-type Lyapunov function. Rather
than leveraging gradients of quadratic functions, the proposal considers gradients of higher
even degree polynomial forms. Example 5 studied stability of a four-rule fuzzy system in
polynomial form with the generalized Lyapunov function, and it demonstrated the path
independence property. Two relaxation techniques are considered in that chapter to improve
the stabilization conditions. First of all, Positivstellensatz is employed along the same lines

as in Chapter 3. Example 6 has illustrated that increasing the degree of the functions 'UZP\] ()
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is possible to reach a larger value of the parameter b at a = 2 for the well-known benchmark
example. Secondly, S-procedure has been applied to include polynomial restrictions on the
variables replacing the MFs. Both Example 7 and 8 has made the most of the polynomial
restrictions to illustrate that better results can be led for the Takagi-Sugeno benchmark

problem if knowledge on MFs is added in the stabilization conditions.

Finally, Chapter 5 has faced the disturbance attenuation problem. For the sake of com-
parison, H,, quadratic conditions has been firstly obtained. Then, the study has proposed
differential-games-based conditions solved via policy iteration methods. Example 9 has shown
that a smaller value of the attenuation level can be reached by means of policy iteration than
by means of quadratic stabilization. In Example 10 the results have illustrated that the gen-
eralized integral-type Lyapunov function proposed in Chapter 4 has led to the better results
in comparison to the standard polynomial Lyapunov function for fuzzy systems and nonlinear
(non-fuzzy) techniques. It should be noted that quadratic conditions and those based on the
integral-type function introduced in [22] were infeasible. Last example has demonstrated the
effectiveness of the proposed path following method and its results have evinced that the

(A

higher degree of the polynomials v;”"(x), the smaller attenuation level can be reached.

According to the results, one can conclude that the proposed integral-type Lyapunov
function and relaxation ideas provide an effective alternative to decrease the inherent conser-

vatism of the model-based fuzzy control systems.

6.1 Future Work

To continue in the same line in differential games, the next step will be to consider the local
stability and robust control for the Hy, problem. On occasion, it is not possible to find a
global stabilizing control, but at least one wants to design a control law that stabilizes the
system in a certain region of the state space [62]. On the other hand, a mathematical model
is just an approximation of the real dynamics of a system, and this model is not exempt of

uncertainties that can lead to the closed-loop system to become unstable [33].

As an alternative of the H,, problem addressed in Chapter 5, one can consider the per-

formance below.

oo o
’y_l/ yTydt < 'y/ wlwdt.
0 0
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This performance is achieved if the inequality

dv(z)

pr + 7y y — ywlw <0,

holds true for V(x) > 0 at « # 0 and V(0) = 0. For nonlinear system (2.51) one has the

following implication
max (L;V + LgVu + LiVw + v (2) MT M(z) — yw'w) < 0.
w

Here L,V denotes the Lie derivative of V' (x) along the vector field x. The worst-case distur-

bance is then given as w = 0.5y~ 1[L;V]?. Latter inequality then becomes
1
<MV+Lﬂﬁ+B@Mﬂ@VP+7*Aﬂ@?NW@§0

A necessary condition for the existance of a control law solving the problem of disturbance

attenuation is if there exist a positive definite function V() fulfilling the property
1 2 1 T
LyV=0= L{V+ B[LkV] + ;M(m) M(x) <0,

Such function receives the name control Lyapunov function (CLF). A feedback law can be

constructed in terms of the Lie derivatives of V(x) as

e DLV gy 4,

u(t) =
0 if L,V = 0.

with 9(x) = LV + %[Lk-V]2 + %h(az)z Above equation is a modification of Sontag’s formula
for the disturbance attenuation problem [27]. In general, Sontag’s formula possesses optimal
and gain margin properties that are desired in the design of nonlinear control systems. In
the context of model-based fuzzy control, this formula has been successfully applied for
the stabilization problem [79] and for the finite-time problem [80]. However, to the best of
author’s knowledge, this formula has not been employed to tackle the disturbance attenuation

problem yet.

Finally, the work presented in this thesis has given a solution for fuzzy systems of the

disturbance attenuation problem via two-player zero-sum game and policy iteration. With
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regard to the optimal control problem via the solution of the Hamilton-Jacobi-Bellman equa-
tion, policy iteration algorithm has been implemented with success as an SOS optimization
problem. Consequently, the logical next step will be to study the multiplayer non-zero-sum
game, which has been only addressed in the framework of neural networks and machine

learning [81, 82].
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