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Critical two-point function for long-range models with
power-law couplings: The marginal case for d > d.

Lung-Chi Chen*! Akira Sakait
January 17, 2019

Abstract

Consider the long-range models on Z¢ of random walk, self-avoiding walk, perco-
lation and the Ising model, whose translation-invariant 1-step distribution/coupling
coefficient decays as |x|~9~% for some a > 0. In the previous work [15], we have
shown in a unified fashion for all a # 2 that, assuming a bound on the “derivative”
of the n-step distribution (the compound-zeta distribution satisfies this assumed
bound), the critical two-point function Gy, (z) decays as |z|*2=¢ above the upper-
critical dimension d. = (a A 2)m, where m = 2 for self-avoiding walk and the Ising
model and m = 3 for percolation.

In this paper, we show in a much simpler way, without assuming a bound on the
derivative of the n-step distribution, that Gy, (x) for the marginal case oo = 2 decays
as |z|>~?/log|x| whenever d > d. (with a large spread-out parameter L). This
solves the conjecture in [15], extended all the way down to d = d., and confirms a
part of predictions in physics [10]. The proof is based on the lace expansion and
new convolution bounds on power functions with log corrections.
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1 Introduction and the main results

1.1 Introduction

The lace expansion has been successful in rigorously proving mean-field critical behavior
for various models, such as self-avoiding walk [11], percolation [19], lattice trees and
lattice animals [20], oriented percolation [26], the contact process [27], the classical Ising
and ! models [28, 29]. It provides (a way to derive) a formal recursion equation for the
two-point function G,(z), which is similar to the recursion equation for the random-walk
Green function S,(z) generated by the non-degenerate (i.e., D(0) < 1) 1-step distribution
D(zx) and the fugacity p € [0, 1]:

Sp(z) = 6o + (pD % S,)(2), (1.1)

where, and in the rest of the paper, (f x g)(z) = >, f(y) g(x — y) is the convolution of
two functions f, g on Z?. The formal recursion equation for G,(z) is of the form

Gp(x) = Ip(x) + (I, * pD * Gy ) (), (1.2)

where I1,(x) is a series of the model-dependent lace-expansion coefficients. It is natural
to expect that, once regularity of I, (e.g., absolute summability) is assured for all p up
to the critical point p., the asymptotic behavior of G, (x) should be the same (modulo
constant multiplication) as that for the random-walk Green function Si(x). If so, then
sufficient conditions for the mean-field behavior, called the bubble condition for self-
avoiding walk and the Ising model [1, 24] and the triangle condition for percolation [6],
hold for all dimensions above the model-dependent upper-critical dimension d., which is
2m for short-range models, where m = 2 for self-avoiding walk and the Ising model and
m = 3 for percolation.

In recent years, long-range models defined by power-law couplings, D(x) ~ |z|~¢= for
some « > 0, have attracted more attention, due to unconventional critical behavior and
crossover phenomena (e.g., [7, 10, 15, 23]). Under some mild assumptions, we have shown
[15, Proposition 2.1] that, for a # 2 and d > a A2, the random-walk Green function S;(x)



is asymptotically 2*[x|*"*~¢, where
L(=522) 1— D(k) | — etk
- , o= lim W) = D(z). (L3
To = (e v = lm —Ee = lim 3 D). (13)

x€Z4

For short-range models with variance 6% = > _|z|?D(z) < oo, the asymptotic behavior of
Si(z) is well-known to be 4I'(42)r~%2572|z|*~?, which is consistent with (1.3) for large
a > 2. The crossover occurs at « = 2, where the variance o2 diverges logarithmically and
S1(z) was believed to have a log correction to the above standard Newtonian behavior.

An example of D(z) ~ |z|7%"* is the compound-zeta distribution (see (1.15) for the
precise definition). It has been shown [15] that this long-range distribution for a # 2 also
satisfies a certain bound on the “derivative” |D*"(z) — $(D*"(z +y) + D*"(x —y))| of the
n-step distribution. Thanks to this extra bound, we have shown [15, Theorem 1.2] in a
unified fashion for all a # 2 that, whenever d > d. = (a A 2)m (with a large spread-out
parameter L), there is a model-dependent constant A close to 1 (in fact, A = 1 for a < 2)
such that G, (z) ~ pACSl(x). One of the key elements to showing this result is (slight
improvement of) the convolution bounds on power functions [18, Proposition 1.7] that
are used to prove regularity of I, in (1.2). However, since those convolution bounds are
not good enough to properly control power functions with log corrections, we were unable
to achieve an asymptotic result for a = 2, until the current work.

In this paper, we tackle the marginal case & = 2. The headlines are the following:

o Si(z) ~ Z—z|x|2*d/log |z| whenever d > 2, where 7, is in (1.3), but v, is redefined as
. 1— D(k)

= lim ———"—.

k=0 |K[*log(1/[K])

V2

(1.4)

o Gy () ~ picSl(x) whenever d > d. (with a large spread-out parameter L). This
also implies that other critical exponents take on their mean-field values for d > d.
(including equality).

The latter solves the conjecture [15, (1.29)], extended all the way down to d = d.. It
also confirms a part of predictions in physics [10, (3)]: the critical two-point function for
percolation was proposed to decay as |2|*?~"~? whenever a # 2 — n, where 1 = n(d)
is the anomalous dimension for short-range percolation and is believed to be nonzero for
d < 6, and as |z|>7""/log |z| whenever o = 2 — 7.

We should emphasize that the proof of the asymptotic result in this paper is rather
different from the one in [15] for o # 2. In fact, we do not require the n-step distribution
D™ to satisfy the aforementioned derivative bound. Because of this, we can cover a wider
class of models to which the same result applies, and can simplify the proof to some
extent. Although the same proof works for o < 2 (see Remark 3.7 below), we will focus
on the marginal case @ = 2.

Before closing this subsection, we remark on recent progress in the renormalization
group analysis for the O(n) model, which is equivalent to self-avoiding walk when n =



0 and to the m-component |p|* model when n > 1. Suppose that the above physics
prediction is true for the O(n) model as well, and that n > 0 for d < 4. Then, we can
take a small £ > 0 to satisfy o = 4= € (4,2 — 1) # &, hence d = 20 — ¢ < d,, and yet
G,.(z) is proven to decay as |z|*~? [23]. This “sticking” at the mean-field behavior, even
below the upper-critical dimension, has been proven by using a rigorous version of the
g-expansion.

In the next subsection, we give more precise definitions of the concerned models.

1.2 The models and the main results
1.2.1 Random walk
Let
llzll, = S(al vr) € R 1<r < od], (1.5)

where | - | is the Euclidean norm. We require the 1-step distribution D(x) to be bounded
as

D(z) < 24l %lI7**
def D@) <

1
E >0, VreZ, VLe[l,00): c< < (1.6)
zallZ c
where L is the spread-out parameter.
Let D and D*" be the Fourier transform and the n-fold convolution of D, respectively:

Dk)=Y_ e**D(x)  [ke [-m ), (1.7)
*M o 50,1 [n = 0]7
v {Z DDy Dl —y) [ > 1] 9

We also require D to satisfy the following properties.

Assumption 1.1 (Properties of D). There is a A = A(L) € (0,1) such that

. 2_A p—r
1= D) < Vk € [—m, 7%, (19)
> A [|k] > 1/L],
while, for |k| < 1/L,
. 1 2
1 — D(k) = (LK) x i lor 72, (1.10)
log 577 [a = 2].
Moreover, there is an € > 0 such that, as |k| — 0,
. 14+ O(Le|k|* 2
1 — D(k) = va|k|*"? x (1+ 1( K1) v 72], (1.11)
(logm—i-O(l)) [a = 2],

where the constant in the O(1) term is independent of L.
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Assumption 1.2 (Bounds on D**). Forn € N and x € Z,

“n _d n—d/(a/\Q) [@ 7£ 2]’
ID*"]|se < O(L™%) x {(nlog S| (1.12)

n , O(L") 1 [a # 2],
D e 1.13
)= el {log I [a=2] (1.13)

It has been shown [12, 14, 15] that the following D is one of the examples that satisfy
all the properties in the above assumptions:

lell*
D(x) = { D yeza\(o) lyll (1.14)

0 [z =o].
Another such example is the following compound-zeta distribution [15]:
2) =) Ui@)Ta(t)  [z€Z) (1.15)
teN

where, with a probability distribution ~ on [—1,1]¢ C R? and the Riemann-zeta function

C(S) = ZteN s,

___ h@/n) e g
vl = 2yezajo MY/ L) rerl (110
t—l—a/?
Ta(t) == m [t € N] (117)

We assume that the distribution & is bounded, non-degenerate, Z%symmetric and piece-
wise continuous, such as h(z) = 271y, <13}

Since the proof of (1.12) for a = 2 is only briefly explained in [15, (1.19)], we will
provide a full proof in Section 2.

Let S, be the random-walk Green function generated by the 1-step distribution D:

||

Sp(z) =Y |w|HD i—wis) [z ezd, (1.18)

w:0—T

where o € Z is the origin, p > 0 is the fugacity and |w| is the length of a path w =
(wWo, w1, - .., w)w|). By convention, the contribution from the zero-step walk is the Kronecker
delta ¢, .. It is convergent as long as p < 1 or p = 1 with d > o A 2. One of the main
results of this paper is completion of the asymptotic picture of S; for all & > 0, as follows.

Theorem 1.3. Let d > o A 2 and suppose D satisfies Assumptions 1.1-1.2. Then, for
any p € [0,1],

oLy |1 [a # 2],
S — 0oy < ————5 X 1
) Rl " e le=2
S

(1.19)



Moreover, there are €,n > 0 such that, for L'*" < |z| — oo,

Si(z) = Ya/Va (1 " O|($T)) @72,

= e XY 4 (1+ O(1) ) o = 2],

(1.20)

log || (log [[)°

where the constant in the O(1) term is independent of L.

1.2.2 Self-avoiding walk

Self-avoiding walk (sometimes abbreviated as SAW) is a model for linear polymers. Taking
into account the exclusion-volume effect among constituent monomers, we define the SAW
two-point function as

||

Gylz) = > '“"HD i = wic) [ = Gwnin) (1.21)

w:0—x s<t

where the contribution from the zero-step walk is d, ., just as in (1.18). Notice that the
difference between (1.18) and (1.21) is the last product, which is either 0 or 1 depending
on whether w intersects itself or does not. Because of this suppressing factor, the sum
called the susceptibility

Xp = Z Gp(z) (1.22)

x€Z4

is not bigger than Y ;. S,(x), which is (1 — p)~" when p is smaller than the radius of
convergence 1, and therefore the critical point

Pe =sup{p: xp, < 0o} (1.23)

must be at least 1. It is known [24] that, if the bubble condition

G20)=> Gz (1.24)

x€Z4

holds, then
Xp = (e —p)7 (1.25)

meaning that the critical exponent for x, takes on its mean-field value 1.

1.2.3 Percolation

Percolation is a model for random media. Each bond {u,v} C Z¢ is assigned to be either
occupied or vacant, independently of the other bonds. The probability of a bond {u, v}
being occupied is defined as pD(v — u), where p > 0 is the percolation parameter. Since
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D is a probability distribution, the expected number of occupied bonds per vertex equals
P uzo D(@) = p(1 — D(0)). Let Gp(z) denote the percolation two-point function, which
is the probability that there is a self-avoiding path of occupied bonds from o to x. By
convention, G,(0) = 1.

For percolation, the susceptibility y, in (1.22) equals the expected number of vertices
connected from o. It is known [6] that there is a critical point p. defined as in (1.23) such
that , is finite if and only if p < p. and diverges as p 1 p.. It is also known that, if the
triangle condition

Gii0) =D Gy () Gpl(x) < o0 (1.26)
x€Z4

holds, then x, diverges in the same way as (1.25).

There is another order parameter ¢, called the percolation probability, which is the
probability of the origin o being connected to infinity. It is known [2, 16, 25] that p. in
(1.23) can be characterized as inf{p > 0 : 6, > 0} and that, if the triangle condition
(1.26) holds, then

0 < p— pe. (1.27)

meaning that the critical exponent for 6, takes on its mean-field value 1, i.e., the value
for the survival probability of the branching process.

1.2.4 The Ising model

The Ising model is a model for magnets. Let A C Z¢ and define the Hamiltonian (under
the free-boundary condition) for a spin configuration ¢ = {©, },ea € {£1}* as

> Jupur, (1.28)

{u,v}CA

where J,, = Jo -y > 0 is the ferromagnetic coupling and is to satisfy the relation

tanh(B8J, )
D = : 1.29
(=) Zyezd tanh(8.Jo,)’ ( )
where 8 > 0 is the inverse temperature. Let
(Potpr)sn =D opg e PTG [N o PHAE) (1.30)

pe{£1}A pe{£1}A

Using p = >,z tanh(8J,,), we define the Ising two-point function G,(x) as a unique
infinite-volume limit of (Y,p.)s.A:

Gp(z) = Al;%%%) (1.31)



It is known [22] that the susceptibility x, defined as in (1.22) is finite if and only if
p < pe and diverges as p T pe. It is also known [3, 16] that p. is unique in the sense that

the spontaneous magnetization
6, = /‘ l|im Gp(x) (1.32)
T|—00

also exhibits a phase transition at p.. (Unlike the case for percolation, the continuity of
¢, in p has been proven for all dimensions, as long as J,, satisfies a strong symmetry
condition called the reflection positivity [4].) Furthermore, it is known [1, 5] that, if the
bubble condition (1.24) holds for the critical Ising model, then

Xp =< (pe — )7, Op < /P — pe, (1.33)

meaning that the critical exponents for y, and 6, take on their mean-field values 1 and
1/2, respectively.

1.2.5 The main results

Let

d. = (A 2) xm, (1.34)

o 2 [SAW and Ising],
3 [percolation],

where m is the number of G, involved in the bubble/triangle conditions (1.24) and (1.26).

In the previous paper [15], we investigated asymptotic behavior of G, (z) for a # 2,
d > d. and L > 1 (see Theorem 1.7). In the current paper, we investigate the marginal
case o = 2, for which the variance of D diverges logarithmically, and prove the following:

Theorem 1.4. Let o« = 2 and d > d. (including equality) and suppose that D satisfies
Assumptions 1.1-1.2. Then there is a model-dependent Ly < oo such that, for any L > Ly,

O(L?)

Il og Il £l

G (2) < 6o +

(1.35)

Moreover, there is an € > 0 such that, as |z| — oo,

G, () = ~ %(1 + ﬂ), (1.36)

~ pelal*?log x| (log [[)°
where the O(1) term is independent of L.

Due to the log correction to the standard Newtonian behavior in (1.35)—(1.36), we
can show that the bubble/triangle conditions hold, even at the critical dimension d = d..
For example, the tail of the sum in the bubble condition (1.24) can be estimated, for any
R>1, as

4—d

> Gp(a) %/mg - (1.37)

z:|z|>R R T (log T)Q’



which is finite even when d = 4, due to the log-squared term in the denominator. Also, by
the convolution bounds in Lemma 3.5 below, which is one of the novelties of this paper,
we can show that G32(x) for d > 4 is bounded above by a multiple of |z|*~/log |z].
Therefore, the tail of the sum in the triangle condition (1.26) can be estimated as

< dr rb-d
*2 - 1
T G060~ [ g 159

which is finite even when d = 6, again due to the log-squared term in the denominator.
Therefore:

Corollary 1.5. The mean-field results (1.25), (1.27) and (1.33) hold for all three models
with o = 2 and sufficiently large L, in dimensions d > d. (including equality).

Remark 1.6. 1. In the previous paper [15], we investigated the other case o # 2 and
proved the following:

Theorem 1.7 (Theorems 1.2 and 3.3 of [15]). Let o # 2 and d > d. and suppose
that D satisfies Assumptions 1.1-1.2 and the following bound on the “derivative” of
D*: forn € N and x,y € Z* with |y| < $|z],

DMz +y)+ D™z —y)| _ OL")|lyllL

D™ (x) — < = . (1.39)
2 [l o>+
Then, there is a model-dependent Lo < oo such that, for any L > Ly,
O L a2
Gp. () < oz OL™") (1.40)

el

As a result, the bubble/triangle conditions (1.24) and (1.26) hold, and therefore the
critical exponents for x, and 0, take on their respective mean-field values. Moreover,
there are A =1+ O(L™?)1{4>2y and € > 0 such that, as |z| — oo,

G,.(z) = A Ya/Va (1 + O(LE)) (1.41)

c —
Pe |a|d=on? kg

The extra assumption (1.39) is hard to verify in a general setup. However, we have
shown [15] that the compound-zeta distribution (1.15) for a # 2 satisfies (1.39). In
fact, as explained in Section 3.2 (see also Remark 3.7), the proof of Theorem 1.4 for
a = 2 also works for the case a < 2, so that we do not have to require (1.39) for
a < 2, but not for @ > 2. This is somewhat related to the fact that the multiplicative
constant A in (1.41) becomes 1 for o < 2.

2. The possibility to extend the mean-field results down to d = d. was already hinted
in [21, Theorem 1.1], where we have shown that, for d > d. and L > 1, the Fourier

9



transform Gp(k) obeys the following infrared bound, uniformly in k € [—7,7]¢ and

p < pe
Gy(k) = —— - O0m)__ (1.42)
X, +p(l = D(k))
where
B A%k D(k)?
Om = /[M]d (2m)4 (1 — D(k))™ (1.43)

In fact, we can follow the same line of proof of [21, Theorem 1.1] to obtain (1.42), as
long as d,, is sufficiently small. However, for a = 2 and d > d, (including equality),

we have
A’k D(k)? Ak
Sm g/ +O(L™2™ / —— =O0(L™%). (1.44)
k>1/0 (2m)%  Am ) ( ) wi<1/z ([k[*1og 575)™
'.'(T-9) ~;(I.r10)

Therefore, by taking L sufficiently large and using monotonicity in p, we obtain

*m : *m : ddk
G, (0) = lim G (0) = lim

ptpe P PPe J [ p]d (2m)d

Gy(k)™ < oo, (1.45)

as long as d > d., hence the mean-field results for all d > d..

2 Analysis for the underlying random walk

In Section 2.1, we prove Theorem 1.3 for av = 2 (the results for o # 2 have been proven
n [15]). In Section 2.2, we complete the proof of (1.12) for a = 2.

2.1 Proof of Theorem 1.3

The results for o # 2 are already proven in [15, Proposition 2.1]. The proof of (1.19) for
o = 2 is easy, as we split the sum at N = [|£[[3/log || £ and use (1.13) for n < N and
(1.12) for n > N, as follows:

N o)
Sg(®) = Goe <Y D™ (@) + Y 1D
n=1 n=N

1 x N 00
<O(L™ (—O%JH{;JFH; Zn + Z(n log n)d/2)

£ = =
coun(SBlliliye, Y O
B (5 (log N)d4/2 log || £l

10



It remains to show (1.20) for aw = 2. First, we rewrite Sl(x) for d > 2 as

Sy (z) = / d’k e_m / / —zkw—t(l—f)(k‘)).
[—7,m]d (27T> 11— [—, Tl']d

Let

Then, for |z| > L'*" (so that §,, = 0),

T d
L = /dt/ dk ¢~ikat1=D) gt
T
_ —t —ikmA n
- / dte Zn'/md D(k)
= dt e ( 0oz D
o ( 3ere)

(123) O(L?) log 121 |z B O(L- )‘x|2—d

= |2|d+2 (log %)Hm ’

which is an error term.
Next, we investigate Si(z) — I1. Let

1 21
= 0,1 LR=|{—] .

Then, we can rewrite S (z) — [ as

o0 d .
— 1, :/ dt/ ﬂe—ikw—t(l—D(k))dt
T [—7,m]d (27r)d

/oo dt/ A%k iko—vatlkf? 10g TR 4 24: I
— —Qe
T w<r (2m) =

where

IZ / dt/ —Zk~r (e—t(l—ﬁ(k)) . 6—v2t|k|2 log # Ik ‘>
k|<R

e—zkx T(1—D(k))

I = / ,

’ R<|k|<1/L (27T) 1-— D(k:)

; A%k efikme(lflA)(k)) .

1= /[ e md 1 pr) UEREE

11

(2.2)

(2.3)



For I,, we first note that, by (1.11),

~t(1=D(k)) _ ,—v2tlk|* log i

‘e < O(L2)t|k|2e 2+ o8 ol (2.10)

Let s = vgtlkPlogﬁ and r = |k| < R. Since |z| > L', we have

1 1 1
§:<2_ 1>g2(2_ 1)ﬁ>(2_—)g:g. (2.11)
S log+-/) r log+5/) 7 wnlogL ) r r

Therefore, for d > 2,

e R
1| < O(L% / dt t / A a2 vmirtog 2
T o T

00 vatR2 log TlR d (d+2)/2
< O(LQ)/ dtt/ £ (;1) e
T 0 s \vaotlog ;5

(2.5) —(d+2)/2
< O™ (log %) T2

23 O(L7?)|z[*1

= , 2.12
(log %)24(172)#/2 (2.12)
which is an error term because
(d—2)p (23) d—2 4
2—-— > 2—— =14+ —>1. 2.13
5 it2 a2 (2.13)

For I3, since (1.10) holds and log 5757 = log § > 0 for |k| <1/L, there is a ¢ > 0 such
that

1/L d cT d
niso [ s o [0 e oy
R r cl2TR2 S

Since TR? — oo as |x| — oo (cf., (2.3) and (2.5)), the integral is bounded by a multiple of
(L2TR?)(@-4/2e=cL’TE* "which is a bound on the incomplete gamma function. Therefore,
for N € N large enough to ensure 2N + 4 > d,

_ L}%)di4  r2mp2 (LR)d_4 O(L_d)
sl < OL™) == =TT (LPTRY
_ O(L—2+(2N+4—d)(1—w))(log %)(1+p)(N+1)

|z|d-2+CN =) (1-w)

‘x|>£l+n O(L*Q)(log %)(1+u)(N+1)
— |$‘d—2+(2N+4—d)(1—w)n/(1+n) )

(2.15)

which is an error term.
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For I, we use (1.9) and a similar argument to (2.15) to obtain that, for N € N large
enough to ensure 2(Nn—1)/(1+n) > d —2,

mn<mmwm%ww§”mLxmm>
= mzN = \:1:'|2 Nn—1)/(1+n)

L] < O(1)e ™™ < (2.16)

which is an error term.
So far, we have obtained

= y i i
T wj<r (27) g

To investigate the above integral, we introduce 5 = z/|x| and change variables as k = |z|k.
Then, by changing time variables as 7 = ”2t log L , the integral in (2.6) can be written as
vot |k |?

. kd
||~ d/ dt/ exp<—m~§— log
iwi<leR ( |z[> 7 Ll
2—d d¢ log =l
= —|$| £l / d7‘/ Rd exp | —ik-&—7|K|? nglg"ﬂ
valog T ioglel — Jiwi<paim (27) log 7

L L

|$|2 d . ) 3
= < / dr / einéTlnl —ZMj), (2.18)
() 10g L Rd j=1

where
le|
e loe 't s, 2
. —ik-E—T|K|
M, = / dr [ e , (2.19)
dd/-i ; 2
—ik-E—T|K| (2 20)
— e : .
ﬁﬂ /|n|>|z|R (2m)4
% _, 1
/ / A (S R (ﬂ@?%) . (2.21)
g wl<lelr (27) log &
Notice that the first term in the parentheses in (2.18) gives the leading term:
, 00 —1/(47) F(u)
d eIl — / dr - 2l 2.22
/ T/Rd 27r)d 0 T (4mT)4/2 Agd/? 7 (222)
For M, since |z|?/(voT log |3”‘) (log |$|)“ — 00, we obtain that, for N € N large

enough to ensure 2N + 4 > d,

M, = e s e 1 - ds  (a-2)/2 s
! / 47T7')d/2 N 47rd/2 /x|2/(4v2Tlog I) ? ° ¢

|22 (d—4)/2 ) ol
<o) [ ——— e~ ll*/(4v2Tlog 7). (2.23)
||
’UQT lOg T
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Using the exponentially decaying term yields

VN 1
Ml S O( ) )
(log |zl )N +a=d)p/2

(2.24)

which gives an error term as long as 2N + 4 > d.
For My, changing the order of integrations and changing variables as r = |

yields
d 00
| M| < / d Hd/ dr e 7P’
wf>lelr (27)J 22T 1o L

/ d% 1 ( | |21)2T log. |x|)
= ——— ——exp K —
w>lelr (2m)0 [K|? x> 7 L

2 (d-2)/2  poo
—on) (LJ / dr (@22,
vy T log F v TR log 12 T

2
— O(l) (|1‘|R)d_4 |$| e—vaR2 log%. (2.25>

‘2U2T |=|

|[?

log '+

Using the exponentially decaying term and |z| > L™ as in (2.15)—(2.16), we obtain that,
for N € N large enough to ensure 2N + 4 > d,

O(l)(log |CIT‘)(N+1)M |z|> L1+ O(l)(log |:):\)(N+1)M
< <

M| < <|§_\)(2N+4 d)(1-w) = |z| @GN/ A4 (2.26)
which gives another error term.
For M3, we first note that, since |k| < |z|R = (|z|/L)*~
1 1 1 R
1— exp (T|/{|2 0og ‘:") ‘ S Tlli|2’ 0og ‘ZH exp (7_|/{|2 0og |x|l| )
log log -+ log -+
1
|/{|2‘ 0g ":lH (1—w) 7'|/€|2 (227>
log '+
Then, by changing the order of integrations and changing variables as s = w[m!zﬁg log 7 \xl

we obtain

M < [ o dr e
log m\<\x|R %lo lzl
_ d's  |log|s| <1+ ELINN le) —lnf222E log 2]
log TI |k|<|z|R (2m)® w?k]? |z [? L
O(1 2 (d=2)/2  pwusTR? log 2 L d 2
_ ( )I< |z] | |> / S log s|z| o (d—2)/2(1+8)€—s'
logl% v T log & 0 s wvy T log

J/

-~

(log 120y —1+(d=2)n/2

(2.28)
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Using the triangle inequality

2 (2.3) I2s
log szl B log— +,uloglog‘ i (2.29)
wvoT log F L’
we obtain
wngRQIOg d 2
/ S log LH (diZ)/2(1 + 8)675
0 s wu T log F
*ds L%s| (422 —s d— d Ed
S/O ~ logw—v2 s{2D/2(1 4+ s)e +(F(72)+F(5)),uloglogf
convergent a;rlong asd>2
=0(1) <1 + log log |%|> (2.30)
As a result,
O(1)loglog & n<atz O(1)loglog 2
M| < (1)loglog 77 #<z= O(1)loglog 7 (2.31)

(logliLl)l—(d—Q)u/z = (1Og|iL|)4/(d+2)

which gives another error term.
Summarizing (2.17)—(2.18) and (2.22), we arrive at

Sy(z) = % <7 -y Mj) +Y I, (2.32)

with the error estimates (2.4), (2.12), (2.15)—(2.16), (2.24), (2.26) and (2.31). This com-
pletes the proof of Theorem 1.3 assuming the properties in Assumptions 1.1-1.2. [ |

2.2 Proof of the bound (1.12) on || D*"||, for a = 2

For n =1, ||D||ec = O(L™%) is obvious. For n > 2, we recall that ||D*"||, is bounded as
(cf., [12, (A.2) and (A.4)])
1
d
HD*nHoo < O(Lfd) _T 7aalefnr
0

155 1 |[Do(1 — A)"2 (2.33)
Since the second term decays exponentially in n, it suffices to show that
d x
/ r d —nr210g§ < O((nlog%)_dﬂ) (234>

Let t = n='/* (so that nt?> = \/n). Notice that log 5= > log 5 > 0 for r < 1. By changing
variables as s = nr? log 5, we have

g 7ade—mﬂlog% S O(n—d/Q)/ dS

s < O(n~ 5 ) e Vo83 (2.35)
t T Vvnlog & S

15



which decays much faster than O((nlog Z¢)~%?). For the remaining integral over r €
(0,1), we change variables as s = nr?log 5-- Then, there is a ¢ > 0 such that

d 1 d 1 d d
_5:(2_ W>_T2(2— W)—TZC—T, (2.36)
S log ) log 2%/) T T
4
r= ° T < ° T 1 ; < ° T <237)
nlog 7- nlog - n(;logn +log%) nlog
Therefore,
t ) i d/2 nt? log & 44721 (¢
o T c(nlog T)4/2 [, s c(nlog T)d/2
as required. [ |

3 Analysis for the two-point function

In this section, we use the lace expansion (1.2) to prove Theorem 1.4. First, in Section 3.1,
we summarize some known facts, including the precise statement of the lace expansion for
the two-point function. Then, in Section 3.2, we prove the infrared bound (1.35) by using
convolution bounds on power functions with log corrections (Lemma 3.5) and bounds on
the lace-expansion coefficients (Lemma 3.6). The proofs of those two lemmas follow, in
Sections 3.3-3.4, respectively. Finally, in Section 3.5, we prove the asymptotic behavior
(1.36) and complete the proof of Theorem 1.4.

3.1 List of known facts

The following four propositions hold independently of the value of a > 0.

Proposition 3.1 (Lemma 2.2 of [15]). For every x € Z¢, G,(x) is nondecreasing and
continuous in p < p. for SAW, and in p < p. for percolation and the Ising model. The
continuity up to p = p. for SAW is also valid if Gp(x) is uniformly bounded in p < p..

Proposition 3.2 (Lemma 2.3 of [15]). For every p < p. and x € Z¢,
Gplx) < Sp(x), pD(x) < Gp(x) = Gop < (pD * Gyp) (). (3.1)

Proposition 3.3 (Lemma 2.4 of [15]). For every p < p., there is a K, = K,(a,d, L) < 00
such that, for any x € 72,

Gp(w) < K[z (3.2)

16



Proposition 3.4 ([11] for SAW; [19] for percolation; [28] for the Ising model). There

are model-dependent nonnegative functions on Z%, {x("}>2 (xl = 0 for SAW) and
{R\V}oe,, such that, for every integer n > 0,
6+ (pDx 4 (=) x Gy + (—1)" T R [SAW], (33)
T + < s pD ok Gy + (—1)" T R [percolation & Ising), .

where the spatial variables are omitted (e.g., G, for G,(z), § for 8,.) and'

D = D — D(0)5, rl= =Y (~1)ay). (3.4)

p P
3=0

Moreover, the remainder term obeys the following bound:

RO < {Wé"“) * Gy [SAW],
D <

(3.5)
T pD * G, [percolation & Ising].

Before proceeding to the next subsection, we derive the unified expression (1.2) from
(3.3). To do so, we first assume p < p. and }_; [[7;’[[1 < oo, which has been verified for
a#2,d>d.and L > 1in [15] and is verified in the next subsection for a = 2, d > d.
and L > 1. Then, by (3.5), we can take the n — oo limit to obtain

o - d+ (pDy + mp) x G [SAW], (3.6)
P T, + 7k pDs*x G, [percolation & Ising], .

where 7, = lim,, o, 7°™. For percolation and the Ising model, if pD(o)||m,|[; < 1 (also
verified for v # 2, d > d. and L > 1 in [15], and for « = 2, d > d. and L > 1 in the next
subsection), then

G, = m+m*xpD*G,—pD(o)m,* G,
I
replace

= 7, + 7, *xpD x G, — pD(o)m, * <7rp + m, % pD * G, — pD(0)m, * Gp>
- (Wp - pD(o)w;Q) + (Wp - pD(O)WZQ) *pD x G, + ( — pD(O))Qﬂ'*Q * G

P
replace
= (m, — pD(0)m?) + (m, — pD(0)m?) % pD % G,
+( - 10D(0))27r;2 * (’/Tp + 7, % pD x G, — pD(0)m, * Gp>
= I, + I, *pD % G, (3.7)

!The recursion equation [15, (1.11)] is correct for percolation and the Ising model, but not quite for
SAW, as long as D(0) > 0. To deal with such D, the definition [15, (1.13)] of II,, needs slight modification.
See (3.10) below.
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where

— 7, Z n *(n-l-l)

(3.8)

For SAW, if pD(0) + ||mp|l1 < 1 (also verified for o # 2, d > d. and L > 1 in [15], and for

a=2,d>d.and L > 1 in the next subsection), then

Gy = 6+pD*G,+ (—pD(0)d+m,) * G,
—~—

replace

= 5+pD*Gp+(—pD(0)§—|—7rp)*<5+pD*Gp+(—pD(o)5+7Tp)*Gp>

= (64 (=pD©)3+m,)) + (64 (—pD(O)F +m,)) +pD %G,

+( —pD(0)d + Wp)*2 x G
o
replace

= I, + 1, +*pD* G,

where

—5+Z 5+7rp) o

3.2 Proof of the infrared bound (1.35)
Let « =2, d > d. and

A = sup 51( z)
a#o [|z[[77¢/ log I £llx

Define

g, = p V sup Gp(2)
b = = Tt
wto Allz||77¢/ log [ £,

We will show that g, satisfies the following three properties:

(i) g, is continuous (and nondecreasing) in p € [1, p.).

(i) g1 < 1.

(iii) If A < 1 (i.e., L > 1), then g, < 3 implies g, < 2 for every p € (1,p.).

= O(L™?).

(3.9)

(3.10)

(3.11)

(3.12)

Notice that the above properties readily imply G,(z) < 2A[|z|[7¢/log || £||: for all z # o
and p < p. (< 2). By Proposition 3.1, we can extend this bound up to p., which completes

the proof of (1.35).
It remains to prove the properties (i)—(iii).
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Proof of (i). It suffices to show that sup,, G,(z)/||z|[;~?/log[|%]|: is continuous in
p € [1,po] for every fixed py € (1,p.). First, by the monotonicity of G,(z) in p < py and
using Proposition 3.3, we have
Gy(z) < G () < Kpo|||x|||zd_2 _ K, .
=%/ Tog lIZ M — Mallz™/logE Ik — Nllli/log gl M=/ log I £l
On the other hand, for any x¢ # o with D(xy) > 0, there is an R = R(po, z9) < oo such
that, for all |z| > R,

(3.13)

Kp, D(‘TO)

llzllz/ Tog M E My~ Navollz™/ log 152

Moreover, by using p > 1 and the lower bound of the second inequality in (3.1), we have

(3.14)

D(z0) < pD(0) < Giplo). (3.15)
As a result, for any p € [1, po], we obtain
o T2l 1o 121~ TleollZ “log 12211 =o<iei<r [lell%*/ log [1Z 1T, '
ao (||l log I Z Ml Mol log (I 1|+ |77/ log [l £+

Since G,(z) is continuous in p (cf., Proposition 3.1) and the maximum of finitely many
continuous functions is continuous, we can conclude that g, is continuous in p € [1, pl,
as required. [ |

Proof of (i1). By Proposition 3.2 and the definition (3.11) of A, we readily obtain

Gl(l‘) Sl(ZE)
g1 =1Vsup — —— < sup — — <1, (3.17)
vro All2ll7/ log I £l w0 A7/ log 1l

as required. ]

Proof of (iii). This is the most involved part among (i)—(iii), and here we use the lace
expansion. To evaluate the lace-expansion coefficients, we use the following bounds on
convolutions of power functions with log corrections, whose proof is deferred to Section 3.5.

Lemma 3.5. For a; > by > 0 with a; + by > d, and for as, by > 0 with ay > by when
a; = by, there is an L-independent constant C' = C(d, a1, as, by, by) < 0o such that

. —ay —b
3 [1EZ xi\/\lL HlyHLL : (3.18)
o (og 1=z ()%= (og [l £ [l)"

(Lo [ay > d],
C ”lxm—bl log log |||%|||1 [al = d7 Qo = 1]7
[t 1 o |1V P z —az _

< Toglal e * GBI I™0 oy =d. 0y # 1]

g ]l a1 < d, a;+ by > d],

[

LlelZ Qog I E 1)) far < d, a1 +by = d, az +by > 1].
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N - D

Figure 1: Examples of the lace-expansion diagrams for SAW and the Ising model (left)
and percolation (right). The factor ¢ in (3.19) is the number of disjoint paths (in red)
from o to x using different sets of line segments.

Assuming g, < 3 and Lemma 3.5, we prove in Section 3.4 the following bounds on the
lace-expansion coefficients {7 }°2, (recall that 7{” = 0 for SAW) in (3.3).

Lemma 3.6. Let (cf., (1.34) for the definition of m)

A Isi
/- m+1_ )3 [S W@. singl, (3.19)
m—1 2 [percolation).
Suppose g, < 3 and p < p.. Under the same condition as in Theorem 1.4, we have
2-d
(pD * G,)(x) < O(A)w [z € Z). (3.20)
log |17l
Moreover, for SAW,
O(L_d)éo,r [] = 1]7
@) _
e DY (321)
O(X) s W =2
(log [l 7l
and for the Ising model and percolation,
‘ [
O(L™) 8, + O(A)QWL””)K [j=0,1],
G Tl
T (x) < |||x|||£(2_d) (3.22)
O s i =2].
(log [ £ll1)*

Consequently, we have >, |77 ||; < oo for d > d. and L > 1. Then, by using (3.5)
for p < pc, we obtain lim,, . || RS ||y = 0 and (3.6) with

3(2—d)
O(L‘d)éo,x + O(/\?’)Mgﬁ3 [SAW],
o) < (log 1Z 1) 523)
T [E '

(14 O0(L™)600 + O(N?) [Ising & percolation).

(log [l £/llL)*
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This implies that, for SAW (cf., (3.10)),

(2—d)
pD(0) o0 + |mp(z)| < O(L™ )5” + O(A%M (3.24)
prrard (log [IIZ]l+)?

hence pD(0) + ||m,|l1 < 1 for d > d. and L > 1. Also, for the Ising model and percolation
(cf., (3.8)), since L= = O(X) for d > 2,

(2—d)
pD(0)|m,(z)| < O(L™N6,, + O(A%Mﬁ (3.25)

hence pD(0)||mp||1 < 1 for d > d. and L > 1. We note that, for all three models,
(2—d)=—-d—2—(—1)(d—d). (3.26)

By repeated applications of (3.24) and Lemma 3.5, I1,(z) for SAW obeys the bound

[T (2) = do.z| <Z pD(0)d + |my) ™" ()

3 O(L =>4 P ][>~
o303 (o rouy el
; ZZ logllFlh)?
O(L_d) '.'Lerr:rrna 3.5
5) Iz el & 37 —2-a(d—a)y ")
< O(L™3,4 + O(N®) E > (0L + ONL” )) o (327)
(log I3 1)? = —

o)

Similarly, by repeated applications of (3.23), (3.25) and Lemma 3.5, I1,(x) for the Ising
model and percolation obeys the bound

T, (2) — G| < Imp() — o] + (mr 5 (pD<o>|wp|>*“) (x)

n=1
A >

< RHS of (3.27)

2 d
< O(L s + 0<A2><1”(')g”|'|ﬁ (3.28)

By weakening the O(A?) term in the right-most expression of (3.27) to O(\?), II,(x) for
all three models enjoys the unified bound

[I1,(2) — 0o0| < O(L™H)50. + O()\2)(|H H’|HL T (3.29)
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As a result,

ll=ll” © _ o) (3.30)
(log [IIZ 1) ’ '

J/

11,(0) = 1] < O(L™) + O(\) Y

T

-~

O(L-2- (=D (d—do))
and

0(2—d)

~ ~ X

13,0) ~ 11,(0)] < O Y e e < OOHE. (381
. g 12T

O(L~(E=D(d—dc))

Now we are back to the proof of (iii). First, by summing both sides of (1.2) over =
and solve the resulting equation for y,, we have

g g ﬁp(o)

Xp = 11,(0) + 11,(0)px, = Tﬁ((}) (3.32)

Since x, < 0o (because p < p.) and IT,(0) = 1+ O(L™%) > 0 for large L, we obtain
pI1,(0) € (0,1), (3.33)

which implies p < IT,(0)™" = 1+ O(L~%) < 2, as required.
Next, we investigate G,(z). By repeated applications of (1.2) for N times, we have
Gp(r) = Iy(x) + (I, * pD x Gy)(z)
= I,(x) + (I, * pD * II,)(x) + ((Hp * pD)*2 * Gp) (v)

= (Hp * Z_(pD * Hp)*”) () + ({1, = pD)*N x G,) (). (3.34)

n=0

Notice that, by (3.26), (3.29) and Lemma 3.5, there are finite constants C,C’, C” such
that

£(2—d)
(IT, * D)(x) > (1 — CL™)D(x) — C')\? Z %D(m — )
> (1—-CL™ = C" ) D(x), (3.35)

which is positive for all z, if L is large enough (see Remark 3.7 below). Therefore,

(11, * D)(x)

PO =" 0)

(3.36)
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is a probability distribution that satisfies Assumptions 1.1-1.2 (see computations below).
By this observation, we can take the limit

0 < (1T, «pD)™ + Gy) (@) = (pI1,(0))" (D G)(x) ——> 0, (331)
€(0,1) <xp
so that
Gy(a) = (Hp 5 (pﬁpw))”D*") () = (1T, 8,1 10)(2), (3.38)

where S, is the random-walk Green function generated by the 1-step distribution D with
fugacity ¢ € [0, 1], for which (1.19) holds. By (3.29) and Lemma 3.5, we obtain that, for

x # o,

- O)lyll*~" ONlz —yllz*
Gp(r) < (14+O0(L") S (z) + Sy + — . (3.39)
: ( . 3/(2#% (log I£lh)* \* log [[[=Z*/llx

OOlellz ™/ 1og I £ l1x

Suppose S;(z) < (1+ O(A?))S;(x) holds for all z. Then, for = # o,

J/

llzflz" 2

r e
log 121

Gy(z) < (14+0(N?))Si(z) + O(\?) TEE

< (3.40)
as required.

It remains to show S;(z) < (1+O(A?))S;(z) for all x. This is not so hard to verify, as
explained now. First, by (3.35) and its opposite inequality with all negative signs replaced
by positive signs,

D(z) _ 3
‘D(x) 1‘ = 0(). (3.41)
Also, by (3.30)—(3.31) and (1.10),
1-D D I1,(0) — IT
1— D(k) I1,(0) 1 — D(k)
N N - .
1+0(L—%) O(A3)
Similarly,
1-D 1-D D(k) I1,(0) — I1,
D) 1-DH) D) O -TH) 5.03)
|k[*log(1/|k])  |k[*log(L/|k]) = I1,(0) |k[|*log(1/|k])  Ikl—0
—_—— -— _
—v2, 7 (1.4) —0, " (3.31)

Therefore, for L large enough, D satisfies all (1.9)—(1.12) with the same constants as D
(modulo O()\?) terms). Similar analysis can be applied to show that D also satisfies (1.13)
with the same constant as D. As a result, we can get S;(z) < (1 + O(M\?))S;(z) for all z.
This completes the proof of (iii), hence the proof of the infrared bound (1.35). [ ]

23



Remark 3.7. The above proof works as long as o < 2+ (¢ — 1)(d — d.) (cf., (3.35)),
then we can define the probability distribution (3.36) by taking L sufficiently large. For
short-range models investigated in [17, 18, 28], on the other hand, since « is regarded as
an arbitrarily large number, there is no way for (3.35) to be nonnegative for every z. In
this case, we may have to introduce a quite delicate function E,,.(z) as in [15, 18] that
is required to satisfy some symmetry conditions. Since we do not need such a function for
all @ < 2 and d > d., the analysis explained in this subsection is much easier and more
transparent than the previous one in [15, 18]. This is also related to the reason why the
multiplicative constant A in the asymptotic expression (1.41) becomes 1 for o < 2.

3.3 Convolution bounds on power functions with log corrections

In this subsection, we prove Lemma 3.5. First, we rewrite the sum in (3.18) as

Z(ﬂmlyl”zala " s~ ool ol
2 Tlog I )= Tog N4> ~ |, & Tlog[[=¢]l,)e= log 121l
o Iyl
s Gog 22 1) (og 1]1)

3 ( llz =yl llyllz™
(log [I#£*ll1)*> (og [l £ll[1)*

y:lz—yl<|y|

lz =yl il )

+ — . (3.44)
(log [I 724 (l1)*2 (log [I[£ll+)*

Notice that the ratio of the second term to the first term in the parentheses, which is

e — oz Iyl
(log [[Z2]11)" (g 1£11)*> _ (mx - ymL)“ (bg IHJC—?Wl)“ (3.45)
e —yliz (vl vz log 141 ’

(log [I#£*ll1)e (og [l £ll[1)*

is bounded above by an L-independent constant C' € [1,00) as long as a; > by, or a; = b;
and as > by. Therefore,

_ —ay _ _ —al —bl
s ool Wl s el bl

o Qog 154 {12 (og [l £1l)" (log [IZ* )= (log [ £ Il )*:

y:lz—yl<|y|

Now we consider the following cases separately: (a) a; > d, (b) a; = d, (¢) a; < d and
a; + bl Z d.

(a) Let a; > d. Since |z — y| < |y| implies |y| > £|x|, and since

" 1 " log 5
1501z = Sl log [I 3zl = 1=

log |[ [l (3.47)
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we obtain

I ] ] e ] [ /SRR PYS
(og T2 1) (og 1217 = (og 1211 2=, (log |52 |.)

~~

O(Ld—al)

y€Z4

(.

y:lz—y|<[y|

Let a; = d. First we split the sum as

o= >+ D> (3.49)

yilz—yl<|yl| y:lmfySISIyl y:\xfy3|§\y|
(lyl<5 =) (lyl>3lz])

For the first sum, since |z — y| < |y| implies |y| > %|z| (so that (3.47) holds), and
since
3T 3T
og =t . . log log ¢
= log [ 71l loglog [ 57l < ~————+
2

log |57l < loglog [[ [l (3.50)

log log log §

we obtain

3 llz —yllz®_ llyllz™

(log [[“£*1ll1)*= (log [l £ [lh)*

Ol 3 llx — il

(log [l £ Il )*2 (log [[=Z*{l)*=

IN

yilo—y|<|y| yilz—y|<3|z|
(Jyl<2|=))
1 [a2 > 1]7
Oz
< QWL o 3 pogiog izl fas =1, (351)

(log [ £ Il )2 e
- (log 7 1l)*=2 [a2 < 1].

For the second sum in (3.49), since |y| > 3|| implies |z — y| > $|y|, and since

1 log
50z = Sllyllz. log [l 3%l = og 22 log |[ £l (3.52)

we obtain

—d —b
€xr — y y ! O 1 —d—by
Z I Iz lyllz < (1) E : IwllZ",  (3.53)

=y az (] Yy b2 — (] z az+b2
e Tom T 17 Tog TP = Tog Tl | 2

(ly|>3 ) -—
o)zl

which is smaller than (3.51).

Let a; < d and a;+b; > d. Similarly to the case (b), we split the sum as in (3.49) and
evaluate each sum by using (3.47) and (3.52). Then, by discarding the log-dumping
term (log || *72[|1) 7, the first sum in (3.49) is bounded as

llz —yliz™ Iyl o) lll=flz"™ —a
> - g < L > e =iz (354

2=yl Yaz (] vl b2 1 Z (I \ba
2ot Qo= ) (og )™ = Tog g | 2=,

(lyl<3lxl) N - Y
d—
oWl **
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while the second sum in (3.49) is bounded as

—a — o le— 1 —a
Z Iz =yl lyliz™ ﬂz?"y' o) Z lyllz "
IR = Ry 2 ToslEll
(/>3 z) vll>3
Ol g " 1 [ay + by > d], 3.55)
= (log || 1)zt log [ £lli  [a1 + b1 =d, az + by > 1],

which is smaller (resp., larger) than (3.54) if as > 1 (resp., as < 1). This completes
the proof of Lemma 3.5. [ |

3.4 Bounds on the lace-expansion coefficients

In this subsection, we prove Lemma 3.6. Suppose that g, < 3 and p < p.. Since G,(y) =
oy + Gp(y) Liyzoy for all three models, we have

(D G,)(x (z) + > D(x—1y) G,ly). (3.56)

The first term is easy, because

_ o2 log Il flflz o Ml
EE 70T log I Z log £l |”1
For the second term in (3.56), we use g, < 3 and Lemma 3.5 as
O(L?) 3\|ly|*¢ x

2 2 =yl gl = 7 iog mLml
This completes the proof of (3.20).

To prove (3.21)—(3.22), we repeatedly apply Lemma 3.5 to the diagrammatic bounds
on my(z) in [18, 28]. For example, the lace-expansion diagram in Figure 1 for SAW and
the Ising model can be bounded as follows. Suppose for now that each line segment, say,
from  to y, represents 3\ ||z —y||7 ¢/ log || ||, i.e., the assumed bound on the nonzero

two-point function. Then, by using Lemma 3 5 (to perform the sum over w), we can show
that, for d > 4,
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where the indicies in the parentheses are summed over Z¢. This is due to the following
computation: for d > 4,

_ — — 2
3 BAlly — wllz™ 3A]l= — wilz* (3A||Iw — Iz d>
log [#z=]lx  logll=z=llx \ log [l*z=Ilx
X <ﬂ{|y—w|§\w—x|} + 1{|y—w|zww—x|}> (1{\z—w|S|w—x\} + ﬂ{|z—w|z|w—x\}>

_ — — 2
<y Ay — wllZ=* 3Allz — wilz* (3A||Iw w1 d)

log 4740l log[IFz= ]l \ log [[*Z=Il

Ly—wi<pw-a)}  Hjs—w|<jw—al}

w

Slw—z|>5ly—z| Slw-z|>3|a—2|

+ [3 other cases]

< (3\)?

L3\ y—z 2—d 2—d (|| _ . []12—d
22 0 35 (5 s ey e e
g 1521 Tog 1521l \ 2= g &1 log =21

J/

~
2—d —
<Clly—=l7"“/log I1*z=lI1

-~

<4c

(3.60)

2 — —
< gt <3Alog7r) o 3y — @l 3z — o
= T y—z 1 B
oas) © gl Tos I

By repeated application of the above inequality, we will end up with

(y) (w)

AVAVYANE (C-5) C) @

log m 5 ez
< 4‘“(3)\ )C e (3.61)
log 5 log (log [I%]11)*’

.

O( )13

which is smaller than (3.21)-(3.22), by a factor O(\)® for SAW, in particular. This is
because, in fact, not every line segment is nonzero. The situation for the Ising model and
percolation is harder, because most of the line segments can be zero-length, which do not
have small factors of A\. However, the convolution pD * G, shows up repeatedly, which
has a small factor of A, as in (3.20). This also provides a bound on the main contribution
from 7{"(x), as

0D+ G < 3( Do)+ 30 2L ) Sl )6O,x=o<L—d>ao,x. (362)

o |||y|||d+2 log [l £l

This completes the sketch proof of Lemma 3.6. [ |
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3.5 Proof of the asymptotic behavior (1.36)

First we recall (3.38). Since x, = I1,(0)/(1 — pIT,(0)) diverges as p 1 p, while IT,(0) =
1+ O(L™%) uniformly in p < p., we have pCHpC(O) = 1. Therefore,

G, (x) = 1T, % Sy(z) = )+ L () (Si(x — ) — Si(x)). (3.63)

1/pc y#o

The asymptotic expression of S;(z) is the same as that of S;(z). This can be shown by
following the proof of (1.20) and using the limit (3.43).
To investigate the error term in (3.63), we first split the sum as

DDV D VLD DD DIED DI L)
v#o  yo<lyl<tlel  yle—yl<ilel  plial—yl>ilel v v

For ZZ, since |z — y| < g|z| implies 2|z| < |y| (so that a similar inequality to (3.47) or
(3.52) holds), we have that, for large |z|,

"

c

3.29 2| ¢ |62=a)
(o )—sl<x>)\ 2 % Y (Sl —y) + @)

yilz—y|<3z|
ON)[eP/ log ]
—d—(—1)(d—d.)
= ol 3.65
O g (3.65)
Similarly, for Zg’ for large |x|,
" (3.29) O()\>|:L‘|27d O(}\2)|y|é(27d)
I, (y)(Si(x —y) — Si(x < b SANPA LA B
Z el )( i ) i )) log |z L~ (log |y])*
Y yily|> 5]
O(A2)[a|=2-(1=D(d=de) /(1o a])*
O )\3 ‘x|_d_(z_1)(d_dc) 3 66

It remains to investigate 2; For that, we first use (1.20) and the Z%symmetry of
II,,, to obtain that, for large |z|,

)(Si(z — )—51(95))’

T2 N L T ] WO
= W Z‘H°(y)|‘5<log\fc+yl+10g!x—y! -~ log |z
~— Y
o)
O\ |z
+ Z 1. ()] ] T+e (3.67)
. , (log |2|)
y:0<]y|< 5 |z]

0()
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Then, by Taylor’s theorem,

v Ol 2972
kd |z

_ |x|2_d(1 +(2- d)xx' LA O(W)),

|| |2
+ . O(ly|?
log|a::|:y|=10g|a:\+log|x yl—l | |:|:x é/Jr (\3/2|)
which implies
1<II+y\2‘d !x—y!M) 2P Oyl
2\loglz +y| log|z — 1yl log|z|| — log|z|

Therefore, the first term on the right-hand side of (3.67) is bounded by

_ —d—(0—1)(d—d. —

Ol g OWIll," " g Jo

Y L )

loglal - e, (oglIEll) log J«]
o)

This completes the proof of Theorem 1.4.
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