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We investigate the effects that a tilting of the magnetic field from the parallel direction has on the states of
a one-dimensional Majorana nanowire. Particularly, we focus on the conditions for the existence of Majorana
zero modes, uncovering an analytical relation (the projection rule) between the field orientation relative to the
wire, its magnitude, and the superconducting parameter of the material. The study is then extended to junctions
of nanowires, treated as magnetically inhomogeneous straight nanowires composed of two homogeneous arms.
It is shown that their spectrum can be explained in terms of the spectra of two independent arms. Finally, we
investigate how the localization of the Majorana mode is transferred from the magnetic interface at the corner of
the junction to the end of the nanowire when increasing the arm length.
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I. INTRODUCTION

In 2003, Kitaev pointed out the usefulness of topological
states for quantum computing operations [1]. Essentially,
topological states are quantum states with a hidden internal
symmetry [2]. They are usually localized close to the system
edges or interfaces and their nonlocal nature gives them a
certain degree of immunity against local sources of noise. A
subset of this kind of states called Majorana edge states is
attracting much interest in condensed matter physics [3—13].
Majorana states are effectively chargeless zero-energy states
that behave as localized non-Abelian anyons. It is theorized
that nontrivial phases arise from their mutual interchange,
caused by their nonlocal properties [14,15]. Furthermore, these
states have the property of being their own antistates, giving
rise to statistical behavior that is neither fermionic nor bosonic.
Instead, the creation of two Majorana quasiparticle excitations
in the same state returns the system to its equilibrium state.
This kind of quasiparticle inherits its name from Majorana who
theorized the existence of fundamental particles with similar
statistical properties [16].

Majorana states have been theoretically predicted in many
different systems, and some of them have been realized
experimentally. In particular, evidences of their formation at
the ends of semiconductor quantum wires inside a magnetic
field with strong spin-orbit interaction and in close proximity to
a superconductor have been seen in Refs. [17-21]. Supercon-
ductivity breaks the charge symmetry creating quasiparticle
states without a defined charge that are a mixture of electron
and hole excitations. On the other hand, the spin-orbit Rashba
effect is caused by an electric field perpendicular to the
propagation direction that breaks the inversion symmetry
of the system while the external magnetic field breaks the
spin-rotation symmetry of the nanowire. The combined action
of both effects makes the resulting state effectively spinless
and, including superconductivity, also effectively chargeless
and energyless [22—41].

This work addresses the physics of one-dimensional (1D)
nanowires with varying relative orientations between the

“javier@ifisc.uib-csic.es

1098-0121/2014/89(24)/245405(10)

245405-1

PACS number(s): 73.63.Nm, 74.45.4+c

external magnetic field and the nanowire (see Fig. 1). This
physics is of relevance, e.g., for the exchange of Majoranas
on networks of 1D wires, where it has been suggested
that Majoranas can be braided by manipulating the wire
shapes and orientations [42-44]. The Hamiltonian of the
system is expressed in the continuum and the analysis is
performed using two complementary approaches: the complex
band structure of the homogeneous wire and the numerical
diagonalization for finite systems. The complex band structure
allows a precise characterization of the parameter regions of
the semi-infinite wire where Majoranas, if present, are not
distorted by finite-size effects. On the contrary, numerical
diagonalizations of finite systems, even though reflecting
the same underlying physics, yield smoothened transitions
between different physical regions of parameter space.

For the semi-infinite system, we uncover an analytical law
limiting the existence of Majorana modes below critical values
of the angles between the magnetic field and the nanowire. This
law, referred to in this paper as the projection rule, is shown
to be approximately valid in finite systems too. We find a
correspondence of the finite-system spectrum with its infinite
wire counterpart, explaining this way its distinctive features
and regimes in simplest terms. Our work is related to Ref. [31],
which proved the influence of a transverse component of the
field to be consistent with the experimental observations of
Ref. [17].

The results for the homogeneous nanowire are subsequently
used to explain the spectrum of a junction of two nanowires
with arbitrary angle. The junction is modeled as a nonhomo-
geneous straight nanowire with two regions characterized by
different magnetic field orientations [see Fig. 1(b)]. While the
magnetic field remains parallel to the nanowire in one arm, we
study the spectrum variation when changing the magnetic field
angles in the other. Similarities between the homogeneous and
inhomogeneous nanowire spectra allow us to explain many
of the features of the latter in terms of those of the former.
Finally, we investigate the dependence with the distance of the
magnetic interface (the corner of the junction) to the end of the
nanowire, finding a transfer phenomenon where the Majoranas
change localization from the interface for a short arm to the
nanowire end as the arm length is increased.

©2014 American Physical Society
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FIG. 1. (Color online) Sketches of the physical systems consid-
ered in this work. (a) Straight nanowire on the x axis in ahomogeneous
magnetic field characterized by spherical angles 6 and ¢. (b) Junction
of two nanowires in a uniform magnetic field (left) represented as a
straight nanowire with a magnetic inhomogeneity (right).

This work is organized as follows. In Sec. II, the physical
model is introduced and Sec. III presents the above-mentioned
projection rule. In Sec. IV, we discuss the spectrum of excited
states of a homogeneous nanowire, while in Sec. V we address
an inhomogeneous system representing a nanowire junction.
We study changes in the spectrum due to the tilting (Sec. V A)
and stretching (Sec. V B) of one of the junction arms. Finally,
the conclusions of the work can be found in Sec. VI.

II. PHYSICAL MODEL

We assume a one-dimensional model of a semiconduc-
tor nanowire as a low-energy representation of a higher-
dimensional wire with lateral extension, when only the first
transverse mode is active. The system is described by a
Hamiltonian of the Bogoliubov—de Gennes kind

p?
Hpac = (-x +Vx)— M)Tz

2m
+ Ap (sinf cos ¢ o, + siné sin¢ o, + cos 6 o;)

o
+ AA‘ Ty + Z PnyTz, (1)

where the different terms are, in left to right order, kinetic,
electric, and chemical potential, Zeeman, superconducting,
and Rashba spin-orbit terms. The Pauli operators for spin are
represented by o, , . while those for isospin are given by 7y , ..
Superconductivity is modeled as an s-wave superconductive
term that couples different states of charge.

The superconductor term in Eq. (1) is an effective mean
field approximation to a more complicated phonon-assisted
attractive interaction between electrons. This interaction leads
to the formation of Cooper pairs with breakup energy A;.
Experimentally, superconductivity can be achieved by close
proximity between the semiconductor nanowire and a metal
superconductor. The semiconductor wire becomes supercon-
ducting when its width is smaller than the coherence length
of the Cooper pairs. On the other hand, the Rashba spin-orbit
term arises from the self-interaction between an electron (or
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hole) spin with its own motion. This self-interaction is due to
the presence of a transverse electric field that is perceived as an
effective magnetic field in the rest frame of the quasiparticle.
This electric field can be induced externally but, usually, is a
by-product of an internal asymmetry of the nanostructure. In
the Hamiltonian (1), we have taken £ as the orientation of the
1D nanowire while an effective spin-orbit magnetic field By,
pointing along $ may be defined due to the coupling of the
Rashba term with the y component of the spin.

We consider the nanowire in an external magnetic field,
giving spin splittings through the Zeeman term in Eq. (1).
In this paper, we assume the magnetic field in arbitrary
direction, including the possibility of being inhomogeneous
in space for some setups. The direction of the magnetic field
is parametrized by the spherical polar and azimuthal angles 6
and ¢. These two angles are constant for a homogeneous wire
[Fig. 1(a)] and they change smoothly from one to the other
arm in a nanowire junction [Fig. 1(b)].

Summarizing, superconductor, Rashba spin-orbit, and Zee-
man effects are parametrized in Eq. (1) by Ay, o, and Ag,
respectively. These parameters are taken constant because the
nanowire is considered to be made of a homogeneous material.
The only inhomogeneity allowed in certain cases is a change
in the magnetic field direction at a single magnetic interface
between two homogeneous regions.

Along this work the Hamiltonian of Eq. (1) is solved for
homogeneous parameters in the infinite, semi-infinite, and
finite wires, as well as for the inhomogeneous finite case,
using different approaches. When a direct diagonalization of
the Hamiltonian for a finite system is performed, soft potential
edges and magnetic interface are used. The shape of the
potential edges is modeled as Fermi-type functions centered
on those edges. High potential is imposed outside the nanowire
while low potential (usually zero) is assumed inside. When a
magnetic interface is present, a smooth variation in the field
angles is modeled in the same way. Specifically, those smooth
functions read as

V(x) = Vo[l + F(x;xp,8) — F(x;xr,8)], (2)
0(x) =0 + (Or — O — F(x; Xp,8m)], 3

¢(x) = ¢ + (Pr — L1 — F(x; X, 5m)] “

for the potential and the field polar and azimuthal angles,
respectively. The Fermi function F is defined as

1

F(x;x0,8) = TT e on

&)

In Eq. (2) V} is the value of the potential outside the nanowire,
while 07,z and ¢,/ are the field angles at left and right of
the magnetic interface. The potential left and right edges are
centered on x; and xg and the magnetic interface is centered
on x,,. Their softness is controlled by the parameters s, and s,,,,
where zero softness means a steep interface and a high value
implies a smooth one.

The numerical results of this work are presented in special
units obtained by taking h, m, and the Rashba spin-orbit
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interaction « as reference values. That is, our length and energy
units are

h2

Ly = —, (6)
oam
otzm

Eo=20 ™

III. A PROJECTION RULE

Let us consider a nanowire in a uniform magnetic field
with 8 = 90° and an arbitrary ¢ [see Fig. 1(a)]. A direct
diagonalization of Eq. (1) for a finite length of the wire and
¢ = 15° yields the spectrum depicted in Fig. 2 as a function
of the magnetic field intensity. A main feature of this figure is
the existence of a Majorana mode, lying very near zero energy,
but only for a particular range of values of the magnetic field.
For the parameters of the figure, the Majorana mode is created
around Ap = 0.3E, and destroyed in a rather abrupt way
around Ag = E,.

It is well known that Majorana wave functions decay
to zero towards the nanowire interior. We can therefore
analyze the creation and destruction of Majoranas in the
semi-infinite system and use those results to understand the
physics of Majoranas in a finite system. In this approach,
we eliminate from the analysis the finite-size effects caused
by the overlapping of the Majorana wave functions at both
ends of a finite nanowire. Although it is obvious that for long
enough wires the size effect becomes negligible, disentangling
finite-size behavior from intrinsic Majorana physics using
calculations of only finite systems is much less obvious.

Majorana mode creation has been understood as a phase
transition of the lowest-excited state, signaled by the closing
and reopening of a gap in the infinite nanowire band spectrum
[23], as shown in Figs. 3(a) and 3(b). The phase transition
follows in this case a well-known law, requiring high-enough
fields for Majoranas to exist:

Ap > A2+ 42, @®)
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FIG. 2. (Color online) Spectrum of a finite-length nanowire with
L =50L,, as a function of the external magnetic field magnitude
A . Other nanowire parameters are A; = 0.25E, and u = 0. The
magnetic field angles are & = 90° and ¢ = 15°. Only the eight states
lying closer to zero energy are displayed. Note that a zero-energy
Majorana mode is created at around Ag = 0.3E, and destroyed for
values of A p near one unit. The vertical lines (dots) indicate the onset
and destruction of the Majorana mode as predicted by Eqs. (8) and
(13), respectively.
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FIG. 3. Band structure of the infinite homogeneous nanowire
with A; = 0.25E,, and p = O for (a) parallel field (8,¢) = (90°,0°)
with Ap = 0.4E,,, (b) the same as (a) but on the phase transition
point Ag = 0.25E,,, (c) tilted field (0,¢) = (90°,38.68°) with Ap =
0.4E,,.

Notice that, as mentioned, for the equality in Eq. (8) a gap
closes for k = 0 in Fig. 3(b). It is also worth stressing that
Eq. (8) depends on the full Zeeman energy A and not just the
partial contribution due to the parallel field A g sin 6 cos ¢, as
one might naively assume.

In Ref. [38], Eq. (8) was derived, in an alternative way,
from the analysis of the complex-k solutions compatible
with the boundary condition of a semi-infinite nanowire in
a parallel field. This approach relies on the property that the
complex band structure (allowing an imaginary part in k) of
the homogeneous wire contains all the information about all
possible eigenstates of any piecewise homogeneous wire. In
general, an eigenstate of the infinite homogeneous wire with a
given arbitrary k can be expressed as

VO gm0 = ) W e x, 1)x (1), ()

SosSt
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where \Ifs(fz,r are state amplitudes and the quantum numbers
are s, = +ands; = +.InEq. (9), » = 1, indicate bivalued
variables for spin (7,) and isospin (1;). The corresponding
spinors are denoted by x(n) [38]. It is worth stressing here
that analytical treatments in the limits of very weak and very
strong Rashba couplings were discussed in Refs. [34,45]. We
follow a general approach, at the price of being numerical.

The sharp semi-infinite wire with x > 0 is obviously
piecewise homogeneous, implying that the Majorana solution
allowed by the existence of an edge at x = 0 must be a linear
superposition of the homogeneous nanowire eigenstates of
complex wave number with Im(k) > 0, otherwise, it could not
be a localized state. The resulting restriction is

> et o 10)
k, Im(k)>0

where the Ci’s are complex numbers characterizing the

superposition of state amplitudes. The allowed wave numbers

are calculated solving the determinant

det{Hsg;rr.s{’,sé(k) - FE J1} = O, (11)

for E = 0. In fact, the allowed k’s can be calculated for any
energy, but we are interested in particular in those at zero
energy corresponding to Majorana solutions.

The wave-number dependence on magnetic field is depicted
in Fig. 4(a) for a selected case. For a fixed energy E, there
are always eight possible wave numbers, but only those with
Im(k) > 0 are displayed in Fig. 4(a). In this representation, the
closing of the k& = 0 gap in Fig. 3(b) corresponds to a node of

(@ 0.7
~ 2 0.5-
|
Z 0.3
S
0.1-
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AB(Eso)
®) 0.6
F o4
=
¥ 021
004 AN
0° 30° 60° 90°
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FIG. 4. Imaginary parts of the wave numbers (only positive ones)
in an infinite homogeneous nanowire with A; = 0.25E, and © =0
as function of (a) the value of the longitudinally oriented magnetic
field, (b) the azimuthal angle ¢ of a magnetic field with Ay = 0.4E,
and polar angle 8 = 90°. Gray color is used for nondegenerate modes
while black is indicating degeneracy with two or more modes actually
having the same Im(k).
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Im(k) in Fig. 4(a). In order to be able to hold a Majorana,
a semi-infinite nanowire has to fulfill two simultaneous
requirements. First, the nanowire must have four complex
wave numbers with Im(k) > O allowed at zero energy; and
second, a solution different from zero (nontrivial) must be
possible for the Ci’s in Eq. (10). That is, interpreting the
state amplitudes ‘I{ﬁfgr as a 4 x 4 matrix where the four k’s
correspond for instance to rows and the four spin-isospin
values {++, +—, —+, ——} to columns, the condition for
a nontrivial solution is

det{w® } =o0. (12)

In a parallel field, this condition is fulfilled only above a critical
value of the magnetic field A(l? = /A2 + u?, but not under
this quantity, thus leading to Eq. (8). Further details on the
methodology can be found in Ref. [38]. Here, we want to
use this approach to determine whether a similar condition on
the field orientation, with critical values of the angles, exists
or not.

Figure 4(b) shows the evolution of the wave numbers when
increasing ¢ while maintaining 8 = 90°, i.e., maintaining the
magnetic field in the plane formed by the nanowire direction
and the effective spin-orbit magnetic field direction Bs,. This
means that for ¢ = 0°, the magnetic field is aligned with the
nanowire, while for ¢ = 90° itis completely perpendicular to it
and parallel to Eso. In Fig. 4(b), care has been taken to choose a
value of A p that fulfills the Majorana condition for the parallel
¢ = 0 orientation Eq. (8). We can see that for ¢ = 40.1° two
of the complex wave numbers become real, thus destroying
the Majorana mode for azimuthal angles above this value.

The physical behavior implied by Fig. 4(b) is a sudden loss
of the Majorana mode as the tilting angle ¢ exceeds a critical
value, due to the system no longer having the required four
evanescent modes with Im(k) > 0. The evanescent modes are
lost because of the closing of the gap between states of opposite
wave numbers [k ~ £2L_ for the particular case shown in
Fig. 3(c)]. We characterize next the dependence of the critical
angle on Ag and Ay. In Fig. 5(a), we can see a contour plot of
Im(k) as a function of ¢ and the ratio A;/Ap for an external
branch wave number [34], corresponding to the lower black
line of Fig. 4(b). The values where Im(k) vanish separate the
plot into two regions: the lower one where the Majorana is
allowed and the upper (white) where no Majorana can exist.
Although Eq. (11) can be solved analytically, the angles where
Im[k(¢, Ag/A B)] vanishes can be obtained only numerically
because ¢ appears as argument of sine and cosine functions
and no isolation is possible. As a consequence, the values
of ¢ where the wave number first reaches zero have been
found numerically and are plotted in Fig. 5(c) against the
test function arcsin(A; /A g). The perfect coincidence between
the two results within computer precision demonstrates that a
Majorana can not exist for angles such that sing > A /Ag,
provided 6 = 90°.

Figure 5(b) shows a contour plot of Im(k) for an internal
branch wave number [34], corresponding to the upper mode
in Fig. 4(b). In this plot, the ¢ roots of Im(k) lie inside an
upper and lower bounded region around 0.95E, < Ap <
Eq. In fact, two of the wave numbers become real in the
white region of the contour plot. Note that this region lies
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FIG. 5. (a) Contour plot of Im(k) for the external branch of the
nanowire propagating bands. The horizontal axis contains the ratio
A, /Ap and the vertical one the azimuthal angle ¢. The polar angle
is fixed to & =90° and p = 0. (b) Contour plot of Im(k) for the
internal branch of the nanowire propagating bands. The horizontal
axis shows Ap and the vertical one the azimuthal angle ¢. The polar
angle is fixed to 6 = 90°, A; = 0.8E,,, and ; = 0. (c) Plot of the
azimuthal critical angle where Im(k) vanishes in the upper left panel
as function of A;/Ap (points) checked against the projection-rule
prediction (13). Aside from the 6 = 90° case of the upper left panel,
the figure also contains the comparison for other values of 6. The
value of the chemical potential can be taken arbitrarily since it is
irrelevant for this comparison.

in the non-Majorana sector, above the transition discussed
in Fig. 5(a) which is now signaled by the dotted line.
Theoretically, the existence of this region determines two
different fermionic regimes: one where a fermion mode at
zero energy is constructed of plane waves with two complex
and two real wave numbers and another one made of a full
set of real wave numbers. Since we assume bound states in
order to extrapolate the results to finite systems, these cases
have no relevance to us. Nevertheless, the underlying causes
for the existence of this region will be relevant in the study of
the excited states of the finite nanowire. This will be further
developed in Sec. I'V.

Repeating the analysis for different polar angles 8, as shown
in Fig. 5(c), we conclude that the angular restriction for the
existence of Majoranas is

Apsinfsing < A;. (13)

In other words, the projection of the magnetic field energy
parameter into the spin-orbit effective magnetic field By, needs
to be smaller than the superconductor gap energy in order
to have Majoranas in a semi-infinite wire. We refer to this
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condition as the projection rule. Notice that Eq. (13) is not a
generalization of Eq. (8), but an additional law. Both Egs. (8)
and (13) have to be simultaneously met for the existence of a
Majorana mode in a semi-infinite wire. Finding this projection
rule using a complex band-structure approach is the main result
of this work.

In general, the projection rule (13) yields an extra bound
to be considered when identifying regions of Majoranas in
parameter space. For instance, assuming fixed angles (6,¢)
and varying Agp, there is a lower bound on A from Eq. (8)
and an upper bound from the projection rule. Analogously, if
for afixed A p the Majorana is allowed by Eq. (8) at ¢ = 0° and
and we increase ¢, the projection rule yields an upper bound
on ¢. Therefore, as explained, both equations must be met
simultaneously to obtain a Majorana mode. Furthermore, after
some parameter testing we have determined that the projection
rule is not affected by the value of the chemical potential u.
This means that the overall dependence on p for the existence
of Majorana modes in the semi-infinite nanowire is completely
covered by Eq. (8).

The disappearance of the Majorana when increasing ¢ is
not a phase transition in the sense that no imaginary part of
a mode wave number crosses zero in-between two regions
with non-null values. As shown in Fig. 4(b) for the polar
angle 6 = 90°, above the critical ¢ the value of Im(k) remains
stuck at zero value. The main difference between the phase
transition law in Eq. (8) and the projection rule (13) lies in
the different type of gap closing for both cases. As shown in
Fig. 3(b), the phase transition delimited by Eq. (8) is caused by
a gap closing and reopening on a single wave number k = 0
(labeled as interior branches of the spectrum). In the language
of semiconductor band-structure physics, we may call this
the closing of a direct gap. Oppositely, the projection rule is
caused by the closing of an indirect gap for k ~ £k, (labeled
as exterior branches of the spectrum), as shown in Fig. 3(c)
for a selected case. This indirect gap remains closed if ¢ is
further increased beyond a critical value [Fig. 4(b)], a sign of
the metallic character of the new phase.

We have checked these laws against the direct numerical
diagonalization for a finite nanowire, finding a reasonable
agreement as shown in Figs. 2 and 6. In Fig. 2, the magnetic
field orientation is kept fixed to a tilted orientation while the
field magnitude is changed and in Fig. 6 the magnitude is
fixed while the orientation is changed. The main difference
between the precise laws for the semi-infinite model and the
finite-system results is in the smoothness of the spectrum
evolution around the transition points. While in the semi-
infinite model the transition between fermionic modes to
Majorana modes and vice versa happens at a single point in
the parameter space, in the finite system we can see these
transitions smoothed. This occurs due to the finite-size effects,
i.e., the little overlap of Majoranas on opposite ends of the
nanowire. Furthermore, while Majoranas lie at exactly zero
energy in the semi-infinite model, this small interaction makes
the finite system Majoranas to have a finite small energy €.

A close inspection of the projection rule (13) reveals that
there exist critical values for 8 and ¢ such that if they are not
surpassed, a Majorana is always allowed, independently of the
value of the other angle [provided Eq. (8) 1§ fulfilled], that
is, below the critical angle a projection into By, is never high
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FIG. 6. (Color online) (a) Spectrum of a nanowire of length L =
50L, with Ay = 0.8E, and p = 0 as a function of ¢ with a fixed
6 =90° and A = 0.9E,. Note the spectrum change at the angle
predicted by the projection rule (dotted line) as well as the spectrum
collapse for values of ¢ close to 90°. For values of ¢ above 90°, the
spectrum is given by the mirror image of the shown values. (b) The
same as (a) but for a fixed magnetic field value Agy = 1.1E,. Note
that for values of ¢ close to 90°, now the two modes closer to zero
are fermionic modes separated from each other by an energy gap.

enough to break the Majorana. In practice, if the Majorana is
allowed by Eq. (8), it will survive for any ¢ provided 6 < 6,
or, alternatively, for any 6 provided ¢ < ¢.. These critical
angles are

B

6 = ¢, = arcsin [ 2 14
C—q&c—arcsm(A—). (14)

Tilting the magnetic field has been investigated in the
experiment of Ref. [17], where the variation of differential
conductance when rotating the magnetic field in the xz and
yz planes (with the definitions of Fig. 1) has been followed
in detail. A transition angle from presence to absence of zero
bias anomaly is observed for yz rotation, while no transition
is found for xz rotation. This is fully consistent with the
projection rule [31], but the observed transition angle for yz
rotation seems to be smaller by a factor ~2 with respect to
the theoretical prediction (14). We think this may be due to
differences between our closed nanowire and the necessarily
open experimental one, as well as to temperature effects [31].
In any case, an experimental confirmation of the critical angles
in the sense of Eq. (14) would lend additional support to the
Majorana scenario.

IV. EXCITED STATES

While in the preceding section we focused on the physics
of the Majoranas at zero energy, comparing semi-infinite and
finite nanowires, in this section we address the spectrum of
excited states. The main effect of the boundary conditions
is to allow only a discrete set of wave numbers instead of

PHYSICAL REVIEW B 89, 245405 (2014)

FIG. 7. Spectrum obtained from the homogeneous nanowire band
energies at selected wave numbers, displayed as tracers as a function
of ¢. Panel (a) corresponds to the same parameters of Fig. 6(a). Note
that qualitatively similar regions occur for increasing angles in both
figures. In particular, the spectrum nearly collapses for values of ¢
close to 90°. Panel (b) shows the same as (a) but for the parameters of
Fig. 6(b). Note that for values of ¢ close to 90°, the two lower states
(closer to zero energy) are fermionic modes separated by a gap as in
Fig. 6(b).

a continuous one. What we have done is sketch the finite
nanowire spectrum by selecting wave numbers at regular in-
tervals and tracking the evolution of their energy levels with an
increasing angle ¢. For these examples, we maintain the polar
angle 6 = 90° because this is the most physically interesting
configuration due to the possibility of aligning external and
spin-orbit magnetic fields; nevertheless, analogous plots can
be done for different values of 6. The resulting spectrum,
shown in Fig. 7, explains the main features of the numerical
diagonalization results of Fig. 6 for the same parameters.

In principle, we could also set the boundary conditions
exactly as we did in Eq. (10), but we have found this approach
impossible to follow on a practical level. The resulting set of
equations reads as

Z C}gL)\p(k) e~IFL2 = 0,
k

s5)
Z C/ER)‘I’s(g, ¢RLI2 — 0,
k

where C,EL) and C,ER) are the coefficients at the left and right
nanowire ends, respectively. Basically, the resulting matrix
from Eq. (15) is ill defined since it contains very large and

very small matrix elements.
The spectra of both panels of Fig. 7 can be divided into
three different regions depending on the angle ¢. First, for low
values of ¢ there is a region where a Majorana mode exists
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FIG. 8. Approximate spectrum of a finite nanowire in a particular
configuration of the external magnetic field. (a) With only two positive
real wave numbers. (b) With four positive real wave numbers.

and is topologically protected. In Fig. 7, the Majorana is not
seen since only excited states of real wave number are shown,
but we can see the corresponding gap. For values of ¢ above
those determined by the projection rule, the Majorana mode
is destroyed and we can see a region of many level crossings.
This behavior of the spectrum is explained by the gap closing
of the external branches of the conduction band noticing that
in the finite model only some discrete values are allowed, as
sketched in Fig. 8. Finally, for higher angular values, the region
of zero crossings finishes and a third region arises with two
possible behaviors.

As shown in Figs. 6 and 7 for high ¢ angles (near 90°),
depending on the parameters the spectrum either opens a gap
or collapses near zero energy. The behavior depends on the
way the internal branches of the band cross the zero-energy
value for those angles. The internal branches of the band can
cross the zero-energy level for high angles in one k > 0 point,
like in Fig. 8(a), thus leading (jointly with the external branch
crossing point) to four real and four complex wave numbers
or, alternatively, the interior branch can cross zero energy in
more than one k > 0 point, like in Fig. 8(b), leading to wave
functions characterized by eight real wave numbers. In the
latter case, there is a wave-number range where the band
spectrum lies very close to zero energy, yielding this way
a collapse of the finite wire spectrum. The particular set of
parameters where one or the other situation happens depends
on the behavior of the internal branches of the band structure
and it is not as easily predictable as the behavior of the external
branches that led to the projection rule. The region of values
where this collapse arises coincides with the region where
the allowed solutions at zero energy are made of real wave
numbers only and it was already presented in Fig. 5(a) for the
u = 0 case.
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V. MAGNETIC INHOMOGENEITY MODELS

In this section, we explore the physics of a junction of
two straight nanowires with a certain angle in presence of
a homogeneous magnetic field parallel to one of the arms,
as sketched in Fig. 1(b). We assume a representation of the
system as a single straight 1D nanowire containing a magnetic
interface. The inhomogeneity separates two homogeneous
regions with different directions (but the same magnitude)
of the external magnetic field. The system is solved by
numerical diagonalization, assuming a soft magnetic interface,
interpreting the results by comparing with the homogeneous
nanowire discussed in the preceding section. We focus on two
specific effects: tilting and stretching of one of the two junction
arms. Other nanowire junction properties have been discussed
in Refs. [39,46,47].

A. Arm tilting

The magnetic field is aligned with the left arm and the
spectrum of the nanowire is computed for varying orientations
of the field in the the right arm (see Fig. 9). As mentioned,
this model represents under certain approximations a bent
nanowire in a homogeneous magnetic field. It was shown
in Ref. [48] that bent nanowires can be approximated by
1D models with a potential well simulating the effect of
the bending. Here, we have only considered the magnetic
field change of direction as the main inhomogeneity source,
disregarding the electrical potential effects of the bending.

The spectrum of the inhomogeneous nanowire can be
explained in terms of the homogeneous one for a tilted
magnetic field. Figure 9 compares the inhomogeneous (upper)
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FIG. 9. (Color online) (a) Nanowire spectrum for A; = 0.8E,,
and n = 0 with a magnetic inhomogeneity at its center as a function
of the tilting angle ¢. On the left side of the nanowire the magnetic
field is parallel, while on the right side its angles are (6 = 90°,¢).
The magnetic field strength is constant in both sides and equal to
Ap = E. (b) Spectrum of a nanowire in a homogeneous magnetic
field with angles (0 = 90°,¢) and with the rest of parameters as
in (a).
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FIG. 10. Majorana density function of an inhomogeneous
nanowire similar to the one described in Fig. 9(a). The magnetic field
azimuthal angles in the two arms are ¢, = 0° and ¢ = 90°, while
all along the nanowire it is & = 90°. Other parameters are Ap = 0.4,
A, = 0.25.

with the homogeneous (lower) nanowire spectrum for the
same set of parameters, showing that both results share the
same essential features. More precisely, three ¢ regions can
be found in both cases, but with two main differences. First,
while for the homogeneous nanowire increasing ¢ leads
to the destruction of the Majoranas on both ends, for the
inhomogeneous nanowire only the localization of the right
side Majorana is destroyed, leading to a spread state (Fig. 10).
This spread state retains characteristic Majorana properties
such as a nearly zero eigenenergy [Fig. 9(a)] and the typical
relation of wave-function components. As a consequence, the
bent junction holds only one localized Majorana mode in the
left side of the inhomogeneity. The density of the Majorana
for the inhomogeneous nanowire is shown in Figs. 10 and 11
for selected values of the parameters.

A second difference between upper and lower panels of
Fig. 9 is that the spectrum for the inhomogeneous nanowire
is not symmetric with respect to ¢ = 90°, in contrast with the
homogeneous nanowire. A zero-energy crossing localized in
the inhomogeneity interface arises at ¢ = 145° for the selected
parameters in Figs. 9(a) and 11. The corresponding bound state
originates in the second excited state of the system and it is
not Majorana in nature. Furthermore, this localized state is
caused completely by the magnetic inhomogeneity and has
no relationship with the localized states found in the bending
region in Ref. [48] because we have disregarded those effects.

-30 -20 -10 0 10 20 ‘ 30
x(Lg)

FIG. 11. Density function of the first excited state of the inhomo-
geneous nanowire of Fig. 9(a). This state becomes localized at the
magnetic inhomogeneity for an azimuthal angle ¢ = 145° (and polar
angle 6 = 90°).
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FIG. 12. Density distributions of the Majorana mode in a finite
nanowire with a magnetic inhomogeneity. We used A; = 0.25E,,
@ =0, and a magnetic field of magnitude Ap = 0.4E,, oriented
parallel in the left side of the magnetic interface and antiparallel in
the right side. In each panel, the potential well and the position of the
magnetic interface are shown. The latter corresponds to a Fermi-type
function whose position shifts to the right following the sequence
from upper to lower panels.

Although we know these states are related with the magnetic
inhomogeneity, a deep understanding of their causes and the
particular set of parameters leading to their enhancement or
quenching is yet to be understood.

B. Arm stretching

We study now the behavior of the Majorana modes in
the nanowire as a function of the inhomogeneity distance to
the nanowire end. The magnetic field directions are fixed at
0 =90°,¢ = 0° on the left end and 0 = 90°,¢p = 180° on the
right end of the nanowire. This is a particularly interesting
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FIG. 13. (Color online) Spectrum of the nanowire described in
the caption of Fig. 12 as a function the magnetic interface position.

configuration as it is the only setup where both ends lie inside
a longitudinal magnetic field, apart from the homogeneous
case. This way, all the observed effects must be caused by
the inhomogeneity and its distance with respect to the left
nanowire end.

Figure 12 shows the probability densities of the zero-energy
state at different positions of the magnetic interface with
respect to the left side of the nanowire. From upper to lower
panels of Fig. 12 we may follow the evolution as the distance of
the magnetic interface to the left end of the system is increased.
Most remarkably, for short distance, the left Majorana is not
peaked on the left end, but remains stuck on the magnetic
interface (upper panels). If the distance is increased, however,
the Majorana is eventually transferred to the left nanowire end
after some critical distance (lower panels). This transfer is seen
as a smooth decrease of the density maximum at the magnetic
interface accompanied by an increase at the left end. Finally,
when the interface is on the middle point of the nanowire,
both Majoranas are located at their corresponding ends. It
is also worth noticing that this Majorana transfer does not
imply a departure of the mode from zero energy because the
Majorana on the other end of the nanowire is not affected (see
Fig. 13). Additionally, the transfer phenomenon is not caused
by finite-size effects since we have checked that it happens for
the same characteristic distance when the right end is further
displaced to the right.

VI. CONCLUSIONS

In this work, we have studied the spectra of 1D nanowires
for arbitrary orientation of the magnetic field, focusing in

PHYSICAL REVIEW B 89, 245405 (2014)

particular on the conditions leading to a Majorana mode.
This study has been realized from different perspectives
and methods in an effort to explain the variety of observed
phenomena. We have combined the complex band-structure
techniques of infinite homogeneous nanowires with numerical
diagonalizations of finite systems.

We have demonstrated an additional condition, aside from
the well-known topological transition law, that needs to be
taken into account in order to predict the regimes of existence
of Majorana modes with tilted fields. We have named this
additional condition the projection rule. The projection rule
predicts an upper bound on the magnetic field at which
Majoranas are to be found in a 1D wire with tilted field. We
have stressed that the topological transition law with tilted
fields depends on the full-field Zeeman energy and not just on
the contribution of the magnetic field component parallel to the
wire. When the topological law is fulfilled, the projection rule
leads to critical values of the field angles 6, and ¢, such that
a Majorana mode is always found for any ¢ provided 6 < 6,
or, alternatively, for any 6 provided ¢ < ¢..

We have extended our analysis to nanowire junctions with
an arbitrary angle, modeled as magnetically inhomogeneous
nanowires, explaining most of their properties in terms of
the behavior of its homogeneous parts. We have focused,
particularly, on the role of tilting and stretching of one
of the junction arms. We also reported the existence of a
bound non-Majorana state located on the magnetic inho-
mogeneity. Finally, we have studied the Majorana transfer
phenomenon as the distance of the magnetic inhomogeneity
to the nanowire end is increased. Testing these predictions
would require experiments of nanowires in inhomogeneous
magnetic fields. Alternatively, it has been suggested in this
work that a bent nanowire in a homogeneous field should
display similar phenomena, while being more feasible in
practice. As an interesting continuation of this work we are
presently analyzing the validity of the projection rule in
higher-dimensional nanowires, where the transverse degrees
of freedom require a multimode description of the electronic
states.
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