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LYAPUNOV FUNCTIONS AND FINITE TIME STABILIZATION IN
OPTIMAL TIME FOR HOMOGENEOUS LINEAR AND QUASILINEAR
HYPERBOLIC SYSTEMS

JEAN-MICHEL CORON AND HOAI-MINH NGUYEN

ABSTRACT. Hyperbolic systems in one dimensional space are frequently used in modeling of many
physical systems. In our recent works, we introduced time independent feedbacks leading to the
finite stabilization for the optimal time of homogeneous linear and quasilinear hyperbolic systems.
In this work, we present Lyapunov’s functions for these feedbacks and use estimates for Lyapunov’s
functions to rediscover the finite stabilization results.

Keywords: hyperbolic systems, boundary controls, Lyapunov functions, backstepping, finite
time stabilization, optimal time.

1. INTRODUCTION

Hyperbolic systems in one dimensional space are frequently used in modeling of many systems
such as traffic flow [1], heat exchangers [42], and fluids in open channels [18,21,25,26], transmis-
sion lines [17], phase transition [23]. In our recent works [13,15], we introduced time independent
feedbacks leading to the finite stabilization for the optimal time of homogeneous linear and quasi-
linear hyperbolic systems. In this work, we present Lyapunov’s functions for these feedbacks and
use estimates for Lyapunov’s functions to rediscover the finite stabilization results. More pre-
cisely, we are concerned about the following homogeneous, quasilinear, hyperbolic system in one
dimensional space

(1.1) dw(t,z) = X(z, w(t,z))d,w(t, z) for (t,z) € [0,400) x (0,1).

Here w = (w1, -+ ,wy,)" : [0,400) x (0,1) = R", ¥(-,-) is an (n x n) real matrix-valued function
defined in [0,1] x R™. We assume that X(-,-) has m > 1 distinct positive eigenvalues, and
k = n —m > 1 distinct negative eigenvalues. We also assume that, maybe after a change of
variables, ¥(z,y) for x € [0,1] and y € R" is of the form

(1.2) S(e,y) = diag( = M(@9), =Mkl ) A1 (2.9), Akt (2,9) )
where
(1.3) — Az, y) < < =Mz, y) <0< Apg1(z,y) < - Nerm(z,9).
Throughout the paper, we assume
(1.4) A; and 9y \; are of class O with respect to z and y for 1 <i <n =k +m.
Denote

wo = (wi,-- wg)" and wy = (W1, Wegm) -

The following types of boundary conditions and controls are considered. The boundary condi-
tion at x = 0 is given by

(1.5) w_(t,0) = B(w4(t,0)) for ¢t >0,
1
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for some
B € (C2(R™))" with B(0) = 0,

and the boundary control at x =1 is

(1.6) wi(t,1) = Wigt, -, Wigm) | (t) for t >0,
where Wi1, ..., Wi, are controls.
Set
Lo

The exact controllability, the null-controllability, and the boundary stabilization of hyperbolic
systems in one dimension have been widely investigated in the literature for almost half a cen-
tury, see e.g. [3] and the references therein. Concerning the exact controllability and the null-
controllability related to (1.5) and (1.6), the pioneer works date back to Jeffrey Rauch and Michael
Taylor [38] and David Russell [39] for the linear inhomogeneous system. In the quasilinear case
with m > k, the null controllability was established for m > k by Tatsien Li in [35, Theorem 3.2]
(see also [34]). These results hold for the time 7y + Tp41.

Concerning the stabilisation of (1.1), many works are concerned about the boundary conditions
of the following specific form

w—_(t,0) \ w4(t, 1)

(1.8) < wy(t,1) > N G< w—(t,0) ) ’

where G : R” — R" is a suitable smooth vector field. Three approaches have been proposed to deal
with (1.8). The first one is based on the characteristic method. This method was investigated in
the framework of C''-norm [24,33]. The second one is based on Lyapunov functions [5,7-10,20,32].
The third one is via the delay equations and was investigated in the framework of W?2P-norm with
p > 1 [12]. Surprisingly, the stability criterion in the nonlinear setting depends on the norm
considered [12]. Required assumptions impose some restrictions on the magnitude of the coupling
coefficients when dealing with inhomogeneous systems.

Another way to stabilise (1.1) is to use the backstepping approach. This was first proposed by
Jean-Michel Coron et al. [16] for 2x 2 inhomogeneous system (m = k = 1). Later this approach has
been extended and now can be applied for general pairs (m, k) in the linear case [2,11,13,14,19,30].
In [16], the authors obtained feedbacks leading to the finite stabilization in time 71 4+ 7o with
m =k = 1. In [30], the authors considered the case where ¥ is constant and obtained feedback
laws for the null-controllability at the time 7 + ;% 744 Later [2,11], feedbacks leading to the

finite stabilization in time 7y + 7141 were derived.
Set, as in [13,15]

max {Tl +Tm+1a--~ka+Tm+k’Tk+1} it m > ka
(19) TOpt = .
max {Tk+1—m + Tht1, Tk+2—m + Th+2, - -+, Tk + Tk—‘,—m} if m < k.
Define
(1.10) B:= {B € R¥™: such that (1.11) holds for 1 <4 < min{m — 1,k}},
where

(1.11)  the ¢ x ¢ matrix formed from the last i columns and the last ¢ rows of B is invertible.
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Using the backstepping approach, we established the null-controllability for the linear inhomo-
geneous systems for the optimal time Ty, under the condition B := VB(0) € B [13,14] (see
also [15] for the non-linear, homogeneous case). This condition is very natural to obtain the null-
controllability at T,,; which roughly speaking allows to use the I controls Wi ,m—i41, -, Wipm
to control the [ directions wy_j4+1, -+ ,wg for 1 <1 < min{k, m} (the possibility to implement [
controls corresponding to the fastest positive speeds to control [ components corresponding to the
lowest negative speeds '). The optimality of T, was given in [13] (see also [40]). Related exact
controllability results can be also found in [13,14,29,31]. It is easy to see that B is an open subset
of the set of (real) k x m matrices and the Hausdorff dimension of its complement is min{k, m—1}.

We previously obtained time independent feedbacks leading finite stabilization for the optimal
time T, of the system (1.1), (1.5), and (1.6) when B € B in the linear case [13], and in the
nonlinear case [15]. In this paper, we introduce Lyapunov functions for these feedbacks. As a
consequence of our estimate on the decay rate of solutions via the Lyapunov functions (Theo-
rem 1.1 and Theorem 3.1), we are able to rediscover the finite stabilization results in the optimal
time [13,15].

To keep the notations simple in the introduction, from now on, we only discuss the linear
setting, i.e., X(z,y) = X(x) (so \i(z,y) = A\i(z)) and B(-) = B- (recall that B = VB(0)). The
nonlinear setting will be discussed in Section 3. The boundary condition at £ = 0 becomes

(1.12) w_(t,0) = Bwy(t,0) for t > 0.

We first introduce/recall some notations. Extend A; in R with 1 <i < k+ m by X;(0) for z < 0
and \;(1) for x > 1. For (s,&) € [0,T] x [0,1], define z;(¢t, s,) for t € R by

(1.13) ﬁxi(t,s,g) = Xi(zi(t,5,€)) and z;(s,s,8) =€ if 1 <i <k,
and
(1.14) %xi(t,s,f) = —Ni(zi(t,5,€)) and z;(s,s,§) = if k+1<i<k+m

(see Figure 1).
For z € [0,1], and k +1 < j < k+m, let 7(j,z) € Ry be such that

I’j(T(j,.%'),O,.TJ) = 07
and set, k+1<i<j<k+m,
(1.15) aij(z) = 2;(0,7(j,2),0)

(see Figure 1-b)). It is clear that 7(j,1) = 7; for k+1 < j < k+m.
We now recall the feedback in [13]. We first consider the case m > k. Using (1.11) with ¢ = 1,
one can derive that wy(t,0) = 0 if and only if

(116) wm—l—k(ta 0) = Mk(wk-f—l? e 7wm+k‘—1)T(t7 O)a

for some constant matrix My of size 1 x (m — 1). Using (1.11) with ¢ = 2, one can derive that
wi(t,0) = wi—1(¢,0) = 0 if and only if (1.16) and

(1.17) Wy k—1(t,0) = My_1(Wpt1, s Winak—2) " (£, 0)

IThe i direction (1 <i < n) is called positive (resp. negative) if ); is positive (resp. negative).
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t t
T+ T4
T
T2+ T5
T4
€2
T5 x](aovl) xl('alao)
) N 5 T4
= T(j,@) |
\\\ ’ ‘\\"\Ej( ,0,1’)
0 1 0 T 1
1‘4(0,7'5 O)
a) b)

FIGURE 1. a) k =m = 3, X is constant, 1 = x1(-,74,0), 2 = x2(-,75,0), 3 = x3(+, 74, 0),
x4 = 24(+,0,1), 25 = x5(-,0,1), and 26 = x6(-,0,1). b) k+1<i<j<k+m, and X is
constant.

hold for some constant matrix My_; of size 1 x (m — 2) by the Gaussian elimination method, etc.
Finally, using (1.11) with ¢ = k, one can derive that wy(¢,0) = wg_1(¢,0) -+ = wi(¢,0) = 0 if and

only if (1.16), (1.17), ..., and
(1.18) wm+1(t, 0) =M (wk+1, v ,wm)T(t, 0)

hold for some constant matrix M; of size 1 x (m — k) by applying (1.11) with ¢ = k and using the

Gaussian elimination method when m > k. When m = k, similar fact holds with M; = 0.
The feedback is then given as follows:

(119) wm+k(t7 1) = Mk (wk+1 (ta Tp41 (07 Tm+k» 0))7 <oy Wepm—1 (tu $k+m71(0, Tm+k> 0))) )
(1.20)

wm-‘rk‘—l(tv 1) — Mk:—l (wk‘—l-l (tv Th+1 (07 Tm+k—1, 0))7 coey We+m—2 (ta xk-ﬁ-m—Q(Ov Tm+k—1, 0))) )

(1.21) Wmt1(t, 1) = My (wk+1 (t, Tr+1(0, Tt 1, O)), e, Wy (t, Trm+1(0, Trmt1, 0))),
and
(1.22) wi(t,1) =0 fork+1<j<m.

(see Figure 1-a)). 2

%In [13], we use zi(—7;,0,0) with k +1 < i < j < k +m in the feedback above. Nevertheless, z;(—7;,0,0) =

:Ei(O,T]',O).
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We next deal with the case m < k. The construction in this case is based on the construction
given in the case m = k. The feedback is then given by

(123) wk-‘rm(t? 1) = Mk (wk—i-l (tv xk—i—l(ov Tk+m» O))7 ceey Wetm—1 (ta lik-l—m—l(ov Tk+m» 0))) )

(1.24)

wk+m71(t7 1) = Mkfl (wk+1 (ta xk+1 (07 Tk4+m—1, 0))7 ceey wk+m72 (ta xk+m72(07 Tk4+m—1, 0))) 9
(1.25) Wy2(t,1) = My yo_pm, (wk-H (t, Zh41 (0, Thm—1, 0))>,
(1.26) wk+1(t, 1) = Myt1-m,

with the convention My 11—, = 0.

Remark 1.1. The well-posedness of (1.1) with X(z,y) = X(x), (1.5), with the feedback given
above for wy € [LOO(O, 1)]” is given by [13, Lemma 3.2]. More precisely, for wy € [LOO(O, 1)]" and
T > 0, there exists a unique broad solution w € [L*°((0,T) x [0,1])]" n [C([0,T]); L?(0,1))]" N
[C([0,1]); L2(0,T))]". The broad solutions are defined in [13, Definition 3.1]. The proof is based
on a fixed point argument using the norm

|w|| = sup esssup e LT L2l (1, 8),
1<i<n (7,£)€(0,T)x(0,1)

where L, Lo are two large positive numbers with L1 much larger than L.
Concerning these feedbacks, we have

Theorem 1.1. Let m, k > 1, and wg € [LOO(O7 1)]” There exists a constant C > 1, depending
only on B and X, such that for all g > 1 and A > 1, it holds

(1.27) ot Yzagoy < Ce* T (e = 0, )| ooy fort > 0.

As a consequence, we have

(1.28) ot Mz o) < CeM T2 (= 0, ey for t > 0.

As a consequence of Theorem 1.1, the finite stabilization in the optimal time T, is achieved by
taking A — 400 since C' is independent of A. The spirit of deriving appropriate information for
L*>°-norm from the one associated to LI-norm was also considered in [5]. The proof of Theorem 1.1
is based on considering the following Lyapunov function. Let ¢ > 1 and let V : [L9(0,1)]" — R be
defined by, with ¢ = max{m, k},

¢ 1
(1.29) V(v):;/o i) vi(2)|? da

1
q
+ Z / pm+i($)‘vm+i($)—Mi (Uk+1 (ak+1,m+i($))a <o Umti—1 (am+i71,m+i($))> ‘ dz,
} 0
e+1§m}rz’§k+m

where

(1.30) pi(x) = A;l(m)e_qu: N dstah fy AT (9)ds for <i<k,
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(1.31) pi(x) = DIN (z)edd Jo A @ ds for k41 < i<,

(1.32) Pm+i(T) = Fq)\;lﬂ»(x)eq/\ Iy Ani(s) ds+ah [y AT s ds g g +1<m+i<m-+k.
for some large positive constant I' > 1 depending only on ¥ and B (it is independent of A and gq).

Remark 1.2. Our Lyapunov functions are explicit. This is useful to study the robustness of
our feedback laws with respect to disturbances. The use of Lyapunov functions is a classical
tool to study the robustness of feedback laws for control system in finite dimension (see, for
example, [36, Sections 4.6, 4.7, 5.5.2, 11.7]. For 1-D hyperbolic systems Lyapunov functions are in
particular used for the study of a classical robustness property called the Input-to-State Stability
(ISS); see, for example, [22,28,37,41].

The paper is organized as follows. Section 2 is devoted to the proof of Theorem 1.1. The
nonlinear setting is considered in Section 3. The main result there is Theorem 3.1, which is a
variant of Theorem 1.1. In the appendix, we will establish a lemma, which is used in the proof of
Theorem 1.1 and Theorem 3.1.

2. ANALYSIS FOR THE LINEAR SETTING - PROOF OF THEOREM 1.1

This section containing two subsections is devoted to the proof of Theorem 1.1. The first one
is on the case m > k and the second one is on the case m < k.

2.1. Proof of Theorem 1.1 for m > k. One can check that a; ; is of class C! since A is of class
C! (see, for example, [27, Chapter V]). We claim that, for k+1 <i < j < k+m and for z € [0, 1],

(2.1) a/i’j(x) =\ (ai7j(az))/)\j(x).
Indeed, by the characteristic method and the definition of a; ; and 7(j,-) (see also Figure 1-b)),
we have
a; j (acj(t,O,:):)) =x; (t,T(j,a:),O) for 0 <t < 7(j,x).
Taking the derivative with respect to t gives
a; ; (2(t,0,2))0px;(t,0,2) = dyi(t, 7(j, ), 0).
This implies, by the definition of x; and z;,

a;,j (xj (ta Oa :I:)))‘J (:Ej (ta 07 l')) = )‘z (:Ei(t’ T(ja :E)a 0))
Considering t = 0, we obtain (2.1).
As a consequence of (2.1), we have
Ai(ai;(x))

(2.2) Oz (wi (t, ai’j(x))) = (@)
d

Identity (2.2) is one of the key ingredients in deriving properties for d—V(w(t, )), which will be
done next.

In what follows, we assume that w is smooth. The general case will follow by a standard
approximation argument. Set

8$wz- (t, Qg5 (1‘)) .

(2.3)  Smti(t, ) = Amyi(2) Opwmi(t, ) — M; ()\k—H (aks1,m4i()) Orwiesr (£, Ahs1,mri()),

e Amgio1 (@mie1,mei (2)) Opwimpi—1 (¢, am+z‘—1,m+z‘(x))) ,
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and
(2.4)  Tptit,x) = wingi(t, x) — M; (wk+1 (t, aps1,mri()), - Wi (2, am+i—1,m+i($))>-

Since M; is constant, it follows from the definition of V(v) and (1.1) that, for ¢ > 0,

(25) EV((t, ) = (1) + (),
where
k 1
(2.6) Uy (t) = — pi(2)Ni(2) 0z |w;(t, x)|9 dz + ; x) 0z |wi(t, x)|? dz,
1 ;/0 z;-l-l/ p
and
1
(2.7) Up(t) = Z/O @Pm+i(2) Sm4i(t, ) [Ty (8, )17 T (8, ) d.

We next consider ;. An integration by parts yields

ko1
@9 =3 [ O @t e - Z/ Ap) (@)l (t,2)|7 da
=1 i=k+1
k
_Z/\i(z)pi(ﬂf)’wi(tvﬂf”q‘ Z Ai( ) |w;(t, x)’q
i=1 i=k+1

Using the feedback (1.22) and the boundary condition (1.5), we obtain

ka1
(2.9) Ui(t) = (Nipi) () |w; (t, 2)|? do — ipi) () |w;(t, x)|? dx
1 12;/0 ? zzk—:i—l/ p
k k
— > AWpi(D)wit, 1]+ D Xi(0)ps(0)] (Buwy )i Z i (0)p;(0) [wi(t, 0)]9.
=1 =1 i=k+1

We next deal with Us. Using (2.2), we derive from the definition of S,,4; that
(2.10)  Smti(t, 2) = Am+i(2) Opwini(t, @) — Api(2) M; <3z (wrt1 (8 b 1,myi(T))),

<y Op (Wi (2, am+i—1,m+i(9€)))> ;
which yields, since M; is constant,
(2.11) Smti(t, ) = Appi(2) 0 T i (8, ).
Combining (2.7) and (2.11), and integrating by parts yield

k

212 () =-3 / APt ) o )T+ 3 D)) ot

=1
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By the feedback laws (1.19)-(1.21), the boundary term in the RHS of (2.12) is

k
q
=3 A O 4(0) [ (1,0) = M (w1 (£,0), - i1 (1,0)) |
=1

One then has

k 1
213) Ua(t) ==Y [ Cnsitmss) @) Tt )
i=1"0
k
=3 Mt O)prss(0) w1, 0) — M, (wk+1(t, 0), ... wmpi1(t, 0)) ‘q.
=1
From (2.9) and (2.13), we obtain
(2.14) UL (1) + Us(t) = Wi (1) + Wa(t),
where
k k
(2.15) Wi(t) = = > M(Wpi(Dwi(t, )7+ > Xi(0)ps(0)] (B )i(t, 0)|
=1 i=1

)

m k
— Z )\i(O)pi(O) ]wi (t, 0) ’q—z )‘m-I-i (O)pm_H'(O) ‘me (t, 0)—Mi (wk+1(t7 O), ey wm+,~_1(t, 0))
i=k+1 =1

and

k

216) W) =3 [ @t aftde = 32 [ )@t a)ftdo

i=1 i=k+1

k 1 q
_Z/O ()‘m+ipm+i)/(m)‘wm+i(t7x)_Mi<wk+1(t’ et 1,m4i(2)) - Wi (L, “mﬂflvm*i(x)))‘ dr.
=1

On the other hand, (1.30), (1.31), and (1.32) imply

(2.17) (\ip;)' = —qAp;  for 1 <i <k,
(218) ()\ipi)/ =qgAp; fork+1<i<k+m.
Using (2.17) and (2.18), we derive from (2.16) that

(2.19) Wy(t) = —qAV(t).

We have, by the Gaussian elimination process,

k k
3 \wmﬂ(t, 0) — M, (wkﬂ(t, 0), ... wmpi1 (1, 0)) ‘ >3 |(Bwy)i(t,0)]-
i=j i=j
for j =k, then j =k —1, ..., and finally for j = 1. Using the fact

1 1
/0 A (s)ds < /0 ALl (s)ds for 1< iy <iy <k,
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and, for a; > 0 with 1 <i<j<kand 1< ¢ < +o0,

for some positive constant C' independent of ¢ and a;, we derive from (1.30) and (1.32) that, for
large T" (the largeness of I depends only on B, k, and [; it is in particular independent of A and

q)

k
> Mt O)pint ) |wi(1,0) — M (wk+1(t, 0), -+ Wi (t, 0)) ]q

k
> 3 NOBOIBr O
It follows from (2.15) that
(2.20) Wi(t) <0
Combining (2.5), (2.14), (2.19), and (2.20) yields
d
TV (w(t ) < —gAV(w(t,)).
This implies
(2.21) V(w(t, ) < e MV (w(0,)).
Set
(2.22) A= sup pi(z) and a= inf p;(z),
1<i<n 1<i<n
z€(0,1) z€(0,1)
and define, for v € [L?(0,1)]",
229 ply= [ Z ()l da
q
/ Z ‘Uerz - <Ulc+1 (ak+1 m+z( )) - Um+i—1 (am+i—1,m+i($))) ‘ dx.
Using (1.30), (1.31) (1.32), and the definition of T, (1.9), one can check that

(2.24) AJa < 0980 ort
for some positive constant C' depending only on I and . It follows that

2.22),(2.23) 1 (2.21) 1

Hw(t,-)H%( < av(w(t,-)) < —e ™Y (w(0,))

(2.22),(2.23) A (2.24)
< T Ml < % o g,
a

Since ||v|ly ~ [|v]| £a(o,1y for v € [L9(0, 1)]" by Lemma A1 in the appendix, assertion (1.27) follows.
It is clear that (1.28) is a consequence of (1.27) by taking ¢ — +o0. O
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2.2. Proof of Theorem 1.1 for m < k. The proof of Theorem 1.1 for m < k is similar to the
one for m > k. Indeed, one has

(2.25) Wa(t) = —AV.
We have, by the Gaussian elimination process, for k+1 <m+j < m + k,
S ‘wm_,_i(t, 0) — M; (warl(t, 0), .. wmsii(t, 0))‘ >C Y |(Buwy)i(t0)l.
m—&—jgmz-igm—i-k m—&—jgm:—igm—i-k
and, for 1 < j <k —m,
S it 0) = M (s (8, 0) i1 (£,0))| 2 (B (2,0

7
k+1<m+i<m+k
Using the fact

1 1
/0 A (s)ds < /0 A, (s)ds for 1 < iy <y <k,
we derive from (1.30) and (1.32) that, for large I' (the largeness of I' depends only on B, k, and
[; it is in particular independent of A and q),
q
Z >\m+z(0)pm+z(0) ‘meri(tv 0) — M; (wk—i-l(ta O)a cees wm+i71(t7 O)) ‘

i
k+1<m+i<m+k

k
> 3 A(0)pi(0)] (Bury )i(t, 0)].
=1

One can then derive that
(2.26) Wi(t) <0.
Combining (2.25) and (2.26) yields

%V(t) < AV(b).

The conclusion now follows as in the proof of Theorem 1.1 for m > k. The details are omitted. [
3. ON THE NONLINEAR SETTING
The following result was established in [15].

Proposition 3.1. Assume that VB(0) € B. For any T > Ty, there exist € > 0 and a time-
independent feedback control for (1.1), (1.5), and (1.6) such that if the compatibility conditions
(at x =0) (3.1) and (3.2) below hold for w(0,-),

(lw(0, Moy <€) = (w(T,-) =0).
In what follows, we denote, for = € [0,1] and y € R,
Z,(ﬁ, y) = dlag( - )\1(13, y)a Ty _)\k('ra y)) and ZJr(x’ y) = diag<)\k+1($a y)a Ty )\n('ra y)) .
The compatibility conditions considered in Theorem 3.1 are:

(3.1) w_(0,0) = B(w4(0,0))
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and
(3.2) 2_(0,w(0,0))8,w—(0,0) = VB(w(0,0)) S (0, w(0,0)) w4 (0,0).

We next describe the feedback given in the proof of Proposition 3.1 in [15]. Let x; be defined

as
%xj(t,s,f) = A] ($j(t,87§),w(t, CU](t,S,g))) and .ij(S,S,f) = € for 1 S ] S k7

and

%a:j(t,s,f) = - (:cj(t,s,f),w(t,a:j(t,s,ﬁ))> and zj(s,s,{) =& for k+1<j<k+m.

We do not precise at this stage the domain of the definition of x;. Later, we only consider the
flows in the regions where the solution w is well-defined.

To arrange the compatibility of our controls, we also introduce auxiliary variables satisfying
autonomous dynamics. Set § =T —T,,; > 0. For t > 0, let, for k+1 < j < k4 m,

(3.3) Gi(0) = wo (1), ¢;(0) = Xj(L,wo(1))wp ;(1), ¢(t) =0 fort >6/2,
and
(3.4) n;(0) =1, 73(0) =0, n;(t)=0fort>d/2.

We first deal with the case m > k. Consider the last equation of (1.5). Impose the condition
wy(t,0) = 0. Using (1.11) with ¢ = 1 and the implicit function theorem, one can then write the
last equation of (1.5) under the form

(3.5) Wi (£, 0) = My (wk+1(t, 0), - wynpk1(t, 0)),

for some C? nonlinear map M}, from Uj into R for some neighborhood U, of 0 € R™! with
M} (0) = 0 provided that |wy(¢,0)| is sufficiently small.

Consider the last two equations of (1.5) and impose the condition wg(t,0) = wi_1(¢,0) = 0.
Using (1.11) with ¢« = 2 and the Gaussian elimination approach, one can then write these two
equations under the form (3.5) and

(36) Wm+k—1 (t7 0) = Mk—l (wk-‘rl (ta 0)7 T, wm-}—k—?(ta 0)) )

for some C? nonlinear map Mj,_; from Uj_; into R for some neighborhood Ui_; of 0 € R™~2 with
Mj—1(0) = 0 provided that |w4(t,0)| is sufficiently small, etc. Finally, consider the k equations

of (1.5) and impose the condition wg(t,0) = -+ = w1 (¢,0) = 0. Using (1.11) with ¢ = k and the
Gaussian elimination approach, one can then write these k£ equations under the form (3.5), (3.6),
...,and

(3.7) Wit (£,0) = M; (wkﬂ(t,o), . ,wm(t,0)>,

for some C? nonlinear map M; from U; into R for some neighborhood Uy of 0 € R™F with
M;(0) = 0 provided that |wy(t,0)| is sufficiently small for m > k. When m = k, we just define
My = 0.

We are ready to construct a feedback law for the null-controllability at the time T. Let t,,
be such that

$m+k(t + tm+k7 t, 1) = 0.
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It is clear that ¢, depends only on the current state w(t, ). Let Dy = Dppyi(t) C R? be the
open set whose boundary is {t} x [0, 1], [¢, t+t,,41] x {0}, and {(s, Tmik(s,t,1)); s € [t t+tm+k]}.
Then Dy, depends only on the current state as well. This implies

Trt1(t t + sk, 0)y o ooy Tpm—1(t, t + timtk, 0) are well-defined by the current state w(t, -).

As a consequence, the feedback

(3'8) wm+k(t> 1) = Cm-‘rk(t)

(1= D ()M (w1 (8 21 (8 b, 0))- -5 0kt (B Tt (B + B, 0)))

is well-defined by the current state w(t,-).
We then consider the system (1.1), (1.5), and the feedback (3.8). Let t,,+r—1 be such that

ij-i-k—l(t + tm+k—1) t, ]-) = 0.

It is clear that t,,1%_1 depends only on the current state w(t,-) and the feedback law (3.8). Let
Dpik—1 = Diyr—1(t) C R? be the open set whose boundary is {t} x [0,1], [t,t + tyax_1] % {0},

and {(s, Trntk—1(8,t, 1)); sE [t t+ tm+k—1]}- Then D,,,+r—1 depends only on the current state.
This implies
Tr1(tt+ tmak—-1,0)s .oy Tprm—2(t, t + tyyr—1,0) are well-defined by the current state w(t,-).

As a consequence, the feedback

(3.9) wmir-1(t1) = Grar—1(t)

(1T 1 () Mo (wh (2 (6 1, 0)), s ko2 (f -2t E+tmii1,0)))

is well-defined by the current state w(t,-).
We continue this process and reach the system (1.1), (1.5), (3.8), ...

(3.10)  wiga(t, 1) = Cm2(t)

+ (1 - 77m+2(t))M2 <wk+1 (t7 xk-‘rl(ta t+ tm+2a 0))7 <oy Wm+1 (ta Tm+1 (tvt + tm+27 0))) .

Let t,,+1 be such that
.Z'm+1(t + tm+1, t, 1) =0.

It is clear that ¢,,1 depends only on the current state w(t,-) and the feedback law (3.8), ...,
(3.10). Let Dyyi1 = Dyyr1(t) C R? be the open set whose boundary is {¢} x [0, 1], [t, t+tm11] x {0},

and {(s,me(S, t, 1)); s € [t t+ tm+1]}. Then D,,11 depends only on the current state. This
implies
Tr1 (6t + tms1,0), ..., 2 (t, ¢ 4+ tm41,0) are well-defined by the current state w(t, -).

As a consequence, the feedback

(3.11)  wipga(t,1) = Cma(2)

F (1= st ()M <wk+1 (£, kg1 (bt + tni1,0)), s Wi (£ T (b £+ iy, 0)))

is well-defined by the current state w(t,-).
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To complete the feedback for the system, we consider, for k + 1 < j < m,

(3.12) w;(t,1) = ¢(t),

We next consider the case k > m. The feedback law is then given as follows

wm—i—k(ta 1) = Cm+k(t)

(1= D ()M (w1 (8 @1 (8 s 0) -5 W1 (b @1 (B + b, 0)),

we2(t, 1) = G2 (t) + (1 — Mit2(t)) Mi2—1m (wk-i-l (t, Tpgr (8, T + tryo, 0))>,

and
wi1(t, 1) = Ger1 () + (1 = M1 (8)) Myt 1-im,s
with the convention My 1_n,, = 0.

Remark 3.1. The feedbacks above are time-independent and the well-posedness of the control
system is established in [15, Lemma 2.2] for small initial data.

To introduce the Lyapunov function, as in the linear setting, for k+1 <17 < j < k+m, and
for x € [0,1], t > §/2, let 7(4,t, ) be such that

xj (T(j,t,x),t,:c) =0,
and define
a; j(t, ) :aij(az w(t, )) —l‘l(t 7(j4,t, ), )
In the last identities, by convention, we considered z; (t 7(j, t, x), ) as a function of ¢t and x

denoted by a;;(t, ) or a function of z and w(t,-) denoted by a; ; (x, w(t,-)).
Set

H= {v € [C1(]0,1])]"; v satisfies the compatibility conditions at 0 and 1}.
Let g > 1 and let V:H — R (¢ > 1) be defined by
(3.13) V(v) = V() + V(o).
Here, with ¢ = max{m, k},

(3.14) V(v) Z/ pi(x)|vi(z)|? da

1
q
+ Z A pm+i<1‘) ‘Um—l—i(x)_Mi (Uk+1 (aerl’eri(.%', U)): sy Umti—1 (avm+i—l,m+i(x7 'U))) ‘ dx,
[

L+1<m+i<k+m

and

315)7—Z1»aoqd oo (@)] 00 (0
15) V) =3 [n@pe0aldt 3 [p]oum 0.0

L+1<m+i<k+m

q
dx.

- 8t< (Ukﬂ(t @t myi(t2)), s vt (L, a%+i,17m+i(t,$))))t:0‘
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Here v(t,-) is the corresponding solution with v(¢t = 0,-) = v and azﬂ-’mﬂ- is defined as apjm+
with w(t, -) replaced by v(¢,-). We also define here

(3.16) pi(z) = A (@, 0)e e o AT (50 dstaA [f AT w00 ds gor g < <
(3.17) pi(x) = TN (2, 0)etd Jo M 0 ds gor 1 < i<,

(3.18)  pmyi(z) = Fq)\mlﬂ(az 0)edt Jo Alyi(s.0 dstah fo A7 s00ds g gy g <m+i<m+k,
for some large positive constant I' > 1 depending only on ¥ and B (it is independent of A and gq).
Concerning the feedback given above, we have

Theorem 3.1. Let m, k > 1. There exists a constant C > 1, depending only on B and X such that
for A > 1 and for T' > Ty, there exist € > 0 such that if the compatibility conditions (at x = 0)
(3.1) and (3.2) hold for w(0,-), and ||w(0,)||c1(j01]) < &, we have, for t > 6/2 with § =T — Typ,

(3.19)  w(® )llwrae,n < e (Tor—t) (Hw(O, IMwra,1y + ICller + [[nller[[w(0, ')le»q(o,1)>-

As a consequence, we have

(3.20) lw(t, ) e (o

< M) (w0, llen o + I€llen + Imllon [0, Mooy )-
Proof. We first claim that, for k +1 <i < j <k+m and z € [0, 1],
(3.21) i <ai’j(t, x), w(t,aiyj(t,m))> + Opaij(t, z) = Nj(z, w(t, x))Opai j (¢, z).
Indeed, by the characteristic, we have
a; j (s,:cj(s,t,:n)) =z;(s,7(j,t,x),0) for t < s < 7(j,t,z).
Taking the derivative with respect to s yields, for ¢t < s < 7(j,t, ),
Ova; (3, zj(s,t, x)) + 0sxj(s,t,2)0pa; ; (s,xj(s,t,x)) = 0sxi(s,7(j,t,2),0).

Considering s =t and using the definition of the flows, we obtain the claim.
As a consequence of (3.21), we have

>\i ai7j(t,x),w(t,ai7]~(t,w)) —i—@tam(t,x)
(322) 896 (wi(t, ai,j(t,x))> == < )\(;L' w(t x))) (%sz (t,ai7j(t,33)).

Identity (3.22) is a variant of (2.2) for the nonlinear setting and plays a role in our analysis.

We next only consider the case m > k. The case m < k can be proved similarly as in the
proof of Theorem 1.1. We will assume that the solutions are of class C2. The general case can be
established via a density argument as in [6, page 1475] and [4, Comments 4.6, page 127-128].
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We first deal with V. We have, for t > §/2,

(3.23) %V Z/ pi(x) i (2, w(t, ) O |wi(t, x)|9 d

+ Z / pi(z) i (2, w(t, ) O |wi(t, x)|9 d

i=k+1

k 1
+ § / qpm—&-i(x)atTm—i-i(tax)|Tm+i(t7x)|q72Tm+i(t7x) d,
— Jo

where

(3.24) Tpyi(t,x) = wimqi(t, x) — M; (wk+1(tyak+1,m+i(t7$))7 e Wi (2 am+i—1,m+i(t7$))>-

Using (3.22) and noting that, for k+ 1 < i < j <k + m,
Oywi(t,aij(t,x)) =N (aiyj(t,x),w(t, a; (t, x)))@xwi(t,ai,j(t,x)),
one can prove that
(3.25) T n+i(t, ) = Appi(z, w(t, x))0p Tinyi(t, x).
Using (3.25) and making an integration by parts, as in (2.14), we obtain

15

(3.26) DD (a(t, 1)) = Walt) + W (r),
where
. k k
(3:27) Wi(t) = = > M1, w(t, 1)ps(1)|wit, D7+ D Xi(0,w(t, 0))pi(0)[(Buy)i(t, 0)|
i=1 1=1
= ) (0, w(t, 0)ps(0)lwi(t, 0|
i=k+1
k
=3 Mti (0, (1, 0))py(0) }wmﬂ-(t, 0) — M, (wk+1(t, 0), .. wmpi1(t, 0)) !
i=1
and
(3.28)
~ k 1
Wh(t) = Xi(z,w(t,z))pi(z)) |wi(t,z)|!dx — (z,w(t, z))pi(z)) |wi(t, z)|? dx
=3 ), z [ o @)
k 1
-3 | Ounsilas ot a)psa(a), [t ) da

q
—M; (wk+1 (t, akr1m4i (6 2)), s Winepie1 (8 @mgri1,mea (2 37))) ’ de.
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As in the proof of Theorem 1.1, we also have, for large I" and |w(¢,0)| sufficiently small,

k

S A0, 00, 0)) (0 [ 4(8,0) — M (wi i (1,0), - w1 (1,0)) ]2
=1

k
> > (0, w(t,0))pi(0)| (B )i(t, 0) .
=1

This implies
(3.29) Wi(t) <0.
Concerning Wh(t), we write

iz, w(t, x))

Al wit, 2))pile) = =370

>\i (l’, O)pi (CL')

Note that, since ¥ and 9,3 are of class C' L

iz, w(t, z))

—1

o, (leutio)

g )| sce.

a quantity which goes to 0 if ¢ — 0 for fixed §.
Using (3.16) and (3.18), we obtain

(3.30) Wa(t) < —gA(1 — C(g,8))V(¢).
Combining (3.26), (3.29), and (3.30) yields

(3.31) %V(t) < —q(A — C(e,8)V() for t > 6/2.

We next investigate V. By (3.15), we have, for ¢ > §/2,

~ 1 1
(3.32) V(w(t,a:)):Z/o pi(2)|0pw(t, z)|? dx + Z /Opm+i(x)‘8twm+i(t,a:)

k+1<m+i<k+m

q
_ <Mi (wkﬂ (t, ks 1,m+i(6,2)), s Wimepim1 (8 Gri—1,mei (L, a:)))t‘ de.
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Using (3.25), we have

d ~
%V Z/ pi(z)Ai (2, w(t, ) 0y |Opw; (t, )| d

+Z/ qpi(x ) y)\i(m,w(t,x))@tw(t,ﬂf)\atwi(t,$)|qd$

7

+ Z / pi(x :1: w(t x))a |Oyw; (t, x)|9 dx

i=k+1

n Z/ qpi(x ) y)\i(x’w(t7g;))8tw(t,$)|atwi(t,$)|qd$

i=k+1 ’

k 1
+§:/mmmMWM%MMW&W£meWMx
i=170

+Z/ S qpmﬂ OyAm+i(x, w(t, z))Oyw(t, )|0yTim4i(t, ) |? da.

mti(T wt:v))

P k 1 T
(3.33) Ws(t) = / L()@y)\i(x,w(t,w))@tw(t,x)mtw(t,x)|qdw

=1
m 1L($) ilx,w(t, wl(t. x w(t. )9 dx
+i§k;1/o )\i($,w(t,x))ay)\’( ,w(t, o)) dpw(t, x)|Opw(t, x)|? d

k 1
qPmyi(T) , , g
Y / s s (0, 2) Ot 2) DTy, o

An integration by parts yields

(334 EV(wit, 1)) = Wh(0) + Wal) + Wa(o),
where
. k k
(335) Whlt) = — >0 A(Law(t, 1)pe() it DI + D2 A0, w(t, 0)pi(0)[24 (B )i, O
=1 =1
= (0, wlt,0))pi0) Bu, )
i=k+1

k

= 3 A0, (2 0)Prn4(0) | 4(8,0) = (M (wea (1,0), - winsioa (,0)) ). !
=1

)
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and
— E o r1
(3.36) Wh(t) = Z/ ()\i(wi(tx))Pi(ﬂf))xlatwi(t,xﬂq de
i=1"0
- Z / (z, w(t,x )pi(iﬁ))x‘atwi(t,xﬂqu
i=k+1
ko r1
-3 [ Gt 2D 0) O, )

_ (M, (wkH (t, ak1,m+i(t, a:)), ey Wi (t, mti—1,m+i(t, x))))t ‘q dx.
As before, we have
(3.37) WL(t) + Wa(t) < —gA(1 — C(e,8))V.
One can check that
(3.38) Ws < C(e, 8)qV.
From (3.34), (3.37), and (3.38), we derive that

d ~

(3.39) V(1) < —ah(1-Ce, VY.

Combining (3.31) and (3.39) yields

d

ZV(0) < —gA(1 - C(=,9)V.

The conclusion now follows as in the linear case after taking e sufficiently small, replacing
A(1 — Ce) by A, and noting that

lw(t, )llerqoay) < C(Hw(o, Moy + ISller + [lnller flw(O, ')Hcl([o,l])> for 0 <t <4/2.

We also note here that the conclusion (A3) of Lemma A1 also holds for nonlinear maps M; of class
C! with M;(0) = 0 provided that [[v]|c1(jo 1 is sufficiently small. The details are omitted. O

APPENDIX A. A USEFUL LEMMA

Lemma Al. Let m, k> 1. Fork+1<i<j<k-+m, letb;;:[0,1] — [0,1] be of class C' such
that

(A1) c1 < b ()| < g for z € (0,1),
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for some positive constants ¢; and co. Set £ = max{k,m}. Let, for t +1 < m+1i < m+k,
M; € R (mH1=k=0) " Define, for v € [L9(0,1)]",

¢ 1
v|[|f = vi(x)|? dx
(A2) [lol] §/0| (@)1d

1 q
+ Z /0 ‘vm+i($) — M; (Ulc—f—l(bk—&—l,m—i-i(x))v'--,Um+i71(bm+i71,m+i($)))‘ dzx.
E-&-lSmj—iSk-&-m
We have

(A3) Al Lo,y < ol < Aol Lo,
for some A > 1 depending only on k, m, c1, and ca, and M;; it is independent of q.
Proof. We only consider the case m > k. The other case can be proved similarly. It is clear that
(A4) llvlll < CllvllLao,1)-
On the other hand, using the inequality, for &, & € R with d > 1,
1]+ [€2 = &|* = CTI(|&]" + [&2]7),
we have, for 1 <i <k,

(A5) /01 ’Um+z‘($) - M; (Uk+1(bk+1,m+i(x))a e 7vm+i—1(bm+i—1,m+i(x))> ‘qu

1 1
Y /0 i (b)) [ dz > € /0 omss ()| da.

k4+1<j<m+i—1

Using (A1), by a change of variables, we obtain, for k +1<i < j<m+k,

1 1
(AG) /O i (big () |7 d < c/o ()] da

From (A5) and (A6), we deduce that

k 1 q
(A7) Z/ ‘Um+i(x) - M; (Uk+1(bk+1,m+i($)),---avm+ifl(bm+i71,m+i(x))>‘ dx
i=1"0

m 1 1 n
+ Z /0 lvi(x)|dx > C q/o Z vi(2)|? de.

i=k+1 i=k+1
The conclusion then follows from (A4) and (AT7). O
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