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Hopf bifurcation in a Mean-Field model of spiking neurons

Quentin Cormier!, Etienne Tanré!, and Romain Veltz!
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Abstract

We study a family of non-linear McKean-Vlasov SDEs driven by a Poisson measure,
modelling the mean-field asymptotic of a network of generalized Integrate-and-Fire neurons.
We give sufficient conditions to have periodic solutions through a Hopf bifurcation. Our
spectral conditions involve the location of the roots of an explicit holomorphic function.
The proof relies on two main ingredients. First, we introduce a discrete time Markov
Chain modeling the phases of the successive spikes of a neuron. The invariant measure of
this Markov Chain is related to the shape of the periodic solutions. Secondly, we use the
Lyapunov-Schmidt method to obtain self-consistent oscillations. We illustrate the result
with a toy model for which all the spectral conditions can be analytically checked.
Keywords McKean-Vlasov SDE - Long time behavior - Hopf bifurcation - Mean-field
interaction - Volterra integral equation - Piecewise deterministic Markov process
Mathematics Subject Classification Primary: 60K35. Secondary 35B10, 35B32, 60H10
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1 Introduction

We consider a mean-field model of spiking neurons. Let f : Ry — R, b: Ry — R such that
b(0) > 0. Let N(du, dz) be a Poisson measure on R? with intensity the Lebesgue measure dudz.
Consider the following McKean-Vlasov SDE

t t t
Xt:X0+/ b(Xu)du+J/ IEf(Xu)du—// Xu-lacsx, yN(du,dz). (1)
0 0 0 JRy

Here, J > 0 is a deterministic constant (it models the strength of the interactions) and the initial
condition X is independent of the Poisson measure. Informally, the SDE can be understood
in the following sense: Between the jumps, X, solves the scalar ODE X, = b(X;) + JE f(X;)
and X; jumps to 0 at rate f(X;).

This SDE is non-linear in the sense of McKean-Vlasov, because of the interaction term
E f(X;) which depends on the law of X;. Let v(t,dx) := L(X;) be the law of X;. It solves the
following non-linear Fokker-Planck equation, in the sense of measures:

O (t,dx) + 0y [(b(x) + Jry)v(t, dx)] + f(x)v(t,dx) = rido (2)

v(0,dx) = L(Xo), 1= (x)v(t,dz).
Ry
Here ¢y is the Dirac measure in 0. If furthermore £(X;) has a density for all ¢, that is £(X;) =
v(t,x)dx then v(t,x) solves the following strong form of

Ow(t,x) + 0, [(b(x) + Jro)v(t, x)] + f(x)v(t, x) =0,

v(0,z)dr = L(Xo), 1= A f(z)v(t, z)de,

with the boundary condition
vVt >0, (b(0)+ Jry)v(t,0) =ry.

We study the existence of periodic solution to this non-linear Fokker-Planck equation. We give
sufficient conditions for the existence of a Hopf bifurcation around a stationary solution of .

Associated particle system

Equations and appeared (see e.g. [DGLP15]) as the limit of the following networks of
neurons. For each N > 1, consider i.i.d. initial conditions (XS’N)ie{le} with law £(Xj). The
cadlag process (XtZ’N)ie{l,.‘,N} € RY is a PDMP: between the jumps each XZ’N solves the ODE

XN = p(XN) and “spikes” with rate f(X/). When a spike occurs, say neuron i spikes at

(random) time 7, its potential is reset to 0 while the others receive a “kick” of size %:

XiN=0, and Vj#i, XN =x2N4 %
This completely defines the particle systems. Note that the parameter J models the size of
the interactions between two neurons. As N goes to infinity, a phenomena of propagation
of chaos occurs. Each neuron, say (th’N)tzo, converges in law to the solution of (1)). We
refer to [FL16] for a proof of such convergence result under stronger assumptions. There is a
qualitative difference between the particle systems and the solution of the limit equation :
for a fixed value of N, the particle system is Harris ergodic (see [DO16], where this result is
proved under stronger assumptions on b and f) and so it admits a unique, globally attractive,
invariant measure. In particular, there are no stable oscillations when the number of particles
is finite. For the limit equation however, the long time behavior is richer: for fixed values of the
parameters there can be multiple invariant measures (see [CTV20] and [Cor20] for some explicit
examples) and, as shown here, there can exist periodic solutions.



Literature

From a mathematical point of view, this model has been first introduced by [DGLP15], after
many considerations by physicists (see for instance [PG00], [GKNP14] and [Ces11| and references
therein). Study of existence and path-wise uniqueness of , convergence of the particle system
are addressed in [FL16]. The long time behavior of (1)) is studied in [CTV20] in the case of weak
interactions: band f being fixed, the authors prove that there exists a constant .J (depending on b
and f) such that for all J < J, admits a unique globally attractive invariant measure. Finally
in [Cor20|, the local stability of an invariant measure is studied with no further assumptions on
the size of the interactions J. It is proved that the stability of an invariant measure is given
by the location of the roots of some holomorphic function. In [LM20|, the authors study a
“metastable” behavior of the particle system. They give examples of drifts b and rate functions
f where the particle system follows the long time behavior of the mean-field model for an
exponential large time, before finally converging to its (unique) invariant probability measure.

This model belongs to the class of generalized integrate-and-fire neurons, whose most cel-
ebrated example is the “fixed threshold” model (see for instance |[CCP11], [DIRT15] and the
references therein). Many of the techniques developed here also apply to this variant.

In [DV17], numerical evidences are given of the existence of a Hopf bifurcation in a close
setting: the dynamics between the jumps is (as in [DGLP15]) given by

X, =—(X, —EX,)+ JE f(X,).

In particular the potentials of each neuron are attracted to their common mean. This models
“electrical synapses”, while JE f(X;) models the chemical synapses. Oscillations with both
electrical and chemical synapses is also studied in a different model in [PDRDM19]. In this
work, the mean-field equation is a 2D-ODE and so the analysis of the Hopf bifurcation is
standard. Finally, oscillations with multi-populations, in particular with both excitatory and
inhibitory neurons have been extensively studied in neuroscience. For instance in [DL17], it is
shown that multi-populations of mean-field Hawkes processes can oscillate. Again, the dynamics
is reduced to a finite dimension ODE.

It is well-known that the long time behavior of McKean-Vlasov SDEs can be significantly
different from markovian SDEs. In [Sch85b] and [Sch85a], the author give simple examples of
such non-linear SDEs which oscillate. Again, in these examples, the dynamic can be reduced
to an ordinary differential equation. To go beyond ODEs, the framework of Delay differential
equation is often used: see for instance [Sta87| for the study of Hopf bifurcations for such
equations, based on the Lyapunov-Schmidt method. In [LP20a; LP20b| the authors study
periodic solutions of a McKean-Vlasov SDE using a slow-fast approach. Another approach is
to use the center manifold theory to reduce infinite dimensional problem to manifold of finite
dimension: we refer to [HI11] (see also |GPPP12| for an application to some McKean-Vlasov
SDE). Finally, in [Kiel2] an abstract framework is presented to study Hopf bifurcations for
some classes of regular PDEs. Even though our proof is not based on the PDE (but on the
Volterra integral equation described below), we follow the methodology of [Kiel2] to obtain our
main result.

The Volterra integral equation

As in |[CTV20; (Cor20|, we study the long time behavior of the solution of through its
“linearized” version: given a non-negative scalar function @ € L>(R;R;), consider the non-
homogeneous linear SDE:

t t
Vi, YA =Y.+ / BY2Y) + auldu — / /R YO L pvms N(dudz),  (3)
S S +

starting with law v at time s. That is, equation is where the interactions JE f(X,,) have
been replaced by the “external current” a,. For all ¢ > s and for all @ € L (R ;R ), consider
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Figure 1: Consider the following example where for all x > 0, f(z) = 2'°, b(z) = 2 — 22 and
J = 0.8. Using a Monte-Carlo method, we simulate the particle systems with N = 8 - 10°
neurons, starting at ¢ = 0 with i.i.d. uniformly distributed random variables on [0,1]. Stable
oscillations appear. (a) Empirical mean number of spikes per unit of time. (b) Each red crosses
corresponds to a spike of one of the first 500 neurons (spike raster plot).

T7&Y the time of the first jump of Y after s
T i=inf{t > s YR £V (4)

s —,sJ

We introduce the spiking rate 7% (¢, s), the survival function HE (¢, s) and the density of the first
jump K% (t,s) to be

Pt s) = BJ(YE), Hy(s) = B > 1), Ki(s) = —TBGE > 1), (5)
Notation 1. To simplify the notations, when v = d,,, we write
rE(t, s) = 1% (t, 5).
When v = §q (that is when x = 0), we may remove the x superscript and write

ro(t,s) == ri“ (t,s).

Finally, when a is constant and equal to o > 0, it holds that r%(t,s) = rk(t—s,0) and we simply
note r4(t) := r%(t,0). Finally, we extend the three functions for s >t by setting

Vs >t, ra(t,s):=0.
We use the same conventions for H and K.

It is known from [CTV20, Prop. 19] (see also |[Cor20, Prop. 6] for a shorter proof) that r%
is the solution of the following Volterra integral equation

t
ro(t,s) = K.(t,s) +/ Ko (t,u)rs (u, s)du. (6)
Moreover, by |[CTV20, Lem. 17], one has

1=H(t,s) +/ Hq(t, u)rg(u, s)du. (7)



Following |GLS90|, given a,b : R> — R two measurable functions, it is convenient to use the
notation

t
(axb)(t,s) = / a(t,u)b(u, s)du,
such that @ and simply write

reg =K, +Kqgxry, and 1=Hg+ Hqx*ry,.

The invariant measures of .

Let o > 0, define
04 i=inf{z >0, b(z) + a =0}, (8)

and

s/ . @) (T ) .
)= s Ao (= [ 5 Iy )10 ) )

where () is the normalizing factor, such that fR+ v3°(z)dx = 1. Note that v(«) is the jump
rate under v2°:

V() = v (f).
By |CTV20, Prop. 26], v5° is the unique invariant measure of the linear SDE driven by the
constant “external current” a = «. Define

J(a) = —. (10)

It is readily seen that v5° is an invariant measure of the non-linear equation (1)) with J = J(«).
Reciprocally, for a fixed value of J, the number of invariant measures of is the number of
solutions v > 0 to the scalar equation

a = Jy(a). (11)

Any such invariant measure is characterized by its corresponding value of «.

Stability of an invariant measure

Let vgo be an invariant measure of , for some g > 0 satisfying . A sufficient condition
for v3° to be locally stable is given in [Cor20|. First, consider Hg,(t), defined by (with
v =0p and a = ag). For z € C, we denote by R(z) and J(z) its real and imaginary part. The
Laplace transform of Hy,(t) is defined for z with R(z) > — f(04,) (0a, is given by (8)):

Hgy(z) := /0 e *'H,, (t)dt.

Let ~
Aao 1= —sup{R(z)| R(z) > —f(0a,), Hao(z) =0} (12)

a,v

The constant A}, is related to the rate of convergence of (Y;3") to its invariant measure vg°. In
particular we have
VA <AL, suplrg,(t) — ’y(ao)|e>‘t < 00. (13)
>0

This describes the long time behavior of an isolated neuron subject to a constant current ag > 0.
Following [Cor20], we define for all ¢ > 0

Oq, (1) = /000 %rﬁo (t)vae (dz). (14)

Assume that



Assumption 2. The drift b: Ry — R is C2, with b(0) > 0 and

sup |V (x)| + [0 (x)| < .
x>0

Assumption 3. Consider f: Ry — Ry such that
[3.1 the function f belongs to C2(R4,Ry), f(0) =0 and f is strictly increasing on R .

[3.2 one has sup, >y [f'(x)/f(2) + | 1" (2)|/f(2)] < oo

33 for all A >0,
SlipAf’(x) (1+b(x)) — f?(z) < o0
>0

and

sup Af'(x) — f(x) < 0.

x>0

@)

P

[34 the function f grows at most at a polynomial rate: there exists p > 0 such that sup, >,
0.

[3.5 there exists a constant C' such that for all x,y > 0,
flay) <CA+ f(2)(A+ f(y))-

Assumption 4. Assume moreover that the deterministic flow is not degenerate at o4, in the
following sense

Oap <00 and b (04,) <0 (15)
or Cag =00 and 1I>1f(') b(z) +ag > 0. (16)

Theorem 5 ([Cor20]). Grant Assumptions @ @ and It holds that N}, > 0, and for all

A < AL, one has t — MO, (t) € L*(Ry), so that z — O, (2) is holomorphic on R(z) > X%, .
Assume that

sup{R(2) | z € C, R(2) > =A%, J(ag)Oa,(z) =1} <0, (17)

g

then the invariant measure Vg s locally stable.

We refer to [Cor20), Def. 16] for definition of local stability, in particular for the definition
of the distance between two probability measures.

Under Assumptions [2/and [3] the function @ — J(a) is C? on R% . Assume J is small enough
such that for some o > 0 one has J(«)||O4]|1 < 1, and so the invariant measure v3° is locally
stable. There are two “canonical” ways to break at some bifurcation point ay: either there
exists some 79 > 0 such that J(ao)@ao(i%) =1or J(ao)(:)ao (0) = 1. The first case is the
subject of this paper: we make explicit sufficient condition to have a Hopf bifurcation.

In the second case, the following lemma shows that J'(ag) = 0. So, at least in the non-
degenerate case where J”(ag) # 0, the function o — J(«) is not strictly monotonic in the
neighborhoods of ag: this is a static bifurcation which typically leads to bistability (or multista-
bility, etc.).

Lemma 6. Under Assumptions[q and[3, it holds that for all o > 0,

oy = L=2080)

¥(a



Proof. First, recall that J(a) =

S(ay- So it suffices to show that ~ (o) =

eq. (31)], one has v(a)~! = H,(0). So we have to prove that

Following [Cor20], let:

It holds that (|Cor20])

Moreover, let

We have

 64(0)

> f(#4u(0) = f(p5(0)
@ [ i+ 0 T
vt >0, Eoz(t) = % a(t)
- 7 d
Vi>0, Z.(t)= d—Kg(t)l/go(x)dx.
0 x

du.

0.(0). By [CTV20,

(18)

(19)

(20)

So, using (6) (with v =, and a = «) we deduce that (see [Cor20} eq. (40)] for more details):

O, =E4 +7q *xEqy.

Note that ¥, (0) = 0, lim; oo ¥, (t) = 0 and so éa(O) =0. Let

Sa(t) = ra(t) = ().

Using (with v = dp), we deduce that &, € L*(Ry). So (21)) yields

We deduce that ©,(0)

@a =Eq4+ W(G)‘I’a =+ ga * Zo

= y(a)\f/a (0). Finally, we have

;Lﬁa(o):/ooo L, (t)dt

F(@50) 1o

= o [

[ [ o <sou+9< 0) -

and the change of varlables u=t-—40).

7, (0)
y(a)

This ends the proof.

(21)

(using Fubini

O

The paper is structured as follows: in Section [2] we state the spectral assumptions and the
main result, Theorem We give a layout of its proof at the end of Section [2] In Section [3] we
give the proof of Theorem Finally, in Section [d] we give an explicit example of a drift b and
a rate function f for which such Hopf bifurcations occur and the spectral assumptions can be

analytically checked.



2 Assumptions and main result

Following [CTV20; |Cor20], we assume that the law of the initial condition belongs to
M) = v ePRY): [ Fa)wlds) < o).
Ry

For such initial condition, under Assumptions [2| and |3} the non-linear SDE has a unique
path-wise solution (see [Cor20, Th. 9]).

Definition 7. A family of probability measures (v(t))icjo, 1) s said to be a T-periodic solution
of if
1. v(0) € M(f?).

2. For all t € [0,T], v(t) = L(X;) where (X¢)iejo,1) is the solution of starting from
XO ~ V(O)

3. It holds that v(T) = v(0).

In this case, we can obviously extend (v(t)) for ¢t € R by periodicity. Considering now the
solution (Xy);>o of defined for ¢ > 0 it remains true that v(t) = L£(X;) for any ¢ > 0.
Moreover, we can also consider the solution of defined on [tg, +00) for any to € R with
initial condition £(X;,) = v(to)-

We study the existence of periodic solutions ¢ — £(X;) where (X;) is the solution of (T},
near a non-stable invariant measure ;. Obviously, one necessary condition is that the criterion

is not satisfied in ag. We assume that is not satisfied in the following way
Assumption 8. Assume that there exists ag > 0 and 19 > 0 such that

J(@0)Buy () =1 and diéao(i)yéo.
0 z T0

Assumption 9 (Non-resonance condition). Assume that for all n € Z\{—1, 1},

T(00)Ouo (1) # 1.

Remark 10 (Local uniqueness of the invariant measure in the neighborhood of «g). Under

~

Assumption@ we have in particular J(ap)O4(0) # 1 and so, by Lemmala

J'(ag) # 0.

Recall that the values of a such that v° is an invariant measure of are precisely the solutions
of J(a) = J. So, in the neighborhood of o = v, the invariant measure of is (locally) unique.

Lemma 11. Under Assumption@ there exists 09, 00 > 0 and a function 3¢ € C*((cg — 1o, o +
n0); C) with 30(ag) = % such that for all z € C with |z — %| < po and for all a > 0 with
loe — ap| < Mo we have

J(@)Oqa(z) =1 < 2z = 3(a). (22)

~

Proof. Tt suffices to apply the Implicit Function Theorem to («, z) — J(a)Oq(2) — 1. O

Assumption 12. Assume that o — 3o(«) crosses the imaginary part with non-vanishing speed,

that is p
R3p(cvo) #0,  where  3p(a) = %30(00.

Remark 13. Using , Assumption is equivalent to

g (J@8)| () Lo
J(00) 00, (L) '

R



Our main result is the following.

Theorem 14. Consider b, f and ag, 70 > 0 such that Assumptions[3, [3 [4 [8 [4 and [I3 hold.
Then, there exists a family of 2T, -periodic solutions of , parametrized by v € (—vg, vg), for
some vy > 0. More precisely, there exists a continuous curve {(vy(:), a,Ty), v € (—v0,v0)}
such that

1. For allv € (—vg,v0), (Vy(t))ier is a 2wT,-periodic solution of with J = J(ow).

oo
«p’?

2. The curve passes through (v,
v(t) = vge.

ag, 7o) at v = 0. In particular we have for all t € R,

8. The “periodic current” a.,,, defined by

t— ay(t) := J(ay) A (2)vy(t,dx), (23)

s continuous and 2w, -periodic. Moreover, its mean over one period is «u,:

1 27Ty
/ ay(u)du = .
0

27T,

4. Furthermore, v is the amplitude of the first harmonic of a,, that is for all v € (—vg,vo)

1

27T,

1

27T,

27Ty 27Ty
/ ay(u) cos(u/Ty)du =v  and / ay(u) sin(u/7,)du = 0.
0 0

Euvery other periodic solutions in a neighborhood of vg: is obtained from a phase-shift of one such
vy. More precisely, there exists small enough constants €g,e; > 0 (only depending on b, f, ag
and 7o) such that if (v(t))ier is any 2w7-periodic solution of for some value of J > 0 such
that

J A (z)v(t,dr) — ag

|7 —70] <€ and sup
te(0,277]

< €1,

then there exists a shift 6 € [0,277) and v € (—vo,vo) such that J = J(a,) and
VieR, v(t)=v,(t+0).

Remark 15. Given the “periodic current” a, defined by , the shape of the solution is known
explicitly: for all v € (—vg,vg), it holds that

Uy = ﬂam
where g, defined by below, is known explicitly in terms of b, f and a,,.

Notation 16. For T > 0, we denote by C% the space of continuous and T-periodic functions
from R to R and by C’%O the subspace of centred functions

T
020 = {h ey, / h(t)dt = 0}.
0

We now give an outline of the proof of Theorem The proof is divided in two main parts.

The first part is devoted to the study of an isolated neuron subject to a periodic external
current. That is, given 7 > 0 and a € C3,_, we study the jump rate of an isolated neuron driven
by a. We give in Section [3.1] estimates on the kernels K, and H,. We want to characterize the
“asymptotic” jump rate of a neuron driven by this external periodic current, that is

VieR, po(t) = keNlilgL)oo T (t, —2mkT).



In order to characterize such limit pgq, we introduce in Section [3.2)a discrete-time Markov Chain
corresponding to the phases of the successive spikes of the neuron driven by a. We prove that
this Markov Chain has a unique invariant measure, which is proportional to ps. This serves as
a definition of p,. Given this periodic jump rate p, € C9__, we give in Section an explicit
description of the associated time-periodic probability densities, that we denote (74 (t))te[0,277-
Consequently, to find a 2w7-periodic solution of , it is equivalent to find @ € CY__ such that

a=Jpg. (24)

One classical difficulty with Hopf bifurcation is that the period 277 itself is unknown: 7 varies
when the interaction parameter J varies. To address this problem, we make in Section a
change of time to only consider 2m-periodic functions. We define

vd € C3,. V7 >0, par =T (pr, @), Wwith Vt>0, T(d)(t) := d(rt). (25)

We shall see that this change of time has a simple probabilistic interpretation by scaling b, f and
d appropriately. In Section we prove that the function C9, x R% 3 (d,7) — pa,r € C3, is
C2-Fréchet differentiable. Furthermore, if the mean over one period of d is ¢, that isif d = a+h
for some h € OS;TO, we prove that the mean number of spikes over one period only depends on

«, namely
1 27

o Pa+h,r(w)du = (). (26)
0

In the second part of the proof, we find self-consistent periodic solutions using the Lyapunov-
Schmidt method. We introduce in Section the following functional

CY x RE x RY 3 (hya,7) v G(h,a, 1) := (a+ h) — J(@)pathr-

Using , this functional takes values in C’g;ro. The roots of G, described by Proposition
match with the periodic solutions of (I)). For instance if G(h,a,7) = 0, we set @ := T (o + h)
which solves with J = J(a) and so it can be used to define a periodic solution of (.
Conversely, to any periodic solution of , we can associate a root of G. So Theorem s
equivalent to Proposition [32] Sections [3.7] 3-8 [3.9] and [3:10] are then devoted to the proof of
Proposition In Section we prove that the linear operator D, G(0, «, 7) can be written
using a convolution involving O, given by . We then follow the method of [Kiel2, Ch.
1.8]. In Section we study the range and the kernel of D;,G(0, ag, 70): we prove that under
the spectral Assumptions [8| and |§|, D, G(0, g, 79) is a Fredholm operator of index zero, with a
kernel of dimension two. The problem of finding the roots of G is a priori of infinite dimension (h
belongs to C’S;ro). In Section we apply the Lyapunov-Schmidt method to obtain an equivalent
problem of dimension two. Finally in Section [3.10] we study the reduced 2D-problem.

3 Proof of Theorem [14

3.1 Preliminaries

Let T'> 0, s € R and a € C such that

inf —b(0). 27
,ant @ > —b(0) (27)

For x > 0, we consider ¢ (x) the solution of the ODE

d a
a@t,s(x)

b(eis(2)) + a (28)

pss(x) =2

10



By Assumption [2] this ODE has a unique solution. Moreover, the kernels HY (¢, s) and K% (t, s),
defined by 7 have an explicit expression in term of the flow

ot = [ oo (= [ st @) (29
Kyt = [ stet@es (= [ 16t @) ), (30)
The function s — ¢ (0) belongs to C'((—o0,t];R;) and

0 =~ 000) + aexp [ V(68 0000). (31)

In particular, under the assumption , S wgS(O) is strictly decreasing on (—o0,t], for all .
Define then
oa(t) :== lim of (0) € R} U{+o0}. (32)

S—r— 00

Given d € C? and 7 > 0, we define the following open balls of C9.:

B;(d) ={acCY sup |a;—di| <n}. (33)
t€[0,T

Lemma 17. Let T > 0 and b : Ry — R such that Assumption g holds. Let g > 0 satisfying
Assumption , There exists ng > 0 such that for all a € Bg; (), it holds that

1. If 04y = 00, then for allt € [0,T], 04(t) = +o0.
2. If 04, < o0, the function t — c4(t) belongs to C% and

inf inf oq(t) > 0.
a€BY (o) tE[0,T]

Proof. Assume first that o,, = 00, and let 1y := % inf>0 b(z) + o, which is strictly positive by
assumption. Then it holds that

. . Tlo
+a; > =2
%Izlg i%% bx) + ar 2’
and so o
cpﬁs(O) > 5 (t—s). (34)

Letting s going to —oco, we deduce that o4(t) = +00.
Assume now that o,, < co. Using , we can apply the Implicit Function Theorem to the
function

(z,€) = blx) + g+ €

at the point (04,,0). This gives the existence of ¢y > 0 and the existence of a function € — o,
which belongs to C!([0, €]; R% ), such that

Ve € [0,60), OTay < Oagte <00  and  Oggte = ir;%{b(:r) + ap + e =0}
T2z
We choose 79 := . Let a € C9 such that sup,c(g 77 [as — ao| < no. By the Grénwall inequality,

we have
vt > s, ©0F(0) < ofTO0) < Oagte-

In particular o4 (t) < co. We prove that this function is right-continuous in ¢. We fix ¢ > s and
€ € [0, €o], we have

gpta-l—e,s(o) - ‘P?,s(o) = Spta-i-e,t(@?,s(o)) - %‘;S(O)
t+e t+e
_ / b2, o(0))du + / Gudu.
t t

11



So if Ao := SUD,e (0,00, 4 0,] |b(x)| < oo, we deduce that

[0F4,5(0) = #2, (0)] < (Ao + lalfoo)e. (35)

Letting s to —oo we deduce that ¢t +— o04(t) is right-continuous. Left-continuity is proved
similarly. Using ¢¢, 7 ., 7(0) = ¢f(0), we deduce that ¢ +— 04(t) is T-periodic. Finally, because
s+ ¢ (0) is strictly decreasing, and takes value 0 when s = ¢, we deduce that o4(t) > 0. More
precisely, let
mo:=— min V().
2€[0,000+¢0]

It holds that mgy > 0. Moreover, using , we deduce that

d
25#25(0) < =(b(0) + a0 — no)e=mo(t=5)
and so
1 — eg~mo(t—s)
It ends the proof. .

Inspecting the proof of Lemma [T7], we deduce that

Lemma 18. Grant Assumptions|[q and [ Let ag > 0 such that Assumption [{| holds. There
exists Ao, Mo, so > 0 (only depending on oy and b) such that for all T > 0, for all a € B,% (o),
it holds that

Vt,s, t—s>8) — cpgs(O) > No.

Moreover, if 04, = 00, Ao can be chosen arbitrarily large. Finally, it holds that

sup sup sup  [Ha(t,s) + Kalt, s)] ef Q0 E=8) < o0,
T>0 aGB?;O (ag) t=s

Proof. Case 0,, < oo: the lower bound of the flow follows from (36). The bounds on H
and K then follow directly from their explicit expressions and (30) and the upper bound
f(‘p?,s(o)) < f(0a0+60)'

Case 04, = 0o: the lower bound of the flow is a consequence of (34)). Similarly, the bound on
H follows from . Note moreover that Assumption and the global Lipschitz property of
b (say with constant L) ensure the existence of a constant C' such that

F(f(0) < Certmo),
The bound on K follows. O

3.2 Study of the non-homogeneous linear equation

In this section, we study the asymptotic jump rate of an “isolated” neuron driven by a periodic
continuous function. Grant Assumptions 2] [3]and let ag > 0 such that Assumption 4 holds. Let
Ao, 10 > 0 be given by Lemma and T > 0. Consider a € B,% (). Following the terminology
of [CTV20|, we say that a is the “external current”. Let r, be the solution of the Volterra
equation r, = K, + K, *r,. We consider the following limit

vVt e [0,T], palt)= kll)r_noo rao(t, —kT).

The goal of this section is to show that p, is well defined and to study some of its properties.
First, @ and write
t
VteR, ro(t,—kT)=K,(t,—kT)+ K, (t,s)r (s, —kT)ds,
—kT
t
1=H,(t —kT)+ H,(t,s)r,(s,—kT)ds.
—kT

12



Letting & — oo, we find that p, has to solve
t
VEER, pa(t) = / K, (£, 5)pa(s)ds. (37)

- [ H, (£, 5)pa(s)ds. (38)

Note that if pg is a solution of , then it automatically holds that the function ¢ —
fjoo H,(t,s)pa(s)ds is constant (its derivative is null). In Lemma [20| below, we prove that
the solutions of equation form a linear space of dimension 1. Consequently together
with have a unique solution: this will serve as the definition of pg.

A probabilistic interpretation of and

Let x be a T-periodic solution of (37). We have for all ¢ € [0, 7]

x(t) /T K, (t,s)x(s)ds, (recall Kq(t,s) =0 for s > t)

T—kT
:Z/kT K, (t,s)z(s)ds

k>0Y~

T
= Z/ K, (t,u — kT)x(u)du (by the change of variable u = s + kT).
k>070

Define for all ¢, s € [0,T]

KEI(t,s) = ZKa(t,s — kT).
k>0

Note that by Lemma we have normal convergence:
Vi, s €[0,T), Kalt,s—kT) < Ce /Qo)k

for some constant C' only depending on b, f, ag, 19, A\g and T. We deduce that x solves

T
() = / KT (t, 5)2(s)ds. (39)
0
Using that a is T-periodic, we have
Vi>s, Ka(t+T,s+T)=Ka(t,s). (40)

Moreover, K, is a probability density so
Vs € R, / Kq(t,s)dt = 1. (41)
From and , we deduce that
T
Vs € (0,7, / KI(t s)dt =1. (42)
0

In view of , KT (-, s) can be seen as the transition probability kernel of a Markov Chain
acting on the continuous space [0, T]. The interpretation of this Markov Chain is the following.
Let (Y,”*);>0 be the solution of 7 starting at time 0 with law v and driven by the T-periodic
current a. Define (7;);>1 the times of the successive jumps of (V,;*");>0. Let ¢; € [0,T) and
A; € N be defined by:

Ti

$i =T — {*

TJT’ Tiv1 — T = Di1T + ¢iy1 — ¢ (43)
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That is, ¢; is the phase of the i-ith jump, while A; is the number of “revolutions” between 7;_1
and 7;:
Ai:#{kEN, KT € [Ti,hTi)}.

In other words, if one considers that a period is a “lap”, A; is the number of times we cross the
start line of the lap between two spikes.
Then, (¢;, A;);>0 is Markov, with a transition probability given by

VA € B([O,T]), Vn € N, P(¢i+1 € A,Aprl = Tl‘gﬁl) = / Ka(t+ nT, ¢2)dt
A

In particular, (¢;);>0 is Markov, with a transition probability given by K I With some
slight abuse of notations, we also write K. for the linear operator which maps y € L'([0,T]) to

T
KEw) =t [ K@ s(s)ds & L([0.7) (44)

0
Lemma 19. Let a € C%. The linear operator KX : LY([0,T]) — L'([0,T]) is a compact

operator. Moreover, if y € L1([0,T]), then KX (y) € C%.

Proof. First, the function [0,7)2 > (¢,s) = KZ(t,s) is (uniformly) continuous. Let ¢ > 0, there
exists > 0 such that

[t—t|+]s—5|<n = |[KZ(t,s) — KL, ) <e

It follows that
T
|BﬁYyﬂﬂ-KfQD@U|SLA |K2(t,s) — K2 (t',5)] [y(s)| ds < el[yl]1,

and so the function K2 (y) is continuous. Note that
Vs €[0,T], KI(T,s)=KZX(0,s),

and so K1 (y) is T-periodic. This shows that KI(y) € C%. To prove that K1 is a compact
operator, we use the Weierstrass approximation Theorem: there exists a sequence of polynomial
functions (¢, s) = P, (¢, s) such that sup; ¢(o 1) |Pa(t,s) — KZ(t,s)| = 0 as n — co. For each
n € N, the linear operator L*([0,T]) 2 y — P,(y) :=t — fOT P,(t,s)y(s)ds is of finite-rank.
Moreover, the sequence P, converges to K. for the norm operator, and so K. is a compact
operator (as the limit of finite-rank operators, see [Brelll Ch. 6]). O

Lemma 20. Let a € C%. The Markov Chain (¢;);>0 with transition probability kernel KX has
a unique invariant probability measure wo € C%. Consequently, the solutions of in C% span
a vector space of dimension 1.

Proof. The proof follows directly from the Krein—-Rutman Theorem, which is a generalization
of the Perron-Frobenius Theorem for compact operators. We give the proof for the sake of
completeness, and because some of its elements will be reused later. Let (K1)": L>°([0,7]) —
L>(]0,T)) be the dual operator of K1. We have:

Yo € L=([0,T]), (KI)(v)=tw /0 KE(s,t)v(s)ds.

From (42)), we deduce that 1 is an eigenvalue of (KT)’ (its associated eigenvector is 1, the
constant function equal to 1). By the Fredholm alternative, we have dim N(I—K2) = dim N (I—
(KT)") and so there exists m € L'([0,77]) such that:

m=Kg (), |Inll = 1.
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We now prove that 7 can be chosen positive. Let ¢ := infy s¢j0,7) KZI(t,s). KT is positive and
continuous on [0,7]? so § > 0. We write m for the positive part of m and 7_ for its negative
part and define 8 := min(||m||1,||7—||]1). We have KT (wy)(t) > 8T and KL (7_)(t) > 053T.
Consequently
1 Kq (m)ll =|[Kq (m4) — Kg (7)1
<||Kg (m4) = 68T || + ||Kqg (m-) = 65T 1
<|lxlls — 268T.

But the identity K (7) = m implies that 3 = 0 and so either m; or 7_ is null. So 7 has a
constant sign and may be chosen positive. Note moreover that

7(t) = /0 KX(t,8)m(s)ds > 5/0 m(s)ds > 6.

Finally, if m; and w9 are two non-negative solutions of with ||m1]]1 = ||m2]l1 = 1, then
3 = m —mo also solves and has a constant sign. Consequently, ||7s||1 = |||71][1—]|72]|1] =0

and we deduce that 73 = 0, proving that the space of solutions in L*([0, T) of is of dimension
1. Finally Lemma|19|gives the continuity of 7 and 7(T") = w(0). Consequently 7 can be extended
to C% and solves (37). This ends the proof. O

We define for all § € R the following shift operator

Sp: CY — CcY
x = (x(t+0)).

Corollary 21. Given a € C%, equations and have a unique solution pg € C%.
Moreover, it holds that for all 6 € R,

PSpa = Sopa- (45)
Proof. By Lemma the solution pg of equations and is
Ta
Pa = —)
Ca

where 74 is the invariant measure (on [0,77]) of the Markov Chain with transition probability
kernel K1 and ¢, is given by

Cq = /_too Hy(t,8)mq(s)ds.

Note that ¢4 is constant in time. Define for all ¢, s € [0, T]:

Hy(t,s):= Y Halt,s — kT).
k>0

We have ¢, = HL (m4). Moreover, we have
Vt,s,0 € R, @fia(o) = 90?+9,s+«9 (0)7

because both sides satisfy the same ODE with the same initial condition at t = s. We deduce

from and that
Hs,a(t,s) = Ho(t+6,5s4+0), Kgyalt,s) =Ka(t+06,s+80).

So Sypa solves and , where the kernels are replaced by Kg,q and Hg,q. By uniqueness
it follows that ps,a = Sppa- O
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Remark 22. Using that fo ma(8)ds = 1, we find that the average number of spikes over one

period [0,T] is given by
1" 1
— d = —
T /0 pals)ds caT

The probabilistic interpretation of cq s the following: remembering the Markov chain defined

by (43), we have
]P’(Ai_;,_l > k|¢z) = Ha((k + 1)T7 ¢Z)a

and so, if L(p;) = Ta, we deduce that

IEAi+1 == ( z+1|¢z = Z]P i+1 > k|¢1) = ng(’”a) = Cq-
k>0

In other words, cq is the expected number of “revolutions” between two successive spikes, assum-
ing the phase of each spikes follow its invariant measure Tq. We shall see in Proposition[31] that
cq only depends on the mean of a. Furthermore, it holds that fora =a > 0

ca = HY(1)T) = / Hy( (a),

and so for all t, pa(t) = v(a).

3.3 Shape of the solutions

Let @ € C9 such that holds. Let 0q4(t) be defined by (32)), such that s ©fs(0) is a
bijection from (—o0,t] to [0,04(t)). We denote by x — B (z) its inverse. Note that t — o4(t)
is T-periodic and

Vt e R,Vx € [0,04(t)), Biyr(x)=p8(x)+T

Using that ¢f,(0) = 0, we have 3{(0) = t.

Notation 23. Given a € C%, we define for all t € R

pa (B (7))
b(0) + a(B7 (x))

where pq 1s the unique solution of the equations and .

Ua(t,z) :=

t
o ( /B?(w) U+ (’”)(0))%) Lo oty (z),  (46)

By the change of variables u = 8% (x), one obtains that for any non-negative measurable test
function ¢

/ " g(@)ia(t,z)dr = / 902 4 (0)) pa(u) Ha (£, u)du, (47)
0

—0o0

Note moreover than when a is constant and equal to a > 0 (a = «), matches with the
definition of the invariant measure v5° given by @D:

VEteR, o04(t) =0, and 7u(t) =v5.

The main result of this section is

Proposition 24. Let a € CY such that inf,cg a; > —b(0). It holds that (74 (t,-)): is the unique
T-periodic solution of .
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Proof. Existence. We first prove that 74(¢,-) is indeed a T-periodic solution. We follow the
same strategy that [CTV20, Prop. 26]. First note that, by (47), one has

/Oo f(:l?)ﬂa(t7$)d$ = / Ka(tﬂ u)pa(u)du = pa(t)'
0 —00

Consider (de’)“(o)) be the solution of (3] starting with law 74(0) at time t = 0 and let ra(0) (t) =
E (Y™ ).

t,0 i
Claim: It holds that for all t > 0, 129 (£) = pa(t).

Proof of the Claim. Recall that r”“(o)( t) is the unique solution of the Volterra equation
TZQ(O) — Kga(o) + K, * TZ“(O)-

So, to prove the claim is suffices to show that ps also solves this equation. For all u < 0 < ¢,
one has 5 (0)
K& (£,0)Hqa (0, u) = Kq(t,u).

Consequently, we deduce from that

0
K000 = [ Kaltupawyin
— 00

t t
pa(t) = / Ko(t,u)pa(u)du = KZ“(O) (t,0) +/ Ko(t,u)pe(u)du,
oo 0
and the conclusion follows. O

Finally, using [CTV20, Prop. 19] and the claim, we deduce that for any non-negative mea-
surable function g

Eg(v%7®) = / 920 (0)) Ha (1, w)pa (u)du + / " (8 (@) HE (1, 0)7 (0, 2)d.

By , the second term is equal to

0
| st o) Hatt. wpa(wiu,

— 00

and so
N t
V>0, Eg(Ys©)= / 9080 (0)) Ha(t, w)pa(u)du B / 2)da.

This ends the proof of the existence.
Uniqueness. Consider (v(t));e(o,r) & T-periodic solution of (3) and define p(t) = E f(Y;%" O,

The function p is T-periodic. Moreover, it holds that for all k& > 0, p(t) = E f(Y," V(O ) and S0
@ and @ yields

t
p(t) = K{O(t, —kT) + | Ka(t,u)p(u)du
—kT
t

1=HO(, —kT) + Hy(t, u)p(u)du.
—kT

Letting k goes to infinity, we deduce that p solves and . By uniqueness, we deduce that
for all t, p(t) = pa(t) (and so p is continuous). Finally define 74 the time of the last spike of
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Ya V(O before ¢ (with the convention that 7, = —kT if there is no spike between —k7T and t).

The law of 74 is
L(7¢)(du) = d_gr(du)He(t, —kT) + pa(u)Hg (t, u)du.

Consequently, for any non-negative test function g:

Eg(}g‘fj;c(g)) = EQ(Y:LVIC(QO)ILQ:%T) +Eg(ef s, (0)1r,e(—rrg
e} t
= | st @Bz AT ) + [ (e 0)palu) Halt )
Using that Eg(Yt‘ffk(jq)) = ]Eg(Y;"ld”(O)) and letting again k to infinity we deduce that
t
Bg(r 5 ") = [ oot (0)palu) Halt, w)du.

—00

So for all ¢, v(t) = g(t). O

3.4 Reduction to 27-periodic functions
Convention: For now on, we prefer to work with the reduced period T, such that
T=:271, T7>0.
Consider d € C9__ and let a be the 27-periodic function defined by:
Vi e R, a(t):=d(rt).

We define
VteR, pa,r(t):=pa(rt),

where pq is the unique solution of and (with kernels K; and H,;). Because pgq is
2mr-periodic, pq,r is 2m-periodic. Note that when a = « is constant we have

Vr>0,Vt€R, par(t) =7(c). (48)

To better understand how pq - depends on 7, consider (Y;fts’") the solution of , starting with
law v and driven by d. Note that for all ¢t > s

Tt
YTdt 17/'9 = YTdS’I;'Q / b(YudTVs)du + / d du - / [R u— TS {Tz<7-f(Yd7”TS)}N(du7 dZ)
TS +

=YL + /7'()(}’T‘jfll’76)du+/S Taudu_// | (<Y )}N(du,dz).

Here, N := ¢, N is the pushforward measure of N by the function
g(t, z) := (1t,2/7T).

Note that N(du,dz) is again a Poisson measure of intensity dudz, and so (V%"

Tt,Ts

) is a (weak)
solution of for f:=7f, b:=7band @ := ra. So, in particular (taking v = &), if we define:
d
dt

t
Horlt,5) = exp (= [ rfpts0)an).

075 (0) = 7b(¢(0)) + ma(t); 37 (0) =0,

Karlt8)i= 0t O esp (- [ t I O ). (49)

we have
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Lemma 25. Let 7> 0 and a € C9,. Set, for allt € R, d(t) := a(L). Then it holds that
Vt>s, Hg,(t,s)=Hq(rt,7s) and Kq,(t,s)=71Kqa(rt,T5).

In view of this result, we deduce that pq , solves

t

par(t) = /_ Kar(t,$)par(s)ds, 1=r1 / Her (£, 8)par (5)ds, (50)

— 00

or equivalently, setting

Vt,s € [0,2n], K2T(ts):=> Kar(t,s—2rk) and HZ"(t,s):=» Ha,(t s~ 27k),
k>0 k>0
(51)
one has, using the same operator notation as in

us

,T(pa77)7 1= THZTr(P&T)

Note that p. - and p. are linked by . Consequently equations define a unique 27-periodic
continuous function

Pa,r = Kcze

Yy
Pa,r = ﬂ) (52)

where mg » is the unique invariant measure of the Markov Chain with transition probability

kernel K 3’; and cq,, is the constant given by

Carr 1= THZ (Ta.r).

3.5 Regularity of p

The goal of this section is to study the regularity of ps r with respect to @ and 7. For ng > 0,
recall that Bsgr is the open ball of C39, defined by (33). The main result of this section is

Proposition 26. Grant Assumptions[3, [3 and let ag > 0 such that Assumption [4] holds. Let
7o > 0. There exists €g,n9 > 0 small enough (only depending on b, f, ag and 7o) such that the
function
B%gr(ao) X (To — €0,7T0 + 60) — Cgﬂ.
(a,7) — par
is C% Fréchet differentiable.

The proof of Proposition [26| relies on and on Lemma [29 below, which states that the
function (a,7) + mq,, is C2. We set:

2m
90 ={ueCy | / u(s)ds = 0}.
0

Let a € B%;T and 7 > 0. Because fo% Tar(u)du = 1, the space C9_ can be decomposed in the
following way

CY = Span(m,.,) ® CYL.
We denote by K, Z”T ’ o
it defined for all h € L([0,27])). Similarly, we denote by I| co  the identity operator on Cy..
Given a linear operator L, we denote by N(L) its kernel (null-space) and by R(L) its range.

the restriction of K (21”7 to CY_ (recall that the linear operator h +— K, 2”Th

Lemma 27. Grant Assumptions [ and [J, let oy > 0 such that Assumption [§] holds and let
ac€ B%gr(ao), where ng > 0 is given by Lemma . It holds that

N(I|ey — K37 | oo ) =Span(mar) and  R(I|cy — K" =090,

2 “leo )
; ale/
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Proof. We proved in Lemma [20| that N(I — K27) = Span(mg,,). It remains to show that
R(I|Cg - KZTT|CO ) = C%°. By the Fredholm alternative, we have
™ 27
R(I - Kg?r‘r) = N(I - (KZ?T)/)J_v
where (K27.) € £ (L>([0,2n]), L>=([0, 27])) is the dual operator of
K2™ e L (L'([0,2x]), L' ([0,27])). In the proof of Lemma [20} it is shown that
where 1 denotes the constant function equal to 1 on [0, 27]. The Fredholm alternative yields
dim N(I — (KZ%)') =dim N(I = K27,) = 1.
So
N(I - (K27,)) = Span(1).
It follows that

R(I-KZ) = Span(1)* = {u € Ll([0,27r])|/0 Tru(s)ds = 0}.

Finally, using that for » € L'([0,27]), one has K2%h € C3,, one obtains the result for the

i
restrictions to C9_. 0O

. 0,0 0,0 . - . . .
As a consequence, the linear operator I — K27 : Cy2’ — Cy> is inversible, with a continuous
inverse.

Lemma 28. Grant Assumptions[d, [3 and let g > 0 such that Assumption[4) holds. Let o > 0.
There exists no, €g > 0 small enough (only depending on b, f, ag and 19) such that the following
function is C?> Fréchet differentiable

B2 (ag) X (10 — €0, 70 + €0) — L(C9,;C8,)
(a,7) — HZT.

The same result holds for K27,

Proof. We only prove the result for H, the proof for K being similar. Let ¢y > 0 be chosen
arbitrary such that ¢y < 7.
Step 1. We introduce relevant Banach spaces: E denotes the set of continuous functions

E:=C([0,27]%}R), equipped with ||w||p = sup |w(t, s)]|
Ey:={weE, Vsel0,2n], w(2m,s)=w(0,s)}, equipped with ||-||z.
We define the following application @,
By — L(C3::03,)

w = O(w):= h+—>(2ﬂwt,shsds) .
(w)i= [0 (T wlemisras)
Note that ® is linear and continuous, so in particular C2. So, to prove the result, it suffices to
show that )
B (o) % (10 — €0, 70 + €0) — Eo2
(a’ T) = (Ha?r'r (t7 S))t,se[0,2ﬂ2

is C2, where H, 33;(15, s) is explicitly given by the series .
Step 2. Let k € N be fixed. We prove that the function

B2 () X (10 — €0, 70+ €0) — E
(a,7) +— (Hgr(t,s—27k))ss

20



is C2. To proceed, we use the explicit expression of H, -(t,s), given by . Note that we have
first to show that the function (a,7) — ¢y (0) € R is C2. This follows (see [F1e80, Th. 3.10.2])
from the fact that b: R, — R is C? and so the solution of the ODE is C? with respect to
a and 7. Moreover, we have for all h € CY_,

Dawi[(0)-h = /St Th(u) exp <’7’ /ut V' (pge (O))dﬂ) du.

A similar expression holds for d%cpﬁ’;(()). Using that f is C2, we deduce that the function
(a,7) = (Hq r(t,s —27k))1s € E

is C? Furthermore, we have for instance

t
DaHar(t,8) - h = —Ha(t,5) / T F(627(0)) [DagT - 1] du.

So, proceeding as in the proof of Lemma we deduce the existence of ng, Ao, Ag > 0 (only
depending on b, f, ap, 7o and €g) such that for all h € CY_ and for all T € (79 — €y, 7o + €0), it
holds that

sup sup  |DgHg ,(t,s — 27k) - h| < Ag||h||swe™ 2 0.
t,s€[0,27]? aeB%g(aO)

Similar estimates hold for the second derivative with respect to a and for the first and second
derivative with respect to 7.
Step 3. To prove that (a,7) — (HZ%(t,5))t,s € E is C?, we rely on [Car67, Th. 3.6.1]. We have

sup sup sup |DoHea - (t,s — 27k) - h| < ZAoe—zﬂk,\o < 0.

kzot,SE[O,ZTr]z a€B2r () heCy ||hl|e<1 k>0

This proves that @ — (H2™.(t,s))s,s is Fréchet differentiable, with for all h € C3,
DaHZ (t,5) - h = DaHar(t,s— 27k) - h.
£>0

Note that this last series converges again normally, and so a +— (HQ” (t,s))s,s is in fact CL.
Applying again |Car67, Th. 3.6.1], we prove the same way that a — H " (t,s) is C*. The same
arguments shows that 7 — HZ" (¢, s) is C%.

Step 4. It remains to prove that (a,7) — (H2".(t,s)):,s € Eo is C* (we have proved the result

)

for E, not Ey, in the previous step). Let ¢, s € [0, 27] be fixed, define
weE, & (w):=uwts)eR
The application E! is linear and continuous. Moreover, we have seen that H € Ey, so
Vs € (0,27, EXT(HT) = EJ(HLT,).
Differentiating with respect to a, we deduce that for all h € CY_,
Vs €[0,2n], EZT(DoHZ, -h) =EX(DoHZ. - ),

and so DoH2™ € L(CS_, Ey). The same results holds for the second derivative with respect to
a and the two derlvatlves with respect to 7. This ends the proof. O

Lemma 29. Grant Assumptions[d, [3 and let g > 0 such that Assumption [} holds. Let o > 0.
There exists €g,n9 > 0 small enough (only depending on b, f, ag and 7o) such that the function

B%;T(Ozo) X (T() — €0,7T0 + 60) — Ogﬂ.
(a,7) +— Tqr

is C? Fréchet differentiable.
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Remark 30. Recall that mq . is the unique invariant measure of the Markov Chain having
KZTT has kernel transition probability. So, we study the smoothness of the invariant measure
with respect to the parameters (a, T), knowing the smoothness of the transition probability kernel
(a,7) = KZ".. We refer to [GMS80] for such sensibility result in the setting of finite discrete-time
Markov Chains. Our approach is different and based on the Implicit Function Theorem.

Proof. Let ag and 19 be fixed. Let 8o, ey > 0 be given by Lemma 28 Consider the following
C2-Fréchet differentiable function:

F: O3 x BX(ag) % (10— co,0 +€0) — O
(h,a,7) = (ao+h)— K2 (oo + ).

T

It holds that F(0, a,79) = 0. Moreover

DhF(O, 040,7'0) =] - K € E(CO’O Og;ro),

«@Q,T0 27 )

which is invertible with continuous inverse by Lemma So the Implicit Function Theorem
applies: there exists (Vor’, Vi, V) open neighborhoods of (0, ag, 79) in Cy:’ x C9 x R* and
a C2-Fréchet differentiable function U : Vy) x V;, — VQOT;O such that

Vh,a,7 € Vo' x V. x Vo, F(h,a,7)=0<= h=U(a,r).

By uniqueness of the invariant measure of the Markov chain with transition kernel K27, we
deduce that
Ta,r =ao+Ula,T),

which is a C2-Fréchet differentiable function of (a, 7). O

Proof of Proposition[26 Recall that pg , = :‘“ where the constant cq , is given by

b
a,T

Car = THngT(wa’T).

Furthermore, it holds that 7 » = 5= and pa,r = y(c) (see [ 8)). So ca,r = #(a) > 0. So for
€0, Mo small enough, it holds that

Va € Bg:(ao),VT € (10 — €0, 70 + €), Car >0.
So, using Lemmas |28 and it holds that ¢ and p are C?, which ends the proof. O

As a first application of this result, we prove that the mean number of spikes of a neuron
driven by a periodic input only depends on the mean of the input current.

Proposition 31. Grant Assumptions[3, [3 and let ag > 0 such that Assumption [{] holds. Let
7o > 0 and consider ng be given by Proposition . Let h € CS;,O such that ag + h € Bf];r(ozo). It

holds that 1

2my(ao)

We denote by cq, this last quantity. In particular, the mean number of spikes per period:

Cag+h,70 = Cag,m0 =

1 27

% o pao+h7‘ro(u)du:’7(a0)’

only depends on c (which is the mean of the external current (cg + h(t))ie(0,2x])-

Proof. Let a € B2 (). We prove that

Yhe CY°, Dacar -h=0.
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We have ¢q 7, = T0H2™, (Ta,r,). Differentiating with respect to a, one gets

Daca,r, - h=mo [DCLHQW ’ h] (770,,7—0) + TOHQW Dama r, - h.

a,To a,To

Recall that mq -, = K2™ Tq 7, SO

a,7o
Datary - h = DK - H] oy + K25, [Dattary - h].
So, using Lemma one has
n 171 s
DaTtary - h=[I—-K.% " [DaKi, - h] Tar, (53)

Define on C5.? the linear operator

27 t
Vhe O 12M(h)(t) = / 1pssyh(s)ds = / h(s)ds.
0 0

We have
I*Kar =1—Hanx, (54)
so on C9.,
HZ =177 [1- K. ]. (55)
So

H27T [I— KQTr ]71 _ ]1271'.

a,To a,To

Consequently, we have

DaCary - h =70 [DC,H27r . h] (Ta,r) + 012%™ [DaK27r . h] Ta,r

a,To a,To
Differentiating (55]), one has

DaH27r “h= 7]]_271' [DGKQW

a,To a,To

~h],

and so for all h € C9°, Dacar, - h = 0. Then for all h € C5.° such that g + h € B (ap), one
has

1
Cag+h,m9 — Cag,m0 = / [Daca0+th,ro ) h} dt = 0.
0

Finally we have mq, -, = % and, by , Pay,mo = V(). By definition , we have cqy ., =
Zo0r0 Tt ends the proof. O

Pag,mo :

3.6 Strategy to handle the non-linear equation (|1
Grant Assumptions and let ap > 0 such that Assumption [ holds. Let 7o > 0 be given by
Assumption For g, €g > 0, define G : nygr(ao) mCS;P X (g — Mo, g +10) X (T0 — €0, T0 +€0) —
059 such that

G(h,a,7) = (a+h) — J(®)path.r (56)

Using Propositions [26[and we choose 7, g small enough such that G is C?-Fréchet differen-
tiable and indeed takes values in C’S;TO. For any constant «, 7 > 0, we have, by , Pa,r = V().
Recalling that J(a)vy(«a) = «, we have

v(a7 T) € (Oéo — To, &o + 770) X (7-0 — €0,70 + 60)7 G(Oa 04,7') = 0. (57)

Those are the trivial roots of G. To construct the periodic solutions to , we find the non-trivial
roots of G. In fact, Theorem [14]is deduced from the following proposition.
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Proposition 32. Consider b, f and ap, 70 > 0 such that Assumptions[3, [3, [{} [8 [9 and [1Z hold.
Let G be defined by , There exists X x Vo, x Vi, an open neighborhood of (0, g, ) in
(CZ2]] - [loo) X RE X R% such that:
1. There exists a continuous curve {(hy, @y, Ty), v € (—vo,v0)} of real 2m-periodic solutions
of passing through (0, ag, 70) at v =0 and such that for all v € (—vg,vo)
(R, Tp) € X X Voo x Vo and G (hy, ay, 1) = 0.

Moreover, it holds that

1 27

2m
/ hy(t)cos(t)dt =v and — hy(t) sin(t)dt = 0.
0 27 Jo

1

v _ il
v € (—vg, Vo), o
In particular, h, Z 0 for v # 0.

2. For all (hyo,7) € X X Voo X Vo, with h # 0, it holds that

G(hya,7) =0 < [Jv € (—vo,v9),30 € [0,27), (h,a,7) = (Sohy, @y, )] .

We here prove that our main result is a consequence of this proposition.

Proof that Proposition [33 implies Theorem[I4 Let (hy,ay,T,) be the continuous curve given
by Proposition [32] Define a,

VEeR, ay(t) = ay + hy(t/70).
The function a, is 277,-periodic and continuous. From G(h,, ay, 7,) = 0, we deduce that
a, = J(ay)pa,-

Consider 7, defined by (46)). By Proposition [24] (7, (t)) is a 277,-periodic solution of (I)) and
(Pa, > y, Ty) satisfies all the properties stated in Theorem this gives the existence part of
the proof. We now prove uniqueness.

Let ¢y > 0 small enough such that (79 —€g, 70 +€0) C V4, Vi, being given by Proposition
Let J,7 > 0 be fixed, consider v(t) a 2nr7-periodic solution of such that

J (x)v(t,dr) — ag
R+

|7 —70] <€ and sup
te(0,277]

< €1,

for some constant €; > 0 to be specified later. Define a
VieR, a(t):=J f(z)v(t, dz).
R

The function a is 2m7-periodic. Let (X;);>o be the solution of the non-linear equation ,
starting with the initial condition v(0) € M(f?). The arguments of [CTV20, Lem. 24] show
that, under Assumptions [2{and [3| the function ¢ — E f(X;) is continuous, and so a € C9,_.. We
write

a(t) =: a+ h(t/7),

for some constant a and some h € C9;°. Because v(t) is a periodic solution of (1), it holds that
a = Jpaa

or equivalently,
a+h= Jpa+h7r- (58)
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We have by assumption

|a—0¢0‘: < €7.

2

1 2m 1 2 -
g/o J . f(@)v(ru, dx)du——/o J(ao) . f(x)vgs (dx)du

Recall that aq satisfies Assumption By Lemma and using the continuity of b/, we can
assume that €; is small enough such that Assumption [4] is also satisfied by a. Let 1y be given
by Proposition (no only depends on b, f,ap and 7p). Provided that e; < 19, we can apply
Proposition [31] at («, 7). It holds that
1 2m
37 | peenru)du =),

S0
a = Jy(a).

This proves that J = J(a). So implies that G(h,«,7) = 0. By the uniqueness part of
Proposition [32} there exists 6 € [0,27) and v € (—vo, vo) such that

Vi, h(t)=h,(t+0), a=a, T=",.

Tv

So, we deduce that a(t) = a, + hy (ﬂ> and J = J(«,). This ends the proof. O

It remains to prove Proposition [32]

3.7 Linearization of G.
We consider for all o, 7 € (g — 1o, g + 10) X (70 — €0, 70 + €0):
Bo.r == DpG(0,a, 7).

Define:
VteR, Our(t) :=7104(1t) 1503, (59)
where O, is given by . The main result of this section is the following.

Proposition 33. Let h € Cy°. It holds that
Bur (B)(t) = h(t) — J(a) / Our (t — 5)h(s)ds.
R

The proof of this proposition relies on Lemmas |34 and 35| below. Let h € CS;TO, it holds that
Ba(h) =h—J(a)Dapa,r - h.
By equation and Proposition [31] one has

1
Dopar-h=-—Dqma,r - h.
C

(03

To compute Dgmq - - h, we use with a = a:

Damar-h =1~ KJ) " [DoKZT - h] (5=).
The next lemma is devoted to the computation of (I — K27, )~'. Consider ¢ — rq(t) the solution
of the convolution Volterra integral equation @ (with v = §p and a = «). That is, r, solves
ro = Ko + Ko %174 By |[CTV20, Prop. 37|, there exists a function &, € L!(Ry) such that for
all t >0,

ra(t) = y(@) + &a(t).
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Define for all ¢ > 0, 7o - (t) := 7ro(7t). It solves

Tayr = Koz + Koz *Tapr (60)
where K, ; is given by (49). Similarly, let &, - (t) := 7€, (7t). We have

Tar(t) = 7v(a) + o (D).

Remind that by definition, we have

2m
KE00 = [ K ds—/ Kor (t — 8)h(s)ds.

Lemma 34. The inverse of the linear operator I — K27, : CS;TO — O s given by I + 2T,
where for all h € C3;° and t € [0, 2]

rare(h) = Ty ()T (h) + &7(h),

:/Oth(s s_/m/ h(w)duds,
0= [ tooga,fa—s)h(s)ds

Proof. Note that I'(h) is the only prlmltlve of h which belongs to Cgﬂo. Moreover, because
t s £+ (t) € L' (R,), we have for h € C5:°

// €arr (£ = 5)ls)dsit = // o (h(t — w)dudt = [~ O%Sar()(t—u)dtdu_o

So, £27.(h) € C’QW and so r27_ is well-defined. To conclude, we have to show that on C
2 2 2 2 2 2
Ko;,r’r o raT‘r = ra:,r'r o Ko;,r’r = rof‘r - Kajr‘r‘

Note that for all ¢ € [0, 27],

&[0 — 25 0] = K25 ()(0)

Because I'(h), H27 (h) € Cyy, we deduce that

T(K2T,(h)) = D(h) — H2T,.

Moreover, we have (using that &, ., Ko - € L'(Ry))

i‘:r‘r(K(iTr / foz T - / Ka 7- — h( )duds

_ [ _h(w) /u Can(t — ) Kur(s — w)dsdu
_ [ too h() (Ear * Kor)(t — u)du.

Using and , we deduce the identity
Kom— * E(X,T = fa,‘r * Ka,r = ga,T - Kom' + T’Y(O‘)Ha,r- (61)

So
AT (KA (h) = €27 (h) — K27 (h) + 7y() HZT (h).

o, T
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Altogether,
T (K27r (h)) = 737 (h) = K37 (h).

We now prove that K27 (r2" (h)) = r2" (h) — K27.(h). Using (61)), we have K27.(¢2", (h)) =

2m (K27 (h)). Moreover, because K2™ ( ) =1, we have

K2 (T(R))(t) :/_; Ko (t—5) /Osh duds—/zﬂ/ u)duds
:[HQ)T(t—s)/OS } / H, . (t—s)h s—/%/ u)duds

=TD(h)(t) — HaT(h)(t) = (KQ’T ().
It ends the proof. O

So for all a, 7 € (g — Mo, o +Mo) X (70 — €0, 70 + €0) and h € C’27T , it holds that
1

Dapar-h= Damta,r-h=(I+7r2) [DaKZT - h] (v()). (62)

COL,T

Define for all ¢t > 0, E, - (t) := T7E,(7t) and denote by Z27_ the linear operator

o, T

t
WheCd Ve (0,27, E2m (R)(t) = / B (£ — w)h(u)du.

— 00

Lemma 35. For all h € CY_ we have [DaKng . h] (v(a)) = E2_(h).

aT

Proof. Given h € C3_, we have

[DukZ 1] ((@)(® = (@) [ [Dakar 1] (t,5)ds

So we have to prove that

t t

Vhe . ~a) / (DaKar - ] (£ 5)ds — / s (£ — )h(s)ds.

When 7 = 1, this computation is done in [Cor20, Lem. 61]. It is first proved that
¢
'y(a)/ [DaH, - h](t,s)ds = 7/ U, (t — s)h(s)ds,
—o00 R

where U, (t) is given by (19| . This computation relies on the explicit expression satisfied by
[DoH, - h] (t,s), namely

Datta ] 5 = Hatt =) [ 1,0 [ 0@ ([ ¥t 0o )i

Using Fubini’s Theorem and the identity
Yl a Y a flpi5(0)) — Flpg_,(0))
[ o ([ o )i - TP L

lead to the convolution between ¥, and h. We refer to [Cor20, Lem. 61] for more details. Then
one uses that

t t
/ (DKo -h](t,s)ds =~ [ [DaHa - h](t,5)ds

dt J_
and that Z,(t) = £V, (t) to obtain the stated identity with 7 = 1. The result for 7 # 1 can
be deduced from the case 7 = 1. Indeed, given o > 0 and h € C9_, define fi=7f, b:=71b,
& := Ta, and h := Th. By applying the result for 7 := 1, b, f, @ and h, we obtain exactly the
stated equality. O

— 00
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Proof of Proposition[33 We use Lemma |35| together with . For all h € Cg;ro, one obtains
Dapar - b = Z25, () + 127 (Z27, (h)).

The definition of r27 yields

T

rare(EaT (h) = T(a)D(E2T, (1)) + €27 (E2T, (h).
Let U, ,(t) := ¥, (7t), such that %\Ilaﬁ(t) = Eq4,7(t). From the identity
¢

U (t— u)h(u)du — / e (t — u)h(u)du,

— 00

d t
dt J o

we find that

CELINO = [ Carlt—whtudu= [ (16200 - wh)du.

— 00 — 00

So

[Dapar-h] ()= / Ear(t —u)h(u)du + (@) / (1% Z4 )t —uh(u)du

+710 ot [ Zaslu- 9;:(9)(19

Fubini’s Theorem yields

/too Car(t—u) /u Ear(u—0)h(0)do = /t (Ear * Ear)(t — O)R(0)d6.

—0oQ — 00

Finally, we have

Ear+7y(@)(1%Ear) +€ar *Ear =Ear +Tar * Za,r  (because 7o r = 7y(a) + &a.r)

O
SO .
[Dapa,r - h](t) = / O - (t — u)h(u)du.
It ends the proof. O

3.8 The linearization of G at (0, ag,79) is a Fredholm operator
For notational convenience we now write
BO = BO&OJO = DhG(O, Oéo,To).
Proposition 36. We have N(By) = R(Q), R(By) = N(Q), where Q is the following projector

0,0
on Cy:

27

Vze CR Q2)(t) = [ ! /0 g z(s)e-iSds] e’ + [;ﬂ /0 7 z(s)eisds} e, (63)

Remark 37. In particular, By € E(Cg;ro, Cg;ro) is a Fredholm operator of index 0, with dim N(By) =
2.

28



Proof. First, let h € N(Bp). One has for all t € R

h(t) = J(ao) /]R Ougrs (£ — )h(s)ds.

Consider for all n € Z )
- 1 ™

p = — h(s)e™™ds
2T 0

the n-th Fourier coefficient of h. We have

~ ~

VneZ, h,= J(0)B g, (i) ..

Assumption [9] ensures that

~

Vn € Z\{*la 1}3 J<a0)®ao,‘ro (Zn) 7é 1,
and so 3
Vn e Z\{-1,1}, h, =0.
We deduce that h € R(Q). Conversely, if h € R(Q), there exists ¢ € C such that

h(t) = ce' +ce ™
and so

J(ao)/ Ong.r (t — s)h(s)ds = ceitJ(ao)/ Oy.ro ()€™ ds + Ee_itJ(ao)/ Oy mo (5)e™ds
R R R

= ce" J(00)Oag,ry (i) + ce " J () O, ro (—1)

= h(t).
We used here that J(ao)(:)ao,m (1) = J(ozo)(:)ao,m(—i) = 1 (Assumption . This proves that
N(By) = R(Q). Consider now k € R(By), there exists h € CY_ such that By(h) = k. We have
forallt e R

h(#) — J(ao) /R Ours (t — $)h(s)ds = k(t).

~

Using that J(ag)Oag,r (1) = 1, we deduce that

1 27 ) 1 2m ) ~
LT eivds — [ h(g)e—wds} (1~ J(00)Brg o (i) = 0.
27T 0 271— 0 ,

Similarly, %fgﬂ k(s)et*ds = 0 and so k € N(Q). It remains to show that N(Q) C R(By).
Consider h € N(Q) and let
1 2

n— 7
2 0

h(s)e™™*ds

be it’s n-th Fourier coefficient. We have h; = h_; = 0. Define

~

Vn € Z\{_L 1}, €n 1= J(ao)@%?"fo (7’”) .

1= J(00)Oug r, (in)

The function h is continuous, and so h belongs to L%(]0, 27]). We deduce that

S |l < o

nezZ\{-1,1}
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Moreover, because O,, -, € L'(R,), the Riemann-Lebesgue lemma yields the existence of a
constant C' such that for n € Z,

C
n| >1 = e < —.
n|
We deduce that B

Z [nenhn|? < 0.

ne€zZ\{—1,1}

Consequently, defining
VieR, w(t):= Z enhne™,
n€Z\{-1,1}

it holds that w € H'([0,27]), and so w is continuous (see for instance [Brell, Th. 8.2]).
Finally, let k := h + w. It holds that k € C9_ and the n-th Fourier coefficient of k is equals to

’:‘6” —. We deduce that By(k) = h. This ends the proof. O

1=J(0)Oag,r (in)

3.9 The Lyapunov-Schmidt reduction method

The problem of finding the roots of G defined by is an infinite dimensional problem. We
use the method of Lyapunov-Schmidt to obtain an equivalent problem of finite-dimension - here
of dimension 2. The equation G = 0 is equivalent to

QG(Qh + (I - Q)haavT) =0
(I - Q)G(Qh + (I - Q)h70‘77—) =0,

where the projector @ is defined by . Define the following function W:

W U x Wy x Vao X Vrg — R(Bo)
(’U,U],OZ,T) = (I_ Q)G(U+W,O{,T),

where Uz x Wy are open neighborhood of (0,0) in N(By) x R(By).

We have W (0,0, g, 70) = 0 and D,,W (0,0, ag,70) = (I — Q)DrG(0,0,70) = (I — Q)By €
L(R(By), R(By)) which is bijective with continuous inverse. The Implicit Theorem Function
applies: there exists a C! function v : N(Bg) x Va, X Vi, — R(By) such that

W(v,w,a,7) =0 for (v,w,,T) € Ug x Wa x Vo, x V, is equivalent to

w=Y(v,a,T).
Again, the neighborhoods Uy, Wy, V;,, V,, may be shrunk in this construction. We deduce that

G(h,a,7) =0 for (h,a,7) € X XV, X V, is equivalent to (64)
QG(Qh +¥(Qh,a,T),a,7) = 0. (65)

Note that for all § € R, we have for all 7 > 0 and a € CY,., psya,r = Sopa,r. It follows that
G(Sph,a,7) = SgG(h,a, T).

Moreover, it is clear that the projection @ commutes with Sy (for all 8 € R, SpQ = QSp) and
by the local uniqueness of the Implicit Theorem Function, we deduce that

¢(SGU5 @, T) = 597/}(07 a, 7_)'
Using that any element Qh € N(By) can be written

Qh =t ce' + e M 1= cey + ceg
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for some ¢ € C and using the definition of @), we deduce that is equivalent to the complex
equation:

<f>(c,a,7‘) =0 for (¢,,7) € Vo X Vi, X Vo, where

A 1
d = —
(c,007) = o

and Vj is an open neighborhood of 0 in C. We have moreover

27
/ G(ceq + ceg + Y(ceq + ceg, a, T), o, T) et
0

Vo € R, @(cew,am) = ew(i)(c,a,T),

and so is equivalent to

A

®(v,a,7) =0 for v € (—vg, vp).
Note that &(—v,a, 7) = —®(v, o, 7) and in particular
Vo, T € Vo, X Vo, @(O,a,T) =0.

This is coherent with (57). In order to eliminate these trivial solutions, following [Kiel2], we
set for v € (—vg,v) \ {0}:

- )
D (v, a,T) ::7(1),0@7')

v

1
= / D, ®(0v, o, 7)db.
0

To summarize, we have proved that

Lemma 38. There exists vg > 0 and open neighborhoods X x Vo, x Vo, of (0, g, 70) in C’g;ro X
R% x R% such that the problem

G(h,a,7) =0 for (h,a,7) € X X Vi, x Vy, with h # 0

s equivalent to

O(v,a,7) =0 for (v,a,T) € (—vo,v0) X Voo X Vi

The next section is devoted to the study of this reduced problem.

3.10 Study of the reduced 2D-problem

We denote by cos the cosinus function, such that veg + veg = 2v cos.
Lemma 39. We have:

1. ®(0,ap,70) = 0.

2. D,®(0, a0, 7)) = = OQW [D3?.G(0, a0, 7o) ~2cos]te_itdt.

3. Da®(0, 0, 70) = m [D3?,G(0, a0, 70) - QCosLe_”dt.

1
27 JO
Proof. We have <"~I>(0, g, To) = vai)(O, ag, o) and

2

1 .
D,®(0, a0, 70) = o Dy G(0, ap, ) - [2 cos +Dy1p(0, v, 70) - 2 cos], et dt.
0

Moreover, it holds that [see Kiel2, Coroll. 1.2.4]

D, (0, a9, 70) - cos =0
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and cos € N(D,G(0, ap, 7)), so ®(0, ap, 70) = 0. To prove the second point (the third point is
proved similarly), we have D, ®(0,ag, 70) = D2,.$(0, ag, o). Moreover,

2

A~ 1 .
D.®(v,a,T) =5 D,G(2v cos +1)(2r cos, o, T), o, T) e~ dt
T Jo
1 2 |
+ o [DrG(2r cos +1)(2v cos, a, T), ar, T) - Dp(2v cos, av, 7)), e~ " dt.
T Jo

So
R 1 [ ,
D? (0, a9, 1) = 2—/ [DiTG(O,ao,TO) - (2cos +D, (0, ag, 7o) - QCOS)L e dt
™ Jo
1 [ ,
+ E [DhG(O, Qp, T()) . DET@[J(O, Qp, ’7'(]) . 2COS]t e_’tdt
0
1 27 .
+ o D3,G(0, a9, 79) - [2cos +Dy1h(0, g, 7o) - 2 cos, D,4p(0, a, 10)] s~ dt.
™ Jo

Note that for all o, 7 in the neighborhood of «g, 7y, one has
w(oa «, T) = 07

so D, ¢(0,79) = 0. Consequently the third term is null. Recall now that By := D, G(0, ag, 7o)
and by Proposition it holds that @By = 0. So the second term is also null. Finally, using
again that D,y (0, ag, 70) - cos = 0 we obtain the stated formula. O

By Proposition [33, we have for all h € C5.°
DnG(0,a,7) - h=h— J()Oq,r *h,
where the function O, ; is given by equation (59). It follows that

0

D?_G(0,ap, o) - 2cos = —2J(a0)a* (®ag,r *cos)| _,
T
and so we have 9
DTi)(O,OlO,TO) = —J(Ozo)a éao’T(Z) T=70
Similarly,
Do ®(0, a, m0) = s (J(a)éC” (i)>
) ) O 7o a=ag

Lemma 40. Write J(ao)%@ao(%) =: 20 +iyo. It holds that

1. D 9(0, 00, 70) = (io — y0) /75 -

2. Do ®(0, g, 70) = 34 () (o + iyo), where 3 (o) is defined in Lemma .
Proof. From O, ,(t) = 70,(7t), we have

9
or

0

Our(t) = L [104(1t) + THa(7t)],  with TI,(t) == ta

Oa(t).

So
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Moreover, an integration by parts shows that

/ —Zttg@ (t)dt
0

a(2) ot

—0u(2) + z/ e 10, (t)dt
0
0

= —Ba(z) — za(:)a(z).

Choosing z = i ends the proof of the first point. Define now
Az, @) = J(2)Oq(2) — 1.
By the definition of 3¢(a) (see Lemma [T1]), we have
Va € Vays  A3o(a),a) = 0.

We differentiate with respect to o and obtain

0

S-AGo(a), )3 (a) + 5-A(Go(a), @) =0.

Evaluating this expression at o = g gives
0 ~
— (J(a)® )
O ( ()8

which concludes the proof. O

(?ZO) = —30(a0)(zo + iyo),

Lemma 41. There exists vg > 0, Vo, X Vy, an open neighborhood of (a, 10) in (R%)? and two
functions v = 7, a,, € CL((—vg,v0)) such that for all (v,a,T) € (—vg,v0) X Vay X Vi, we have

D, a,7)=0 < 7 =1, and a = .

Proof. We decompose ® into real part and imaginary part (without changing the notations),
such that now

D : (—vp,v0) X Vg X Vi, — R2
We have ®(0, ag, 79) = 0 and

= o CiD(O CYQ,T()) %DTé(O,ao,To)

D(Q’T)@(O7QO’TO) - ( &)(0 040,7'0) sDT&)(O,OKQ,TO)
zoR3p(a0) = y033p(a0)  — 73

-~ \20S30(a0) + yoR35 (o) %;2’ '

R3; ( o)(

The determinant of this matrix is 23 +y2) and this quantity is non-null by Assump-

tions [8land [I2} Consequently, the Imphmt Function Theorems applies and gives the result. [J

The proof of Proposition [32] then follows immediately from this result and Lemma [38 This
ends the proof of Theorem

4 An explicit example

We now give a simple example of functions f and b such that Hopf bifurcations occurs and
that the spectral assumptions of Theorem [I4] can be analytically verified. Our minimal example
satisfies all the assumptions of Theorem except Assumption (3] because the function f we
consider is not continuous. Indeed, to simplify the computation, we consider the step function

0 for0 <z <1,
B~ forax>1,

Ve e Ry, f(x):= {

where 8 > 0 is a (small) parameter of the model.
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4.1 Some generalities when f is a step function
We shall specify later the exact shape of b, for now we only assume that

inf b(x) >0
mér[%),l] (J?)

This ensures in particular that the Dirac mass at 0 is not an invariant measure. We now consider

some fixed constant o > 0. Let, for all z € [0, 1]
th(x) :==inf{t > 0, ¢ (z) =1},

the time required for the deterministic flow to hit 1, starting from x. A simple computation

show that L
dy
tr(x) = —_.
() /x b(y) + «
Let HZ(t) be defined by . with v = §,, @ = « and s = 0). Using the explicit shape of f, we

find for all z € [0, 1],
for 0 <t < t’(x),

1
Hz(t) = _t—tg(z)

e 7 for ¢t >t} (z).

Moreover, for > 1, it holds that HZ(t) = e~*/#. Altogether
~ 1 — e—2ta(0) —2t5,(0)
Vz € C with R(z) > —7, Ha(z) = ez +j+ﬁ_1.

Note that in particular (using that 1/~(e) = Hy(0))

1/y(e) = £,(0) + 5.

So )
« dy
J(a) = —— :/ + apf,
5w T T b

is a strictly increasing function of a: for a fixed value of J > 0, there is a unique @ > 0
is the unique invariant measure of . Let

solution of @ = J7(«) and the corresponding v3
O = lim; 00 ¥ (0). This invariant measure is given by

b&()fi)a for z € [0, 1),
vl(x) = b(V() %) _ oxp <_*f1 ) +a) for x € [1,04)

0 otherwise.

Moreover, for z € [0,1] and ¢ > ¢} (x),
p ) - t * ()
e
T
— t) = —=————.
dx a(®) B b(x )Jr «

So the Laplace transform of %Hg (t) is, for all z € C with R(z) > -3
d e~tal®z 1

> 7zt x _
vz € [0,1], /O T HE (1)t = T OEry

Consequently for all z € C with R(z) > —f

T(a)b (2 / / o H*’” (t)dt v (2)dz

—tr (z)z

1+BAA((@+aPM'
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Finally, the change of variable
I:¢3(0), u € [0,15:;(0)),

such that ¢} (x) = t%(0) — u, shows that

—~ O[e_ZtZ(O) t:;(O) elv?
V() =28 T
(@) ¥a() = =g / ez () T a™

So, the (local) stability of the invariant measure v5° is given by the location of the roots of the
following holomorphic function, defined for all ®(z) > —3~1:

N N ae—%ta(0) t% (0) U 1 — e—2ta(0) Befzt; (0)
J(a)¥, — H, = — du — —
(@) ¥alz) (2) 1+ Bz /0 b(p2(0)) + « “ z 1+ Bz

4.2 A linear drift b.

We now specify the shape of b. We choose:
Ve >0, bx)=m-—ux,

for some parameter m > 1, such that b(z) + @ = 04 — z, with 6, = m + «. We then have

©2(0) = 04(1 —e ™) and so
. o
t*(0) = log (Ua i 1) .

Finally
/tZ(O) euz d 1 t;(o) (z-‘,—l)ud 1 e(z"’_l)t:((o) — ]_
- du=— e U= ———"7"-",
o b¥g0) +a oa Jo Oa 2 H1
SO
e etj;(o) — eiZtZ(O) ]_ — eth:;(O) 567Zt:;(0)

J(@)Wa(2) — Holz) =

e L+B2)(z+1) P T 1+Bz
Consequently, we have to study the complex roots of the function

—(2+1) -z -z
« L- (m—&-jx—l) 1- (m+z—1) ﬂ (m+z—1)

Z’_)m—l—a—l (1+82)(z+1) z B 1+ 8z

Remark 42. In fact this analysis can be easily extended to any linear drift
b(z) = k(m — z),

with K, m € R. Indeed, adapting slightly the proof of [Cor20, Th. 21] when k < 0, it holds that
f+b >0 and so the unique non trivial invariant measure is locally stable: there is no Hopf

bifurcation. If on the other hand k > 0, by setting
F=1, a=2 m=m B=xpb,
K

we can easily reduce the problem to k = 1.

We now make the following change of variable

w = log M and 0 := L,
m+a—1 m+a—1

with w > 0 et § € (0,1). That is, we have




With this change of variable, the equation becomes

1 1— efw(erl) 1 — e w2 ﬂefwz 7
1+ 6=z 14z z 146z

R(z) > -p71, 0.

Assume now that
Brw—45(1-e)#0, (66)

such that z = 0 is not a solution of the equation. Multiplying by (1 + 8z)z on both side, we
finally find that we have to study the roots of the following function

§R(Z) > 7/8717 U(/37 57(&), Z) = O?
with

- i o —w(z+1) —wz
U(B,0,w,z) : 52—1—1(1 e )+e (1+ B2).

4.3 On the roots of U

An explicit parametrization of the purely imaginary roots

We now describe all the imaginary roots of U. If z = iy, y > 0, the equation U(f,d,w,z) =0
yields
{ cos(wy) + sin(wy)y(1 — de™*) = 1— By? (67)
—sin(wy) + cos(wy)y(l —de™) = y(1+5—19).

For w > 0 et y > 0 fixed, @ admits a unique solution in (8, 0), given by
(15 ) (1 — cos(wy)) — (¢ — Lysin(wy)

0 .,
ﬁw(y) T 2w 2 . )
y2ev — y? cos(wy) — ysin(wy)
500 o (1 92)(1 = cos(wy))
o) == 2 : :
y2e — g cos(wy) — ysin(wy)
Parametric plot in (3, d) Parametric plot in (3, J)
2.00 [ ‘ ‘ ‘ ‘ R 1.00[ ‘ ‘ ‘ i
Lol | 0.80 | 8
0.60 a
23 100 8 -
0.40 8
0.50 | :
0.20 a
0.00 a 0.00  SELEE - 8
Il Il Il Il Il Il
~0.10 —0.05 0.00 0.05 0.10 0.15 0.20 000 002 004 006 008 0.0
BY 8

(a) (b)

Figure 2: Description of the purely imaginary roots of U. (a) The parametric curve
(89%(y), 0% (y)), plotted with w = 1 et y € [0,15.57]. Each point of the curve corresponds to
a purely imaginary roots of U. (b) Purely imaginary solutions of U plotted in the plane (3, .J),
the value of m being fixed (m = 3/2).

Proposition 43. The parametric curve (82(y), 8% (y))y>o0 admits exactly two multiple points
given by
2

T e
Apart from those two points, the curve does not intersect itself.

(0,0) and (0
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Proof. Squaring the two equations of and summing the result, one gets
1+y%(1—de ) = (1-By*)> +y>(1+ B —9)%,

that is
(1—de )2 =28+ 8%2+(1+p5—0)>% (68)

Note that if 5 # 0, for fixed values of ¢, 3, there is a unique y satisfying this equation. This
proves that all the multiple points are located on the axis § = 0. When § = 0, the equation
becomes

(1—6e )2 =(1-96)?,

whose solutions are 5
6=0 and 0= -—-—.
1+ew

Those are indeed multiple points. For (0,0) for instance, it suffices to consider y = 2:—k, k e N*.
This ends the proof. O

4.4 Construction of the bifurcation point satisfying all the spectral
assumptions.

21
wo

Let wg > 0 being fixed, chosen arbitrarily. Let yo :=
later. Let 8o := 82, (yo) and dg := 62, (yo). We have

(1—£2) with €9 > 0 (small) to be chosen

Bo=eo+O(e2) asen— 0.

and

wo 9 2
8o = 2(650 7 (1+ (:;) )63+@(€g) as eg — 0.
0
We then have
oU , . ,
E(BO, do,wo,1Y0) = —wo — (1 + 2im)eg + O(ey)  as g — 0.

This quantity is non-null provided that €; is sufficiently small. The Implicit Function Theorem
applies and gives the existence of a C' function

(8,0,w) = 20(f, 6, w),
defined in the neighborhood of (By, do,wo) and such that
U(B,6,w,20(8,0,w)) =0, with  20(80,d0,wo) = i¥o.
Furthermore, one has

83%(50, 0, wWo, 1Yo) _ 2771 —e Y 271 + 1wy

0
%20(50,50#0) = - +O(eg) ase—0

9 (Bo, 6o, wo, iyo) B wo  (2m)2 +wj

and

8 87[] ’5 ) ) ] 2'

——20(Bo, 60, wo) = — 35 {Fo, b0, 10 z.yo) =Ty O(eo) as e — 0.

Ow 52 (Bo, 0o, wo, iyo) wo
We finally set

do 1— 4
aO-:ewoila mo-:1+ew0—1,

and

BO(O[) = ZO(BOa 0 aa_1710g< m0+a ))7

mo+a—1
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such that

d3( ) =2 1—e 0 27 + dwg mgo — 1
—30(g) =27
da 7070 wo  (2m)2 +wi (mo — 1 — ap)?
21 1
+ 2 + O(eg) ase — 0.

wo (’ITLO -1+ Oéo)(m() + O[o)
The second term on the right hand side is purely imaginary. So

1—e w0 (2m)? mo — 1

wo  (2m)2 +wd (mo—1—ap)?

d
ace%30(&0) = +O(eg) as ey — 0.

This quantity is strictly positive provided that €j is small enough. By choosing the parameters
of the model to be 8 = 3y and m = my, the Assumptions [§] [0] and [T2] are satisfied at the point
a = Q.
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