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We have considered the existence of a dependence of the entanglement entropy on the cosmological

horizon surface area also in several accelerating models of the current universe both for a quintessence

scalar field and for a phantom-energy scenario. It is shown that if a quintessence vacuum cosmic field is

considered then, though the case for w>�1 satisfies a second law for entanglement entropy, when

w<�1 such a law is violated. It is finally noted that the entanglement entropy and the distinct

formulations of cosmic holography share common future surfaces which are optimal screen for the latter

descriptions.
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There are many works in the scientific literature dealing
with the connection between entanglement entropy and the
gravitational entropy of compact objects or cosmic scenar-
ios, such as black holes [1] and the de Sitter universe [2], in
the realm of diverse frameworks, including string theory
[3], AdS/CFT correspondence [4], brane worlds [5] or
plain gravity [6] (for detailed reviews see Ref. [7]).
Actually, entanglement entropy measures a degree of the
correlation between subsystems of a given quantum system
[8]. In many-body theories quantum entanglement is usu-
ally determined when distinct subsystems are spatially
separated. Generally speaking, one can say that in an
entangled state, the entanglement entropy of the two spa-
tial regions (which can be conventionally separated or
correspond to the inside and outside regions of a natural
boundary such as an event horizon) must be equal, and this
appears to be highly suggestive that the entanglement
entropy is proportional to the mutual surface area [9].
Actually, one can show that entanglement of a quantum
field between the inside and outside of a horizon can
account for the area-proportionality of the black hole [1]
and de Sitter space [2] entropies, provided that the field is
in its ground state. Two and three-dimensional black holes
possess [7] an entanglement entropy whose leading term
exactly reproduces the Bekenstein-Hawking entropy,
whereas the subleading term behaves logarithmically.
Finally, Müller and Lousto [10] developed a cosmological
nonaccelerating scenario where future event horizons give
rise to well-defined values for an entanglement entropy that
is also given in terms of the surface area of the horizon.

All the above results allow us to confidently extrapolate
the above horizon area-entanglement entropy proportion-
ality law to any system where quantum entanglement takes
place in a cosmic space-time. The results that we are going
to get later on are all consistent with that extrapolation.
In fact, in this brief report we are going to extend the

existence of such a dependence of entanglement entropy
on the cosmological horizon surface area also in accelerat-
ing models for the current universe both for a quintessence
scalar dark-energy field and for a phantom-energy sce-
nario. It will be shown that if an usual quintessence vacuum
cosmic field is considered [11], then, though the case for
w>�1 (note that along this report we shall only consider
an equation of state for the Universe with the perfect-fluid
form p ¼ w�, with p the pressure and � the energy
density) satisfies a second law for entanglement entropy,
when w<�1 such a law would be violated.
We want to estimate the entanglement entropy that

corresponded to a quantum field in an accelerating space-
time which is inexorable endowed with a future event
horizon [12]. We shall, therefore, consider the observatio-
nally most favored case of a spatially flat Friedmann-
Robertson-Walker metric whose scale factor is given
by [11]

a ¼
�
a3ð1þwÞ=2
0 þ 3

2
Cð1þ wÞðt� t0Þ

�
2=½3ð1þwÞ�

¼ T2=½3ð1þwÞ�; (1)

where w ¼ p=� is the parameter of the equation of state,
a0 and t0 are the initial values of the scale factor and time,

and the constant C is given by C ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8�G�=3

p
, with � an

integration constant. We introduce then a conformal time
defined by

� ¼
Z dt

aðtÞ ¼
2að1þ3wÞ=2

ð1þ 3wÞC ; (2)

so that

að�Þ ¼
�ð1þ 3wÞ�C

2

�
2=ð1þ3wÞ

: (3)
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It is worth noting that the conformal time � runs from a
finite positive constant value

�0 ¼ � 2að1þ3wÞ=2
0

Cð1þ 3wÞ ;

at t ¼ t0, to � ¼ 0 as t ! 1, and runs from that constant
value when w<�1 first to � ¼ 0, at the big rip [13], to
finally diverge as t ! 1.

We shall consider in what follows cosmic space-times
endowed with a future cosmological event horizon, that is
the maximal coordinate distance a photon emitted at time t
can travel. It can be computed to be given by

rH ¼ aðtÞ
Z 1

t

dt0

aðt0Þ ¼ að�Þ��: (4)

In terms of conformal time, the proper event horizon radius
becomes

rH ¼ að�Þ½�ðtfinalÞ � �ðtÞ� ¼ �að�Þ�ðtÞ

¼ � 2T

ð1þ 3wÞC (5)

for w>�1, and rH ¼ þ1 for w<�1. In order to esti-
mate the entanglement entropy of a phantom universe,
instead of the cosmological event horizon, we should use
the expression [14]

rphH ¼ aðtÞ
Z tBR

t

dt0

aðt0Þ ; (6)

with

tBR ¼ t0 þ 2a�3ðjwj�1Þ=2
0

3Cðjwj � 1Þ ;

the time at which the future big rip singularity takes place.
This expression again is given by Eq. (5).

Inserting the conformal time �, the space-time
metric corresponding to a flat accelerating universe can
be written as

ds2 ¼ Tð�Þ4=½3ð1þwÞ�½d�2 � ðdx2 þ dy2 þ dz2Þ�; (7)

with parameters A and D as those defined as C and B,
respectively, in Ref. [10], reading now

A ¼ D � Tð�Þ2=ð1þ3wÞ ¼
�ð1þ 3wÞ�C

2

�
2=ð1þ3wÞ

: (8)

Then, the area spanned by that cosmological event hori-
zon for w>�1 can be expressed as [14]

A0 ¼
Z
r¼r0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g��g��

p
d�d� ¼ 2�að�Þ2r20; (9)

and for w<�1,

Aph
0 ¼ 2�að�Þ2rph20 : (10)

Using finally Eq. (5), we have

AH ¼ 16�að�Þ5þ3w

ð1þ 3wÞ2C2
; (11)

both for w>�1 and w<�1.
At first sight, one should then proceed to numerically

calculating the entanglement entropy by following the
procedure devised in Ref. [10], according to which we
expand the used scalar field in spherical harmonics, placing
then the system in a spherical lattice with a given lattice
spacing L. Thus, the entanglement entropy for an accel-
erating universe could be numerically computed by tracing
out one of the two regions in which the event horizon
divides the whole space-time. In this way, we could finally
obtain the proportionality constant between the entangle-
ment entropy and the horizon surface area. At least in the
present case the problem is with the choice of L because
different values of L give different results, with an uncer-
tainty that qualitatively overcomes what one would expect
to be reasonable. It is for this reason that we shall restrict
ourselves in this paper to just assuming the existence of
such a proportionality without going to check it by using
any numerical estimate.
Extrapolating then the general prescription on entangle-

ment entropy-future horizon surface area to a cosmic
curved accelerating space-time with future event horizon
[10], and using the geometrical results given above, one
can finally show that the entanglement entropy is propor-
tional to the event horizon area also for the case of a flat
accelerating universe filled with dark energy endowed with
an equation of state p ¼ w�, both for w>�1 and w<
�1; that is we in general have

SEnt ¼ �r2H; (12)

where � is a constant of order unity. This result can also be
readily extended to the other cases being considered in this
paper, namely, dynamical dark energy with an extra cos-
mological constant.
This can be most readily seen by considering the

de Sitter universe with a positive cosmological constant
�, in whichw ¼ �1 for the geometry that we have already
considered. We then obtain for the entanglement entropy
the constant quantity

SdSEnt ¼
�0

8�G
; (13)

with �0 ¼ 3�a20=�. If we take this entropy to be the origin

of the gravitational de Sitter thermal entropy, then the
comparison of Eq. (13) with the Gibbons-Hawking for-
mula[15] leads to fixing �0 ¼ �=�. That result looks
physically reasonable due to fact that all the lack of uni-
versality is completely absorbed by the initial value of the
scale factor, that is to say, of the chosen cosmological
constant; we actually obtain the quite correct result that

a0 / 1=
ffiffiffiffi
�

p
, so showing the adequacy of our extrapolation
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which we shall consistently assume to take place for all
values of the equation of state parameter w.

The Gibbons-Hawking entropy corresponds to saturat-
ing the entropy bound that describes the upper limit on the
gravitational entropy for the bounded de Sitter region. The
objection to the existence of such an entropy bound is that
as the number of existing field species that can be consid-
ered in the theory, N, grows, so does the total entropy
defined by ST ¼ NSEnt. Thus, even though Bekenstein
settled down a universal upper bound on the entropy-to-
energy ratio for bounded systems [16], the total entropy
would increase with the number of the field species [17].
However, the well-known bound on the entropy-to-energy
ratio, first proposed by Bekenstein [16], actually implies
[18] the holographic bound on the entropy, and hence that
the number of particle species ought to be also bounded
[18]. This gives rise to a rather stringent limit on the total
entropy of the given bounded region as well.

For general quintessence cosmic fields with �1=3>
w>�1 in the absence of a cosmological constant, from
the identification given by Eqs. (11) and (12), we obtain
that the entanglement entropy steadily increases from

�0a3ð1þwÞ
0

2�Gð1þ 3wÞ2 (14)

for t ¼ t0 up to infinity as time t becomes infinity, thus
satisfying a second law for that kind of entropy. We note
that SEnt ¼ 1 for any time in the limiting case that w ¼
�1=3. When we are dealing with a purely dynamical
phantom fluid [13] for which w<�1, the entanglement
entropy as calculated by following the same procedure as
for Eq. (12) steadily decreases first from a value also given
by Eq. (14) down to zero at the big rip singularity, to
increase, thereafter, becoming infinity as time goes to
infinity. One still could consider cosmic solutions obtained
by adding to the quintessence vacuum a cosmological
constant �, that is for a scale factor [19]

aðtÞ ¼
�

C

4B�

�ð1=3ð1þwÞÞ �
�
eð3ð1þwÞ ffiffiffi

�
p ðt�t0Þ=2Þ

� Be�ð3ð1þwÞ ffiffiffi
�

p ðt�t0Þ=2Þ
�ð2=3ð1þwÞÞ

; (15)

where

B ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�þ Ca�3ð1þwÞ

0

q
� ffiffiffiffi

�
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�þ Ca�3ð1þwÞ

0

q
þ ffiffiffiffi

�
p < 1; (16)

with � ¼ �=3. Equation. (15) can describe both a
quintessence field with w>�1 and a phantom field for
w<�1. In the latter case the model shows a big rip
singularity which is placed at a finite time in the future
given by

t ¼ t� ¼ t0 � lnB

3ðjwj � 1Þ ffiffiffiffi
�

p : (17)

One can rather straightforwardly see, however, that even
though the entanglement entropy derived from using
the above procedure from this analytical solution behaves
as expected in the case w>�1, as it can be seen for
w ¼ �2=3,

SEnt / ð1� Be�
ffiffiffi
�

p ðt�t0ÞÞ2; (18)

which increases steadily with time down to a finite maxi-
mum value constant at t ¼ 1. The phantom case is once
again rather problematic as it can be immediately checked
for the particular case e.g. w ¼ �4=3, for which we get a
cosmological event horizon which is always placed beyond
the big rip singularity at an inexorably infinite and inac-
cessible distance from any observer (that as to say, no
future event horizon may exist in this case).
A rather straightforward connection of the concept of

entanglement entropy of an accelerating universe can be
traced here to recent developments on cosmic holography,
in which there also is at least one hypersurface that divides
the space-time into two regions, sometimes at places where
expansion converts into contraction. The so-called holo-
graphic dark-energy models were first considered by Li
[20] who proposed a holographic law based on black hole
physics. Thus, the short distance cutoff was related to the
infrared cutoff [20], which he took as the size of the
observer-dependent future event horizon making the holo-
graphic screen. According to that law, one can write

H2 ¼ 8�G�

3
¼ c2

r2H
; (19)

where the Hubble parameter is given by H ¼ _a=a, with a
being the scale factor of the universe, � is the dark-energy
density, rH is given by Eq. (4) and interpreted here as the
ultimate region whose total energy is taken not to exceed
the mass of a black hole with the same size, and c is a
numerical parameter of order unity which is defined as

c ¼ � 2

1þ 3w
: (20)

Equation (19) is only valid for w>�1 for which case
c > 1. Then, rH should also be regarded to be the proper
size of a holographic screen where all information con-
tained in its inner volume is encoded. There also exists
another holographic screen in this case. It corresponds to
the apparent horizon defined by

�A ¼ 2rA
1þ 3w

; (21)

and uncovered by using the Bousso holographic covariant
method [21]. It is worth noticing that exactly such a holo-
graphic screen also occurs in the phantom regime for
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w<�1, provided the parameter w is suitably discretized
(see later). In terms of the scale factor we obtain

rA ¼ að1þ3wÞ=2

C
; (22)

so that the surface area spanned by that surface will be

AA ¼ 2�a2r2A ¼ 2�a3ð1þwÞ

C2
: (23)

It follows that the corresponding entanglement entropy
should be given by

SAEnt ¼ 	a3ð1þwÞ; (24)

with 	 as a proportionality constant factor. It is noteworthy
that an expression proportional to Eq. (24) can be also
derived by directly computing Eq. (5) for rA i.e.,

rH ¼ � 2a3ð1þwÞ=2

Cð1þ 3wÞ : (25)

As we have already pointed out, the covariant holographic
apparent horizon at �P ¼ 2r=ð1þ 3wÞ also occurs in the
phantom region, this time for a value �P ¼ 0 correspond-
ing to the big rip time. This holographic optimal screen can
be also obtained by means of the relations [22]

H2
ph ¼

8�G�

3
¼ c2

r2br
; (26)

where

rbr ¼ aðtÞ
Z tbr

t

dt0

aðt0Þ (27)

is the proper size of the future horizon as evaluated at the
big rip time tbr. However, in order for this description to be
applicable also after the big rip so that the scale factor be
kept real and positive on that region, not all the values of w
can be allowed but only those that satisfy the discretization
condition

w ¼ � 1

3

�
1þ 2nþ 3

nþ 1

�
; n ¼ 0; 1; 2; . . . (28)

Since the bound on the entropy S � AH=4, derived [18]
from the entropy-to-energy bound [16] discussed before,
strictly corresponds to the holographic bound which is
nevertheless currently attributed to ’t Hooft, one can
straightforwardly see that there must exist a close connec-
tion between entropy of entanglement and the covariant
definition of holographic entropy [21]. On the other hand,
the discretization of the equation of state in case of phan-

tom energy arises from the feature that holographic opti-
mal screens making the holographic surfaces, where all the
three-dimensional information in the whole space-time
manifold is encoded [21] will always be described in the
causal development as the latest surface which is expand-
ing [21]. In order to ensure then that a holographic optimal
screen has that property it is necessary allowing the causal
evolution to reach at least a little region beyond that holo-
graphic surface, into a well-defined contracting region.
In case of phantom energy the scale factor derived from
Eq. (1) for w<�1 reads

a ¼
�
a�3ðjwj�1Þ=2
0 � 3

2
Cðjwj � 1Þðt� t0Þ

��2=½3ðjwj�1Þ�
;

(29)

so that all available contracting regions can only be well-
defined for those values of the equation of state parameter
that satisfy condition (28).
The set of the above results strongly suggests a deep

relation between quantum entanglement and cosmic hol-
ography as they both are using common hypersurfaces
for their respective developments. Such a relation looks
reminiscent of a similar more general connection be-
tween quantum mechanics and holography, especially in
the case of a phantom scenario.
We can sum up the contents of this report by stressing

that the entanglement entropy of two distinct models to
describe the current accelerating universe has been calcu-
lated following the standard accurate procedure put for-
ward by Müller and Lousto [10] and others [23]. Such
cosmological models correspond to (i) dark- and
phantom-energy quintessential fields, and (ii) dark- and
phantom-energy quintessence fields plus a cosmological
constant. All the considerations are referred both to
w>�1 andw<�1, estimating the entanglement entropy
in each case by using its proportionality to the surface area
of the future cosmological event horizon or to the holo-
graphic screen placed at the big rip singularity in the case
of phantom energy.
Before finishing up, a comment is worth mentioning. It

appears that the thermodynamical properties of black
holes [24], wormholes [25], ringholes [26], warp drives
[27] and de Sitter space [15] can be generalized to the
current accelerating cosmology in which the entanglement
entropy should be proportional to a gravitational entropy
probably given in terms of one fourth the surface area of
the future cosmological event horizon.
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