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Abstract

Approximate Bayesian computation (ABC) is a popular technique for approximating likelihoods and is often
used in parameter estimation when the likelihood functions are analytically intractable. In the context of
Hidden Markov Models (HMMs), we analyse the asymptotic behaviour of the posterior distribution in ABC
based Bayesian parameter estimation. In particular we show that Bernstein-von Mises type results still hold
but that the resulting posterior is biased in the sense that it concentrates around a point in parameter space
that differs from the true parameter value. Furthermore we obtain precise rates for the size of this bias with
respect to a natural accuracy parameter of the ABC method. Finally we discuss, via a numerical example, the
implications of our results for the practical implementation of ABC.
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1 Introduction

One of the most fundamental problems in statistics is that of parameter estimation. Suppose that one has a
collection of probability laws Py parametrised by a collection of parameter vectors § € ©. Suppose further that
one has data Z generated by a process distributed according to some law Py« where the exact value of 8* € © is
unknown. The problem of parameter estimation is to infer the value of the unknown parameter vector 8* from
the data Z. Many standard methods for estimating the value of 8* are based upon using the likelihood function
pg(Z ). For example Bayesian approaches use the likelihood to reweight some prior distribution to obtain a posterior
distribution on the space of parameter vectors that represents ones sense of certainty of any given parameter vector
being equal to 6*. Alternatively one may take a frequentist approach and estimate 6* with the parameter vector
which maximises the value of the corresponding likelihood (ie. maximum likelihood estimation (MLE)).

Of course these approaches all rely on one being able to compute the likelihood functions pg(Z ), either exactly
or numerically. However, in a wide range of applications this is not possible, either because no analytic expression
for the likelihoods exists or else because computing them is computationally intractable. Despite this one is often
still able, in such cases, to generate random variables distributed according to the corresponding laws Py. This has
led to the development of methods in which 6* is estimated by implementing a standard likelihood based parameter
estimator using some principled approximation to the likelihood instead of the true likelihood function itself. In
general these approximations are estimated using Monte Carlo simulation based on generating samples from the
relevant probability distributions.

A method which has become very popular in practice and on which we shall focus our attention for the rest
of this paper is approximate Bayesian computation (ABC). A non-exhaustive list of references for applications of
the method includes: McKinley et al. (2009); Peters et al. (2010); Pritchard et al. (1999); Ratmann et al. (2009);
Tavre et al. (1997). The standard ABC approach to approximating the likelihood is as follows. Suppose that
the distributions Py all have a density pg () on some space R™ w.r.t. some dominating measure y. Furthermore
suppose that the functions py () cannot be evaluated directly but that one can generate random variables distributed
according to the laws Py. Given some data Z the general ABC approach to approximating the values of the likelihood
functions pg(Z ) is to choose a metric d (+,-) on R™ and a tolerance parameter € > 0 and for all § € © approximate

the likelihood pg(Z) with
1

where BEZ denotes the set of all points at a distance less than or equal to € from Z. Typically the probabilities (1)
are then estimated via naive Monte Carlo simulation.
Intuitively,

p5(2) 2 P, (d(Z, Z) < e) . (1)

_ L p, (4(2,2) < &) = po(2)
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and thus for sufficiently small e the quantity (1) provides a good approximation to the likelihood. In general there
is a trade off in making e small to obtain a ‘good’ approximation versus keeping e large to ensure that one can
obtain a reasonable estimate of (1) via Monte Carlo.

Although the ABC approximation to the likelihood can be used to replace the likelihood function in any likelihood
based parameter estimation procedure it is most commonly used in the context of Bayesian parameter inference
and so we shall focus on this one particular application of ABC for the rest of this paper. In Bayesian parameter
inference one expresses the information about the parameter vector 8* contained in the data Z in terms of a posterior
distribution on the space © defined by

m(0) o< 7° (8) po(2) (2)

where 7" is some prior distribution representing ones initial knowledge about the parameter vector *. When using
the ABC approximation to the likelihood function in the context of Bayesian parameter inference the informa-
tion about the parameter vector #* contained in the data Z is expressed by the approximate Bayesian posterior
distribution

0

e (8) oc 7° (6) pj(2). (3)

Hence forth we shall refer to the estimator in (3) as the ABC Bayesian parameter estimator.

Clearly in general the posterior distributions (2) and (3) will differ. There are numerous works on the theoretical
behaviour of ABC such as in Biau et al. (2015); Dean et al. (2014); Fearnhead and Prangle (2012). We stress,
however, that a lot of work has been done in the context where the observations have an independence structure
and the focus of this work is in the intrinsically more challenging hidden Markov model scenario. We follow the
approach taken in Dean et al. (2014) in which the asymptotic behaviour of the MLE implemented with the ABC
approximation to the likelihood (henceforth ABC MLE) was studied. The analysis in this paper is based on the
observation that the ABC approximation to the likelihood can be considered as being equal to the likelihood function
of a perturbed probability distribution. Using this observation it was shown that ABC MLE in some sense inherits
its behaviour from the standard MLE but that the resulting estimator has an innate asymptotic bias. Furthermore,
it is shown that this bias can be made arbitrarily small by choosing a sufficiently small values of the ABC parameter
€.

The results in Dean et al. (2014) concerning the asymptotic behaviour of ABC MLE provide a mathematical
justification of this method analgous to that provided for the standard MLE by the results concerning asymptotic
consistency and normality. The aim of this paper is to develop an equivalent and equally rigorous mathematical
justification of the use of ABC in the context of Bayesian parameter estimation. In particular we shall develop
an understanding the resulting estimators large data set asymptotic properties. This will then allow us to provide
a mathematical justification for the ABC Bayesian parameter estimator analogous to those provided for standard
likelihood based estimators by the usual results concerning their asymptotic properties.

We shall do this by establishing Berstein-von Mises type results for Bayesian parameter estimation implemented
with ABC approximations to the likelihood. Moreover we shall show that the resulting posterior distributions are
asymptotically biased in the sense that they concentrate around a point in parameter space that differs from the
true parameter value 0*. Further we shall derive rates for the size of this asymptotic bias as a function of the ABC
parameter €. In the next section we provide an outline of the approach that we shall take to this problem. We
remark that some existing work for ABC asymptotics includes: Frazier et al. (2018); Li & Fearnhead (2018).

1.1 Contributions and Structure

In this paper we shall study the asymptotic behaviour of ABC Bayesian parameter estimation when used in pa-
rameter estimation for hidden Markov models. This will be convenient as (as we will show) the Markovian context
imbues the ABC MLE with a particularly nice mathematical structure. Furthermore, as HMMs are used as sta-
tistical models in a wide range of applications including Bioinformatics (e.g. Durbin et al. (1998)), Econometrics
(e.g. Kim et al. (1998)) and Population genetics (e.g. Felsenstein and Churchill (1996)) (see also Cappé et al. (2005)
for a recent overview), the class of models thus considered is sufficently general to be of genuine practical interest.

For the purpose of this paper a HMM will be considered to be a pair of discrete-time stochastic processes,
{Xk}p>o and {Yi},~o- The hidden process, {X},~, is a homogenous Markov chain taking values in some Polish
space X and the observed process {Y;},~, takes values in R™ for some m > 1. Conditional on X, the observations
Y}, are statistically independent of the random variables Yy, ..., Ys_1; X0, ..., Xx_1.

In many models the densities of the conditional laws of the observed process w.r.t. the hidden state either have
no known analytic expression or else are computationally intractable. In this case it follows that standard methods



to estimating the likelihoods of the observed process, eg. SMC, can no longer be used and that an alternative
approach like ABC must be used. For a more detailed discussion of this point see Dean et al. (2014).

For the rest of this paper we shall consider performing ABC Bayesian parameter estimation for HMMs using
the following specialization of the standard ABC likelihood approximation (1), proposed in Jasra et al. (2012), for

when the observations are generated by a HMM. Specifically, given a sequence of observations )71, ..., Y, from a
HMM, we shall approximate the corresponding likelihood functions with the probabilities
Py (YleB%,...,YneB;n) (4)

where for all y € R™, By denotes the ball of radius € centered around the point y. The benefit of this approach
is that it retains the Markovian structure of the model. This facilitates both simpler Markov chain Monte Carlo
(MCMC) (e.g. McKinley et al. (2009)) and sequential Monte Carlo (SMC) (e.g. Jasra et al. (2012)) implementation
of the ABC approximation. Furthermore the resulting approximation has a structure which is particularly tractable
to mathematical analysis.

We shall begin by analysing the behaviour of the ABC Bayesian estimator in the case that the conditional laws
of the observed state {Y}},~, are absolutely continuous w.r.t. Lebesgue measure. The analysis will be based upon
the observation, made in Dean et al. (2014), that the ABC approximation to the likelihood is equal to the likelihood
of a perturbed HMM. Using this observation we shall establish the following results.

Firstly we show that the resulting ABC Bayesian posterior distributions obey a Bernstein-von Mises type
theorem. Furthermore we shall show that these posteriors are asymptotically biased in the sense that as the
number of data points goes to infinity the resulting posterior distributions concentrate about a point in parameter
space that differs from the true parameter value. Finally we show that the size of the asymptotic bias goes to zero
as € tends to zero and further that under mild differentiability conditions on the conditional laws of the observations
w.r.t. the observation state parameter one can obtain precise rates for the size of the asymptotic bias w.r.t. e.

We then drop the assumption that the conditional laws of the observed state are absolutely continuous w.r.t. Lebesgue
measure and show that the posterior distributions again obey a Bernstein-von Mises type theorem and are again
asymptotically biased with a bias whose size goes to zero as € tends to zero. Moreover we show that in the general
case one can again derive a precise expression for the order of the size of the asymptotic bias w.r.t. e. We also
demonstrate, via examples, that in both cases the rates we derive for the size of the asymptotic bias are tight in
the sense that they are the best possible rates that may be obtained under such general conditions.

We note that in practice one typically works with a summary statistic of the data set rather than the entire data
set, especially when the observations {Y}},, take values in some high dimensional space. So far we have implicitly
assumed that one is working with the complete data. For ease of exposition we shall persist with this assumption
throughout the main part of the paper, leaving discussion of the conditions under which the results we derive will
continue to hold when one uses summary statistics to a dedicated section near the end.

Finally we note that the results in this paper can be used to significantly extend those in Dean et al. (2014).
Firstly we note that the results in this paper can be used to show that those derived in Dean et al. (2014) hold
under far weaker conditions than are assumed in that paper. Secondly the techniques used in this paper can also be
used to derive rates for the size of the asymptotic bias of the ABC MLE. Lastly one can use the results established
in this paper to show that for sufficiently small e the ABC MLE has an asymptotic normality type property. These
points are all discussed in more detail at appropriate points in the text, see in particular Remarks 3.4 and 3.4. We
also note that there are practical ways to implement ABC in the context of interest; see Yildirim et al. (2015).

This paper is structured as follows. In Section 2 the notation and assumptions are given. In Section 3 we establish
the main results of the paper concerning the asymptotic behaviour of the ABC Bayesian parameter estimator as
well as their extension to the case when one works with a summary statistic of the data set. Supporting technical
lemmas and proofs of the theoretical results are housed in the appendices.

2 Notation and Assumptions

2.1 Notation and Main Assumptions

Throughout this paper we shall use lower case letters x,¥, z to denote dummy variables and upper case letters
X,Y, Z to denote random variables. Observations of a random variable, i.e. data, will be denoted by Y. Given any
€ >0 and y € R™ we shall let B; denote the closed ball of radius € centered on the point y and let U/ By denote the
uniform distribution on By. For any A C R™ the indicator function of A will be denoted by 4.

In what follows we need to refer to various different scalar, vector and matrix norms. Given a scalar z and
a vector a we shall let |z| and |a| denote the standard Euclidean scalar and vector norms respectively. For any



dy X dy two dimensional matrix M we shall let ||M] = Z?;l
the 4, 7'® entry of the matrix M. Similarly, for any d; x dy x d3 three dimensional matrix M we shall let ||M|| =
Zf;l 2?2:1 Z3:1 |mi j k|- We note that although using |-| (likewise [|-||) to denote multiple norms is an abuse of
notation there is in practice no loss of clarity as the precise meaning of these terms will always be made clear by
the context in which they are used.

For any vector of variables a we shall let V, denote the gradient operator with respect to a. Moreover given

vectors of variables a,b,c of dimensions dy,ds and d3 we shall let V.V, and V,V,;V,. denote the d; x ds and
63

aai b]' Ck

ds .
i1 |m; ;| where for each pair 4,j, m; ; denotes

di X do X d3 matrices of partial derivatives with entries given by af?b_ and respectively. Further, for any
i0j

vector of variables a we shall let V?L and Vg denote V,V, and V,V,V, respectively.

It is assumed that for any HMM the hidden state {X}},~ is time-homogenous and takes values in a compact
Polish space X with associated Borel o-field B (X). Throughout this paper it will be assumed that we have a
collection of HMMs all defined on the same state space and parametrised by some parameter vector 6 taking values
in a connected compact set ©@ C R?. Furthermore we shall reserve #* to denote the ‘true’ value of the parameter
vector 6. For each 6 € © we shall let Qg (x,-) denote the transition kernel of the corresponding Markov chain and
for each € X and 6 € © we assume that Qg (z,-) has a density gy (z,:) w.r.t. some common finite dominating
measure y on X. The initial distribution of the hidden state will be denoted by m, i.e. X has distribution .

We also assume that the observations {Yj},~, take values in a state space ) C R™ for some m > 1. Further-
more, for each k we assume that the random variable Y}, is conditionally independent of (..., Xp_1; Xx11,...) and
(., Y_1; Y11, ...) given X and that the conditional laws have densities gy (y|z) w.r.t. some common o-finite
dominating measure v. We further assume that for every # the joint chain {Xj, Y}, is positive Harris recurrent

and has a unique invariant distribution 7. For each § € © we shall let Py denote the law of stationary distribution
of the corresponding HMM and Ej denote expectations with respect to the stationary distribution Pj.

We shall frequently have to refer to various kinds of both finite, infinite and doubly infinite sequences. For
brevity the following shorthand notations are used. For any pair of integers k < n, Yj., denotes the sequence of
random variables Y%, ..., Y,; Y_..; denotes the sequence ...,Y}; ;.o denotes the sequence Y,,,... and Y_o.kin:o0
denotes the sequence ...,Y);Y,,.... Further given a measure p on a Polish space X we let [ -u(dxy.,) denote
integration w.r.t. the n-fold product measure u®" on the n-fold product space X™. Moreover, given a function
f(z1,...,2,) : X" — R and integers 1 < k < I < n, we shall let [ f(-)u(dz1.k:.,) denote the partial integrals
Janvaw FOpldzr) - p(dog)p(day) - - - p(day,).

Finally, we note that the asymptotic results that we prove for the ABC posterior distribution hold independently
of the initial condition of the hidden state process {Xy},~,. Thus, in order to keep the presentation as concise as
possible we shall suppress the presence of the initial condition of the hidden state except in those instances where
it needs to be referred to explicitly. In particular we shall always suppress in our notation the dependence of the
likelihood pg(f’l, . ,}A’n) and ABC approximate likelihood pg(ffl, e ,f’n) on the initial condition of the hidden state
Xo.

2.2 Particular Assumptions
In addition to the assumptions above, the following particular assumptions are made at various points in the article.

(A1) For ally € Y, z,2’ € X, the mappings 6 — gg(x,2’) and § — gg(y|x) are three times continuously differen-
tiable w.r.t. 6.

(A2) There exist constants ¢;,¢; € (0,00) such that for every y € Y, z,2’ € X, 0 € ©

Ql S q@(xax/) S Ela
ge(ylz) < @1

(A3) There exists a constant ¢z € (0, 00) such that for every z,2’ € X, 0 € ©
|v9 Ique(xa Z‘/)| ) |Vg IOg QQ(x7 l‘l)| S Ca.

(A4) Foralld € ® andy € Y
0< /X g6 (y|2) ldz) < oo. (6)



(A5) For any K >0

Fo-
0€0 TEX 2 BK

Ey- |sup sup sup valoggg Y+z|x

sup sup sup ||Vgloggy (Y + z|z)]] ]
€O zeX 2e Bl ‘|

By-

sup sup sup || Vjloggs (Y + z|z)||| < oo
0€O0 z€X e BK

Remark 2.1. Assumptions (A1)-(A6) are similar to those used in Douc et al. (2004) to prove consistency of the
MLE for HMMs. We use similar assumptions in this paper as, broadly speaking, our approach will be to show
that the ABC Bayesian paramter estimator inherits its properties from the standard Bayesian parameter estimator
(2). However the methods and emphasis of this paper differ from those in Douc et al. (2004) and as a result the
assumptions we require have a slightly different flavour. In particular we shall require slightly stronger conditions
on the differentiability of the conditional densities go(y|x) but slightly weaker conditions on their integrability. For
more details see Remarks 3.2 and 3.5.

3 Approximate Bayesian Computation

In this section we present our results on the asymptotic behaviour of the ABC Bayesian parameter estimator when
used to perform parameter estimation for HMMs. The key component of the analysis is the observation that the
ABC approximate likelihood p§(---) defined in (4) is (up to some suitable rescaling) equal to the likelihood of the
data under the perturbed HMM

{Xf7}/;€}i21 2 (X0, Y + 6Zi}¢21 (8)

where {X;,Y;} is equal to the original HMM corresponding to the law Py and {Z;},. is a sequence of i.i.d. random
variables uniformly distributed on the unit ball in R™. Moreover one can show that under the assumptions of
Section 2.1 that for any € > 0 the transition kernels and conditional laws of the corresponding perturbed HMM
have densities

q° ($7LL‘/) £ q (xwrl) (9)

fB‘ v(dz)
9 (ylz) = f—
By
respectively w.r.t. the dominating measures p and v *UBE where * denotes convolution. For more details see Dean
et al. (2014). ‘
In the next section we shall study the implications of this probabilistic structure when the ABC Bayesian

parameter estimator is used to perform parametric inference for HMMs whose conditional laws are absolutely
continuous w.r.t. Lebesgue measure.

and

(10)

3.1 ABC for Bayesian Parameter Inference

Throughout this section we shall assume that the conditional laws of the observed state {Y}},-, are absolutely
continuous w.r.t. Lebesgue measure. Recall that in standard Bayesian parameter inference one expresses the infor-

mation about the parameter vector 8* contained in the data Yl, e Yn in terms of the posterior distribution
" (0) OC’/TO (a)pe(?lvaffn) (11)
where 70 is some suitable prior. (Not to be confused with the initial distribution g of Xy.) When performing ABC

Bayesian parameter estimation using the ABC approximation defined in (4) the information about the parameter
vector 6* will be expressed by the approximate Bayesian posterior distribution

7" (0) o< 70 (0) p(Yi,. .., YVy). (12)

Clearly in general the posterior distributions (11) and (12) will differ. In order to understand the qualitative
differences between the two it is instructive to study the following simple example.
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Figure 1: Unnormalized Posterior Densities of Variance Parameter for IID Gaussian Random Variables

Example 3.1. Consider a sequence of i.i.d. random variables {X;},~, such that for each i, X; ~ N (0792).
Suppose that we wish to use the ABC Bayesian posterior (12) to infer the value of the variance parameter of the
random variables {X;},~, given data X1,..., X,, and a prior mo(8) ~ Unif (1,3) when the true value of the variance
parameter 0* = 2. In this case the ABC approzimation to the posterior becomes

" (0) o [[ Po(Xi — € < Xi < X+ o).

Plots showing unnormalised versions of the resulting posterior distributions for this estimator and for the standard
Bayesian parameter estimator given in (11) for various values of n are shown in Figure 1. Each graph has a plot of
the standard Bayesian posterior (11) (solid line) and of the ABC Bayesian posteriors (12) for values of € equal to
0.25,0.5,1 and 2 (dashed lines with crosses, circles squares and diamonds respectively). Since the posterior densities
are unnormalised they have all w.l.0.g. been plotted as having equal heights.

One can see that for both the standard Bayesian and ABC Bayesian parameter estimators the posterior dis-
tributions concentrate as the amount of data increases. However as the value of n increases, while the posterior
(11) should concentrate around the true value of the variance parameter, in contrast the posteriors (12) concentrate
around a quantity which underestimates the true value of the variance by an amount which increases with e.

Intuitively, this can be understood in the following manner. It follows from (8) that for all § the ABC approx-
imation (4) approximates the likelihood of the data with the likelihood function of a perturbed HMM for which
the value of the variance of the observed state is greater than for the corresponding unperturbed HMM. Thus it
follows that if the parameter estimator (12) tries to ‘match’ variances, in the sense that it tends to favour those
values of 0 for which the variance of the observed state of the corresponding perturbed HMMSs (8) matches that
of the observed data then it will be systematically biased towards parameter values for which the corresponding
unperturbed models underestimate the true value of the variance of the observed state of the HMM which generated
the data.

The above example illustrates how performing Bayesian inference using the ABC approximation to the likelihood
will lead to a biased estimate of the model parameters. We will now formulate this notion in a more mathematically
rigorous manner by comparing the asymptotic behaviour of both the standard Bayesian parameter estimate and is
ABC counterpart. We shall start by studying the asymptotic behaviour of the former. Using standard arguments
one can show that the standard Bayesian parameter estimator obeys the following Bernstein-Von Mises type theorem
(see Borwanker et al. (1971) for more details). The proof is deferred to Appendix B.

Theorem 3.1. Suppose that one has a collection of HMMs parameterized by some parameter vector § € © and
that one is given data Yi,. .. Yn generated by the HMM corresponding to the unknown parameter vector 0* and that
one tries to infer the true value of 0* using the exact Bayesian posterior (11). Suppose further that the following
conditions hold:

1. There exists a twice continuously differentiable function 1 (6) : © — R such that Py~ a.s.

1 N N N N
= (logpo(Ti,.... Yu) ~ logpo- (V1...... ¥)) = 1(6) (13)



uniformly in 6.
2. The function [ (0) has a unique mazimum at § = 6*.

Then the standard MLE, henceforth denoted 0,, is asymptotically consistent. Moreover suppose that the following
extra conditions are satisfied:

3. Py a.s.
1 A A
lim lim  sup |V3—logpa(Yi,...,Y,) — Vil (0%)] = 0. (14)
n

d—0n—o0 |9_‘9* ‘<5

Vil (6%) < 0. (15)

Then if the parameter vector 0* belongs to the interior of © and the prior distribution w° is absolutely continuous
w.r.t. Lebesgue measure and has a continuous density on © which is non zero in a neighbourhood of the true

parameter value 0% one has for all initial conditions my that

2 s\ —1
7" — N (%,—vgl(s ) ) =0

TV

lim

P a.s..
Theorem 3.1 immediately implies the following more standard Bernstein-von Mises result.

Corollary 3.1. Suppose that the conditions of Theorem 3.1 hold. For any n let ™ be the (random) probability law
on the space R™ with density proportional to 71'”(% +0,). Then one has for all initial conditions my that P a.s. the

sequence of random laws 7™ converge in total variation to N(0,—V3l (9*)71).
One can make several observations about the assumptions of Theorem 3.1 as well as its consquences.

Remark 3.1. The quantity Vgl (0%) is equal to the asymptotic Fisher information matriz I (6*) of the corresponding
collection of HMMs.

Remark 3.2. We now give sufficient conditions for 1-4 of Theorem 3.1. Lemma B.9 in Appendix B proves
conditions 1 and 3 hold if the underlying collection of HMMs satisfy assumptions (A1)-(A5). Furthermore it
follows from Douc et al. (2004) that given assumptions (A1)-(A2) we have that condition 2 in Theorem 3.1 holds
if the collection of HMMs obey the following additional assumption:

(A6) 0 = 0" if and only ifﬁz/ = @;/*.
For a discussion of when condition 4 of Theorem 3.1 holds see ?.

Remark 3.3. Conditions 1-3 of Theorem 3.1 are sufficient to guarantee that the corresponding maximum likelihood
estimator (MLE) is asymptotically consistent. As Lemma B.9 establishes these conditions, it thus provides a different
approach to studying the asymptotic behaviour of the MLE based on analysing the asymptotic behaviour of the
corresponding likelihood surface. This contrasts with the standard approach to studying the asymptotic behaviour
of the MLE which involves showing that the mean log likelihood functions converge to the relative entropies of the
collection of HMMs w.r.t. the true HMM in a sufficiently uniform manner, see Douc et al. (2004) for more details.
However, in the context of ABC, the limits of the ABC approximations to the likelihood functions can no longer
be interpreted as relative entropies but can still be understood as defining a suitable limiting approximate likelihood
surface, see Remark 3.4 for more details. We note that compared to the approach taken in Douc et al. (2004) the
likelihood surface approach of Lemma B.9 requires slightly more stringent conditions on the differentiability of the
conditional densities of the HMM but slightly less stringent conditions on their integrability.

In order to compare the performances of the two estimators (11) and (12) we next derive a Bernstein-von Mises
type result for the ABC Bayesian posterior. The key step is to show that under suitable assumptions the ABC
approximate likelihood surface will satisfy conditions analogous to those for the exact likelihood surface given by
1-4 in Theorem 3.1. This is the content of the following theorem whose proof is again deferred to Appendix B.



Theorem 3.2. Suppose that one has a collection of HMMs parameterized by some parameter vector § € © and
that one is given data Yl, . Yn generated by the HMM corresponding to an unknown parameter vector 8* and that
one tries to infer the true value of 6* using the ABC approzimate Bayesian posterior (12). Suppose further that
the collection of HMMs satisfies assumptions (A1)-(A5) and that the mean relative log likelihood functions (13)
satisfy conditions 1-4 of Theorem 3.1. Then for every e > 0 there exists a twice continuously differentiable function
1€(0) : © — R such that for all initial conditions Ty one has that Pp« a.s.

1 N N A A
= (togpj (Y., Ya) = logph. (Vi,.... Ya) ) = 1 (0) (16)

uniformly in 6. For sufficiently small values of € the function 1€ () will have a unique maximum at some point 0*¢

such that V3I°(6*°) < 0 and

lim lim sup
d—0n—o0 |6—0%¢|<6§

1 ~ N
Vgg log p§(Y1,...,Y,) — V3l (0%°)| =0

(17)

Furthermore 6*¢ — 0* and V3l (%) — V31 (6*) as e — 0.

Remark 3.4. In this paper we have chosen to restrict our attention to the situation where the ABC approximation
to the likelihood is used in the context of Bayesian parameter estimation. However as already noted above the ABC
approzimation can be used within various different approaches to parameter estimation. In particular it can be
used in the context of mazximum likelihood estimation. Doing so results in the following ABC mazimum likelihood
estimator (ABC MLE)

fn,c = argmax {pé(f’l, . f’n)} : (18)

The properties of the resulting estimator were extensively analysed in Dean et al. (2014) where it was shown that

lim lim |0,.— 0
e—~0n—oo ’

~0. (19)

In Dean et al. (2014) the asymptotic result (19) was proved by studying the limits of the ABC approximate log like-
lihoods pj (Yl, LY ). In standard MLE the limits of the mean log likelihood functions are analysed by considering
the relative entropies of various members of the parameteric family of distributions under consideration. Since the
limits of the ABC approximate mean log likelihood functions have no obvious interpretations in terms of relative
entropies very strong assumptions concerning the behaviour of the underlying HMMs had to be made to ensure that
these limits existed and were suitably well behaved. In contrast since it is clear that Theorem 3.2 immediately im-
plies (19) it follows that one can obtain this result under much weaker conditions by instead considering the limiting
behaviour of the ABC approzimate likelihood surface. Thus Theorem 8.2 provides a significant relaxation of the
results in Dean et al. (2014).

Furthermore Theorem 3.2 can be used to extend the results in that paper in two significant ways. Firstly it
follows from Theorem 3.2 that for small enough values of € the ABC MLE én,e will Py« a.s. converge to the unique
(deterministic) limit point 0*° as n — oo. This is a much tighter result than (19) which, for any value of € > 0,
allows for the ABC MLE to have more than one (and possibly infinitely many) accumulation points as n — oo.
Secondly the results in Dean et al. (2014) provide no insight into the asymptotic distribution of the ABC MLE
én,e about its limit point 0. It contrast, given Theorem 8.2, one can use standard arguments to show that under
assumptions (A1)-(A5) one has that for sufficiently small € that

ViV (1ogpg*,f(fv1, LY — logpe (Y4, ... ,f/n)) 5 N(0, V3 (6%))
and hence, using equation (17) in Theorem 3.2, that
NG (én,f - 9) — N(0, V2I° (67)7Y). (20)

For more details see Douc et al. (2004).

Given Theorem 3.2 we can easily derive the following theorem which provides an analogous result to that of
Theorem 3.1 for the ABC Bayesian estimator. We again defer the proof until Appendix B.



Theorem 3.3. Suppose that one has a collection of HMMs parameterized by some parameter vector § € © and
that one is given data Yh . Yn generated by the HMM corresponding to an unknown parameter vector 0* and
that one tries to infer the true value of 6* using the ABC approzimate Bayesian posterior (12). Suppose further
that the collection of HMMs satisfy assumptions (A1)-(A5) and that the mean relative log likelihood functions (13)
satisfy conditions 1-4 of Theorem 3.1. Then if the parameter vector 8* belongs to the interior of © one has that for
sufficiently small values of € that for all initial conditions m

27€ %,e)—1
T - N <‘9n,67 VOZ (0 ) >

NG =0

TV

lim

and

lim 6, .= 6"
nooo €

Py~ a.s. where [ (0) and 0% are as in Theorem 8.2 and where the for each n the random variable éme is equal
to the ABC MLE defined in (18). The convergence of the renormalised posterior is again with respect to the total
variation norm.

Theorem 3.3 immediately implies the following Bernstein-von Mises result for the ABC Bayesian parameter
estimator.

Corollary 3.2. Suppose that the conditions of Theorem 8.8 hold. For any n let ., be the (random) probability law

on the space R™ with density proportional to 7T57n(0 O, ‘) if = (9 —9AT,7€) € © and equal to zero otherwise. Then one

has for all initial conditions my that P a.s. the sequence of mndom laws T, converge weakly to a N(0,V31° (9*76)_1)
random variable.

Remark 3.5. Given the interpretation in (8) of the ABC approzimation to the likelihood as being the likelihood of
the data under a perturbed HMM it follows from that Theorem 8.3 that a Bernstein-Von Mises type theorem still
holds when one performs parameter estimation using misspecified models in the sense of White (1982).

Theorems 3.2 and 3.3 show that asymptotically the true Bayesian and ABC Bayesian posteriors are exponentially
concentrated around the points 8* and 6*°¢ respectively and thus that the difference between them will asymptot-
ically be of the same order as |#*¢ — 6*| (with respect to some suitable metric that respects the topology of weak
convergence - for example the Prokhorov or Lipschitz-dual norms) as n — co. Furthermore these results show that
|0*¢ — 6% — 0 as € — 0.

It is natural to ask at what rate does "¢ — 0* as ¢ — 0. We begin our answer to this question by revisiting
Example 3.1.

Example 3.2. We return again to the model in Example 3.1 and consider for each € the quantity 6 as defined
in Theorem 3.2. Recall that is both the point around which the ABC Bayesian posterior concentrates and the limit
point for the corresponding ABC MLE. In figure 2 we give plots of both 6% as a function of € (crosses) and of the
corresponding best fit quadratic curve (solid line).

Figure 2 suggests that for e sufficiently small the size of the asymptotic bias of the ABC Bayesian (and ABC
MLE) estimator should be of order €2. The next theorem shows that under the following extra mild assumptions
on the differentiability of the conditional likelihood functions gy (y|x) w.r.t. the observed state variable y this is
indeed the case.

(A7) The functions gy (y|z) and Vgge (y|z) are twice continuously differentible w.r.t. the variable y and for all
K >0

2 2]

V90 (Y + z|z)

Eg+« |supsup sup | ————
TEX €O 2eBY, g0 (Y]z)

FEy« | sup sup sup
TEX 0€O 2eBY,

V2 (Vogo (Y + 2[2)) |
g (V]2)

Theorem 3.4. Suppose that in addition to all of the assumptions of Theorem 3.3 one has that assumption (A7)
above also holds. Then there exists a vector AO* such that for e sufficiently small

0°* — 0" = EA0" + o(e2). (22)
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Figure 2: Plot of 6% as a function of e for IID Gaussian Random Variables

Remark 3.6. It follows from the proof of Theorem 3.4 that one has the following exact expression for the asymptotic
bias term AG*:

AG* = —V2(6%)~ ( Z By [Enr,, [Vo(log go(Yi]| Xi)qo(Xi—1, Xi))]]

1=—00

Vg (Yol Xo) V590(Yo| Xo) Vi Vige(Yo|Xo) v
96(Yo[Xo)  g6(Yo|Xo) 90(Yo|Xo) e

where the random signed measures mg; are as in Lemma C.15. See Appendix C for more details.

Remark 3.7. Theorem 3.4 provides a considerable improvement on the rates obtained in Dean et al. (2014) for
the size of the asymptotic bias of the ABC MLE w.r.t. . The rates obtained in that paper are much less tight than
the ones obtained above and were derived under much more restrictive conditions.

3.2 ABC for Bayesian Parameter Inference - the General Case

In the previous section we studied the behaviour of the ABC Bayesian parameter estimator for HMMs in the special
case that the conditional laws of the HMMs are absolutely continuous w.r.t. Lebesgue measure. In particular we
showed that the resulting estimators obey a Bernstein-von Mises type result with an asymptotic bias whose size
goes to zero as € goes to zero. Furthermore we showed that under mild differentiability conditions the size of the
asymptotic bias is of order €2 for sufficiently small e.

In this section we shall show that analogous results still hold for the more general case where one drops the
assumption that the conditional laws of the HMMs are absolutely continuous w.r.t. Lebesgue measure. We start by
considering Theorems 3.2 and 3.3. A careful reading of the proofs of these theorems shows that they are independent
of the assumption that the conditional laws of the HMMs are absolutely continuous w.r.t. Lebesgue measure and
thus that they still hold in the general case. Hence the only thing that remains is to understand the rate at which
the asymptotic bias of the ABC Bayesian (and ABC MLE) estimator goes to zero as e goes to zero. In order to do
this it is instructive to consider the following example.

Example 3.3. Let ©' be the distribution on the set of diadic numbers of the form 2%; k=0,1,... given by

ﬁl(ﬁ) = Qk% for all k and let 7% be the distribution on the set of diadic numbers of the form Qz,ﬂ% given by

72 (53417) = 5rr for allk =0,1,.... Furthermore let {matacp, be the set of distributions defined such that for all

a, Ty = ar! + (1 — a)r?.

It is clear that the distributions m, satisfy the conditions of Theorem 3.2 and hence that for any € the limiting
approzimate mean log likelihood surface I¢() exist and is well defined. Further if we assume that the true value of
the parameter is equal to a* = % then it is easy to show that V2I(a*) # 0 and that for every k > 2

1, 11 | " 1 1
Val2 (o) = g9z Vel# (a¥) = ~192kiT

10



from which it follows that for all k
*, =L 1 11 1

T -t = gy s o)
P y 1 1 1 1
o 2R ot = —

= V2i(ar) 4 22k + 0(22k+1 )-

The above example shows that in the general case one should expect that the size of the asymptotic bias will
be at least O(e) and that the limit ‘9*’65_9* will not be well defined. The next theorem shows that in general the
behaviour of the asymptotic bias will be no worse than this. In order for it to hold we need to make the following
differentiability assumptions.

(A8) The functions gg (y|z) and Vggg (y|z) are twice continuously differential w.r.t. the variable y and for all K > 0

Vygo (Y + z|z)

2
FEy« | sup sup sup ,
rzeX 0€O zEB% 9o <Y|J})
V, (Vogo (Y ? 29)
FEy~ | sup sup sup v (Vogo (V + 2|z)) < 00.
TEX 0€O zeBY, g0 (Y|z)

Theorem 3.5. Suppose that in addition to all of the assumptions of Theorem 8.3 one has that assumption (A8)
above also holds. Then
0" — 0" = O(e). (24)

The proof of Theorem 3.5 is deferred to Appendix D.

3.3 Sufficient Statistics

So far we have assumed that one is working with the complete data sequence Yi,...,Y,. In practice the full data
set is often too high-dimensional and instead one performs inference using a summary statistic S (Yl, ey Yn) where
S(--+) is some mapping from R™ X ---R™ to a lower dimensional Euclidean space, see for example Tavre et al.
(1997).

In general this mapping will destroy the Markovian structure of the data and the results so far derived will not
be applicable to ABC based parameter inference conducted using the corresponding summary statistic. However
in practice it is often the case that the mapping S(---) is of the form S(Y1,...,Y,) = S(Y1),...,S(Y;) for some
function S(-) that maps from R™ to a space R™" of lower dimension. When this is true it is easy to see that the
Markovian structure of the data is preserved. Moreover suppose that assumptions (A1)-(A5) as well as any of (A7)
and (A8) as appropriate hold for the underlying HMM. It is easy to see that these assumptions will be preserved
by any ‘reasonably smooth’ mapping S(-). (For the sake of brevity we shall not provide a rigorous formulation of
this statement.) Hence it follows that if the mapping S(-) preserves the identifiability of the system, that is to say
if assumption (A6) also holds for the HMMs with observations S(Y7), S(Y2),. .., then all the relevant results of this
section will continue to hold for the ABC Bayesian parameter estimator implemented with the sufficient statistic

S0).

Appendix A: Auxillary Results

In this section we present some results that will be needed in the proofs of Theorems 3.1 , 3.2, 3.3 and 3.4. The
first two lemmas are standard result from real analysis which we state without proof.

Lemma A.1. Let a compact set G C R" be given and a sequence of continuously differentiable functions f, : G —
RY, n > 1, such that the sequence V f,,(z) is Cauchy uniformly in z. Let the function g(z) be the limit of V f,,(2).

Assume also that f,(2*) is Cauchy for some z* € G. Then there exists a continuously differentiable function f
such that f,(z) = f(z) uniformly in z and V f(z) = g(z).

Lemma A.2. Let a compact set G C R* and some constant L > 0 be given. Suppose that there exists a continuous
function f : G — RY and sequence of continuous functions f, : G = RY, n > 1, such that for all n the function
fn is L Lipschitz continuous. Then f, — f uniformly in G if and only if f,, — f pointwise on a countable dense
subset of G.

11



The next two Lemmas are standard results from the theory of uniformly ergodic Markov chains, see for example
Del Moral (2004); Dean et al. (2014).

Lemma A.3. Suppose that the transition kernel and conditional likelihoods of some HMM {X;,Y;},~, satisfy
assumption (A2). Then there erists some 0 < p < 1 such that for all f € Lso, for all constants a Vb < r and
s <IAm and for all x,2’ € X one has that

Elf (Xp,.. .. Xs) | Xa =2; Y, ..., Y| = E[f (Xp, ..., Xs) | X = '3 Vi, ..., Vi)
< 4pU=INM=AT=a)A=b) || £]| (A-25)

Moreover
Ef(Xo,....Xr)|...,Y1,Yp, 11, ]

(r > 0) is well defined for any doubly infinite sequences ..., Y_1,Yy,Y1,... and f € Ly,. Forl k>0,
sup FE [f (Xo, ey XT) |X,l = I; Y,l, ey Y;«+k}
—E[f (X, . Xp) | Yo, Yo, Y, ] | < 40" )|l (A-26)

and constant p depends only on the quantities ¢ and € appearing in (5).

Lemma A.4. Suppose that the transition kernel and conditional likelihoods of some HMM {Xi,ifi}i21 satisify

assumption (A2). Then for any f,g9 € Lo, all 1,k >0, all sequences Y_y,..., Yy and —1 <r < s <k one has that
E[f(Xr)g(Xo) Yoy, .. Y| = E[f (X)) Yoy, YR E g (Xs) [Yoq, oo, Y]
<407 [[flloo 19l oo (A-27)

where p is as in Lemma A.3. Note that the value of p again depends only on the quantities ¢ and ¢ appearing in
(5).
The fifth lemma is essentially a corollary and extension of Propositions 4 and 5 in Douc et al. (2004).

Lemma A.5. Suppose that one has two collections of HMMs both defined on the same state spaces and parameterised

by vectors 6 € © and 6 € © respectively. Suppose further that both collections of HMMs satisfy assumption (A2)

with the same values of ¢ and €. Finally suppose that some parameter vector 6* € © is given and let {X;,Y;},~,

denote the corresponding stochastic process. B
Given measurable functions ¢1, ¢a, P3 : OxXxY >R and yeY, k<landse{l,2,3} let

l
H(bsHoo (y) £ %ul? sup ‘Qbs (97$,y)| ) (bs;k:l(e) = Z (bs (H,Xi, }/z) .

e T i=k41

Further for any n > 0 define the random variables Ag n, L'o.n, Yo.n and Qop by

AO,n(é) £ Eé [¢1;—n:0(9)|y—n:0} - Eé [Qsl;—n:—l(o)‘Y—n:—l} )

FO,n@) £ Eé [¢1;7n:0(9)¢2;7n:0(9)|thfn} - Eé [¢1§*n171(9)¢2;7n:71(9)|an:fl}
+ B, [¢1;_n:_1(9) |Y_n:_1} E, [@;_m_l(e) |Y_n:_1}

- Eé {(151;_”;0(9) ’Y—n:—O] Eé {¢2;—n:0(9) |Y—n:—0} )

Wo.u(0) £ By [ 61:-1:0(0)02 110 (0) | You-] B | 65:0(0) Y=o
- K [¢1;—n:0(9) |Y—n:—0:| E, [¢2;—n:0(9) ’Y—n:—0:| E, [¢3;—n:0(9) ’Y—n:—0:|
- By | 01n1 (0) Yoo | By |02, nit ()| Vot | g [ 631 ()Y |

— By 011 0)0 i1 OV it | B [ 01 (0)] Y]
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and
Q0. (60) 2 Ep|1,-0(8) 82 i0(8) 5,0 (0) | Y=o
~ B, [qsl;,n:o(e) |Y,n;,0} B, [@;,n;o(e) ]Y,n;,o} B, [¢3;,n;0(9) ]Y,n;,o}
I {qﬁl;,n:,l(ﬂ) |Y,n:,1} o [@;,n:,l(a) |Y,m,1} o [¢3;,n:,1(0) |Y,m,1}
= By #1510 621 (0) b (6) Yo |.

Then
(i) if |91l € L* (Py+) there exists an integrable random variable Ag o such that
Ag,n (0) = Ao, (0) (A-28)
m Ll (F@*) .
(i) if 61l » 192l € L? (ﬁg*) then there exists an integrable random variable I'g oo such that
1ﬂO,n (9) — F0,00 (9) (A_29)
in L' (Fp-).
(iii) if |f1]l oo » 102l o » 193]l oo € L (Pg+) then there ewist integrable random variables Wo o and Qo o0 such that
\Ifo’n (9) — \IIO,oo (9) s QO,n (9) — QO,oo (9) (A—30)
Z’n Ll (F@*) .
Moreover there exist constants C < oo and 0 < p < 1 which depend only on ¢ and ¢ such that for allmn >m >0
Ey- [subjee [Bon(8) = Ao.m(8)]] Eo- [ 191l |
Eyp+ |sup;_c ‘Fom(é) —To.m(6) sup, E@*[ ¢5||ooj|
06 ’ (A | <opm €{1,2} | (A31)
Eg+ SUPjco \IIO,n(e) - ‘I’O,m(g) SUPse(1,2,3} Ey- ||¢9||oo
Ep- SUDjco QO,n(é) - QOym(é) SUPse(1,2,3} Ey- ||¢S||oo
and
Ep- [s0Djco, 0 !Ao w(6) Eo- [ 161
Eg- [subjcenm0 [Tom sup,e 1,2 Fo- [ 194l |
0e6,n>0 ( A) < e{1,2} H ” (A—32)
Eg- SUP)cd,n>0 \1'07,1(9) SUPse{1,2,3} Ey- ||¢s||oo
Eg« |Supjeg nso |o,n (0 )) SUPge(1,2,3) Lo | |95l

The proof of this lemma follows very closely the proofs of Propositions 4 and 5 in Douc et al. (2004) hence we
restrict ourselves to giving only the essential details.

Proof. We shall just provide proofs for the results concerning the quantities Qoyn(é). The proofs of the other results

follow in an identical fashion.
We begin by proving (A-31). For any n > m > 0 we have that

sup [Q0.n(0) = Qom(0)| < @+ Braa+Brsi+Bs12+ V23 +%231 + V31240
6e6

+1,23 + Y231 Y312+ K123+ K231 T K312 T W23+ we3 w32

13



where
-1

a= 3 sup|B|61(0, Xi, Yi)6a(0, X, Y585 (0, X, Vi) Yoo

4,5 k= —m+10€6
— By 6100, X, Yo)[Yono| By [ 0200, X, Y3) Y- o] By [ 05(60, Xies Yi)| Y=o
~ I ¢1<9 X0, Y0)02(0, X, Y;)0(0, X, Vo) [ Yo

+ By (eX“Y;]Y }é[qsg(e,Xﬁy;)}Y,m,l}Eé[¢3(9,Xk,yk)|y,n:,l}

+E $1(0, X, Y)Y } [¢2(9 X, Y5)|Y- mo] é|:¢3(9an7Yk)|Y—m:0}

)
)

— B 61(0, X1, V) 02(0, X, V) b0, X, Vi) |Y_m:0}
)

+ B, [¢1(9 X, Yi)62(60, X, Y5)65(0, Xio, Yi)[Y- i1

-F

>

-1

Ba,b,c = § ?’up
i,j=—m+10€O

— By 0a(6, Xo, Yo) [Y-no| B [00(0, Xi, YO V-0 | B [ 606, X, Y5)| Yoo

— Ep|6a(6, X0, Y0)6(0, X, Yi)6c (0, X V)| Yoo

By [6a(0, Xo, Yo)on(6, X:, Y1)0e(6, X, Y5)|Y o

+ By | 6a(0, Xo, Y0) [ Y=o By [#6(0, X, Yo) Yoo | B [00(60, X, Y)) |[Vomio] |

-1

Yabe= D Sup
i=—m+10€0

~ B, [%(9, Xo, YO)|Y,M] B, [qsb(a, Xo, YO)|Y,M] B, [gbc(@, X, Y)) |Y,n:0}

— Ep 640, X0, Yo)#0(0, Xo, Yo)$el0, X, Y5)| Yoo

Ey|#a(0, X0, Y0)0 (0, Xo, Yo)6c(0, X ) [Y- o

+ B, {%(0, Xo, YO)|Y_m:0] o [(;Sb(ﬂ, Xo, Y0)|Y_m:0] E, [¢C(0, X, Y)) |Y_m;0} :

6 = sup
6c6&

— By #1(0, Xo, Yo)| Y=o By 620, Xo, Yo) [Y-neo| B | 630, Xo, Yo) Y-

— Ep|61(6, X0, Yo)#2(6, Xo, Y0) (0, Xo, Yo) | Y-

By 616, Xo, Yo)62(0, Xo, Yo)bs (6, Xo, Yo) [Y- 0|

+ Ey [¢1(97X0,Y0)|Y7m:0}E§ [¢2(97X0,Y0)|Y7m:0}E9” |:¢3(07X07%)|Y7m:0j| ;

—m -1

Yabc = Z Z sup | E

i=—nt1jk=—nt10€6
o [%(9, X,.Y;) !Y_n;o} B, [¢b(9, X;.,Y;) ‘Y_n;o} B, [¢C(9, X, Vi) ‘Y_nzo}

— By 646, X5, Yi)60(0, X, Y;)00 (0, X Yi) Vo1

5[0 (0. X0, Y0) 6160, X, 1)6c(0, X, Yi) Yoo

+ B {qba(Q,Xi,Yi)’Y,WO} B, [@,(9 X;.Y;) \Y,R;O}Eé [qﬁc(O,Xk,Yk)‘Y,n;,l} :

14

_¢1(9aXi7Y;)’Y—m:—1:|Eé {¢2(9,vayj)‘y—m:—1}E9 [¢3(9,Xk,yk)ly—m:—1} ,

(A-33)



—m —1

Fape= D D, Sup

i=—nt1j=—n+10€6
—E; [¢a(97 Xo, YO)|Y—":0} E, [¢b(97 Xi, Yz‘)’Y—n:o] E; [(;50(9, X, Yj)’Y—n:o}

— By 600, X0, Yo) 006, X, Yi) 60, X5, Y5)[ Vi1

E; [9a(0, Xo, Y0)60(0, Xi, Y1) (6, X, Y;)[ Vo

)

B3 [0a(6, X0, Y0)|[Y-no] Ep [64(0, X, Vi) Yoo Ep [ 6006, X5, Y5) Vo1

and
Gape = SuD|Ey|da(f; Xo, Yo)ou(6, Xo, Yo)6cl0, X3, Y:) |V o]
i=—n+10€0

— Eg[6a0, Xo, Yo) V=0 B [60(0, Xo, Yo)[Y-no] By [#c(0, X, Yi)| Yoo
— 3 [0a(0, X0, Y0)61(60, Xo, Yo)(6, X, Yi)[Y .1

+ E; [%(&XO,K)MY—WO}E@ [¢b(97X0,Yo)|Y—n:0}E§ [¢c(97Xi,Yi)’an:—1} .

If [|¢1]l s 102)lo s @3l € L (Pe*) then it follows that supg.g sup,cx [¢1(0,2,Y)|, supscg sup,ex 02 (0,2,Y)]
and Supg.g SUP, ey |03 (0,2,Y)| are all finite Py~ a.s.. Thus that we can apply Lemmas A.3 and A.4 to each
individual term in the sum on the right hand side of (A-33) to get that for any —m+1 < i,5 < —1 the corresponding
term is bounded by

sup sup |¢1 (6, z,Y;)| sup sup |@2 (0, z,Y;)| sup sup |¢s (0, =, V)|
fcd TEX fed TEX fed TEX
% 16 (p|i—j|/\\j—k|/\|lc—i| A piNINk=m /\pl—i\/j\/k) . (A-34)
where the quantity p is as in Lemma A.3 and hence can be determined purely as a function of the quantities ¢ and

¢. It then immediately follows from the expression for o and (A-34) that there exist C, and 0 < p, < 1 which are
functions purely of ¢ and ¢ such that for all n > m > 0

Eg- [a] < Capy’ sup  Ep-
s€{1,2,3,}

sup sup
feoreX

s (Q,x,Y)Q‘] . (A-35)

Clearly one can prove analogous results for the expected values Eg« [Bq.6.c], Eo* [Ya,b.c], Eo+ [0], Eo= [Yap.c], Eox [Kab.c)
and Ep+ [wg.p,c] from which (A-31) immediately follows. Moreover it is easy to see that (A-32) follows from (A-31)
by using that

FEg« |sup ‘FO,I (é) ” < 00
6e6
and
Eg* sup ‘QO,n (é) = Eg* sup ‘QO,l (é)‘ + Z Eg* sup ‘QO,T (é) — QO,T*l (é)‘
66 0cd r—2 0cd

for all n > 1. B .

Finally we note that the existence of a limit in L' (]Pg*) of the sequence of random variables Qg ,, () is again an
immediate consequence of (A-31). O

The next lemma is a well known result concerned with the question of when the differentiation and expectation
operators can be interchanged. However since we shall need to refer to it we state it here explicitly for clarity of
exposition. Its proof is a simple application of the dominated convergence theorem.
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Lemma A.6. Let a Polish space X, a positive o-finite measure p on X, a compact set T' and a function f(vy,x) :
I' x X — R be given. Suppose that [ is everywhere differentiable w.r.t. to v and

/ sup
X yel’

Then [, f(v,z)pu(dx) is everywhere differentiable w.r.t. to v and

u(dz) < oo.

%m,x)

0 0
5 /X £y, 2)(da) = /X 5 a)u(da).

The next Lemma is a statement of the Fisher identity and the Louis missing information principle (see for
example Douc et al. (2004)) plus an extension of these to third order derivatives of the log likelihood function.
Under assumptions (A1l)-(A5) its proof is a standard application of Lemma A.6 which we leave to the reader.

Lemma A.7. Suppose that assumptions (A1)-(A5) hold for a collection of HMMs parametrised by some vector
6 € © where for each 6 € © we let go (y|z) and qo (¢, z) denote the densities of the conditional law and transition
kernel of the corresponding HMM. For any € > 0 let g§ (y|z) denote the density of the conditional law of the
corresponding perturbed HMM defined in (10). By convention we let g3 (y|x) = g (y|z).

For any 8 € ©, ¢ >0 and n > 0 let (0, x,2',y) = log g5 (y|z’) go (x,z") and following the notation of Lemma
A.5 let P (0) & S (0, X1, X;,Y;). Then one has that for any 6 € © and € > 0 the log ABC approzimate
likelihood function logp§(---) is three times differentiable and

Vologps(Y1,...,Yn) = Ege [Voton(0)| V1] , (A-36)

V%% 10g p§(Y1,. .., Yn) = Ege [Vt |Yiin] + Eoe [(vmf mm} — Ege [Votou|Yia]®, (A-37)
and
vg% log p§(Y1,-- ., Yn) = Ege [Vithn|Yiin] + 3Ege [Vitn Voton |Y1un]
— 3B [V2u|Vin] Eoe [Votbn|Vin] — 3Eo- [(vewnf \YM} Epe [Votbn| Vi)
+ Eo- [(Votn)’ [Yium| +2Eoc [Vorn| V1]’ (A-38)
where Ege [1|'] denotes conditional expectation w.r.t. the law of the perturbed HMM defined by (8).

The final Lemma shows that the Fisher identity, Louis missing information principle etc. also hold in a mean
sense.

Lemma A.8. Suppose that assumptions (A1)-(A5) hold for a collection of HMMs parametrised by some vector
0 € ©. Then one has that for any 0 € © and € > 0 the log ABC approzimate likelihood function logpg(---) is three
times differentiable and

VoEy- [logpg(Yl, e Yn)] = By« [V@ log pg (Y1, ... ,Yn)}, (A-39)

ViEe- [logpy(Ya,...,Yn)] = Ep-[Vilogpy(Yi,...,Yy)], (A-40)
and

ng@* [1ng§(yla B aYn)] = E@* [vg logpg(yh (R 7Yn>} . (A_41)

Proof. Equations (A-39), (A-40) and (A-41) will follow immediately from Lemmas A.6 and A.8 if one can establish
that

Ey- [suplve Ingg(Y1>-~-,Yn)|:| , B~ [suplvf) log py(Y1,...,Yn)l||,
0cO 0coO

Ep- [sup ‘Vg logpg( Y1,... 7Yn)@ < 00.
0co

However this follows immediately from assumptions (A1)-(A5) and expressions (A-36)-(A-38). O
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Appendix B: Proofs of Theorems 3.1 , 3.2 and 3.3
We start with the the proof of Theorem 3.1.
Proof of Theorem 8.1 . Consistency of the MLE can be deduced from conditions 1-2 by standard arguments.

Let pg denote the density of the prior g w.r.t. Lebesgue measure. It follows from conditions 1-4 of the theorem
that for any § > 0 there exist some 1 > 0 such that

sup < (1+9), (B-42)

0,0'€By, po(0)

and some and 7 > 0 such that Py- a.s. there exists some n’ such that for all n > n’

7"(0/Bg.) <e "7, (B-43)
and
‘vTVg% (logpg(Yl, oo, Yy) —logpex (Y1, ..., Yn)) v—vTV3(0*)v
sup sup <. B-44
beB. e TV o ()

Using the fact that Vg log g, (}Afl, ..., Y,) =0 it follows from the consistency of the MLE and Taylor’s theorem that
Py~ a.s. one has that for all n sufficiently large that for all § € B,

N 1 o o
Inge(Yh cee 7Yn) - logpg* (3/17 SERE) Yn) = 5”(9 - en)Tvt%l (9*) (9 - en) + Rn(e) (B'45)

where for all § € B/, the remainder term R, (6) is bounded by

1 . R . . R .
sup o (0 —0,)"Vilogpy (Y1,...,Y) (0 — 0,) — (0 — 0,)" V5L (6%) (0 — 0,)|. (B-46)
¢0'€B,

It then follows from (B-44), (B-45) and (B-46) that Pp- a.s. one has that for all n sufficiently large that

e3n(0=00)TVEL(67)(0-0n) (146) < pe(Y:l,...7Y:n) < e3n(0=0n)TV5U(07)(0—0n)(1-0) (B-47)
p&*(ylw .. ;Yn)
for all € B].. The result now follows from (B-42), (B-43) and (B-47). O

The proofs of Theorems 3.2 and 3.3 rely on the following three lemmas which show firstly that the relative mean
log ABC likelihood surface

1
0 — - (logpg(Yy,...,Y,) —logpg-(Y1,...,Yy,))
converges uniformly Py« a.s. to the surface defined by some function (€ (§) and secondly that the curvature of the

limiting function € (§) converges to that of the function [ (f) defined in (13) as € — 0. The proofs of these lemmas
are deferred to Section B.4.

Lemma B.9. Suppose that assumptions (A1)-(A5) hold for a collection of HMMs parametrised by some vector
0 € ©. Then for any € > 0 there exists a three times continuously differentiable function € (0) such that

) 1
lim sup |—

(logpg(Y1,...,Y,) —logph. (Y1,...,Y,)) = 1°(0)| =0 (B-48)
n—gco |1

Py« a.s. where for all 0 and €, p(---) denotes the ABC approzimate likelihood function defined in (?7). By
convention we define p)(---) to be equal to the true likelihood function pg(---). Moreover there exists some constant
0 < K < oo such that for all € © and e > 0

Vol (0),V31°(0), Vil (0) < K (B-49)
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Further one has that Pg+ a.s. there exists some n' such that for alln >n'

SUPgco %Vg(logpg(Yl, ., Y,) —logpy. (Ya,....Y, (B-50)

SUPgeo %Vg(logpg(Yl,... ) — log p§. ( Yl,..., H
suppeo || = Vi (logpg(Ye,...,Y,) —logph. (Ya,..., YV,

for the same K as in (B-49).

Lemma B.10. Suppose that assumptions (A1)-(A5) hold for a collection of HMMs parametrised by some vector
0 € © and for any € > 0 let I (0) be equal to the corresponding limit function defined in Lemma B.9. Then for all
0 € © one has that

!i_% Vol© (0) = Vol (6).

Lemma B.11. Suppose that assumptions (A1)-(A5) hold for a collection of HMMs parametrised by some vector
0 € © and for any € > 0 let I (0) be equal to the corresponding limit function defined in Lemma B.9. Then for all
0 € © one has that

lim VaIc(0) = V3l (6).

Proof of Theorem 3.2. It follows immediately from (B-48), (B-50) and Lemma A.2 that for all e

nlgrolo % (logpg(Y1,...,Y,) —logpg.(Y1,...,Y,)) =1°(0) (B-51)
uniformly in @ P a.s. where [ is the limiting function defined in Lemma B-48. Furthermore we have from (B-50)
and Lemma B.10 that
lim sup [I° () — 1 (0)] = 0. (B-52)
e—=0 gcp
For any € > 0 let M, denote the set of maximizers of [°. We begin by noting that since (¢ is continuous for all
€ the sets M, are always non-empty. Since by assumption [(6) has a unique maximum at #* and is continuous in
O it follows from (B-52) that
lim sup |0 —0*| =0. (B-53)
e—0 0eEM.

Suppose that for all e sufficiently small the set M, consists of a single element
M. = {67} (B-54)

for some 6*¢ € ©. It would then follow from (B-53) that 6*¢ — 6* and hence from (B-50) and Lemma B.11 that
V21€(6%¢) — V31(6*) as € — 0. Thus in order to complete the proof of the theorem it is sufficient to prove that
(B-54) holds for sufficiently small e.

We start by noting that from Lemma B.11 we have that

lim | V5ic(6) — V3i(6")|| = 0. (B-55)

Since we have by Lemma B.9 that there exists some finite constant K such that
|V5L(0)) — V3I(0)|| < K |0 — 6] (B-56)
for all € and 60,6’ € © it follows from (B-55) and the assumption that V2I(6*) < 0 that there exists some 1 > 0 such

that
|V3I€(0)v — V30" )v| 1

lim sup sup < -. B-57
e PR TICO 2 (B57)
It then follows from (B-57) and a simple application of Taylor’s theorem that
Vgl€(0) — Volc(0'

S0 00reBl. o200 [V2O7)(0 — 0]

and hence that for sufficiently small e that there is at most one § € By. such that Vyl¢(f) = 0. Equation (B-54)
and hence the proof of the theorem now follows from the preceding observation and (B-53). O

Proof of Theorem 3.3. Given the results in Theorem 3.2 the proof of Theorem 3.3 follows in exactly the same way
as the proof of Theorem 3.1. We leave the details to the reader. O
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B.4 Proofs of Lemmas B.9, B.10 and B.11

In order to complete this section we need to provide the proofs of Lemmas B.9, B.10 and B.11. We start with the
proof of Lemma B.9.

Proof of Lemma B.9. For any n the gradient of the log ABC likelihood may be decomposed into the following
telescoping sum

1 1 «
Vgﬁlogpg(Yl,..., = E (Vologpy(Ys,...,Y;) — Vglogpy(Y,...,Yi—1)). (B-59)
=1

It follows from (A-36) and (A-28) that for all § € © and e > 0 there exists some o(Y_o.0) measurable random
variable R§(Y_.0) such that
Vglogpg(Y_n,...,YO) —V@logng_n,...,Y ) —>R9( Ooo) (B—GO)

in L' (Pp-) as n — oo. Furthermore it follows from (A-36) and (A-31) that there exist constants C' < oo and
0 < p<1suchthat foralld €©,e>0andn >0

Fy- [sup

su Vologpg(Y_i,...,Yy) — Velogpg(Y_p,...,Y_1) — Ry(Y ooo)HSCp”-

Thus we have from the ergodic theorem that for any m >n >0

3 1 S € € €
limsup | — > (Vglogph(Yi,..., i) = Vologpj(Yi,..., Yi1)) = Ep- [R5(Y-occ0)] |
3 1 S € € €
<limsup | — > (Vlogpy(Yi,...,Yi) = Vologpg(Vi, . Yio1)) = Ep- [Ry(Y-cc0)] ‘
m—r 00 i=1
M 1 - € €
+ limsup | — Z RY(Y_ooii) — B+ [R§(Y_oci0)]
m—oo | imnt1
1 m
+ hmsup — Z sup |Vologpg(Y_i,...,Y;) — Vologpg(Y_i,...,Yic1) — RG(Y_oi)
m— o0 i=n+1 k>—1
<Cp". (B-61)

It now follows from (B-59) and (B-61) that
1
Vgﬁ log p§(Y1,...,Yn) = Eg+ [R§(Y_o0:0)] (B-62)

Py a.s.. Moreover it follows from (A-32) and the ergodic theorem that

lim sup sup
m—oo €O

Z (Vologps(Yi,...,Y;) — Volog p(Vi, .. .,YH))‘

S\H

< limsup — Z sup sup
m—soo TN (~)€O k<i—1

—C (B-63)

(Vologpg(Ye, ..., Yi) = Vologps(Ya, . .. 73@1))‘

Pg- a.s.. Similarly one can show that

. 1« .
lim sup sup —Z V2 log py( Yl,...,Yi)—Vglogpe(Yl,...,Yi_l)) ,
m—oo 0O | im1
1 m
limsupsup |— » (Vilogpj(Yi,...,Y;) — Vilogpy(Ya,...,Yi1))| < C (B-64)
m—oo 0€O | P
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Py- a.s. and that for any § € © and € > 0 there exist 0(Y_4.0) measurable random variable S§(Y_oo:0) and
Tg(Y_oo:0) such that
Vilogpy(Yop,...,Yy) = Valogps(Y py ..., Y1) = S§(Y_ue0),

3 € 3 € € (B—65)
Vé‘ logpﬁ(yfnv SERE) YO) - vﬁ logpﬁ(yfna BERE) Yfl) - TG (Y*OO:O)

in L1 (@9*) and
1 1
vgﬁ log p§(Y1, ..., Yn) = Eg- [S§(Y_oc0)], vgﬁ log p§(Yi,...,Yn) = Eg- [T5(Y_cc:0)] (B-66)

Py~ a.s..

Clearly (B-50) follows from (B-63) and (B-64). Furthermore, under the assumption that (B-48) holds (for a
three times differentiable [€) it is easy to see that (B-49) is then an immediate consequence of (B-50), (B-62) and
(B-66). Thus in order to complete the proof of the lemma it remains to show (B-48).

We start by noting that it follows from Lemma A.8 that for any # € ©, ¢ > 0 and n > 0

Vo Ep- [(vg 108 5 (Yon, ..., Yo) — Vo log p&(Yor, ... ,y@)}
= Ep. [(vg 10g p5(Yon, . .., Yo) — V21og p§(Von, ..., YO))] (B-67)
and
Vo Ep- [(vg log p5(Yon, ..., Yo) — V2log p5(Yon, . .. ,YO))}
= Ep. {(vg 108 P5(Yom, - .., Yo) — V3log p§(Vom, . .. ,YO))]. (B-68)

Since (A-31) implies that the convergence in (B-60) and (B-65) is uniform w.r.t. 6 it follows from Lemma A.1
that Ep« [R§(Y_co:0)] and Eg- [S§(Y_oo:0)] are differentiable and that VgEp- [R§(Y_oc:0)] = Eo+ [S5(Y_oc:0)] and
VoEg [S§(Y-oc0)] = Eo [T5(Y-c0:0)]-

One more application of Lemma A.1 will complete the proof of (B-48) if we can show that

lim sup

1
~V0 (l0gh(Vi, - Ya) —log - (Vi, .., ) — Eo- [R;<Y_oozo>1\ —0 (B-69)

Py- a.s. (Note that the gradient of the empirical functions are converging uniformly while the functions themselves are
Cauchy at 6*.) (B-50) implies that Py a.s. the sequence of random variables 1V (log p (Y1, ..., Y,) — log . (Y1,...,Y2))
are eventually uniformly Lipschitz continuous w.r.t. §. Furthermore equation (B-62) also implies that there exists
a countable dense set of ©, say D, such that Py~ a.s. the sequence of random variables
1V (logpy(Ys, ..., Y,) —logpg. (Y1, ...,Y,)) converge to Eg« [R§(Y_oc:0)] for all € D. We can now deduce (B-69)
from the two preceding observations and a direct application of Lemma A.2.

O

In remains to provide the proofs of Lemmas B.10 and B.11. Since the proofs of these two lemmas are almost
identical we prove only Lemma B.10.

Proof of Lemma B.10. We start by stating some properties of the perturbed conditional likelihood (10) that will
needed in the sequel. First note that it follows from assumptions (A2) and (A5) and Lemma A.6 that

[ Vogo (2]z) v(dz)
v € T é Yy . B—70
090 (y| ) fB; v (dZ) ( )

Furthermore since

Vogo (1) 1(d=) < sup sup sup (w) < [ gutele)v(az)
B 0O zeX zeB; \ Yo (z]2) By
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it follows from (B-70) and assumption (A5) that for any ¢ > 0

Eo- [sup sup [V log g5 (V1) < . (B-71)
0€e® zeXx

We are now ready to begin the proof of Lemma B.10 proper. It follows from (A-31), (A-36), (B-59), (B-60),
(B-69) and assumptions (A1)-(A5) that for any 6 > 0 there exists n’ such that

_ 1
‘V@le (9) — Eex |:nv.9 logpg(Yl, N ,Yn):| ‘ S 0

for all n > n’, 6 and € > 0. Thus in order to prove the result it is sufficient to show that

1 . _ 71

lim Fy« {V@ log pg(Ya, ... 7Yn)} = Fy- [V@ logpe(Ya,..., Yn)}

e—0 n n
for all # and hence by (A-36) that

lim Ey- | Eq- [V (log g5 (Ve X0) g0 (X1, X0)) | Vi
= FEjp- [Ee [Vo (log go (YelXk) g0 (Xi—1, Xk)) |Y1:n]] (B-72)

for all # and 1 < k < n. Assumption (A3) implies that

Vo (log gp (Yi| Xk) go (Xi—1, X)) < sup sup Vo log gy (Yilz)| + K
[SSEAS

for some finite positive constant that is independent of # and e and hence it follows from (B-71) and the dominated
convergence theorem that in order to prove (B-72) it is sufficient to show that

lim Eo- [V (log g5 (YilXk) go (Xp—1, Xk)) [Y1:n]
= Eg [V (log go (Yi|X1) g0 (Xp—1, X&) [Y1:n] (B-73)
Pg- a.s.. Recall that

Ey [Vo (log g5 (Yi| X&) g0 (Xk—1, Xk)) [Y1:0]
_ Joen Vo (log g5 (Yk|$k)% (p—1,2)) [Ty (95 (Yilzs) qo (zi—1,25)) plday) - - - p(day,)

fX" i=1 90 Y‘JJ )QG (xt 17$1))M(d1‘1)~-~'u(dxn) (B'74)
and
Ey[Vo (logge (Yi|Xk) g0 (Xk—1,Xk)) | Y1)
_ Jan Vo (log go (Yklxk)% (zh—1, 7)) [Ty (90 (Yilz:) go (i1, 1)) p(day) - "M(dmn). s

erL i=1 (90 (Yilzi) go (zi-1,2:)) p(dzy) - - - p(dwy,)

Since by assumptions (A2) and (A5) we have for any K > 0 that

sup sup sup |[|Vagg (Y + z|z)|| < oo
0cO zeXx zeBé(

Py- a.s. it follows that we can use the Lebesgue differentiation theorem (see for example Wheeden and Zygmund
(1977)) to deduce that for p a.s. all z € X that

Vogs (Yelz) = Vage (Yilz), g5 (Yilz) — go (Yilz) (B-76)

a.s.. Standard arguments show that for all # € © the set N'(§) € X x ) defined by

N (0) = {,y : lim g5 (4]2) = g (vl }
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is B(X) x B(Y) measurable. Furthermore it follows from (B-76) that the set () has p x v full measure and hence

that Py a.s.
hH(l]g; (Y|x) =go (Y|z) v as.
e—

Similarly one can show that Pg- a.s.

liH(l) Vogs (Yx) = Voge (Y|z) vas.
€E—

It follows from assumptions (A2) and (A5) that

n
sup sup Vo (log g5 (Ye|zr) g0 (xr—1, k) H 96 Yilzs) qo (zi-1, i) < 00
0e® zeXx =1

and

sup sup H 96 (Yilzi) qo (zi-1,2;)) < 00
0O IGX

Py- a.s. and hence from (B-77) and (B-78) and from the dominated convergence theorem that

/ Vo (log g5 (Yilzk) go (w1, 2x)) [ [ (96 (Vilwi) go (i1, ) p(dacs) - - - p(davn) —
=1

Vo (log go (Yilzr) qo (ze—1,2x)) [ [ (90 (Yilz:) g0 (i1, 2:)) p(dan) - - - pu(dazy,)
xn i=1

and

n

/ " H (96 (Yilzi) qo (zi—1,25)) p(day) - - - p(dy,) —

[ TL o0 Oaler) a0 i) ) )
"i=1
Py~ a.s.. Since by assumption (A4) we have that
[ 1L (00 (il 0 (im1,0) )+ ) > 0
A" =1
Pp- a.s. it now follows that (B-73) is implied by (B-81) and (B-82).

Appendix C: Proof of Theorem 3.4

The proof of Theorem 3.4 is based on the following lemma whose proof is deferred to Section C.5.

(B-77)

(B-78)

(B-79)

(B-80)

(B-81)

(B-82)

Lemma C.12. Suppose that assumptions (A1)-(A5) and (A7) hold for a collection of HMMSs parametrised by some
vector 8 € ©. Furthermore for any 0 € © and € > 0 let I° (0) be equal to the corresponding limit function defined in

Lemma B.9. Then for all 0 there exists a vector Vy such that for all € > 0

Vol (0%) — Vol (0%) = €2V + o(€?).

(C-83)

Proof of Theorem 3.4. We have by Theorem 3.2 and Lemma B.9 that for any 7 > 0 there exists some ¢, such that

for all € < ¢, the surface [°(f) has a unique maximum at some point §*¢ € By., is differentiable in By. and

Vol*(6*<) = 0.
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For all € let 8¢ = 0* — ¢2V21(0*)~'Vy- where V- is as in Lemma C.12. Tt follows from (B-50), Lemma B.11 and
(C-83) that 3
Vol (6°) = o(e?). (C-85)

We then have from (B-58), (C-84) and (C-85) that

és —pre| =

which concludes the proof of the theorem. O

C.5 Proof of Lemma C.12

A central role in the proof of Lemma C.12 will be played by the following time inhomogeneous versions of the
perturbed HMM (8).

Suppose that one has a collection of HMMs parametrised by some parameter vector § € © and that for each
value of # the conditional laws and transition kernels of the corresponding HMM have densities gy (y|z) and gg(x, 2’)
respectively. Given some § € © and € > 0 we define the HMM { X", Y;* }ie{...,—l,o,l,...} to be the time inhomogeneous

HMM such that at each time 4 the process has transition kernel gg (i — 1,2;_1, ;) and conditional law g§' (y|x)

where
g (yla) Q>0

go (y|z) otherwise (C-86)

g0 (i — 1, 2i1,2:) = qo (Tio1,2:) g;j (ylz) = {

and where the quantity g§ (y|z) in (C-86) is equal to the ABC perturbed conditional likelihood defined in (10).
Similarly we define the HMM {Xi_, Y;_}ie{.“ C10,1,.} to be the time inhomogeneous HMM such that at each time
i the process has transition kernel gy (i — 1, z;_1, ;) and conditional law g‘;; (y|z) where

g () i i>0

go (y|lx)  otherwise (C-87)

o (i — Lwi—1,m;) = qo (Ti—1,23), gy (ylr) = {

In what follows we shall be interested in the law of the HMM { X", ¥;*} as the time of the initial distribution
tends to —co. Clearly the restriction of the resulting law to the set of all times less than or zero should be equal to
that of the stationary distribution Py of the corresponding unperturbed HMM while in general one would expect
the two laws to diverge for later times. This leads us to define, for all # € © and € > 0, the distribution Pye,+ on
the space (X x V)™ by

Pyer (A) =Py (A) (C-88)

for all A € 0(X_oo:0 X Y_uo:0) and
Pyerr (A1X _00:0, Yooo:0) = Poet (A|Xo) = Ppe (A X0) (C-89)

for all A € 0(X1.00 X Y1.00) Where Py denotes the stationary distribution of the perturbed HMM defined in (8).
Similarly we define the distribution Pj.,~ on the space (X x V) by

Py (4) =By (4) (C-90)
forall A € 0(X_oo:—1 X Y_ro.—1) and
PH‘** (A|X—oo:—17Y—oo:—1) = PQE»* (A|X_1) = @ge (A‘X_l) (C_g]_)

for all A € 0(Xo.00 X Yp.00). Finally for all § and € > 0 we shall let pge,+ (- -+ ), Ege.+ [-] and Ege+ [-|-] and pge,— (- -+ ),
Ege.- [] and Eye,- [-|]] denote the likelihood functions and expectation and conditional expectation operators w.r.t.
to the laws Pye,+ and Pye,— respectively.

Remark C.8. Using the same techniques as were used to prove Lemma A.3 one can show that analogous results
hold for the inhomogeneous HMMs defined in (C-86) and (C-87). See for example Cappé et al. (2005) for more
details.

Remark C.9. It follows from (C-86)-(C-91) and Remark C.8 that for all r # 0

||P9€’+ (XT|Y—OO:OO) = PBEv—(Xr|Y—OO:OO)”TV < 4P|T|~
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The following relation, which is an immediate consequence of the definitions of Pye,+ and Py.,—, will prove very
useful:

Pye,+ (Xfoo:oc ‘onozfl;lzoo) = Pf)ﬁa* (Xfoo:oo ‘onozfl;lzoc) (C-92)
The next three results show how the inhomogeneous perturbed HMMs above relate to the limiting behaviour of

the gradients of the log likelihood surfaces [¢(6).

Lemma C.13. Suppose that assumptions (A1)-(A5) and (A7) hold for a collection of HMMs parametrised by some
vector 0 € ©. Furthermore for any 6 € © and € > 0 let I (0) be equal to the corresponding limit function defined in
Lemma B.9. Then for alle >0 and 0 € ©

—1

Vol (0) = Vol (0) = > (Ee* [Eget [Vo (log go (Yi|Xy) gp (Xi-1, X:)) [Yooroo] ]

1=—00

— Bg- [Eg-.— (Vo (log go (Yi|Xi) a0 (Xi—1, X;)) |Yoo:oo]]>

+ 3" (o [Boes [V (108 g5 (YilX0) 00 (X1, X)) [Yocioe] |

= Eo- [Bp - [Vo (log g5 (il Xi) a5 (Xi1, X)) [¥re]])
+ Ep- [Eai’Jr [V@ (IOggg (YO‘XO) q6 (XflaXO)) |Yoooo]]
— Ep- [Ege.- [Vo (log g§ (Yo|Xo0) g0 (X-1, X0)) [Yocioo] |- (C-93)

Proof of Lemma C.18. First we recall that by (A-31), (A-36), (B-59), (B-60), (B-69) and assumptions (Al)-(A5)
we have that

1 .
Vglﬁ (9) — V@l (9) = lim — (Eg* [VQ logpg(Yl, ey Yn)] - Eg* [VQ logpg(Yl, ey Yn)]) . (0—94)

n—o00 N

Next note that by definition it follows that

p@(yh sy yn) = p9€=+(Y7n+1 =Y1,.-- 7Y0 = yn)
and thus
Eg-[Vologpe(Y1,...,Yn)] = Eg- [Volog ppe+ (Yont1,...,Yo)]. (C-95)

Similarly one can show that
Ep+ [Vologpy(Yr,...,Yn)] = Ep- [Vologpge— (Yn—1,...,Y0)]. (C-96)
Moreover it follows from (C-86) and (C-87) that for any [ < 0 < k
Ey [Vologpge+ (Yi, ..., Yis1)] = Eg« [Vologpge,— (Yi—1,...,Y%)]. (C-97)

It now follows from (C-94), (C-95), (C-96) and (C-97) that

n

. 1
Vol (0) = Vol (0) = Jim - Z; (Ee* [Velogpoe+ (Yontis- -, Yio1)]

— By [Vologpger (Yonsis- .., Yii1)] ) (C-98)

Finally we note that in the light of Remark C.8 it follows that results analogous to Lemmas A.3, A.4 and A.7
hold for the conditional laws and expecations of the HMMs defined in (C-86) and (C-87) and for the corresponding
likelihood functions pge.+(---) and pye,— (- --) and thus we can use exactly the same kind of reasoning as was used
to prove Lemma A.5 to show that the limit on the right hand side of (C-98) is equal to the right hand side of
(C-93). O
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Lemma C.14. Suppose that assumptions (A1)-(A5) and (A7) hold for a collection of HMMs parametrised by some
vector 0 € ©. Then for any 0 € © and integers | < k

lg% | Pge+ (X1, Xi|Yocioo) — Po (Xis o+, Xi[Yocioo) |y = 0,

)_
lg% HPQE-'* (Xl7 s 7Xk:|Yoo:oo) - PH (Xl7 e an|Yoo:oo)||TV = 07

(C-99)

li_f% | Pye+ (X1, ., Xi|Yoi00) — Po (Xis -+, Xi|[Yoi00) |7y = 0,

Lim [ Ppe— (Xt -y X[Yooi0) = Po (X0, o Xp[Yoo0) [y = 0

for Py a.s. all doubly infinite sequences ..., Y_1,Yy, Y1, .. ..

Proof. We will just prove the result for the conditional probabilities Py .+ (X;, X;|Y0:00). The proofs of the other
results are identical and we leave it to the reader to fill in the details. First note that by the definition of the total

variation norm and by Lemma A.3 we have that for all » > k
||F)t953Jr (le cee 7Xk|}/0:oo) - P0‘=+ (le cee 7Xk|}/0:r)||TV < 4prfk (C 100)
1Po (X1, -+, Xi|Yoioo) = Po (X, -, Xkl Your) Iy < 4p" 5.

Thus in order to prove the result it suffices to prove that
lg?% | Pge+ (Xi, .oy Xi|Your) — Po (X, ..o, Xi|Your )|l oy = 0

for every r > k.
Thus it is sufficient to show that

li_%ﬁlllp | Ege.t [f( X1y, Xp)|Your] — Eo [f (X0, ..., X&) [Yor ]| = 0 (C-101)
€ €l

Py- a.s.. As in the proof of Lemma B.10 we can express the conditional expectations of interest as
Ege+ [f( X0y .., X5)|Yor]
S f(Xun)ge (Yolzo) TTiZy 96 (Yili) IT—; g0 (xj-1,25) Po(dwj—1)p(dr;) - - p(dz,)
Jr—rer 90 (Yolzo) [Tiy 95 (Yilai) [T, go (21, %5) Po(dwj—1)p(dzy) - - - p(de,)

(C-102)

and
Eq [f(le s 7Xk)‘}/0:7‘}
_ Joorvin F(X0) TTizg 90 (Yilzs) H;:l a0 (251, %) Po(dwj—1)u(da;) - - p(dy)
Joermrea iz 96 (Yili) [Tj—; a0 (21, 25) Po(daj—1)p(dz;) - - - p(da,)

Furthermore by arguing in the same way as in the proof of (B-82) we have that

(C-103)

[ oo olao) T (vl TLao o1, Potdry -t - i) =

i=1 j=l
[ TLoo 0ale) T 00 oyor.,) By )y ) - ) (C-104)
Xr—l 17;:0 j:l

Next we note that

sup

sup /XH+1 F(Xix) g0 (Yolwo) [T 95 (Yilws) T [ ao (-1, 25) Boldaj—1)u(day) - - p(day)

i=1 j=l

~ [ 7% TLoo 05k [T 00 ay1.5) By ca () - )
=0

- J=t

< [ anoleo) [T |ao (ko) = 5 (vlos) | TL o o520 Baldy )l -l (Co105)
T i=1 i=l

However it follows from (B-77) and dominated convergence theorem that P« a.s. the right hand side of (C-105)
goes to 0 as € — 0. Equation (C-101) is then a consequence of (C-102)-(C-105). O
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Lemma C.15. Suppose that assumptions (A1)-(A5) and (A7) hold for a collection of HMMs parametrised by some
vector 0 € ©. Furthermore for any h € L?(Pg-) let

Lh = {f Y x X2 R osup |f(Y,x,2))| < A(Y) IP@*G,.S.}.
T,z €X?
Then there exists a finite constant C' such that for all h € L?(Py+), € ©, € > 0 and integers i

sup Eg- [|Eget [f(Yi, Xiz1, Xi)|Yooioo) = Epge— [f(Yi, Xiz1, Xi)|Yooioo) ]
feLl,

< 2Pl By [n2]7 . (C-106)

Moreover, for all § € © there exists a sequence of 0(Y_oc:00) measurable random finite signed measures g ; such
that for all h € L*(Pg+), i and € > 0

fsu;})l Eo [|Bry., [f Vi, 2, 2)]|] < Cpl" Eg [1?]2 . (C-107)
eLh,
and

1

— sup Ep- [ Eger [f(Yi, Xi—1, Xi|[Yooioo] = Ege— [f (Vi Xio1, Xi| Yoo:o0]

€ feLh,

— &2, [f(Vi,z,2")] |} =0 (C-108)

as € — 0.

Proof. Throughout this proof we shall make extensive use of the following simple fact: for all i and f € L

_ Eger [f(Yi, Xi1, Xi)go (Yol Xo) |[YVeo:—1:1:00)

Eoeor 10 Xim Xo)Woooe] = =00 R ) Vo] (C-109)
We note that an analogous result holds for the conditional expectations Ege,- [-|Yoo:00]. We also note that by a
simple application of Taylor’s theorem we have that there exist constants K; and Ky such that
95 (ylz) = go (ylz) + K1€*V3gp (y|z) + (0, €, 2,y) (C-110)
where the remainder term (0, €, z,y) is bounded by
Kyé? Seuge |V§gg (y + z|z) — Vigg (y|x)’ (C-111)
z 0

for all =,y and e.
We shall show that the lemma holds true with the signed measures mg ; defined such that for all 8, ¢ and f € L

K1V} g0 (Yo| Xo)

E
96 (Yo|Xo)

o,

f (Y, X1, Xo)] = Eo [f(Yi, Xi—1, Xi)|Yooioo] B

|Yoooo‘|

K1V g6 (Yol Xo)

—F
’ g0 (Yo| X0)

f(Y:quflaXz) ‘Yoooo (C-112)

We have by (C-109) that for any h € L?(Pp~) and all i

sup Fy- {
feELh,

= sup E9*|:

feLh,

Egert [F(Yi, Ximt, X0)|Yacioo] = By [F(Yi, Xim1, X0)|Vacioo] |

EG‘v‘*’ [fi99|Yoo:71;1:oo] N EG‘*‘ [fig§|Yoo:71;1:oo] H

C-113
Epert [90Yoo—1i1:00]  Eper [95]Yooi—1:1.00) ( )
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where we have used the shorthand gy = g¢ (Yo|Xo0), fi = f(Y;, Xi—1, X;) etc.. Simple algebra and (C-92) show that
the right hand side of (C-113) is bounded by
sup EG* |: E9€=+ [fi99|yoo:71;1:oo] B EG‘«_ [fige|yoo:71;1:oo]
feLn, E95,+ [g9|Yoo:—1;1:oo] EGEv* [90|Yoo:—1;1:oo]
E@‘”_ [fig§|Yoo:71;1:oo] (E9‘=_ [gg|yoo:71;1:oo] - Eeﬁv_ [90|Yoo:1;1:oo]) H
E9€’* [95|Yoo:—1;1:oo] Eeﬁ’* [g@‘yoo:—l;lzoo]

% 97
= sup Eq- |: - €2E96v+ |:K1fv599|yoooo:| - E9€=+ |:T( 6) f’L|YOOC>0:|
feLk, 9o g0
2 L oo r(6.¢)
+ Eae,— [fz'yoooo] € E96,+ K1 ;vyge‘ymm +Ege,+ T'YOOOO (0-114)
0 0

where K is as in (C-110), Vigg = Vige (Yo Xo) and 7 (6,€) = 7 (0, ¢, Xo, Yy) and (0, €, 2, y) is as in (C-110).
The next step is to bound the terms on the right hand side of (C-114). First note that by Holder’s inequality,
Lemma A.4 and Remarks C.8 and C.9 we have that

sup EO* |: Eaﬁv* [f1|Yoooo] E0€’+ |:r(0,€) |Yoooc:| - EOE + |:f2 ( )| OO OO:| ’—
fell, 9o
= Sup Eb’* |: (Eaev* [fz|Yoooo} - E0€v+ [fl‘YOOOO EOE + |:
feLh,
0 -
+E9€=+ [f1|Yoooo] E6€‘+ |:r (99, 6) |Yoooc:| EGE + |: [ ) | :|

1

. 2 1
< 8pliI=1 By. [sup |r (8, e,x,YO)ﬂ Eg- [1?]? (C-115)
reX
Similarly one may show that
sup € E@* |: EGS - [fl‘YDO oo] E0< + |:K1 y90|Yoo oo:| - E9€v+ |:Klflv32196|Yoooo:| :|7
feLh, 9o
sup 62E0* |: EG [fz|Yoooo] EG |:K1v599|yoooo:| EO |:K1fv299|yoo oo:| H
feLl, 9o
. V2g (Yo|z) 1
< 8e2pl!I =1 Ey. | sup | K1 —LE——21|| Ey- [h?]? C-116
=oep e | ge (Yola) o [ ( :

Equations (C-106) and (C-107) now follow from (C-112), (C-114), (C-115) and (C-116). We have by (C-111) and
(C-115) and assumption (A7) that
|-

and hence it follows from (C-112) and (C-114)that in order to prove (C-108) it is sufficient to show that

1
hm — bup E@* { [Yoo:00

062 feL

r(6,e r (0. €
EOEﬁ [fl|Yoo°O] E96’+ |: (997 )Yoooo:| —Eee,Jr |:fz (997 )

lim sup E9*|:
e—0 fEL’L

Ey {Klfv%eyw oo] — By [filYooioo] Eo [K1£V§g@|Ywm

+ By [fiYooioo] Egert [Klfngﬂymo] — Eye+ [KlfVQgg|YOO Oo} H =0. (C-117)
(%
Finally we note that

lim sup E9*|:
e—0 fELh

Ey |:K1f ygf)‘Yoo oo:| — Eget |:K1§;v§ga|yoo:oo:| H

1
< lim K Fy« {|h| sup —Vigg
€—0 zex |96

1P (Xi—1, X1|Yooi00) — Pet (Xi—17X1Yoo:oo)TV:|

which is equal to zero by Lemma C.14. A similar result holds for the remaining terms in (C-117) and thus the proof
is complete. O
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Proof of Lemma C.12. Tt follows from (C-93) that in order to prove the lemma it is sufficient to show that there
exists a constant C' < oo and a constant 0 < p < 1 such that

Eg+ [Ege+ [V (log go (Yi]X;) g0 (Xi—1, X3)) [Yoo:oo]]
— By [Ege— [Vo (log go (Vi X:) go (Xi—1, Xi)) [Vacioo]] | < C®pl! (C-118)

for all ¢ # 0 and that there exists a sequence of vectors ..., V_1,Vy, V1, ... such that

Vil < CpV! (C-119)

for all 14,

Eg- [Ege.+ [Vg (log go (Yo X0) go (X -1, X0)) |Yoo:00)]

— Ep- [Epe.— [V (log g§ (Yol X0) g9 (X—1, X0)) [Yacioo]] = €*V1 + 0(€?) (C-120)
and

Eg [Ege.+ [V (log go (Yi|Xi) o (Xi—1, X)) [Yooroo]]

— Eg [Ege.— [V (log go (Yi|Xi) g0 (Xi—1, Xi)) [Yooioo]] = €Vi + 0(€?) (C-121)
for all i # 0.

We shall show that (C-118)-(C-121) hold with the sequence of vectors
Vi £ Er, ., [Vo (log go (Yi|X;) qo (Xi—1, X;))]

where for all ¢ the signed measure g ; is as in Lemma C.15. We start by noting that, with the sequence of vectors V;
defined above, equations (C-118), (C-119) and (C-121) are immediate consequences of Lemma C.15. Furthermore
since

Ep« [Ege.+ [V (log go (Yo| Xo) g0 (X -1, X0)) [Yoo:co]]
[

— Eg- [Ege.- [V (log gj (Yo|Xo) g0 (X -1, X0)) [Yoo:os ]
= EG* [EQE + [V9 (10g90 (YE)‘XO) qde (Xfly XO)) |Yoooo]]
— Eg+ [Ege.+ [Vo (log g5 (Yol Xo) g (X-1, X0)) [Yoo:cc]]
+ Eg+ [Ege.+ [V (log gy (Yo|Xo) g9 (X -1, X0)) [Yoo:oo]
— Ep- [Epe.~ [V (log g5 (Yo| Xo) g0 (X1, X0)) [Yoo:00]] (C-122)
it follows from Lemma C.15 that in order to prove (C-120) it is sufficient to show that
o1
lim = (Eo- [Ege.+ [Va (108 90 (Yol Xo) g0 (X1, X0)) [Yocroc]
— Ey- [Ege+ [Vo (log gj (Yol Xo) g0 (X-1, X0)) \Yoo:oo]]) (C-123)

exists and is finite. We first observe that by (C-109) we have that (C-123) is equal to

Vogo (Yo|Xo)  Vagg (Y0|X0)|Y ' ”
90 (Yo Xo) g5 (Yo Xo) 7%

The result now follows from (C-110), assumptions (A2), (A3), (A5) and (A7), the dominated convergence theorem
and the fact that

1
lim — Ep- [EW {

e—0 62

Vago (Yo| Xo) Vegé(YolXo):<Vege(Yo|Xo) Vegé(Yo|Xo)>

90 (Yo|Xo) g5 (Yo| Xo) g0 (Yo|Xo0) 90 (Yo|Xo0)
Vg (Yo|Xo) <95 (Yol Xo) — 90 (Y0|Xo))
g5 (Yol Xo) 96 (Yo| Xo) '
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Appendix D: Proof of Theorem 3.5

The proof of Theorem 3.5 is very similar to that of Theorem 3.4 and so we shall just provide a sketch of the most
important points. Firstly, given any h € L?(Pg-), recall the definition of L in Lemma C.15. Using exactly the
same methods as were used to prove that lemma one can show that for all & and e there exist a finite constant C'
and a sequence of signed measures g ; . such that

E9€’+ [f(Y;7 X’ifla Xz)‘Yoooo] - Ege,— [f(y—“ Xifla Xz)‘yoooo] = 6E7\'9,i,e [f(}/;u $,$/)]
and

sup Fy- HEWW [f(Y},amx’)]H < Cpll By. [hﬂ%.
feELh,

One can then use the above result along with Lemmas C.13 and C.14 to show that
Vol€(0%) — Vl(0%) = O(e). (D-124)

Theorem 3.5 can then be proved from (D-124) in exactly the same way that Theorem 3.4 is proved using (C-83).
We leave the details to the reader.
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