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This paper deals with a theoretical and experimental study about the nonlinear behavior of metals
subjected to intense ultrasonic, flexural vibrations. In the theoretical analysis a one-dimensional,
second-order wave equation is established and solved by means of the successive approximation
method. The solution for "standing, flexural waves is obtained by applying the superposition
principle. Spatial distributions of force, momentum, and particle velocity are derived as well as the
waveforms. The experimental study is carried out with resonant, prismatic bars driven at their
central sections at frequencies in the range of 20—30 kHz. The samples are driven by means of a
piezoelectric transducer. The vibration amplitudes and waveforms are monitored by using a laser
vibrometer. Good agreement is found comparing the experimental and theoretical results. © 1995

Acoustical Society of America.

PACS numbers: 43.25.Vt, 43.35.Yb, 43.40.Cw

INTRODUCTION

It is well known that, only in the case of infinitesimal
amplitudes, the vibration of elastic solids can be described
by linear laws. In fact, if the vibration is of finite amplitude,
the strain and stress tensors contain higher-order terms and
they are no longer linearly related.? As a‘consequence, the
equations of motion become nonlinear.* Therefore, vibra-
tions in high-power transducers, which are of finite ampli-
tude have to be studied in the nonlinear range. Two types of
waves are commonly applied in these transducers: Exten-
sional and flexural waves.’

In the literature there exists a number of theoretical and
experimental investigations about the behavior of nonlinear,
pure longitudinal,3'4'6‘8 and transverse’ progressive waves.
But few analyses are found about extensional and flexural
waves. In addition, finite amplitude standing waves have
been scarcely studied and the majority of the published
works refer to fluids.'%!! Nonlinearly vibrating, elastic solids
in resonance have only recently found the attention of some
investigators'> considering longitudinal finite amplitude
waves. Extensional standing waves, being the most common
ones in high-power ultrasonic transducers, were studied pre-
viously by the authors of this paper.> No information is
found about flexural standing waves.

In this paper, a theoretical and experimental study of
finite-amplitude, flexural standing waves in resonant bars of
perfectly elastic, isotropic solids is presented. The theoretical
analysis establishes a one-dimensional, second-order flexural
wave equation which is solved by means of the successive
approximation method.'* The solution for standing flexural
waves is obtained by applying the superposition principle.
The experimental study is carried out with resonant, pris-
matic bars driven at their central sections at frequencies in
the range of 20-30 kHz. The samples employed in this study
are made of titanium alloy (Ti 6Al 4V) which is commonly
used in the construction of high-power ultrasonic trans-
ducers.®

1742 J. Acoust. Soc. Am. 98 (3), September 1995

0001-4366/95/98(3)/1742/9/$6.00

I. THEQRY

This study considers flexural waves in an isotropic, pris-
matic bar with small d/\ and A/\ ratio (Fig. 1) (d and A
being the two transversal dimensions of the bar and A the
wavelength in the material). Under these conditions it is as-
sumed that the vibration of the specimen can be described by
a one-dimensional model. In the present approach losses are
neglected. This assumption can be justified by taking into
account that the studied solids are polycrystalline metals in
which the dissipation energy is small. Only second-order
terms of the strain are considered.

A. Second-order, one-dimensional wave equation

The finite amplitude, flexural wave model is based on
the nonlinear elasticity theory. All equations in this paper are
expressed in Lagrangian coordinates. We call a the coordi-
nate along the axis of the bar (Fig. 1). The temperature of the
system is considered to be constant and, therefore, all the
elastic constants involved correspond to constant tempera-
ture, We consider an isotropic material in which only one-
dimensional flexural waves are propagating so that the dis-
placement is- normal to the propagation direction and the
strain is produced only in the direction of propagation. The
wulasll—known one-dimensional, linear, flexural wave equation
is

I u Po Fu )
9a° YKl ot

The momentum and the shear force are given by'’

3 u
m= _SYOK (9(12 ’ (2)
_om Sy Fu 3
f=3;= 0K” 377, 3)

where u is the displacement, g, the density at the initial state,
Y, the Young modulus, S the cross-sectional surface area of
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FIG. 1. Scheme of a prismatic bar.

the bar, and « the radius of gyration. For a parallelepiped bar
kK = h/ \/ﬁ

The linear, extensional strain for every longitudinal ele-
ment dz (Fig. 1) results to be,

5 PFu

n= K o3 (4)
In a second-order approximation, the stress expressed in
Lagrangian coordinates (the Piola—Kirchoff t(ensor) is
P=Y,n+Y,5".! Taking into account (4) it results

5 P u 5 Pu\?
P=_YOK ﬁ‘}_yl K W y (5)
where
R*GN*+2u%)
N
and
[, mFOGNE2u%) ut?
wENF+2u%)? 3IN#2 ‘
— m+ 3 n) 2
2(NF+ pu¥) anFr )"

being N* and p* the second-order elastic moduli (I_Lamé co-
efficients) and [, m, and n the third-order elastic moduli
(Murnaghan coefficients).”” The momentum in second-order
approximation is

m=Sf Pda. (6)

The conservation of the linear momentum law leads to the
nonlinear wave equation:
u Ju J ( (?3u) 2

i (U SR L P b

P (7

The nonlinear behavior of the material is usually described
by the nonlinearity parameter which can be defined as the
ratio of the coefficient of the nonlinear term to the linear one
in the wave equation (7).'® The nonlinearity parameter value
depends on the wave-type considered. From the one-
dimensional approach it is shown that the nonlinearity pa-
rameter for flexural waves is Br= k*( Y /Yy = KZAB,; , being
BE the nonlinearity parameter for extensional waves. If B is
known for the studied material, Eq. (7) is perfectly defined.
Note that the nonlinearity parameter for flexural waves de-
pends on the geometry of the bar. To solve Eq. (7} the suc-
cessive approximation method is applied.'* This method as-
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sumes a solution based on an addition of two terms in the
form u=u,;+u,, , where u, represents the first-order approxi-
mation and u,, the second-order approximation. Substituting
u in Eq. (7) we obtain

(,72111 (?414

]
Po W"’Y()K2 WZO, (8)

for the first-order approximation, and
A u F*u

g ——35 + Y K2—:
Po 12 0K 58

- d (a%t Ak "
K — |-
' ba \ 9a° ) )
for the second-order approximation.

It was assumed that [Kz(ﬁ‘zu/&a‘?)]zz[Kz(azu,/ﬁag)]z,
i.e., all the terms of third or higher-order in the linear strain
expression were neglected. ‘

For a time harmonic wave, i.e., u;=e'“' U(a), the gen-
eral solution of Eq. (8) is"’

Ltlzej”"(Alefj““+Blef"“+ C,ej’“'-f-Dle““), (10)

with A,, B;, C,, and D, being constants, w being the angular
frequency, and p = 4\/pwz/ Yo«2. If only a progressive wave
is considered, traveling in the forward a direction, Eq. (10} is
reduced to

u=el"(Ae M+ B ). (11)

Note that the second term in Eq. (11) decays exponentially
with the propagating distance. For example, after a propagat-
ing distance of only A10 it is already reduced by 90%.
Therefore, for a progressive wave this term is only signifi-
cant close to the source. Nevertheless, we are interested in
the construction of a compound wave where terms of the
type ¢“* might appear [see Eq. (10)] and the dimensions are
of the order of A/5. For this reason these terms cannot be
ignored in this study.

From Eqgs. (11) and (4) the linear strain in the bar can be
easily obtained. In Fig. 2 the linear strain and the velocity
distribution of a bar which is flexurally excited at its central
section 1s compared with the linear strain distribution of an
extensionally vibrating rod excited at one end with the same
amplitude and frequency. It can be observed that the maxi-
mum strain amplitude is about five times lower for flexural
vibration than for extensional vibration while the maximum
velocity amplitude for the same conditions 1s 1.6 larger for
the flexural vibration. This linear, theoretical result is very
important for practical applications. In fact, it indicates that
flexural vibrations are very appropriate for high-power ultra-
sonic applications where large displacements of the constitu-
ent materials of the transducers are required, keeping the
strain small to avoid fatigue problems.

Substituting Eq. (11) in Eq. (9), we obtain an inhomo-
geneous, linear equation which can be solved by classical
differential equation methods. The solution results are

u"[:(Ce—j\@p.a_i_Def\7/Ltl+de*2p.a+be—j2,ua
+Ce*(l+j)p.a)ej2m/ (12)

where d=—pp(Bi/6), b=jpp(A}l6), c=—pplA,B/
8(G—1)], pF:BF-,LL3, and C and D are constants depending
on the initial conditions.
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FIG. 2. Theoretical strain and vibration velocity distribution in a prismatic
bar vibrating at its first flexural mode (: ) and in a rod vibrating at its

frequency.

As in the case of linear progressive flexural waves, there
are some terms in Eq. (12) which decay exponentially with
the propagating distance. Again, for large propagation dis-
tances these terms can be neglected while for the construc-
tion of the standing waves they are significant.

For sinusoidal excitation, the initial conditions are

u(a=0,t)=uy(t)=uge!’, f(a=0,t)=0. (13)

By introducing these conditions in Eqs. (11) and (12) the
solution takes the form:

ug(r)
1+j

u(a,n)= (e"i"“+je_”‘“)+Ce_fﬁ"“

2

~ ug(1) 3
—\2pa__ A B

*+De PF 13 _(4(,'—1)

Xe—('+j)"‘“+e_2""—e_j2"‘”) (14)
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FIG. 3. Theoretical displacement distribution in a semi-infinite bar vibrating
flexurally. Linear (-..-..-..-..-.). Second-order approximation ( ). Initial
displacement, #;=665 um. Frequency, f=23900 Haz.

being

oo 422D jb2 N2~ cl(1-j+ 2)\2]
- (1+)) ’

e —d(2\2+j)+jb(2\2— D)+ e[ (1 — j— j2)12]
(1+)) ‘

The coefficient pp and the initial amplitude determine the
amplitude of the second-order component. This coefficient
depends on the nonlinearity parameter, the frequency of the
wave, and the geometry of the bar. Note the differences of
this solution compared to the known solution for nonlinear
longitudinal, progressive waves:* First, the dependence of
the flexural solution on the particular geometry of the bar by
means of the parameter «; second, the presence of spatial
amplitude terms of the type e V214 e, for flexural waves
the spatial modulation contains not only terms with twice of
the wave number coefficients (one-half of the wavelength)
but also with v2 coefficients. Moreover, the amplitude of the
second-order component does not increase linearly with dis-
tance to the sinusoidal source. In Fig. 3, the solution of Eq.
(14) is represented and compared to the linear solution. Note
the small amplitude of the second-order component for the
very high displacements considered. This result is in agree-
ment with the linear results presented in Fig. 2.

B. Nonlinear, flexural standing waves

The main objective of this work is the study of nonlin-
ear, flexural vibrations in resonant systems such as finite
bars. To approach this problem, we consider a one-
dimensional flexural wave traveling along the axis of the bar,
incident on the boundary where it is reflected in opposite
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that the conditions for linear and second-order resonance are
different. In Fig. 4, the distribution of the displacement is
shown at four different times within one period. It is ob-
served that the harmonic generation increases with growing
distance from the sinusoidal source. It is also found that,
while in the linear approximation the nodes are perfectly
defined, in the second-order approximation the locations
with zero displacement amplitude change with time, i.e.,
they are not real nodes. This result follows from the fact that
the amplitude of the second harmonic is not null at the node
of the fundamental. For the same bar under the same condi-
tions, Fig. 5 shows the force and momentum for the linear

Displacement (m)
|

4‘ - - .
164 and the second-order approximations. It is apparent that the
-2E4 I i F BE+3 ]
-0.02 0.00 0.02
Spatial coordinate (m) ]
FIG. 4. Theoretical distribution of displacements of a constani section bar 4E+3 |

vibrating at its first flexural mode at four different times witkin a period.

Linear (-..-..-..-..-.). Second-order approximation ( ). Dr ving ampli- |
tude =10 m/s. Maximum amplitude «,,=16.5 m/s. Nonlinearity param-
eter B,=50.

direction. To set up a standing wave pattern we assume the
superposition of two waves of finite amplitude traveling in
forward and backward direction,13 i.e.,

Force (N)
3
1

u=u,+u,. (15) e
The expressions for the linear and nonlinear components of 7
the forward wave (u,, and u,,;,) are shown in Egs. (11) and
(12), respectively, while the expression for the backward 8E+3 | r I . I
wave takes the form: 002 000 002
1y (1,a) = (A elh+ Byeh?) + e201( € e THa B Spatial coordinate (m)
)
+ D2€ \/7#0 + d2€2#a+ b2€j2#a+ C26'(1 +j”J'a).
(16)
To apply the boundary conditions, the specific system has to 20 ]

be defined. The case studied here is a bar with free ends
driven at the central section (Fig. 1). For this geometry and
excitation, symmetry is given with respect to the central
plane and, thus, it is sufficient to consider only one-half of
the bar.

The boundary conditions are

I

Momentum (Nm
5

Jor u
u(a=0,t)=ug=Uye!*, 2 a:0=0, o |
fla=1,6)=0, m(a=1,1)=0, (17) |
fa=0,1)=0. (resonance condition) 0 I . T » I
Applying the boundary conditions and neglecting again all 0,02 0.00 )
third and higher-order terms of k2 (3*ulda®), the values of Spatial coordinate (m)

the constants are obtained as a function of u,. Applying this
result to the particular case of a prismatic resonant bar of
constant cross section at 23 kHz and assuming the nonlinear-

ity parameter 8= 50 we obtain for the displacement, force, approximation ( ). Driving amplitude =10 m/s. Maximum ampli-
and momentum the curves represented in Figs. 4 and 5. Note tude ii,,,,=16.5 m/s. Nonlinearity parameter 8,=50.

FIG. 5. Theoretical distribution of force and momentum in a constant sec-
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FIG. 6. Experimental setup.

largest differences occur at the center of the bar where the
momentum is maximum. Nevertheless, the calculations
make clear that the harmonic generation is generally low
even if the displacement amplitudes are very high (vibration
velocity amplitudes up to 16.5 m/s). This result is expected
because of the previously shown low strain amplitudes pro-
duced by flexural vibrations.

ll. EXPERIMENTS

The experimental setup for measuring the amplitude and
frequency components of the particle velocity at different
points along resonant specimens is shown in Fig. 6. It con-
sists of a driving system to excite the samples at resonance
and a data acquisition equipment.

A. Excitation system

The excitation system consists of a specially designed
electronic generator and a piezoelectric transducer. The elec-
tronic generator used to drive the transducer implements a
feedback system to automatically adjust the excitation fre-
quency to the transducer’s resonant frequency.” In addition,
a newly designed switching circuit produces periodic inter-
ruptions of the excitation signal; this controls the time of
excitation to keep the temperature of the sample constant.'®
The driving transducer, a resonant system at about 23 kHz, is
constructed from an assembly of two half-wave elements: A
piezoelectric sandwich and a stepped horn (see Fig. 6). The
sandwich element consists of four piezoelectric ceramics be-
tween two metallic cylindrical rods. The stepped horn acts as
a mechanical amplifier to achieve higher vibration ampli-
tudes at its thinner termination where the sample is attached.

B. Samples

The samples, made of a titanium alloy (Ti 6Al 4V, a
material commonly used in the construction of high-power
transducers), are designed as prismatic bars with uniform and
stepped profiles (Fig. 6) and are sized to adjust to the trans-
ducer resonance frequency. The samples with stepped pro-
file, designed and constructed to obtain higher strains at the
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FIG. 7. Theoretical strain distribution in a stepped bar, ,=8 mm, /,=2.5
mm, [,=12.5 mm, /,=7.5 mm (a) and in a uniform section bar (b).

end sections (Fig. 7), lead to higher harmonic generation. For
the stepped samples, the resonance condition is obtained
from the boundary conditions [Fig. 7(a)] and the continuity

conditions (displacement, slope, force, and momentum) in

every change of section,” i.e.,

fla=(l,+1))=0,

m(a=(l,+15))=0,
(18)
fla=—(l+1,))=0,

mia=—(l,+1,))=0.

From this one obtains the frequency relation which can be
eagily solved numerically

1746
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Eaa sinh :u‘blb+Eba cosh :u’blh+Eca sin /"Lblb_E

da COS fply

Eac sinh /"thb+Ebc cosh lu’blb+Ecc sin /J’blb_

E,q, cosh ppl,+E,, sinh ppl,—E,., cos wyl,—

Edc cos /J’blb

Ejq sin pply,

Eac cosh /-Lblb+Ebc sinh /Lblb_Ecc Cos ,ublb—
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Sakat]

E, .= 1+Sb = 2 cosh p,l, 2,
S Kz’u'z

Eac: | 2 ; g COS/..Laa 2,
SpKptt
Sakatts

E_=|1- cosh 2,

“ ( SyKips #ala
s szz

E..= 1+SZ—K;#—; cos u,l, 2,

My
Mg Sakas

E, ={—]|| 1+ sinh

ba “p Sb iﬂi Ha a/
Sakakts

Ebc= - m sin p,l,

2 2
E,= Ha —S Halta sinh w4/
da w Sb [Z)MIZ) ata

« SaKaua
Edc=—('u—)(l+ )smp,aa /2,
b SyKpM

4 pw2 d 4 pwz
= an ="\ , .
Mq YO Kz Hp YO K[ZJ

The effect of the section discontinuity on the strain ampli-
tude is depicted in Fig. 7. It is evident that with this type of
samples it is possible to achieve appreciable harronic gen-
eration in the end sections applying linear excitation in the
central section.

C. Data acquisition system

The main feature of the data acquisition system is that it
is nonintrusive. The amplitude of the displacement is mea-
sured with a He—Ne laser vibrometer. The vibrometer mea-
sures frequencies of up to 1.5 MHz and particle velocities
between 10 microns/s and 10 m/s. The vibrometer is con-
nected to a PC 386-computer to store and analyze the wave
shapes. In the analysis FFT methods are applied. The
temperature of the sample is monitored by an infrared
thermometer.”’

lll. RESULTS

This paragraph presents the experimental results and
their comparison with theoretical predictions.
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E 4 sin uply’

(19)

To verify the assumption of one-dimensional behavior,
measurements of the linear vibration velocity distribution
along the different samples were carried out and compared
with the corresponding results from the theoretical one-
dimensional approach. Figure 8 shows good agreement be-
tween the measurements and the theory and confirms the
validity of the assumption.

The measurements were carried out for the different
specimens at high excitation level. The results for uniform-
section samples confirm the low harmonic generation that
was theoretically predicted (Fig. 9).

For flexural vibrations, the frequency of the second reso-
nance mode is never twice the fundamental mode."* There-
fore, the second resonance mode does neither coincide nor
enhance the second harmonic, as it happens for extensional
vibrations. To show the nonlinear behavior of the material
more clearly, measurements were carried out driving the
sample at a frequency f, such that twice this frequency co-
incides with the second resonance frequency of the bar. This
way the second harmonic increased. The results obtained are
shown in Fig. 10 for a uniform-section bar. Here, substan-
tially higher harmonic generation can be observed. This situ-
ation is achieved by driving the samples with a finite ampli-
tude (second harmonic generation at the driving point).
Therefore to achieve harmonic generation from linear exci-
tation the above mentioned stepped samples were necessary.
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FIG. 8. Distribution of the vibration velocity amplitude of a uniform section
bar vibrating at its first linear flexural mode. (4y=0.5 m/s) Experimental
(®). Theoretical (
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FIG. 9. Distribution of the experimental vibration velocity amplitude of a
uniform section bar driven at its first flexural mode at high excitation level
(#g=2.6 m/s). Total amplitude (@). Fundamental (&).

Stepped bars were used leading to effective strain increase in
the external thinner zones located far from the excitation
point (Fig. 7). The experimentally obtained result for a
stepped bar (I,/{,=1.7, h,/h,=3) driven at the frequency
f> is shown in Fig. 11. In this case, a considerable harmonic
generation is observed with linear excitation.

To compute the nonlinear, theoretical values for the
stepped bar samples described above, the boundary condi-
tions of Eq. (18) have to be applied to Eq. (15) together with
the continuity conditions in every section change of the bar.
From this, velocity, force, and momentum distributions are
obtained. Figure 12 shows the calculated displacement dis-

0.12
f Fundamental amplitude
h Amplitude
)
E
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‘0
o
o
>
C ;
Q
=
— ’ H
y
<]
0.00 ! ] ! [ ' I ! ] ' 1
0.00 [oX03) 0.02 0.03 0.04 0.05

Spatial coordinate (m)

FIG. 10. Distribution of the experimental vibration velocity amplitude of a
uniform section bar driven at the frequency f, (Excitation amplitude
tip=0.094 m/s). Total amplitude {@®). Fundamental ().
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FIG. 11. Distribution of the experimental vibration velocity amplitude of a
stepped bar driven at the frequency f, (Excitation amplitude uy=0.12 m/s).
Total amplitude (@). Fundamental (&). (/,=12.51073m, [,=7.510"> m,
h,=7.510"*my h,=2.5107> m).

tribution along a stepped bar of Ti 6Al 4V driven at its first
flexural mode. It can be observed that for this geometry the
nonlinear behavior is clearly stronger than for uniform bars.
The distributions of the fundamental and second harmonic
amplitude were also calculated for the stepped samples
driven at the frequency f,.

A comparison between the experimental and the calcu-
lated distribution of the fundamental and the second har-
monic amplitude is shown in Fig. 13. The system was ex-

1E4 |

8E-5 |

" Displacement (m)

-8E-5 T T [ i ] !
0.02 0.00 0.02

Spatigl coordinate (m)

FIG. 12. Distribution of theoretical displacement in a stepped bar (h,=7.5
mm, h,=2.5 mm, [,=12.5 mm, /,=8 mm) vibrating at its first linear
flexural mode at four different times within a period. Linear (-..-..-..-..-.).
Second-order approximation ( ). (Excitation amplitude u¢=10 m/s.
Nonlinearity parameter Bx=350).
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FIG. 13. Distribution of fundamental [Experimental (&) and theoretical
(-.--.-.=)] and second harmonic [Experimental (@) and theoretical
)] amplitude of a stepped bar (/,=12.510"* m, /,=7.510° m,
h,=7.510 *my h,=2.510"> m) driven at the frequency f, (it,=0.12
m/s. B,=28*15%).

cited at the frequency f, to obtain significant nonlinear
effects. All computed curves were calculated using the ex-
tensional nonlinearity parameter B;=28*15% previously
obtained by the authors in a study of extensional, finite am-
plitude standing waves in Ti 6Al 4V rods." Figure 14 shows
a comparison between experimental and calculated ampli-
tudes of the fundamental as a function of excitation at two
different points indicated in Fig. 13. Finally, a comparison
between experimental and computed second harmonic am-
plitudes is presented in Fig. 15 as a function of the funda-
mental at the same points as in Fig. 14. The good agreement
between theory and experiment is evident from the figures.

012 —

0.08 —

0.04 —

Fundamental amplitude (m/s)

0.00 T | T \ T B —]
0.00 0.04. © 008 0.12
Excitation amplitude (m/s})

FIG. 14. Fundamental versus excitation amplitude at two different points (3
and 4 of Fig. 13) of the stepped bar. Experimental {&,®) and theoretical
( ). Be=28%15%.
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FIG. 15. Second harmonic versus excitation amplitude at two different
points (3 and 4 of Fig. 13) of the stepped bar. Experimental (&.@) and
theoretical { ). Be=28*15%.

As a consequence, the value of the nonlinearity parameter
previously obtained is again verified.

IV. CONCLUSIONS

Finite amplitude flexural waves in a titanium alloy (Ti
6Al 4V) were studied theoretically and experimentally. The
theoretical approach consisted of a one-dimensional model
based on nonlinear elasticity theory. Superposition of two
finite amplitude waves, propagating in positive and negative
spatial direction, was assumed. The model predicts minor
nonlinear behavior for this type of waves. This result sup-
ports the applicability of the flexural vibrations for high
power sonic and ultrasonic transducers.

To achieve higher strain amplitudes, the experimental
work was catried out with stepped prismatic bars. The mea-
surements showed good agreement with theoretical predic-
tions. This agreement verifies the value for the compres-
sional nonlinearity parameter By for the Ti 6Al 4V material
which was obtained in an earlier paper by the authors."
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