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Abstract. This work aims to model flow around rigid cylinder beneath to a free surface
by using a particle based Lagrangian method, namely, Smoothed Particle Hydrodynamics
(SPH) which has clear advantages on modeling nonlinear violent free surface problems.
This problem which is also regarded as 2-d wave making problem in marine hydrodynamics
literature is carried out for three different positions of cylinder centre with two different
Froude numbers. The fluid motion is governed by continuity and Eulers equations while
Weakly Compressible SPH (WCSPH) approximation together with artificial viscosity term
is employed for the numerical discretization of the problem domain. Hybrid Velocity-
updated XSPH and Articial Particle Displacement (VXSPH+APD) correction algorithm
[1] and standard density correction treatment is also added into the numerical scheme.
The Reynolds number is chosen as close to 200 for all cases where three dimensionality first
starts to be effective in the flow domain [2]. As the flow characteristics are metastable
[12], the free-surface deformations, drag and the lift force on the body shows periodic
variation during the evolution of the flow. Free-surface deformations at the maximum
and minimum lift instants are compared with the results of Reichl et.al. [12] for the first
two cases. The last case considers a higher Froude number and deeper cylinder position
where lift and drag forces are compared with the findings of [22]. It is observed that the
obtained free-surface profiles, mean values of drag and lift forces give consistent results
in a good with the referred literature data.
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1 INTRODUCTION

Flow past rigid bodies beneath a free-surface has many practical applications in marine
engineering like construction of underwater pipelines and offshore structures, modelling
the generation of ship bow wave and design processes of submarines. In addition, there
is a recent interest on the development of miniature power generators which convert flow
energy to electrical energy by using Karman vortex street [6]. Because of the vortex
induced vibration forces occurred on the cylinder under uniform current [5], it has a
crucial importance to determine the flow characteristics in near and far field of the body
by spanning a wide range of Froude numbers and cylinder centre submergence from the
free surface. The implementation of the inlet/outlet boundaries and the difficulties on
the determination of free surface deformations generated behind the obstacle are mainly
two challenging issues to overcome during the numerical modeling of open channel flows
over a rigid body. The periodic boundary condition has a critical importance in (i):
keeping the mass rate of the flow constant and (ii): providing a uniform flow at the
inlet/outlet boundaries of the channel. On the other hand, because of the nonlinear
boundary conditions at the unknown free surface, it requires an extensive effort to build
a numerical solution model even by neglecting the viscous and rotational effects [4].

There are many experimental, numerical, and theoretical based studies to circumvent
these difficulties and enlighten the physics behind the open channel flows around bluff
bodies. The earliest attempts to model the free surface (open channel) flows go back to
the end of 19th century which was presented by Michell [7] for the calculation of thin
ship wave resistance through implementing a perturbation theory. After then there are
many attempts to solve ship wave resistance by linear theory together with the wake
and trim/sinkage effects [8, 9]. Gadd’s formulation is extended by Calisal et.al. [4] and
applied to describe the potential flow about a two dimensional, submerged, wing section.
Salvesen introduced first and second order theory and compare his results by the experi-
mental findings which has a survey on wide range of submergence and Froude number in
his Ph.D. studies [10]. Sheridan et.al. [11] experimentally visualized the vorticity fields
which were generated from the cylinder with different Froude numbers and cylinder centre
positions at high Reynolds numbers. Reichl et.al. [12] employed a commercial computer
program (Fluent) and compare the vorticity patterns qualitatively with the work of afore-
mentioned study of Sheridan et.al. As a mesh-free particle method, Smoothed Particle
Hydrodynamics (SPH) [13, 15] is also a very useful tool on the numerical modeling of
fluid flows which was successfully validated in bounded channel flows [16, 17] and many
open channel and hydraulic problems [19, 20, 22, 23].

The main concern of the present study is to model 2-D wave making problem by using
SPH method which is a particle based Lagrangian method and has intrinsic advantages
on modeling highly nonlinear violent free surface problems. The flow around a rigid
cylinder beneath the free surface problem is solved by utilizing continuity and Euler’s
equation as governing equations through Weakly Compressible SPH (WCSPH) approach
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together with an artificial viscosity term. According to WCSPH, the density variations
of particles with respect to a reference density value are kept less than %1 so that the
fluid can be considered as incompressible. However, the existence of relatively large and
random oscillations in the pressure field is the main difficulty associated with the standard
WCSPH formulation that needs to be eliminated. In order to circumvent the pressure
field related problems, well-known Shepard density filtering algorithm is applied to the
numerical scheme. Additionally, an artificial particle displacement (APD) term is added to
the position vectors of the fluid particles (except the ones on the free surface) to provide
uniform and homogeneous particle distribution during the evolution of the flow which
significantly increase the accuracy of the pressure fields [1]. Finally, velocity updated
XSPH (VXSPH) treatment is implemented only for the free surface particles which are
defined as a very thin layer (1-2 rows).

Reynolds number is taken into account in all infinite fluid flow conditions for the di-
mensionless analysis which best defines the characteristics of the fluid flows, however,
it is not solitarily sufficient to reveal the physical phenomena occur on the open chan-
nel flows. The experimental measurements [11] and numerical simulations [12] reveals
that the submergence level of the cylinder and Froude number are extensively effective
non-dimensional parameters. To compare the behavior of free surface deformations in
different flow conditions, Froude number (Fr) and the gap ratio h/d where h is the dis-
tance between free surface and cylinder top, d is the diameter of the cylinder should be
investigated thoroughly. This work involves a preliminary investigation on the free surface
deformations and the forces (lift and drag) on the cylinder body with varying Fr and gap
ratios.

The rest of the paper is organized as follows: The governing equations for the fluid
flow and SPH numerical scheme used in this work will be presented in the following
section together with the applied corrective numerical algorithms. The physical problem
parameters, applied boundary conditions and the comparative numerical results will be
given in third section. Finally, the concluding remarks and future studies that will be
performed on the modeling of open channel flows will be emphasized in the last section.

2 MATHEMATICAL FORMULATIONS

2.1 Governing Equations

In the present study, the flow around a circular cylinder beneath a free surface is
solved using continuity and Euler’s equation of motion coupled with Lagrangian particle
advection. Allowing for fluid element rotation, the governing equations may be specified
as

D�u

Dt
= −1

ρ
∇P + �g,

Dρ

Dt
= −ρ∇ · �u, �u =

D�r

Dt
, (1)

where D/Dt,∇, �u,�r, P and ρ are the material time derivative, nabla operator, velocity
vector, position, pressure and the density of particles, respectively, while �g denotes grav-

3

1106



M. Ozbulut, N. Tofighi, O. Goren and M. Yildiz

itational acceleration vector.
The governing equations are discretized using WCSPH approach. WCSPH method uses
an artificial equation of state which couples pressure and density variations through a
coefficient commonly known as the speed of sound. There are many types of artificial
equation of state used in the WCSPH approximation which enables to calculate the par-
ticle pressures to compute the pressure gradient term in the equation of motion. The one
proposed by Monaghan [14],

p =
ρ0c

2
0

γ

[(
ρ

ρ0

)γ

− 1

]
, (2)

is used in this study where c0 is the reference speed of sound, γ is the specific heat-
ratio of water and is taken equal to 7 while ρ0 is the reference density which is equal to
1000 (kg/m3) for fresh water. The value of reference speed of sound is determined by
dimensionless Mach (M) number which represents the ratio of fluid and sound velocities.
In order to keep density fluctuations close to %1, M should be lower than 0.1 [14].

2.2 SPH Numerical Scheme

As a Lagrangian method, SPH represents the flow field by a finite number of mov-
ing particles which carry the characteristic properties of the flow such as mass, position,
velocity, momentum, and energy. SPH is based on an interpolation process where the
fluid domain is modeled through the interactions of neighboring particles using an an-
alytical function widely referred to as the kernel/weighting function W (rij, h). Here, h
is the smoothing length and rij represents the magnitude of the distance vector given as
�rij = �ri − �rj for particle of interest and its neighboring particle, denoted using boldface
subscripts i and j, respectively while �ri and �rj are the position vectors for the particles.
The compactly supported, two dimensional piecewise quintic kernel function is employed
in the present study [16]. Any arbitrary continuous function is interpolated as, A(�ri), or
concisely denoted as Ai in the following manner:

Ai
∼= 〈A (�ri)〉 ≡

∫

Ω

A (�rj)W (rij, h)d
3�rij, (3)

where the angled bracket 〈〉 denotes the kernel approximation, d3�rij is the infinitesimally
small volume element inside the domain and Ω represents the total bounded volume of
the domain.

The above given SPH approximation is employed to discretize the governing equations
of fluid flow where the integral operation over the volume of the bounded domain is
replaced by the summation operation over all neighboring particles j of the particle of
interest i. The differential volume element d3�rij is also replaced by mj/ρj. As a result,
the following relations are provided to discretize the Euler’s equation of motion and the
mass conservation
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d�ui

dt
= −

N∑
j=1

(
pi
ρ2i

+
pj
ρ2j

+Πij)∇iWij, (4)

dρi
dt

= ρi

N∑
j=1

mj

ρj
(�ui − �uj) · ∇iWij. (5)

Here, mj denotes the mass of particle j, ∇i is the gradient operator where the particle
identifier i indicates that the spatial derivative is evaluated at particle position i. Πij is
the artificial viscosity term defined as

Πij =

{
−αµij

ci+cj
ρi+ρj

, �uij ·�rij < 0

0, �uij ·�rij ≥ 0
, µij = h

(�ui − �uj) · (�ri −�rj)

‖�ri −�rj‖2 + θh2
. (6)

The inclusion of the artificial viscosity term in the Euler equation of motion is necessary
to increase the stability of the numerical procedures through adding some diffusion to
numerical solution. The viscosity term added to the momentum equation approximates
to the Laplacian of the velocity for incompressible fluids and its limit converges to zero as
the spatial resolution increases [21] which is effectively consistent with Euler’s equation. In
this case, the corresponding numerical kinematic viscosity of the fluid is given theoretically
by the relation [14]: ν = αc0h/8 which is used in the determination of Reynolds (Re)
number in this work.

2.3 Corrective Algorithms

Although it has clear advantages on modeling various fluid flow problems, SPH still
needs corrective numerical treatments to reduce particle clustering and noisy pressure field
which leads to random and rapid pressure oscillations thereby causing reduced numerical
accuracy and stability or even break down of the simulations. Here, density correction
and hybrid velocity-updated XSPH and artificial particle displacement (VXSPH+APD)
[1] treatments are incorporated into the numerical scheme to circumvent particle cluster-
ing induced numerical problems (APD) and provide an artificial stress at the interface
that leads to have more precise free surface profiles (VXSPH). The density correction
treatment is applied through

ρ̂i = ρi − σ

∑N
j=1 (ρi − ρj)Wij∑N

j=1 Wij

, (7)

where ρ̂ is the corrected density, N is the number of neighbor particles for particle i and σ
is a constant which is set to 0.5 in this work thereby leading to the well-known “Shephard”
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interpolation in SPH literature [24]. The hybrid VXSPH+APD is formulated as

δ�ui =

∑N
j=1 (�ui − �uj)Wij∑N

j=1 Wij

, �uxsph
i = �ui − εδ�ui (8)

δ�ri = β

N∑
j=1

�rij
r3ij

r2oumax∆t, (9)

where �uxsph
i is called VXSPH velocity and assigned to the new velocity of the free-surface

particle, ε is a constant parameter which is taken as 0.001 and umax is the velocity co-
efficient of the APD assigned as the maximum particle velocity inside the fluid domain.
β is a problem dependent parameter which should be small enough not to change the
physics of the flow and large enough for providing a homogeneous and uniform particle
distribution where it is assigned as 0.005 in the simulations of this work. ro is an average
distance calculated for each particle as ro =

∑
j rij/N . In hybrid approach, the VXSPH is

applied only to free-surface particles while APD is used to regularize the arrangement of
internal particles. These regions are distinguished via kernel truncation. In other words,
a particle with fully populated neighboring region has full support and is considered to be
an internal particle while particles whose number of neighbors are below certain thresh-
old compared to computational domain average are assigned to the free-surface. On the
light of this idea, the particles which has less than (60-70)% of the computational domain
average neighbor particle number has been found to describe the free-surface accurately
and is used in all calculations involving free-surface values.

3 PROBLEM DEFINITION AND NUMERICAL RESULTS

3.1 Problem Definition

The schematic display of the open channel flows simulated in this work is shown in
Fig.1. The dimensionless parameters of the test cases investigated in this study are pre-
sented in Table 1. The Froude numbers which has the dominant effect on the generation
of free surface waves are given depending on the characteristic length parameters d, h and
Ĥ = H + h as

FrĤ =
U√
gĤ

, Frd =
U√
gd

, Frh =
U√
gh

(10)

where g is the gravitational acceleration taken as 9.81 [m/s2]. The Reynolds number is
determined by Re = Ud

ν
. The initial conditions of the fluid flow system is an important

issue that should be concerned while modeling open channel flows. There can be two
possible methods to have the essential system velocity depending on the test cases. The
first one is to start the particles at rest and gradually increase the inlet velocity of the
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Figure 1: The schematic view of geometric parameters used in the simulations of the open channel flows
over a cylinder.

Table 1: Simulation test cases.

H/d h/d Re FrĤ Frd Frh x1/d x2/d �x/d
9.10 0.40 180 0.13 0.40 0.63 -10 30 0.075
8.95 0.55 180 0.13 0.40 0.54 -10 30 0.075
4.50 2.50 200 0.41 1.00 0.63 -6 26 0.050

system till the flow speed reaches to the required velocity. Although it is an adequate
approach to initiate the flow, depending on the Froude number it may take quite a long
time to reach the desired speed. The second way of initializing the fluid flow is to start all
particles with the required flow speed and wait till the flow attains a steady flow character.
The simulations of this work are carried out by the second approach where an initial U
velocity is assigned to all fluid particles at t = 0[s].

Another complexity encountered in the numerical modeling of open channel systems is
the implementation of inflow/outflow boundary conditions. In order to apply the periodic
boundary conditions, buffer regions are generated at the inlet and outlet of the channel
(see Fig.2) where the velocity and pressure boundary conditions on these particles are
applied. The particles which leaves the problem domain are sent back to the inlet of the
channel with the inlet velocity value (U ) to keep the total particle amount constant in
the domain. Additionally, a radiation condition is implemented to the outlet threshold
particles where it is assumed that the outlet region is far away from the cylinder and
the vertical velocity components do not vary along the channel length ( ∂v

∂x
= 0), so that

vertical velocity values of the particles in this region are set to zero. The horizontal
velocity components are assigned to u=U for the fluid particles in the inlet and outlet
buffers.

It is known that SPH has the capability to capture the kinematic and dynamic free
surface boundary conditions naturally thereby no additional boundary condition is im-
plemented for the free surface particles [18]. The bottom wall boundary condition is
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Figure 2: The display of inlet and outlet flow regions.

considered as a free-slip condition [1]. However, to reduce the ground effects and particle
discrepancies due to the initial condition of the fluid particles a pseudo-velocity (U ) is
set to the bottom solid particles where the positions of these particles are not updated
with this velocity. On the other hand, Neumann boundary condition is enforced for the
solid cylinder particles where an additional pressure is added to the pressure values of
these particles which are calculated through the WCSPH numerical scheme. The final
pressures of the solid cylinder particles are calculated by

∂p

∂n
= ρ[

Dus

Dt
· n], ps = p+

∂p

∂n
· (r∗ − rs) (11)

where Dus/Dt denotes the total unit force acting on solid particles, ps is the final pressure
value of solid cylinder particles, r∗ is the pseudo-displaced position of cylinder particles
due to the acting forces and rs is the fixed positions of cylinder particles.

3.2 Numerical Results

Three flow cases are studied in the present work where each case investigates different
submergence level of cylinder centre. In the first two cases, the cylinder centre is quite close
to the free surface and the Froude numbers are taken as relatively low (Frd=0.40 ). The
free surface deformations which can be regarded as one of the kinematical characteristic
of the flow is compared with the numerical study of [12] at maximum and minimum lift
instants for both submergence level. Figures 3 and 4 display the free surface profiles
for the gap ratios 0.40 and 0.55 while Frd=0.40. It can be said that the SPH results
of free surface deformation are compatible with the ones presented by [12]. The third
case investigates the lift and drag coefficients in a higher velocity flow regime (Frd=1.00 )
where the rigid body is away from the free surface (h/d=2.5 ). The comparative graph of
time histories of the lift and drag force coefficients with the study of [22] are presented
in Fig.5(a) and Fig.5(b) respectively. According to these plots, the mean values of drag
and lift coefficients and the oscillation in lift coefficient is shown in Table 2. It can be
said from the figures 5(a) and 5(b) that both of the force components obtained in the
present study has a noisy nature which might be due to the low resolution of particles in
the domain. However, it can also be implied that the mean values of the drag and lift
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(a) Free surface deformations when the
lift is maximum.

(b) Free surface deformations when the
lift is minimum.

Figure 3: Comparison of free surface deformations with the results of [12] for h/d=0.40 and Fr=0.40
case.

(a) Free surface deformations when the
lift is maximum.

(b) Free surface deformations when the
lift is minimum.

Figure 4: Comparison of free surface deformations with the results of [12] for h/d=0.55 and Fr=0.40
case.

forces are compatible with the referred study and the order of oscillations are compatible
with each other.

4 CONCLUDING REMARKS AND FUTURE WORK

The flow around a rigid cylinder beneath the free surface problem is solved by using
continuity and Euler’s equation as governing equations through Weakly Compressible
SPH (WCSPH) approach. In addition to artificial viscosity term proposed by Monaghan
[14], the density correction and hybrid velocity-updated XSPH and APD algorithm are
included into the numerical scheme. Three submergence positions of the cylinder centre
are investigated with two different Froude numbers. In the first two cases, the gap between
the cylinder and free surface is quite low (0.40 and 0.50) and the Froude number is equal
to 0.40 while the last case covers the higher gap ratio (2.50) and a Froude number (1.00)
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(a) Comparison of time histories of the lift coeffi-
cient.

(b) Comparison of time histories of the drag coeffi-
cient.

Figure 5: Comparison of lift and drag coefficients with the results of [22].

Table 2: Comparison of drag and lift forces on cylinder.

h/d Re Frh CD CL CLosc

SPH (present study) 2.5 200 0.63 1.36 0.01 ± 0.19
SPH (Bouscasse et.al) 2.5 200 0.63 1.42 0.01 ± 0.62

condition. The free surface deformations at maximum and minimum lift instants are
compared with the study of [12] where a satisfactory agreement is achieved. The lift and
drag coefficients are scrutinized for the last case. It is observed that the lift and drag force
components have a little noisy due to the representation of the problem domain with low
particle resolution. On the other hand, it can be stated that the magnitudes of the drag
and lift coefficients are matching with the literature data.

This work basically considers the general implementation procedures of flow over an
obstacle close to a free surface and the preliminary results of the simulations are presented.
Although the free surface deformations for relatively low Froude numbers and gap ratios
are in accordance with the literature data, the problems faced in the calculations of the
drag and lift coefficients should be fixed in order to enlighten the dynamic characteristics
of the problem in hand. On the light of the findings of this study, the particle resolution
of the fluid domain will be increased and additional test cases will be simulated which
involve different submergence and Froude number values in our future studies.
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