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ABSTRACT: We consider five-dimensional, vacuum Einstein equations with negative cos-
mological constant within cohomogenity-two biaxial Bianchi IX ansatz. This model allows
to investigate the stability of AdS without adding any matter to the energy-momentum
tensor, thus analyzing instability of genuine gravitational degrees of freedom. We derive the
resonant system and identify vanishing secular terms. The results resemble those obtained
for Einstein equations coupled to a spherically-symmetric, massless scalar field, backing the
evidence that the scalar field model captures well the relevant features of AdS instability
problem. We also list recurrence relations for the interaction coefficients of the resonant
system, which might be useful in both numerical simulations and further analytical studies.
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1 Introduction

Over the past two decades asymptotically anti-de Sitter (aAdS) spacetimes have received
a great deal of attention, primarily due to the AdS/CFT correspondence which is the
conjectured duality between aAdS spacetimes and conformal field theories. The distinctive
feature of aAdS spacetimes, on which the very concept of duality rests, is a time-like
conformal boundary at spatial and null infinity, where it is necessary to specify boundary
conditions in order to define the deterministic evolution. For energy conserving boundary
conditions the conformal boundary acts as a mirror at which massless waves propagating
outwards bounce off and return to the bulk. Therefore, the key mechanism stabilizing the
evolution of asymptotically flat spacetimes — dispersion of energy by radiation — is absent
in aAdS spacetimes. For this reason the problem of nonlinear stability of the pure AdS
spacetime (which is the ground state among aAdS spacetimes) is particularly challenging.
The first conjecture, based on numerical evidence and heuristic arguments, about AdS
being unstable against gravitational collapse (black hole formation) under arbitrarily small
perturbations came from Bizon and one of the present authors (2011) [1]. More precisely, in



a toy model of the spherically symmetric massless scalar field minimally coupled to gravity
with a negative cosmological constant in four [1] and higher dimensions [2] the numerical
simulations showed that there is a class of arbitrarily small perturbations of AdS that
evolve into a black hole on the time-scale O(¢~2), where ¢ measures the amplitude of the
perturbation. Moreover, on the basis of nonlinear perturbation analysis it was argued
that this instability is due to a resonant transfer of energy from low to high frequencies,
or equivalently, from coarse to fine spatial scales,! until eventually an apparent horizon
forms.?

Further studies of this and similar models confirmed (see [6, 7] for independent, reliable
long-time numerical integration of Einstein equations in Einstein-scalar fields models) and
extended the findings of [1, 2] providing important new insights concerning the coexistence
of unstable (turbulent) and stable (quasiperiodic) regimes of evolution® (see [17] for a brief
review and references).

Still, there are two major downsides of all reported evidence for AdS instability, based
on numerical integration of Einstein equations. First, the arguments of [1, 2] and follow-
ing works were based on extrapolation of the observed scaling O(s~2) in time of resonant
energy transfers between the modes and ultimately collapse times for finite small values
of ¢, cf. figure 2 in [1], but the limit £ — 0, with the instability time scale £72, is obvi-
ously inaccessible to numerical simulation. Second, the numerical integration of Einstein
equations on the time scales long enough to provide convincing evidence for the AdS in-
stability seems tractable only under some simplifying symmetry assumptions. Thus most
numerical simulations were restricted to spherical symmetry where adding some matter
(usually in the form of massless scalar field) was necessary to evade Birkhoff’s theorem
and generate the dynamics, so that no gravitational degrees of freedom were excited.* The
first numerical evidence for AdS instability in vacuum Einstein equations with negative
cosmological constant in five dimensions within the cohomogenity-two biaxial Bianchi IX
ansatz was reported in [19] (in fact, this model was studied in parallel with [1], but the

!Perturbation can be decomposed at any instant of time as an infinite sum of (a complete set of) linear
AdS eigen modes with time dependent coefficients. By the resonant transfer of energy we mean that
the conserved energy of the system leaks to the modes with arbitrarily high frequencies, even if initially
distributed among low frequency modes.

?Remarkably, a proof of AdS instability for a model Einstein-null dust system has recently been given [3,
4]. The proof does not set the time-scale of a black hole formation, in particular it does not relate this
time-scale to the amplitude of initial perturbation. The position space analysis, similar in spirit to that of
the proof [3, 4], was attempted for the first time in the context of AdS-Einstein-massless scalar field model
in [5].

31t is quite remarkable that even if AdS solution itself is not stable there exist globally regular, aAdS solu-
tions of Einstein equations that, as numerical evidence shows, are immune to the instability discovered in [1]
at least on O (¢7") time-scale. These are time-periodic solutions in Einstein-scalar fields models [8-11], in
the presently studied cohomogenity-two biaxial Bianchi IX ansatz [9], and time-periodic (in axial symmetry)
or helically symmetric (outside axial symmetry) globally regular aAdS vacuum solutions (geons) [12-16].
The stability of the laters is assumed on the ground of numerical evidence for the stability of the formers.

It is expected on the grounds of perturbative analysis of [12] that the mechanism for instability of AdS
in the vacuum case (pure gravity) is the same as in the model case [1]. The first steps to run simulations
outside spherical symmetry in 2 + 1 dimensional setting were done in [18], but the “big” perturbations
(collapsing after few bounces) can not provide the evidence for the scaling O(s2).



results were published only recently). Indeed, one may avoid assumptions about spherical
symmetry and still keep effectively 1+ 1 dimensional setting using the fact that Birkhoff’s
theorem can be evaded in five and higher odd spacetime dimensions as was observed for
the first time in [20] in the context of critical collapse for asymptotically flat spacetimes.
Odd-dimensional spheres admit non-round homogeneous metrics. Here we focus on 4 + 1
dimensional aAdS spacetimes with the boundary R x S3. The key idea is to use the
homogeneous metric on S%, which takes the form

ggs = €2Bo? 4+ 2002 4 e UBHC) 52 (1.1)

as an angular part of the five-dimensional metric (cohomogenity-two triaxial Bianchi IX
ansatz) [20]

1
ds? = —Ae Pdt> + A7 dr® + 17“2953 . (1.2)
Here oy, are left-invariant one-forms on SU(2)
o1+ oy = e (cosOdp + idf), o3 = dip — sinOd¢ (1.3)

and A, 6, B, C are functions of time and radial coordinates. In the biaxial case we
have B = C.

To deal with the problem of extrapolation of results of numerical integration of Einstein
equations to the e — 0 limit i.e. to track the effects of a small perturbation over large time
scales Balasubramanian, Buchel, Green, Lehner & Liebling (2014) [21] and Craps, Evnin &
Vanhoof (2014) [22] introduced new resummation schemes of a naive nonlinear perturbation
expansion based on multi-time framework and renormalization group methods, respectively.
The sections 1 and 2 of [22] contain a very nice summary of the problems of naive time-
dependent perturbation expansion and the ways to cure them. In general, if the frequencies
of linear perturbations satisfy the resonant condition, i.e. the sum or difference of two linear
frequencies coincide with another linear frequency as is the case in AdS, then in a naive
perturbation expansion the secular terms, i.e. the terms that grow in time, appear. For the
model [1] this happens at the third order of expansion with the appearance of &2t terms
and invalidates such naive expansion on the O(e72) timescales. Craps, Evnin & Vanhoof
(2014) [22] showed how to resum such terms in the form of renormalization flow equations
for the first order amplitudes and phases that in a naive perturbation expansions are simply
constants determined by initial data. We call such flow equations the resonant system
(this name comes from the another derivation of theses equations based on averaging: the
effects of all non-resonant terms average to zero and only resonant terms are important
for the long-time scale dynamics [23]). Such resonant system offers new ways to study the
AdS stability problem [23-28] and the studies of analogue resonant systems with simple
interaction coefficients became a very active area of research on its own [29-31]. In [26]
the convergence between

1. the results of numerical integration of Einstein equation, extrapolated to the ¢ — 0

limit and,

2. the results of numerical integration of the resonant system truncated at N modes,
extrapolated to N — oo limit



was demonstrated. Moreover, the evidence for a blowup in finite time 75 of solutions of
the resonant system, starting from the e-size initial perturbations of AdS that for Ein-
stein equations lead to gravitational collapse at ty ~ 27y [26], provided a very strong
argument for the extrapolation ¢ — 0, made in [1], to be correct.

In this work we construct the resonant system for the AdS-Einstein equations with
cohomogenity-two biaxial Bianchi IX ansatz studied in [19]. Our motivation is two-fold.
First, we want to strengthen the evidence for the AdS instability in vacuum Einstein equa-
tions, as was done in [26] for the model with the scalar field. Constructing the resonant
system itself is the first step in this direction. Second, with the recently described system-
atic approach to nonlinear gravitational perturbations [15, 16, 32, 33] it should be possible
to obtain the resonant system for arbitrary gravitational perturbation. Thus we treat the
construction of the resonant system under simplifying symmetry assumptions (1.2) as a
test-case and feasibility study for this ambitious project.

The work is organized as follows. In the section 2 we setup our system and follow the
method of Craps, Evnin & Vanhoof (2014) [22] to obtain a resonant system for the Einstein
equations; we also discuss the vanishing of two classes of secular terms, allowed by the AdS
resonant spectrum but in fact not present in the resonant system, analogously to the
massless scalar field case [22, 23]. In the section 4 we derive the recurrence relations for the
(interaction) coefficients in the resonant system that can be useful both to calculate their
numerical values and study their asymptotic behavior. In the section 5 we comment very
briefly on the preliminary results of numerical integration of the resonant system. Some
technical details of the calculations presented in section 2 are delegated to two appendices.

2 Setup of the system

We consider d + 1 dimensional vacuum Einstein equations with a negative cosmological
constant
G,uzz + Aguu =0, (2'1)

where A = —d(d — 1)/ (2¢%), ¢ is the AdS radius and d stands for the number of spatial
dimensions. In this work we focus on the d = 4 case. Following [20], we assume the
cohomogenity-two biaxial Bianchi IX ansatz as a gravitational perturbation of the AdS
spacetime:

2 1
ds® = . (—Ae_2§dt2 + A Nz + 1 sin? z(e?B (02 + 02) + 6_4BO'§)> , (2.2)
where z is a compactified radial coordinate, tanxz = r/¢, and A, § and B are functions of
(t,x). The coordinates take the values t € (—00,00), z € [0,7/2). Inserting the metric (2.2)
into (2.1) with A = —6/¢2, we get a hyperbolic-elliptic system [19]

. _ . _ ! 4e=0 , _ _
B=Ae°P, P = P (tan?’x Ae 5Q) " Sens (e 2B _e SB) , (2.3a)
2(4e72B — 88 _ 34)

A'=4tanxz (1 — A) — 2sinzcosz A (Q* + P?) + , (2.3b)

3tanx



§' = —2sinzcosz (Q* + P?) , (2.3¢)
A= —4sinzcosz A2 °QP, (2.3d)

where we have introduced the auxiliary variables Q = B’ and P = A~1e’B and overdots
and primes denote derivatives with respect to ¢ and x, respectively. The field B is the only
dynamical degree of freedom which plays a role similar to the spherical scalar field in [1]. If
B = 0, the only solution is the Schwarzschild-AdS family, in agreement with the Birkhoff
theorem. It is convenient to define the mass function

sin? x

m(t,z) = (1 — A(t,x)). (2.4)

costz

From the Hamiltonian constraint (2.3b) it follows that

m/(t,x) =2 [A(Q2 + P?) + ,12 (3488 — 4623)] tan®z > 0. (2.5)

s~ x

To study the problem of stability of AdS space within the ansatz (2.2) we need to solve

the system (2.3) for small smooth initial data with finite total mass®

w/2
M = lim m(t,x) = 2/ [A(Q2 + P?) + 3 ,12 (3+ e 8B — 46_23)] tan® x dz (2.6)
0

x—m/2 s~ x

and study the late-time behavior of its solutions. Smoothness at x = 0 implies that
B(t,z) = bo(t) 2% + O(z?), 6(t,x) = O(z?), A(t,z) =1+ O(z), (2.7)

where we used normalization §(¢,0) = 0 to ensure that ¢ is the proper time at the origin.
The power series (2.7) are uniquely determined by the free function by(t). Smoothness at
xr = /2 and finiteness of the total mass M imply that (using p =z — 7/2)

B(t,z) = bs(t) p* + O (p°), 6(t,2) = do(t) + O (p%), A(t,z) =1—Mp*+0(p%),
(2.8)
where the free functions b (t), doo(t), and mass M uniquely determine the power series. It
follows from (2.8) that the asymptotic behaviour of fields at infinity is completely fixed by
the assumptions of smoothness and finiteness of total mass, hence there is no freedom of
imposing the boundary data. For the future convenience, following the conventions of [22],

we define .
3 cos™ x
_ 3 _ _
u(x) =tan’x and v(z)= @) s (2.9)

The pure AdS spacetime corresponds to B =0,A = 1,0 = 0. Linearizing around this
solution, we obtain

. 1 8
B+LB=0, L=-———08,(ux)d)~+
oy O () 02) 2

This equation is the £ = 2 gravitational tensor case of the master equation describing the

. (2.10)
S~ xr

evolution of linearized perturbations of AdS spacetime, analyzed in detail by Ishibashi and

5Mass M being finite implies M being conserved as well.



Wald [34]. The Sturm-Liouville operator L is essentially self-adjoint with respect to the

w/2
0

inner product (f, g) = f(x)g(x)u(x) dx. The eigenvalues and associated orthonormal

eigenfunctions of L are
Lep(r) = wi ex(z), E=0,1,... (2.11)

with

W= (6+428)2  ep(x) = 2\/ (k JEI:’ 15’3;2: )f;;L %) inZe costa PO (cos2a), (2.12)

where P,Ea’b) (x) is a Jacobi polynomial of order k.
The eigenfunctions ey (x) fulfill the regularity conditions (2.7) and (2.8), hence any
smooth solution can be expressed as

B(t,x) =Y bp(t)ex(). (2.13)
k>0

To quantify the transfer of energy between the modes one can introduce the linearized
energy

7T/2 . 8
E = /0 <B2 +B”%+ szxB?) p(z)de = Ey, (2.14)

k>0

where Ej, = bi + w,%bi is the linearized energy of the k-th mode.

3 Construction of the resonant system

We will look for approximate solutions of the system (2.3) with initial conditions B(0, z) =
ef(z) and B(0,z) = eg(x). Assuming ¢ to be “small” we expand the metric functions B,
A and J as series in the amplitude of the initial data:

B(t,z) = iskBk(t,a:) : (3.1a)
k=1
At,x) =1+ i eb At x), (3.1b)
k=2
S(t,z) = iakcsk(t,x) : (3.1c)
k=2

To satisfy the initial data we take By(0,z) = f(z), B1(0,z) = g(x) and By(0,z) = 0
for k > 1.

3.1 First order perturbations

At the first order of the e-expansion, the equations (2.3b), (2.3c) are identically satisfied
and the equation (2.3a) gives

Bi(t,z) + LBy(t,z) =0. (3.2)



We expand B; as

By(t,z) =Y D (ten(). (3.3)
n=0
The coefficients c,(ql) = ¢, satisfy
én +wic, =0 (3.4)
and are given by
cn(t) = ap cos (0,(t)) , (3.5)
with
On(t) = wnt + b, (3.6)

where the amplitudes a,, and phases ¢,, are determined by the initial conditions.

3.2 Second order perturbations
At the second order the equations (2.3) reduce to

.. 40

By(t,z)+L Bo(t,x) = —— B (t,z) = 5 (3.7a)
S~ T
! . 16
Ay(t2) = 2 4ot ) 2(epe) (BR(t )+ Bt 2)) - o p(x)(x) B 1)
v(x) sin”
(3.7b)
5gu,x)=-m4xﬁ4x)(Bf(mx)+35@,x» : (3.7¢)
The equations for the metric functions can be easily integrated to yield:
x . 8
Aaft,0) = ~20(0) [ ) (BR() + B + L B dy, 69
a(t.) = =2 [ ptw)ety) (BR(t9) + BEe.w)) dy. (39)
If we expand Bz in terms of eigen functions of (2.11)
By(t,z) = > ciP(t)en(z). (3.10)
n=0
then equation (3.7a) reduces to infinite set of equations for the coefficients 2
&2 422 = <S(2), en> = 52 =40 Z Z Kijn ci(t)c;(t), (3.11)
i
where i
Kijn = /2 M(f) ei(x)ej(z)en(x) d (3.12)
0o sin“z

is the first example of integrals of product of AdS linear eigen modes and some weights
that we call (eigen mode) interaction coefficients and that will be frequently encountered
in the following sections (for clarity we will list all their definitions while considering the



third order equations). In general, at each order of perturbation expansion we will get a
forced harmonic oscillator equation

R @) + w2 () = S (3.13)

n

where the source Sgk) is a sum of products of the first order coefficients ¢; multiplied by

some eigen mode interaction coefficients. Multiplication of ¢; coefficient is governed by the
formula

1
cosb; cosb; = B [cos (0; + 6;) + cos (0; — 6,)] . (3.14)
Whenever, in the result of such multiplication, the source term S in (3.13) acquires a
resonant term i.e. a term of the form A cos(wpt+ ¢), such term results in a term that grows
linearly with time ¢ in the solution ¢\’ (called a secular term):

R @)+ Wl (1) = Acos(wnt+¢)+... = P(t) = %tsin(wntm) +....(3.15)
n

Thus the presence of resonant terms in the source invalidates naive perturbation expansion
at the e*~1¢ time scale and such resonant terms dominate the dynamics of the coefficient
), Craps, Evnin & Vanhoof (2014) [22] showed how to resum such secular terms, arising
from resonant terms in the source, in a systematic way based on renormalization group
(RG) method (the reader is strongly encouraged to consult sections 1 and 2 of this excellent
paper and the references therein to get a broader perspective on long-time effects of small
perturbations in Hamiltonian systems and a detailed description of their RG framework).
In the case of the massless scalar field studied in [1] the resonant terms appear at the third
order. As the result of resummation of the resulting secular terms the first order amplitudes
and phases are replaced by the slowly varying functions of the “slow” time 7 = £t

cn — Cu(€2t), Cn(0)
$n — Pn(e?t), @n(0)

Cn (3.16)
Pn - (3.17)

Thus it is crucial, at each order of perturbation expansion (3.1), to identify all resonant

)

K1, vanish for the values of indices 1, j, k satisfying the resonance condition, what we prove

. k .
terms in the source 57(1 . At second order there are no secular terms because the coeflicients

in appendix A. The solution to (3.11) is given by

40 o oo
¢i?) = Dysin(wnt) + Dy cos(wat) + — > Kijn
™ =0 j=0

X (sin(wnt) /0 t ci(t)ej(t') cos(wnt’) dt’ — cos(wnt) /0 t ci(t)e;(t') sin(wnt’) dt’> ,
(3.18)

where D1, Dy = const. Zero initial conditions, By(0, x) :O:BQ((), x), imply D =Dy=0.



3.3 Third order perturbations and the renormalization flow equations

At the third order the equation (2.3a) reduce to

Bg+L33:2(A2*52)Bl+(A,Q*(Sé) i+(A2*52>Bl
112

— B} + —5- BBy + —5—AsB; = §® (3.19)
sin® x sin® x sin“ x
Expanding Bs into eigenmodes
Ba(t,z) =Y P (ten(). (3.20)
n=0
and then projecting (3.19) onto the eigen mode basis we get
9 4 e = (59, ) = 59 -

with

S =2(AsBy, @) ~ 2 (8B, @) + (A ) Bi, er) + (AsBr, @) = (21, 1)

1 1 1
— 112<_23i”, el> +80< —— B2 By, el> +8< ——A2By, e,> . (3.22)
SN~ x SN~ x S~ xr

This expression strongly resembles an analogical equation of Craps, Evnin & Vanhoof

(2014) [22], obtained for the massless scalar field. However, it contains three additional
terms which are not present in massless, spherically symmetric case, namely <ﬁB§, el>,
<%B132, el>, <%B1A2, el>. After long and tedious calculation (the details are given

sin“ sin“ x
in appendix B) the source term in (3.21) can be put in the form:

s
= Z a%ak <_Hz‘z‘kl_QW?Mkli+2W]%Xiikl_SXiikl‘l‘ZlW?W]szliz’_16WZ'2V~Vklz‘z‘> COS (Gk)
i,k
1
—5 Z ;a5 AWy [(wiijijl—i—Bijl) (2wl—|—wj—wz-) COSs (9,‘—93‘—9[) X2
i?j
—(wiijijl—Biﬂ) (2wl—wj—wi) COs (91‘4-9]‘—91)
— (wiw; Piji—Biji) (2witw;+w;) cos (6;+6;+0,)]

Wi ~
+Z,:€ a;ajay cos (0;4+60;—0;) x {_wj iwi (8X¢jkz+Hikjl—2win‘jkl>
Z?]?

Wk
W —Wg

+[j # K] <8ijil+ijil_2Wi2ijil)"‘[i # k] (8Xz'jkl+Hikjl_2wJ2'Xijkl)

W
WE—Wj

_ijkXijkl X 2+Wininjl_4injl_4Xijkl X 2_28Gijkl X3



, w; (2witwj—wg) 4 , w;j (2wjtwi—wr)
+[i # 1] Zyat+li # 1] ikl
2 (wf—w7) i 2 (wlz—w]z) ™

_[k # l] Wk (2220162_5%2_)('%) Zi;kl}

Wy — Wi

Wi ~
Jrz]:C aiajay, cos (0;+0;+0;)x {—wj jwz’ (8Xz‘jkl+Hikjl_2wl?;Xijkl>
Z?]?

Wk, (2wiwi+w;)

—WjWsz‘jkl—4Xijkl—28Gijkl—[kf' # 1] 2( : 2) Zijkl}
Wy —Wg
180 <SlengBl, el> , (3.23)
where the interaction coefficients are defined as
Yo = [ decle)es@entoato)n) (o) (3:242)
Vi = [ decitales )b (o)) (o) (o) (3.21b)
Hijr = /0 " da el ()e; (@)l (@)en(a) (u(x))*V (x) (3.24c)
Zz':gkl = wiwj(Xrtij — Xinij) £ (Yaiij — Yirij), (3.24d)
Wi = /0 * dz eq(w)e; (2)u(e)v(a) /0 " dy () ex(W)enly) (3.240)
W = [ deci(alej@utaa) [ dynto) estwatw), (3249
V= [Tt @nton), (3.24¢)
Ay = /0 ® du el ()¢ (@) u(x)v (). (3.24h)
Piji = Vij — Wijkk (3.24i)
Bijk = Aij — Wijkk (3.24j)
Mijp = /O *de ei(x)ej(x)u(x)v' (2) /0 ' dy(ex(y))*n(y), (3.24K)
Kyi = [ de —mei@es (@entaln(o) (3.241)
Gijh = /0 S Sle —ei(z)ej(z)ex(z)er(@)n(z), (3.24m)

~10 -



K = [ do el@e @ena)en(a) (ulz) *ola), (3.2n)

~ % 1 x
Wi = [ do i@ @pta) | dyn) e, (3.240)
and we used a convenient notation:

1 if condition is true

[condition] = { (3.25)

0 if condition is false

Now, we are ready to identify resonant terms in the source SI(S). As discussed by Craps,
Evnin & Vanhoof (2014) [22] these terms dictate the dynamics of the system, in particular
they control the flow of (conserved) energy between the modes. The resonant terms in 51(3)
are those with cos(fw;t 4+ ¢) time dependence. Such terms come from the following terms
in (3.23) under the following conditions (cf. (3.6)) (the reason for the single and double
underlining of some terms in two following pages will be explained on page 12).

cos(0k) terms.

wg = wy; this gives wg = —wy is never satisfied.
k=l=k=0[z0+=1)

and contributes to the (4,4, —) reso-
nance, cf. [22], see below.

cos(6; — 0; — 6;) terms.

W —Wj — W = wy w; — wj —wp = —wy; this gives

these terms do not contribute because for | [i =j]=[i=j|([i=j7 # ]+ [i =7 =1])
w; —w; = 2wy their prefactor 2w;+w;j—w; | and contributes to the (+,+,—)
is zero. nance, cf. [22], see below.

reso-

cos(0; + 0; — 0;) terms.

Wi +wj —wy = wy w; +wj — w; = —w; is never satisfied.
these terms do not contribute because for
w; +w; = 2w their prefactor 2w; —w; —w;
is zero.

cos(6; 4+ 0; + 6;) terms.

w; + wj + w; = £w; is never satisfied.

- 11 -



cos(6; + 0; — 6;) terms.

w; + wj — wy, = wy; this gives
[i+j=k+I]

and contributes to the (+4,+,—) reso-
nance, cf. [22]; its name comes from the
w; +wj — wp, = wy condition with two ‘+’
and one ‘—’ on the left hand side of the
equation.

w; + wj — wp, = —wy; this gives
k=i+j+1+6],
this is the (4, —, —) resonance, cf. [22], as

W — w; — wj = wy; its name comes from
one ‘4’ and two ‘—’ on the left hand side

of the equation.

cos(6; 4 0 + 0;) terms.

w; + wj + wi = wy; this gives
i+j+k+6=1

this is the (4,4, +) resonance, cf. [22];
its name comes from three ‘+’ on the left
hand side of the equation.

w; +wj + wy, = —w; is never satisfied.

It is also shown in appendix B that

1
80 <sin2 ngBl, el> = —800 Z a;a;a cos (0; +0; — 6)

0<i,jik
Kitm Kiim Kitm Kjim KijmKiim
D Dt i) D st s sl D S
0<m (wj_wk) — W 0<m (OJZ—OJk) — Wi 0<m (wl—{_wj) —Wn

(3.26)

-+ non-resonant terms

and there is no contribution from (3.26) neither to (+,+,+) nor (+, —,
The sums in (3.26) are understood in such way that there is no contribution whenever

—) resonances.

numerators are zero, thus there is no problem with divisions by zero as K;j; = 0 for any

permutation of indices in the inequality & > i+ j+ 2. Finally S 1(3) takes the following form:

51(3) = a?Tl cos (0;) + Z ala?Ril cos (6;) + Z a;a;aySijk cos (0; + 0; — Oy,)

0<i##l 0<i,j,k
i+j=k+l
i#lF]
+ Z aiajakUkijl COS (Qk — 92' - 9]') + Z aiajainjkl COS (91 + 9]' + Hk)
0<i,5,k 0<i,j,k
k=i+j+I+6 i+j+k+6=I

+ non-resonant terms . (3.27)

To identify contributions to Tj, Ry and Sjji in (3.27) we note following identities to be
used under sums in (3.23) (contributions to R;; and 7} are marked with single and double
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underlining here an in the text between eq. (3.25) and eq. (3.26))

Ni=k#1 = [i+j = kH][li # 1],
(3.28)

i+ = k+][j # k] = [i+) = kH[i # 1 # ]+ =

li+) = k)i # k] = [i+j = kH[i # 1 # j) i = = k # 1] = [i+) = kH[j # 1],
(3.29)

=lli=k#1 (3.30)

[i+7 =k+l[k £ =[i+j = k+[i Z1# j)+j =i = k £ 1|+]i
and

[i+j=k+1]
—li+i=ktlliA £+ =Ni=kA N+ =0l =kAN+[i=j=k=1.

This leads to
3 . _
T} = — = Hyy + 2w Xyu — 24X — 2w My — 16wf Wiy + 4w Wiy — 2w} (wf Py + Buy)

1 2
— 84Guy — 800 > <22 - > (Kum)? (3.32)
0<m<21+2 dojf —wp W
Ry=2(—5"— (Hmz 2w; Xy + 8Xliil)
wl — w

2 2

2

. i

_9 <wlw> ( Hyg — 202 X + 8sz>
1 %

— 2w Xy — 24 X0 — 8 Xy
— (Hyin + 202 My;) + 2w7 (X + 202 W) — 1607 Wy —

w?
+2 < ) (Yiui — Vi + wf (Xaus — Xpii)) — 168Gisal

2w} (w] Pyt + Biit)

2
wl wy

i+14+2 1 1
—1 Kim)?
600 D, (m—wz)?—w,%f<wi+wz>2—wa>( im)

m=0

i—l#+(m+3)
m<2i+3
m<2l+3
+ 1600 j{: 2_B;“n](”wl, (3.33)
1

1 1 1 1 1
S = — = Hooow — 5 Hjki
ijkl 9 ijlw1< S +wj—wk> 2 IRk (wk—wi+wk—wj>
1

1 1 wj wj
ZHuiws X 100500 J ¢ 1
g kil (wi + wj * w; wk> ki (wi — Wk " Wj — Wk " >

w Wwj w Wi
+ Xijklewk ( K + J — 1> + Xjk,-lwkwi ( K + ! — 1)
wj + W WE — Wj wi + Wj W — Wj
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+1 W 7- +1 Wi 1
2 \w; +wj CLD wj — Wk Jk’l 2 \w; — wg k”l

~ wj w w; w
—4X i <1+ 4k ) —4X ( NE B )
wi + Wwj WE — Wj Wi + Wj W — Wj

_ 4injl <1 + ” i + ] )

; — Wk wj—wk

i+j+2 1
— 84G; i1 — 800 KiimK
ijkl mz_:o (Wi+wj)2_ %1 igmAmkl
m<i+k+3
m<l+j+3 1
— 800 Kiom Ko
n;) (wi — wk:)2 — W?n tkmmjl
i—k#+(m+3)
m<j+k+3
m<l+i+3 1
— 800 KipmKmi 3.34
j—k#+(m+3)

where S;ji; is taken to be symmetric in its first two indices and it is understood that on
both sides of (3.34) the condition [i + j = k + {][i # [ # j] holds.

One can show that Ui and @, contain no contribution from scalar products

<ﬁB§’, el> < BlBg, el> (for details see appendix B). For the Uijr, terms we get:

Uijkt X [i = j +k + 1 + 6]

_ I:l - wj(2wj — W —i—wk) 1 wi (2wg, — w; +w]‘) 1 wi(wj + wi — 2w;)

—_ +7 Ly . — ..
27 W —wp)(wj T wr) 2w = wp) (w Fwy) 20 T w — wy) (W — wr)

Wk wj hdl i
— X . -1 Xkt wi + -1
ikl WiWk <(w1 — wj) + (Wi — UJk;) ) + K jkil Wil ((Wz _ w]') (Wk + U.)j) >

Wi Wy
X i1 it -1
+ kijl Wilj <(wj i Wk) + (wi — wk) >

1 4 WE 1 __ wj 1

W
2 ikl (wi —wj)

e Ry SO B
2 ]k”(wj +wp) 27k (W — wy)

~ Wws Wi = Wi Wik
—AX w1+ I+ )—4X--<1+ - >
Ik < (wj —wi) (W —w;) skt (Wi —wj)  (wj+wr)

Wi

~ Wi
—4 X1 (1 + :

(Wiwk)+(wj+wk)>} =gkl (3:35)

For the Q;;r terms we get:

Qijrt X [i +j + k46 =1]

) [_1 CwiPwitwitwr) 1, wp(2wk t+wit+w)
6 M (wy +wi) (wy +wr) 67 (wn + wi) (wk + wy)
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1 wi(2wi +wj +wg) 1 < Wk w; )
— ~Hkij + s Xjjmwjwk [ 1+ +
6 " wi +w)(wi twp) 37T T Wy w) T (ke wi)

1 Wi w; 1 Wi Wi )
+ —Xipawiwg | 1+ + + 3 Xijiwiw; | 1+ +

1 WE 1__ Wi 1__ wj

/e, S/ ol St S/ o s’ M
6 igkl (Wi +Wj) 6 jkil (wj erk) 6 kigl (Wi +Wk)
4 - Wi Wk 4 - Wi Wi >
- Xy [ 1+ ——+ — ~Xjpa [ 1+ +
3 ikl ( (wj+wi)  (wp+ wz)> 3 kil ( (wp +wj) (Wi +wy)

4 -~ Wi Wi
—— X 1+ LS J X[i+j+k+6=1. 3.36
3 kﬂ( (wi + wg) (%’erk)ﬂ i+ ] (3.36)

With the help of identities®

Hijn = w Xpij — 8Xpij + wi Xijin — 8Xijm — Yazij — Yijhi (3.37a)
Miji = wi Wi — 8Wijer — Xijre + Biji — Aij (3.37b)

expressions (3.35), (3.36) can be simplified to yield:

Ujla x [i = j +k +1+ 6]

1 1 1 1
_ { ( — — ) (wiwjwr Xiijr + wiYie)

2 \wi —wj Wi —w Wit wg

1 1 1 1
T3 <wz‘ —o; o o +wk) (wiwjwi Xkiji + wiYikjt)
1

1 1 1
_ _ , X Y
* ( Wi —Wj WE — Wi * wj + wk) (wiwpor Xjant + w0j¥igwi)

2

L1 L)y Xisw +wiViiw) | x [i =7+ k+1+6]

_ _ Wi X wi Yo 7 =

2 wi — wj W — w; Wj+wk JWEWI A4kl L jikl J )
(3.38)

Qijry X [i +j+k+6=1]

1 1 1 1
= |z 0ion X Yo
[6 <Wi + w;j * w; + Wi + w; +wk> (wiwjwr Xuijk + @i Yijn)
1 1 1 1

| - 0o X Vi
+6< wi+wj+wi+Wk+w]’+Wk>(leJWZ kit + Wk Yinjt)

To prove (3.37a) we integrate (—Yi;) by parts:
77/2 / 12 7T/2 / / ’
—Yhi; = —/ dz epeie;ejpu v Z/ dze; [(pek) (nei) ew]
0 0

and use the eigen equation (2.11) in a form (pe})’ = ﬁuek — wiex. This cancels all other terms on the
r.h.s. of (3.37a) and leaves Hjj;;. Similarly, to prove (3.37b) we integrate (—X;;xr) by parts:

/2 /2 T
—Xijkk = —/ dz ejejuv (uei) = / dx [(ueg) ejl/}// dyuei
0 0 0

and use the eigen equation (2.11). This cancels all other terms on the r.h.s. of (3.37b) and leaves Mj;y.
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1 1 1 1

i 6 <wi twj  witwg * wj +wk) (ieonenXjint + e Yiju)

i — : ( Xijk + wiYjim) | X [i4+7+k+6=1
= - wjwpwi Xk + wi Y i =1].
6 \w; + w; w; + W wj T jWEW A5kl i L jikl J

(3.39)

Our numerical results show that both these expressions vanish, like in case of Einstein equa-
tions with a massless scalar field [22]. Similarly, using (3.37a), (3.37b) expressions (3.32),
(3.33), (3.34) can be simplified to yield:

T} = wi Xy + 3Yuu + 4w Wiy + 4w Wiy — 2w (Au + wiViy)

2042 . 5
— 84Gy; — 800 — ) (Kym)? 3.40
i T;) (4%2 ) w%) (Kiim)*, (3.40)

(wf + wp) (@] Xini — wiXuiar) n 4 (@Y = wi Vi)

Ry =
! (wf = wf) wi —
2 2
wrw X'll'—X”'
+2— L s i) + Yiau + Yui + 2wiwi (Wi + W)

W — wy

+ 20 Wi + 2w Wian — 2w; (Asi + w; Vi) — 168G

i+1+2 1 1
— 1600 K;y,,)?
> ((wz‘ —wy)? — w2, - (wi +wp)? — w?n> (Kitm)

m=0
i—l#+(m+3)

m<2i+3
m<2l+3

1
+1600 ) —5 Kiim Kot (3.41)
m=0 m

1 1 1 1
Sz‘jkl = *5 + +
wi + Wj Ww; — Wk Wj — Wk

1 1 1 1
I _ . Xiing —wiYos
2 <w,~ + Wj w; — Wk + wj — Wk (wZWkWI jikl w] z]kl)

(wjwpwi Xije — wiYiikl)

1 1 1 1
2\witwj  wi—wp  wj—wg

1 1 1 1
2\wi twj  wi—wp  wj—wg

it+j+2
— 84G 5 — 800 »
m=0

1
K;imK,
(wi T wj)2 — UJ%L igmArmkl
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m<i+k+3
m<l+j+3

1
— 800 Kipm Ko
Tnz::O (wl _ wk)Q _ w?n ikm m]l
i—k#+£(m+3)
m<j+k+3
m<l4+i+3 1
=0 m
j—k;n:l:(m-i-?))

where it is understood that on both sides of (3.42) the condition [i + j = k +|[i # [ # j]
holds. Following Craps, Evnin & Vanhoof (2014) [22], we finally obtain renormalization
flow equations for non-linear perturbation theory at first non-trivial order

dC .
o = = > > SijariuCiCiCinjysin(® + By — & — ®;),  (343a)
i (i) 4,(j0)
——
I<i+j
d®,
2wlCld— = —TZCIB — Z RZ'ZCZ-QCI
i (il)
Z Z Sij(i+jfl)lCiCjCi+jfl sin(@l + CI)iJrj,l — (I)z — CI)J) y (343b)
(i) ,(j#1)
———
I<itj

where C; and ®; are the running renormalized amplitudes and phases i.e. the solutions
o (3.43a), (3.43b) with initial conditions Cj(0) = a; and ®;(0) = ¢; (cf. (3.3)—(3.6)) and
the solution resummed up to the first non-trivial order reads:

B(t,x) —EZC 2t cos (wnt + Oy, (e? t)) en(z). (3.44)

4 Recurrence relations for the interaction coefficients

Obtaining interaction coefficients of the resonant system (3.43a), (3.43b) from direct inte-
gration of their defining integrals (3.24) is numerically expensive and moreover does not
provide much insight into ultraviolet asymptotics of the interaction coefficients that is cru-
cial to understand the asymptotic behavior of solutions of the resonant system. For the
massless scalar field model [21, 22] in d = 3 spatial dimensions the integrals (3.24) can
be calculated analytically, providing closed-form formulas for interaction coefficients [25].
This is possible due to the existence of simplified representation of eigenfunctions and this
approach can be generalized to arbitrary odd number of spatial dimensions [35]. However,
in the present studies with d = 4, we are unaware of any such methods of direct analytic
evaluation of the interaction coefficients. Thus, to study asymptotic behaviour of solutions
of the resonant system, both numerically and analytically, it is useful to provide at least
recurrence relations for the interaction coefficients. For the Einstein-massless scalar field
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system such relations were provided by Craps, Evnin and Vanhoof in [36] and in this sec-
tion we follow their approach. From the definition of eigenfunctions e; in terms of Jacobi
polynomials, cf. (2.12), and recurrence relations for Jacobi polynomials themselves

2(n+1)(n+a+B+1)(2n+a+ 8P (z)

= —2n+a)(n+B)(2n+a+ B+ 2)P*) (z)

+@n+a+B+1)[2n+a+B+2)2n+at Bz +a® - % PP(z), (4.1)
2n+a+B+2)(1 - xz)%ﬂ(ﬁﬂ) (2) = =2(n+ V)(n+a+ B+ 1) P ()
+(n+a+B+1)(a-B+ @2n+a+ B+ 2)x)P P (z) (4.2)
we get
w/'e, = A_(n)e, + B(n)ep+1 + C(n)en—1, (4.3)
uve., = 1A+(n)en + ﬁB(n)enH - ﬁC’(n)en_l (4.4)
2 2 2
with
5 (n+1)(n+6) n(n +5)

Now, differentiating (4.3), (4.4) and using eigen equation (2.11) to eliminate e/ and the
identity (uv') = —4uv we get

16 — 4w? + 3w? w w 32 0%
Il — n n_/ B n_ C n oy
e = i @z — o TG e T O et G G
(4.6)
3(4 + w?) e e 16 v
2uve, = — n e — B(n)—2L 4 o)=L + en . 4.7
Hven (W2 —4)(w2-1)" ( )wn+1 ( )wn_l w2 —4sin?z " (4.7)

The identities (4.3)—(4.7) are analogous to identities (15-18) in [36] for the massless scalar
field coupled to Einstein equations.
4.1 Recurrence relation for the X,,,;,, integrals

Using the identity (4.4) in the definition of the X, integral (3.24a), Xynpq can be given
in terms of integrals Xmnpq, totally symmetric in their indices:

™

2
Xmnpg = /0 do p(x)em(x)en(z)ep(z)eq () , (4.8)
namely
]. wm wm
anpq = §A+(m)anpq =+ 7B(m)X(m+l)npq - 7C(m)X(m—1)npq . (49)
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Now, to get the recurrence relation for the xmnp, integral we consider another auxiliary
integral

™

Xmnpq = /2 dz 12 (z)V (z)em () en(z)ey(z)eq () - (4.10)
0

In this integral we either (1) use the identity (4.3) for uv’e,,, or (2) integrate by parts using
p'v =d—1 and the definition (3.24a). Equating the results of these two operations we get
(for d = 4):

A (m)anpq + B(m)X(m+1)npq + C(m)X(mfl)npq
- _6anpq - anpq - anqm - qumn - qunp . (411)

Similarly, using the identity (4.3) in sequence for uv'en,, pv'en, uv'e,, pv'eq we get
from (4.10) a sequence of identities

A_(m)Xmnpq + BM)X (m41)npg + C (M) X (m—1)npq
= A_(n)Xnpgm + B(1)X(n+1)pgm + C(R)X(n—1)pgm
= A_(p)Xpgmn + B®)X(p+1)gmn + C(P)X(p—1)gmn
= A_(q)Xgmnp + B(@)X(g+1)mnp + C(D)X(g—1)mnp (4.12)

that can be solved for X(n4i1)ypgm» X(p+1)gmn a0d X(g4+1)mnp- Then substituting (4.9)
into (4.11) we get the recurrence relation for the integral Xmnpg (totally symmetric in
its indices):

1
(124+m-+n+p+q)/m(m+5)

Xmnpq =

2X(m 1)npq

{ (@m+3) (2n-+5)(2p+5) (2415) [5 (875+450(n+p+q)+25 (n*+p°+¢°)

+220(np+ng+pq)+104npg+10 (n®(p+q)+p* (n+q)+q*(n+p))

+4 (n®pg+np®q+npqg?) ) +m(m+4)(3754200(n+p+q)+100(np+ng+pq)+48npq)]

m—n—p—q—38 2(n+3)
+|: 2m+3 \/ m— 1 m+4 X(m72)npq+ 2n+5 VAL +5 X(m 1)(n—1)p
2(p+3 /7

+ 2p+5

5
(p+ )X(m n(p—1)q 2 +5

with the initial condition (here and in the following we take all interaction coefficients with
at least one negative index to be identically zero)

100
= —. 4.14
X0000 77 ( )

4.2 Recurrence relation for the G,,,pq integrals

To get the recurrence for the Gy integral (3.24m), in the auxiliary integral

[ e 2 e @reswges e
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we either (1) use the identity (4.3) for uv'e,,, or (2) use the identity
p' =2 —d—2sin’z. (4.15)
Equating the results of these two operations we get (for d = 4)
A—(m)Gmnpg + B(m)G(mH)npq + C(m)G(m—l)npq = —2Gmnpq — 2Xmnpq -

Thus the recurrence relation for the Gyy,p,q integral (totally symmetric in its indices) reads

1 m2+4m+5
Grnpg = —F——=|—2(2 5)X(m—1)n — 4G m—1)n,
pq m(m + 5) (2m + 5)X(m—1)npq om + 3 (m—1)npq
2m +95
- 2m + 3 \/(m - 1)(m + 4)G(m—2)npq (416)
with the initial condition
240
GOOOO - W . (417)

4.3 Recurrence relation for the K,,; integrals

To find the recurrence relations for the K,,,, integrals (3.241) we combine the methods of
two previous subsections. First, in an auxiliary integral

/02 dz ,u2 uu'em(x)en(w)ep(m)

sm- T

we either (1) use the identity (4.3) for uv/e,,, or (2) use the identity (4.15) to express the
Kynp integral in terms of an integral 0,5, totally symmetric in its indices:

g
Trmnp = / dz pep (x)en(z)ey(z) . (4.18)
0
Equating the results of these two operations we get:
A_ (m)Kmnp + B(m)K(m+1)np + C(m)K(m—l)np = —2Kmnp — 20mnp .

Now, to get the recurrence relation for the oy,,, integral we consider another auxiliary
integral

Trmnp = /02 dz p? (2)V (2)em (x)en(z)ey(2) . (4.19)

In this integral we either (1) use the identity (4.3) for uv’e,,, or (2) integrate by parts using
pw'v =d— 1, the identity (4.4), and the definition (4.18). Equating the results of these two
operations we get (for d = 4):

A- (m)amnp + B(m)a(m+1)np + C(m)a(m—l)np

1 Wm wm
= =5 A4+ (M) 0mnp — == B(m)0(ni1ynp + =~ C(M)0(mi1)np
1 wn w’l’b
- §A+ (n)amnp 7B(n)am(n+1)p + 7C(n)am(n—1)p
1 Wp wp
— §A+ (p)amnp — ?B(p)o-mn(p+1) + 7C(p)0mn(p,1) - 60mnp . (420)
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To eliminate o(,,41)pm and o(,41)mn from the equation above, we use the identity (4.3) in
sequence for pv'ep,, pv'e,, pr'e, to get from (4.19) a sequence of identities
A_(m)omnp + B(m)g(mﬂ)np + C(m)a(m—l)np
= A_(n)onpm + B(n)o(ns1)pm + C(1)0(n—1)pm
= A_(p)0pmn + B(P)ps1)ymn + C(P)0(p—1)mn (4.21)

that can be solved for o(,,41)pm and o(,y1)mp- Finally we get

1 m2+4m+5
Kipnp = —F———==|-2(2m +5 mfn+—4Kmfn
P m(m+5) ( m )U( Dnp 2m + 3 ( Dnp
2m +95
and
1
Omnp =
O+m+n+p+q)y/m(m+5)
20 (m—1)np 2, .2
5 (100 + 60 5
X{(2m+3)(2n+5)(2p+5)[ (100 +60(n +p) +5 (" + ")

+32np + 2 (n®p + p®n)) + m(m + 4)(25 + 20(n + p) + 12np)]

m-n—p—2>5 2(n+3
n [ VI =D T Domsym + T3 T 5oty

2m+3 2n +5
2(p +3)
+m\/ma(mfl)n(p71) (2m +5) (4.23)
with the initial conditions
3v/30 44/10
Koo =—— and ogp= ——. 4.24
000 - 000 73 ( )

4.4 Recurrence relations for the Y,,,;,q integrals

Using the identity (4.4) for pvel, in the definition of the Yy, integral (3.24b), Yy,npe can
be given in terms of integrals ,,,pq, Symmetric in the first and the second pairs of indices:

™

2
Soma = [ den(o)en(z)en(a)ey )y (o), (4.25)
namely
1 (.Um Wm
Ymnpq = §A+ (m)’)/mnpq + 7B(m)7(m+l)npq - TC(m)’y(m—l)npq . (426)

Now, to get the recurrence relations in the first pair of (symmetric) indices for the Ympq
integral we consider another auxiliary integral

™

Amnpg = /02 dz u2(J:)I/(x)em(x)en(m)e;(x)e'q(:c) . (4.27)
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In this integral we use identity (4.3) either for uv’e,, or uv'e, to get

A (m)’)/mnpq + B(m)’)'(m—&-l)npq + C(m)fy(m—l)npq
=A_ (n)’}/mnpq + B(n)rym(n—i-l)pq + C(n)/ym(n—l)pq . (4'28)

Then, integrating

/2
Vg + Yoy = [ v (emen) (1) (1}
0
by parts and using (4.3) for uv’e,,, and the eigen equation for (ue;,)l and (uez’g)/, we get:

Ymnpq + Ynmpq =—A_ (m)’}’mnpq - B(m)v(m—i-l)npq - C(m)’Y(m—l)npq

+ w2 Xgpmn + Wi Xpgmn — 8Agpmn — 8Apgmn » (4.29)
where
w/2 2,
Agpmn = /o dz sil;2 xe;epemen (4.30)

can be easily expressed with a use of (4.4) in terms of Ggpmyn integrals:

1 w, w
)\qpmn - §A+(Q)qumn + ;B(Q)G(q+1)pmn - ;C(Q)G(qfl)pmn . (431)

Now, equations (4.26), (4.28), (4.29) and (4.31) can be solved to yield the recurrence
relation in the first pair of indices of the 7y, integral. In particular, setting p = g = 0,

we get
B 1 <((2n 4+ 5)(24m +55)  5(2m + 7)>
m + 3) n—m—2
+(2n +5) < o \/ (M +5)Y(m-1)(n-1)00 + —5——5—V (7 = 1)(n + 4) Y (n—2)00
+5 2n + 3
16
+72X00m(n-1) + - <10G00m(n—1) - 3\/6G01m(n—1)))> - (4.32)

To get the recurrence relation in the second pair of (symmetric) indices for the ynpq inte-
gral we consider again the auxiliary integral (4 27) where we either (1) use the identity (4.3)
for uv'e,, or (2) use the identity (4.6) for uv'e;. Equating the results of these two operations
we get

16 — 4w? + 3wy

“mnpq
(w2 —4)(w2 — 1)
Wy w 32 Nz

Bla)-2e Clg)—4- _ —_
+ (q)wq+1 Ymnp(g+1) T C(a) wqil'Ymnp(q iy w2 — 4sin’x

A (n)’Ymnpq + B(n)’}/m(n—i-l)pq + C(n)’ym(n—l)pq = -

Apgmn - (4.33)
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Solving for v,,,np(g+1) and shifting the index ¢ + 1 — ¢ we finally get

- 1 1 215+ 12n +2n%)
Ymnpg = q(q ¥ 5) <<(2n + 5)(2n + 7) < q+2 5(7 + 2(]))

3(3¢+7)
(q+1)(2q+3)> Vmnp(g—1)

(n+1)(n+6) (¢—1)(g+4)
3)(2 5 m(n —-1) — mnp(q—
+(q+3)(2¢ +5) < (G +2)@n+7) metpe-D T (g 1 3) el
n(n+5)
(q+2)(2n +5) me=ra=D)
(2q + 5) 8(p+3)\/p(p+5) N 16(25 + 18p + 3p?)
(q+ 1)(q+ 2) 20+5 mn(p—1)(g—1) (2p+ 5)(2p+ 7) mnp(g—1)

8 3 1 6
_ (p+ ) 22§p++7 )(p+ )Gmn(p+1)(!I—1)>> . (4.34)

Equations (4.32) and (4.34), together with the initial condition

80

=% 4,
70000 = 17 (4.35)

provide the complete set of recurrence relations for the v, integrals.

4.5 Recurrence relations for the Wj;. integrals

To find the recurrence relations for the Wjjxi integrals (3.24e) we consider more general

Wik integrals,

us

Wit = /0 * do ex(x)e; (@)p(z)v(x) /0 " dyenm)ey)n®). (4.36)

and in the auxiliary integral

/2 dzei(x)ej(x)p(z)v(z) /m dy ex(y)ei(y) u(y) u(y)v' (y)
0 0

we use the identity (4.3) in sequence for uv'er and pr’e; and then substitute | = k + 1
to get

A_(B)Wijkks1) + BEWiier1) (1) + CEIWijt—1) (k1)
= A_(k+D)Wijrs1) + Bk + DWijrrr2) + C(k + 1) Wik - (4.37)
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Then we use identities”

1
Wiik(ks1) = it 1) (Xe+1)ijk — Xnije+1))
1
Wiik(ks2) = St 2 (Xkt2)iik — Xnijk+2))
1
Wiite-ner0) = ~ g (Xernioe-) — Xe-visen)

to solve (4.37) for Wij(u41)(k+1)- Finally, shifting the index k +1 — k, we get

Wijkk = Wijk—1)(k—1)
_ 9 1
(wWr = 3)(wi = 1) VEk(k +5

) (Xkijoe—1) = Xe—1yin)

wi — 1 (k+1)(k +6)
_ X g - X g
8wk(wk + 1) k(k + 5) ( (k:+1)7,](k71) (k*l)l](k+1))

wg — 1 (k—1)(k+4)

P =) =2\ kE+5)

(Xkijh—2) — Xk—2)ijk) - (4.38)

Thus the Wi, integrals are given in terms of Wjjoo integrals and Xp.q integrals. Now, to
find the recurrence for the W;jqo integrals we consider auxiliary integrals

/2 x
2 [ dep@pano @ee @) [ dmmemeal
w/2 x
+ / dz ) (x)ei ()e; (z) / Q) u) Wexealy)  (439)
0 0

and we either (1) use the identity (4.3) for uv'e; and pi'eg, or (2) integrate by parts using
p'v = d — 1, the identity (4.4), and the definition (4.36). Then, in the second of the
auxiliary integrals we either (3) use the identity (4.3) for uv'e;, or (4) use the identity (4.3)
for p/ej. These two pairs of operations result in the system of two equations that can be
solved for W(; 1)jx and W;(j;1)r. Then shifting the index i+ 1 — ¢ and setting k =1=10
we get:

1 (12i +25)(2j +5) | 5(2i + 9))
Wijoo = . + = Wi
7 (t+j+7)\J(G+5) << 2(2i + 5) 2(2j + 3) (j—1)00
. j—i—3
(27 +5) (2 15 \/?W(l -0 + L 25713 VG =1 + Wi 200
V3
a3 X0iG-1 ~ Ko~ ) 4.40
+ 14\/5( 10i(j—1) 01i(j 1)) ( )

"They are particular cases of a general identity
(wh — W) Wikt = Xiije — Xniji

that is easy to establish using eigen equation (2.11).
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with the initial condition

Woooo = 3008 °

4.6 Recurrence relations for the Wijkk integrals

The recurrence relations for the Wijkk integrals (3.24f) can be obtained in close analogy
to the case of W integrals described in the previous subsection. To find the recurrence
relations for the Wijkk integrals we consider more general Wijkl integrals,

Wit = /0 * dz el (o) (@) (@) () /O " dyen(m)ew)n). (4.41)

and in the auxiliary integral

/2 dx e;(x)e;(:):)u(x)u(x) /1’ dy er(y)er(y) u(y)n(y)v' ()
0 0

we use the identity (4.3) in sequence for ur'e; and pr'e; and then substitute [ = k + 1
to get

A_(B)Wijks1) + BEWiie1) (1) + CIWijt—1) (k1)

= A_(k+ D)Wijrs1) + Bk + DWijrrr2) + C(k + 1) Wijky - (4.42)

Then we use identities®

. 1

Wijk(k+1) = T

Mot 1) (Yebs1ykij — Yeht1)i)

_ 1
Wiik(kv2) = ) (Yeks2)kij — Yart2)ij)

] 1

Wiite-ne+r) = =g (YVesn -1 = Yoe-nervis)

to solve (4.42) for I/T/Z-j(kﬂ)(kﬂ). Finally, shifting the index k + 1 — k, we get

Wijkk = Wijk—1)(k—1)

) 1

2k +3)(2k +5)(2k +7) \/E(k 1 5) (Veig = Yieneis)

2k +5 (k+1)(k +6)
C16(k+3)(2k +7) k(k+5) (Yoo 1) (e—1)ij = Y- 1)kt 1)i5)
2k +5 (k—1)(k+4)
* 16(k +2)(2k + 3) k(k +5) (Yach—2)ij — Yib-2)kij) - (4.43)

8They are particular cases of a general identity

2 2
(Wi — Wi )Wijri = Yikij — Yiiij

that is easy to establish using eigen equation (2.11).
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Thus the Wijkk integrals are given in terms of WijOO integrals and Ygp.q integrals. Now, to
find the recurrence for the V_Vijoo integrals we integrate (4.41) by parts and (using eigenequa-
tion (2.11) for (ue})’) we get

= 2
Wikt = wi Wijk — 8Tk — Nijrt — Xijrt
where

/2 x)v(x *
Ty = /0 dz MDY e () /0 dy ex(y)en(y)uly) (4.44)

sin“ x

and
w/2 x
N = [ de o/ @el(z)es () [ dyenwelnnt).
0 0
Since the left hand side of (4.41) is symmetric in 75 indices we can write
Wik = WiWijn + wJQ-Wz‘jkl — 16T5jk1 — Nijrt — Njirr — Xijrr — Xjikt »

Now, integrating twice by parts and using (uv/) = —4pv and p/v = d — 1, it can be easy
established that

Nijri + Njitg = 4Wijp — /OW/Q pi eiejere
= AWijr + 2(d = 1) Xijr + Xijrr + Xjrii + Xaij + Xaijn
thus we finally get (for d = 4):
Wijoo = 2(17 4+ (i + 6) + 5(j + 6))Wijoo — 8T3j00 — Xooij — Xijoo — Xjioo — 3Xijoo (4.45)
with the initial condition

I7[/0000 = ﬁ .

To find the recurrence relations for the Tj;; integrals (4.44), needed in (4.45), we consider
an auxiliary integral

3 x)v(z r
|7 oD wewrei@) [ dvenmatint)
and we either (1) use the identity (4.3) for uv'e;, or (2) use the identity (4.15). This yields
A_()Tijr + BU) Ty vy + CUDTig-1ym = (2 — ) Tijrr — 2Wijn

and it finally gives

1 , 42+ (G +1)(F +3))
Tijoo = ——=—= | — 227 +5)W;(;_1y00 + . i
500 ) ( ( IWigi-1)00 213 (j—1)00
(27 +5)v([i -1 +4)
- % 13 Tij—2)00 | > (4.46)
with the initial condition 3
Toooo = 33
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4.7 Recurrence relation and closed form expressions for the V,,, integrals

To find the recurrence for the V;,,, integrals (3.24g) (symmetric in their indices), we consider

an auxiliary integral
w/2
2/ dx pvuv eme,
0

and we either (1) use the identity (4.3) for pv'e,,, or (2) use the identity (4.3) for uv'e, or
(3) integrate by parts using p/v = d—1 and the identity (4.4) for pve], and uve,. Equating
the results of these three operations we get (for d = 1):
2 (A— (m)vmn + B(m)v(m-i-l)n + C(m)v(m—l)n)
=2 (A— (n)vmn + B(n)vm(n—l—l) + C(n)vm(n—l))

1 CL)m wm
= —6Vin — §A+(m)an - 7B(m)v(m+1)n + Tc(m)v(m—l)n
1 wn wn
- §A+(n)an - jB(n)Vm(nH) + 70(”)Vm(n—1) . (4.47)
These system can be solved for V(,,;1), and Vj;,(,41). Shifting the index m +1 — m we
finally get
Voo 1 2 (m(m+4)(12n+25)+5 (n?416n+30))
" (mAnAT)/m(m5) (2m+3)(2n+5) (m=1)n
m—n—3 2(n+3)
+(2m+5) <2m_|_3\/ (m—=1)(m+4)V(m—2)n+t 245 n(n+5)V(m—1)(n—1)>> ;
(4.48)
with the initial condition A
Voo = = (4.49)

Interestingly, the solution of the recurrence relations (4.48), (4.49) can be found in a
closed form:”

2(m 4+ 1)(m + 2)(4m + 15)

Vm = e o B em + 1)
v ~ (m+1)(8m + 25) m
mm=1) 7 TT6(2m + 5) m+5’
m—n +1)5
Vo M1 2 gy [ (R 4.50
5(n+3) 1) (4.50)

where n¥ :=n(n+1)...(n+k—1), k> 0.

9The solutions can be found by Mathematica if sufficient number of initial values of the sequences Vi,
Vim+1)ms Vim+2)m, - .. are generated.
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4.8 Recurrence relation and closed form expressions for the A,,, integrals

To find the recurrence for the A,,, integrals (3.24h) (symmetric in their indices), we inte-
grate by parts using

pven e = (/weme;)/ — Ve (ue;)’ — ' emel,

and the eigen equation

8
—5€n -
sin® x

Then symmetrizing the result as A,,, = (Amn + Anm) /2 and using

(,u,e;l)/ = —uwien +

1 1 1
—— /! (emeil + e;nen) =3 (w/emen)/ + = (,ul/)/emen

2 2
together with (uv') = —4puv we finally get
1

A = 5 (w2, + w2 — 4) Vi, — 8Qumn » (4.51)

with -

:
Qmn = dz — 5 €mE€n . (4.52)
0 sin®

The recurrence relation for the @, integrals (symmetric in their indices) can be easily
obtained in analogy to the K,,,, integrals: in an auxiliary integral

us

2
/ dx M2 v emen
0

Sm- T

we either (1) use the identity (4.3) for uv'e,,, or (2) use the identity (4.15). Equating the
results of these two operations we get (for d = 4):

Shifting the index m 4+ 1 — m we finally get
2m+5 4 (m?*+4m+5) (m—1)(m+4)
Qmn = (m—1)n" Q(mf2)n_2‘/(mfl)n )
m(m+5) \ (2m-+5)(2m+3) 2m+3
(4.54)
with the initial condition
Qoo = 2. (4.55)
Interestingly, the solution of the recurrence relations (4.51), (4.54), (4.55) can be found in
a closed form:*?
o 4(m +1)(m + 2)(m + 3)(4m? + 18m + 15)
mme 3(2m +5)(2m +7) ’
4 _ 2(m+1)(m+2)(4m? + 11m + 5) m
m(m=1) ~ 3(2m +5) m+5’
nsl 4 (n+1)5
Apn "2 (0 + 3)(15+ 6(2n — m) + 2n° — m?)y | ———— . 4.56
1+ 315+ 62— m) Wi u

0The solutions can be found by Mathematica if sufficient number of initial values of the sequences A,
Am+1ym> A(m42)m,- - - are generated.
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5 Preliminary numerical results

As it was stressed in section 1, investigating the problem of the AdS stability by solving
numerically the Einstein equations (2.3), we can never have access to the ¢ — 0 limit (as
the instability can be expected to be revealed at the O (6_2) time-scale at the earliest).
On the other hand due the scaling symmetry

Ci(1) = eCy (527‘) and Pi(7) = P; (627') , (5.1)

i.e. if Ci(1) and ®(7) are a solutions to (3.43) so are ¢ C; (¢7) and ®; (¢?7). Thus, the
solutions of the resonant system (3.43) capture the dynamics at O (5‘2) time-scale exactly
under assumption of neglecting the effects of non-resonant terms (the neglected higher
order terms affect the dynamics on longer time-scales O (e_k) with integer £ > 2). Of
course, to solve (3.43) numerically one has to introduce some truncation in the number of
modes present in the system, i.e. to introduce upper limit N in the sums in (3.43). Anyway,
it would be desirable to solve the resonant system (3.43) numerically for some model initial
data (for example two-modes initial data that were already intensively studied in the past
for the massless scalar field in 3+ 1 [7, 21, 37], in 4+ 1 [26], and in higher dimensions [38])
to check for a convergence between

1. the solutions of (2.3) with initial data B(0,z) = ef(z) and B(0,z) = eg(x) in the
& — 0 limit,

2. the solutions of (3.43) with initial data inferred from By (0,z) = f(z) and B1(0,z) =
g(x) in the N — oo limit,

and the existence of a finite-time blow-up in the resonant system, cf. [26]. Also, one of
motivations to study higher orders in perturbation expansion [15, 32] was to lay the foun-
dations for constructing the resonant system for arbitrarily gravitational perturbations.
Although construction of such system should be conceptually straightforward after the
model case [22, 23] and the present study, technically if would be a formidable task. Thus,
before attacking such problem, it would be desirable to know if, with the presently nu-
merically accessible cutoffs N, one can rely on the solutions of the resonant system (3.43)
obtained under simplifying symmetry assumptions (1.2). Unfortunately, it seems from the
preliminary results of Maliborski [39] that numerical integration of the resonant system for
the ansatz (1.2) is much more demanding then the analogous problem for the spherically
symmetric massless scalar field system in 4 4+ 1 dimensions [26]. Namely, even with the
cutoff N = 500 it was very difficult to establish what is the decay rate of the energy power
spectrum: the obtained results seemed not to converge to the decay rate —5/3 reported
in [19], and were giving some values between —2 and —5/3 depending on the fitting time
and the range of modes used in a fit [39]. It would be very interesting to revisit this problem
again.
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A Vanishing of the secular terms at the second order

We prove that all the secular terms vanish at the second order in . The interaction
coefficients due to quadratic nonlinearity are

sinz

w/2
Kjpn = /0 ej(x)eg(x)en(x) dx . (A.1)

cosd z

Using y = cos(2x) and the definition of eigenfunctions (2.12) we have

en(y) ~ (1= y)(1+ )’ PP (y). (A.2)
Then, using the formula
—Q — dn ar+n n
PEAy) ~ (L=y) (1 +y) 7 (A =y (1 +y)7) (A3)
T
we get
1 dn N "
Kjpn ~ /1(1 ) PR (1= ) ()P (A.4)

Integrating by parts we find that Kz, = 0 if
n>j+k+2 (A.5)
(because (1 + y)QPj(S’Q)PE’Q) is the polynomial of order j + k + 2). For the resonant terms

wp = wj + wg, hence n = 3 + j + k. Thus, the coefficients of the resonant terms vanish.

B Calculation of Sl(?’) and vanishing of some secular terms at the third
order

To obtain Sl(3) =(S03), er) we follow closely the work of Craps, Evnin & Vanhoof (2014) [22].
Our calculation is very similar to that described in appendix A of their paper, therefore
we will only give a brief picture and final results.

To get As(t, z) from (3.8) in terms of the first order solution (3.3) we use identities:

(,u (egej — e;ei))/ = (ou]2 — w?) peje;, (B.1)

8
(1 (wieie; — wfe}ei))/ = (wj —w) p <6;'€§ + SiIIQ.’,Ueiej> (B.2)
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that are easily established from the eigen equation (2.11). Using these identities we get

A2 (t, QZ)
9
3 40 0500 () (0 o) 050 (0)eo) ) )
Z?’g]' ’
@) Y [ |60 () st )+ 0o | utas. (B.3)

Using the symmetry in 4, j indices under the first sum and integrating by parts and using
the eigen equation (2.11) under the second sum, we finally get

éi éj LL)JQ'CZ' Cj ’
) gy 5 SOSO LS00, o
i?gj ’
)Y [C?(t)u(w) i) +Qut) [ ulw) dy] . (B4)

i
where Q;(t) = ¢2(t) + w?c2(t) and Q; = 0 from (3.4). Using this identity and (3.4) again it

follows that .
A2 (ta x)

) 90(w) 3 ety () €4 (des ) (B.5)
2
Now, with (3.4) and (B.4), (B.5) it is straight forward to establish that:
<A231, el> w2 c
koo
— = -2 Z w2k_ 7 (éic; + W?Cicj) Xijkt — Zw% cr (¢ Xiiwt + Qi Whaai)
i,5,k 7 g 1,k
i#]
(B.6)
<A231, €l>
=2 Z Citicr Xiji s (B.7)
.5,k
<ﬁA2Bl’ €l> Ck > 2 % 2 ¥ T
5 =2 Z 55 (Ci¢j +wicici) X + ch (Ci Xiikt + Qi ka) )
B ik i T ik
i#]
(B.8)

where the interaction coefficients Xj;r;, Wi, Xijkl and Wijkl (i.e. integrals of products of
AdS linear eigen modes and some weights) are defined in (3.24).

To obtain <5231, el> and <5231, el> contributions to the source Sl(g) we use (B.1) and
integrate by parts:

<5231, €z>

-2

/2 @ )
= Zk:ck/o da ju() ek(w)ez(w‘)/o dy p(y)v(y) (312(t7y)+3f(t7y))

~ 31—



—wZe [T/? P .
=3 2 [ e (o) (@) —cien @) [ dyutut) (B2 0+ B0w)
k

2
Wi —wj,
k#l

I

/2 T .
—wi Cl/o dx pi(x) 6?(%)/0 dy p(y)v(y) (Biz(tvy)JrBf(t,y)) : (B.9)

I

Now

w/2 ‘
I = —/0 dx p(z) (62;(1‘)&(33) — eg(x)ek(a:)) w(x)v(x) (Bf(t, ) + B%(t, x))
Zi,j(cicje;e}'f‘éic'jeiej)

==Y Gl (Xpiij — Xinig) + cic; YVitij — Yikij)) (B.10)
i.j

and

Iy = /07r/2 dx p(x)el(x) /07r/2 dx p(z)v(zx) (B?(t,x) + B%(t,x))

(e, er)=1
w/2 o y z )
- [ dsnwo) (B2 + Bieo) [ dyateo)
= Z (¢i¢jPiji + ciciBiji) (B.11)

0]

where the interaction coefficients Xjjx, Yijui, Piji and B;j;; are defined in (3.24). This gives

<52B1, €z>

—2
. w,% Cl L. 2 ..
= a2 1665 (Xnaij =Xuwig)+cicy (Veij = Yinis)] —wi a_ (¢i¢Pyiteici Biji) -
.7 ',k 1 %L .7 L
poot "
(B.12)
Similarly
<52317 €l>
—2
Ck . . ..
=-> PR [i¢5 (Xntij—Xunig)Fcic; Veij—Yinig)J+¢1 D 0 (éi¢; Pijitcic; Bij)
.’ ’,k l - k .7 .
peot "
= — Z _ % {ciej [~w? (Xnaij—Xinij)+Yiaij—Yinij)]
(/.)2—0.)2 1Cg i klij lkij klij lkij
ik LTk
k£l
ejés [—wi (Xntij—Xikig)+ Vet —Yinis)| }
+¢ Z [CZ'C'j (—wiziDijl—l-Bijl)—l-CjC'i (—W?Pijl—i-Biﬂ)] . (B.13)
(2]
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Now from

Ay — 0y = —Ay — —5—puvBj (B.14)
v sin” x
and (B.4) we get
(A3 — 03) By, e1)
Ck (c’ic'j + w?cicj) ) -
=—4 ”Zk w? —y Hijp — 2 ; ek (¢ Hign + QiMyi) — 16% ciCick Xkiij

(B.15)

where the interaction coefficients H;jxi, M5, and Xijkl are defined in (3.24). Finally
1 3
——B}, e ) = cicjanGiju (B.16)
i’j’k

where the interaction coefficient Gjji; is defined in (3.24m). To make the time dependence
in (B.6)—(B.16) explicit we gather some trigonometric identities (cf. (3.5)):

1
CrCiCj = Zakaiaj

x (cos (Hi—ej—ek)-i-cos (0¢—9j+6k)+cos (92‘+9j—9k)+(308 (0i+9j+9k))
(B.17)

.. 1
CkCiCj = Zakaiajwiwj

X (cos (0;—0;—0)+cos (0;—0 40 ) —cos (0;+60;—0 ) —cos (0;+60+6%))

(B.18)
.. 9 1
CL (cicj—l—chicj) = Zakaiaj
X [wj (wj+w;) (cos (0;—0;—0)+cos (0;—0;+6}))
+w;j (wj—w;) (cos (0;+6;—0y)+cos (6;+0;+6%))] (B.19)
1 1
et = iaka? cos(@k)+1aka% (cos (20;,—0y)+cos (20;+6%)) (B.20)
Qi = apalw? cos by . (B.21)

Using these identities it is straightforward to establish that (for the future convenience we
underline some terms that are convenient to be summed up or we indicate a convenient
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change of indices in some other terms)

1
8< ) Ay Bi, el>
sim- T

~ W ik jerk
=8 Z a;a;arXijpl o _J ‘(cos (0; —0; —0y) +cos (0; —6; + 0y))
05,k J t
i#]
ny
%TJM (cos (0; + 0 — 0r) + cos (6; + 0; + b))
- 42 aZay, [(2X¢ikl + 4Wi2Wkliz’) cos(01) + X (cos (20; — 0;) + cos (26; + 9;6))} ,
i,k
(B.22)
(A3 —83) By, er)
W ik jk
= — Z aiajakHZ-jkl . (COS (91 — 9j — Hk) -+ cos (01 — Hj + Gk))
i,k J '
i#]
chjf o (cos (6 + 0 — 0;) +cos (6; + 0; + b))
~ i<k jerk
— 42 aiajakalij(cos (91 — 9j — Qk) + cos (91 — 9]' + Qk)
1,5,k
+ cos(6; + 0; — 0r.) + cos(0; + 0; + 1))
1
-3 Z a?ak |:(2Hiikl + 4wz‘2Mkli) cos(0x) + Hjig (cos (20; — 0x) + cos (20; + 0x)) | ,
ik
(B.23)
2 <A2B17 el>
. ik jek
=2 Z aiajakw,%Xijkl [ w_ o (COS (QZ‘ — 9]' — Qk) —+ Cos (91' — 9j + Hk))
i,k 4 !
i7#]
chjf o (cos (6; + 05 — 0r) +cos (6; + 0; + b))
+ Z a?akwi [(2Xiikl + 4wz-2ka) cos(0x) + Xiix (cos (26; — 0x) + cos (20; + Qk))} ,
ik
(B.24)
(o, )
jek
= — Z aiajakijkXijkl COS <9k — 9]' — 91) -+ cos (0k — 0]‘ + (91)
4,5,k
ik
—cos (0 +6; —0;) —cos (6 +6;+6;) | , (B.25)
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-2 <5231, el>

w}% n ik jerk
= Z aiajakm Zijk:l(cos ((91' - (9j — 91€) —+ cos (Qi — 9j + Qk))
irjsk ! k
k#l

— 7

k1 (cos (0 + 05 — b)) + cos (0; + 0 + b))

- Z aiajalwf [(wiijijl + Biﬂ) (COS ((91 — 0]' — 0[) -+ cos (91 - 9]' + 0[))

]

— (wiw;j Pyji — Biji) (cos (0; +6; — 6;) +cos (0; +6; +6,))] , (B.26)
- <52-Bla €l>
1 w ik Jjk
= —5 Z aiajakiw? —kwi [(wz — wj) Zi—;kl(COS ((91 — Hj — Gk) — COS (92 — 9]‘ + Qk))
1,7,k
k:;él

+ (wi + w]‘) Zi;lcl (— CcoS (Hi + 9j — Hk) + cos (91‘ + 9j + Qk))

1
+ 3 Z a;a;awy [(wi — wj) (wiw; Piji + Biji) (cos (6; — 0; — 6;) — cos (0; — 6 + 6))
47j

+ (w,’ + w]‘) (wiijijl — Bijl) (— CcOos (91' + 9]‘ — 91) -+ cos (92‘ + 9j + 91))] ,
(B.27)

where the interaction coefficient Z;kl is defined in (3.24d). The sum of the underlined
terms in egs. (B.22)—(B.24) gives:

Z ] a;a;jay (—8Xl‘jk;l—Hijkl+2wl%Xz‘jkl) (cos (0;+0;—0))+cos (0;+6,+6%))

ik Wit
i#]
1 ~
+§ Z a?ak (_8Xiikl_Hiikl+2W]%Xiikl> (COS (29i—9k)+COS (2‘9i+0k))
i,k
Wi ~

= " '_Zw' a;ajag (_8Xijk:l_Hijkl+2W]%Xijkl) (COS (9i+«9j—¢9k)+cos (0i+9j+9k)) .

dgk 7"

(B.28)

Now, interchanging indices in some terms as indicated in egs. (B.22)—(B.27), we finally
get (3.23).
One can prove that for <ﬁB1B2, el> all secular (++ +) and (+ — —) terms vanish.

After simplifying we get
— /ci(t')cj(t') sin (wt’)dt'|y—¢ cos (wt) +/ci(t')cj(t') cos (wit')dt'|y—¢ sin (wyt)

B la'a' (_ cos(0; —0;)  cos(0; +0;) n cos(6; — 0;) N cos(6; + 0;) ) (B.29)
I Wi — W —WEp wWitwj—wp W —Wwj W Wi Wt wg ’ ’

4
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where w; —wj —wp # 0, wi +wj —wr, # 0, w; —wj +wi # 0, w; +wj +wy, # 0. Multiplying
by ¢ (t)/wi = @ cos(by,)/wi, we obtain

1 cos(6; — 0 + 6,)  cos(; +0; —6p,)
= %% 0m 002 o2 . N2 2
4 (wi —wj)? —wi (wi +wj)? —wy

cos(b; —0; — 0,,)  cos(6; +0; + Gm))

(wi — wj)?

B.30
—w? (wi +wj)? — w? ( )

This expression is multiplied by KjjjKpp. Using (A.5) we get:
1) for the (+ 4+ +) terms:

witwjtwn=w=>i+j+m+6=1,
k>i+j+2=>Kijk:0,
I>k+m+2=k<i+j+4= Ky =0,

which means that for every k € N at least one of the conditions Kjj;, = 0 or Kjpm = 0
is satisfied, so the whole term always vanishes.

2) for the (+ — —) terms:

Wi—Wj—wpm=w=>1i—j—m-—6=1,
i>j+k+2=k<i—j—-2= K =0,
k>l4+m+2=k>i—)—4= Ky =0,

or

Witwj—wy=—w=i+j-—m+6=-1,
E>1+j+2= K, =0,
m>l+k+2=>k<i+j+4= Kipu=0,

so the whole term always vanishes as in the previous case. A similar analysis for the
(+ + —) case does not imply that K;;, Ky, always equals 0. For the special cases
wi —wj—wp =0, wj +wj —wr =0, wj —w;j +w = 0 the secular terms vanish as
K;ji, = 0. There are no terms in the sum that satisfy w; + w; +wp = 0.

For the lower limit ¢ = 0 secular terms would appear if wj £ w,, = Fw;. In this case
Ky = 0, so there is no contribution.

There are also no secular terms in <ﬁ3f, el> for the (++ +) and the (+ — —) case.
Equations obtained in the way analogous to (A.1)—(A.5):

m/2 sin z

Gijhn = /O ei(w)e(@)er(z)en(z) s, (B.31)
' 1p(32) p3.2) p(32) 4" 5 2

Gun ~ [ 1=+ PPIPPIPP ST (1=t ) (B2
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imply that Gjp, = 0 if
n>i1+j5+k+5 (B.33)

(because (1 —y)(1+ y)4PZ-(3’2)Pj(3’2)P,£3’2) is the polynomial of order i + j + k + 5). For the
resonant terms w, = w; + wy + wj, hence n = 6 + ¢+ j + k, which means that the resonant
(+++) or (+ — —) terms in <ﬁ3{’, el> always vanish.

We read the coefficients Qijxi, Usjit, Sijri, Rir, 17 in (3.27) from the source term (3.23)
and apply identities (3.37) to finally get simplified expressions (3.36), (3.35), (3.34),

(3.33), (3.32).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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