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Bulk dynamics for interfacial growth models
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We study the influence of the bulk dynamics of a growing cluster of particles on the properties of its
interface. First, we define ageneral bulk growth modelby means of a continuum Master equation for the
evolution of the bulk density field. This general model just considers an arbitrary addition of particles~though
it can be easily generalized to consider subtraction! with no other physical restriction. The corresponding
Langevin equation for this bulk density field is derived where the influence of the bulk dynamics is explicitly
shown. Finally, when a well-defined interface is assumed for the growing cluster, the Langevin equation for the
height field of this interface for some particular bulk dynamics is written. In particular, we obtain the celebrated
Kardar-Parisi-Zhang equation. A Monte Carlo simulation illustrates the theoretical results.

PACS number~s!: 05.40.2a, 05.70.Ln, 68.35.Ct, 68.35.Fx
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I. INTRODUCTION

In the last 15 years there has been a great interest in
study of the growth of surfaces by dynamic processes ba
on the addition and subtraction of particles~see, for example
@1–4#!. For instance, the understanding of the conditions
der which a growing surface shows a rough structure
nowadays of the greatest importance in the production
thin films and/or pure crystals. Surface growth is usua
studied by using lattice models in which simple stochas
rules intend to mimic the relevant phenomena. Their ext
sive computer simulation have been of a major importanc
characterizing and understanding the different shapes
occur in real experiments. However, due to the intrinsic lim
tations of computers capabilities, some very interesting
pects are usually subject to incomplete analysis and data
terpretation. In particular, let us remark on the inher
difficulty in the study of the surface long-time behavior a
its scaling properties. Nevertheless, for this particular asp
analytical models seem to give us the answers to the q
tions that the computers fail to clarify. These are main
based in postulating a Langevin equation for the height
the interface measured from a reference substrate. S
Langevin equations intend to mimic the system microsco
dynamics and its collective effect at large scales in space
time. A general choice has the structure

] tht~x!5n1¹2ht1n2u¹htu21n3¹2¹2ht1•••1h t~x!,
~1.1!

where ht(x) is the height of the interface at timet at the
substrate positionxPRd and h t(x) is a white noise term.
Generally, a one-to-one correspondence is assumed bet
various terms in Eq.~1.1! and different physical processe
~for example see the discussion in@5# concerning a model for
epitaxial growth, or a general method in@6# to propose an
equation such as Eq.~1.1! by using the reparametrizatio
invariance symmetry!. The details of the microscopic pro
cesses that are assumed to be irrelevant at this scale o
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servation are taken into account through the values of
coefficientsn1 , n2 , . . . and the properties of the noise ter
h t . Once the Langevin equation~1.1! is defined, one may
apply renormalization-group procedures to obtain differ
universal properties and scaling behaviors. The succes
this scheme is clearly represented by the definition a
analysis of the Kardar-Parisi-Zhang equation~KPZ! @7#
which has been a clear breakthrough in the study of
space-time asymptotic behavior of growth models.

Quite often surface growth is a consequence ofbulk dy-
namic processes. A good example of this is provided by
growth of bacterial colonies where bacteria multiply in
nutrient environment, the shape of the colony being the m
ing interface@8#. In general, the dynamics of the particle
before and after its aggregation to a substrate may influe
the system interfacial behavior. For instance, shadowing
fects may appear as happens in diffusion limited aggrega
~DLA ! processes and in thin-film growth@9#, or they may
induce different scaling regimes depending on the time in
val studied as it is shown in some molecular-beam-epit
models in which a system bulk dynamics is defined@10,11#.
However, interface models are usually expressed in term
a height field,ht(x)>0. In doing so, bulklike contributions
are neglected since only interfacial degrees of freedom
being considered. Unfortunately, the mathematical hurdle
deriving the phenomenological dynamics of interfaces fr
stochastic bulk microscopic models is formidable, and
comprehensive theoretical picture is still lacking although
significant body of rather rigorous work has been devoted
the subject@12#.

It is well known that the macroscopic behavior of syste
at nonequilibrium states exhibits a strong dependence on
functional structure of its microscopic dynamics~for in-
stance, in the so-calledtwo-temperature Ising model@13# one
finds that the phase diagram changes radically dependin
the analytic form for the probability of a spin flip!. Never-
theless, one may expect that this strong relation between
croscopic dynamics and macroscopic behavior should dis
pear near a renormalization-group~RG! fixed point or in the
scaling regime whereuniversalityseems to guarantee that th
4747 ©2000 The American Physical Society
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4748 PRE 62LÓPEZ, GARRIDO, AND de los SANTOS
microscopic details are irrelevant~at least, one knows tha
this is true when studying the dynamic properties of equi
rium systems near a~RG! fixed point @14#!. However, some
recent results on the critical behavior of a nonequilibriu
driven diffusive system show that the microscopic dynam
may play a relevant role in the determination of the syst
universality class@15#. The influence of the microscopic dy
namical details into the critical and noncritical properties o
nonequilibrium model implies, in our opinion, that anya
priori construction of a Langevin equation as Eq.~1.1! may
occasionally disregard important features.

In this paper we introduce a quite general class of n
equilibrium bulk growth models for which the aforeme
tioned problems can be addressed~there are in the literature
some efforts in this direction@16–18#!. We define a stochas
tic bulk local dynamics expressed by an appropriated c
tinuum Master equation in which, for simplicity, only add
tion of particles is considered. From the Master equation
using a truncated Kramers-Moyal expansion, we deriv
Langevin equation for the bulk degrees of freedom in wh
there is an explicit dependence on the analytic form of
rates. In order to study surface properties, in a subseq
section we derive, from this bulk equation, an expression
the interfacial height field dynamics. The illustrative e
ample we take is that of the KPZ equation and, for cons
tency, in that particular case we check our results by me
of a Monte Carlo simulation. Some other examples are t
briefly commented on and our conclusions are given in
final section.

II. GROWTH MODELS: A GENERAL DESCRIPTION

Let us consider a particle density field,r(x,t), xPRd11,
and assume that the probability distributionPt(r) associated
with each field configuration obeys the following continuo
Master equation:

]tPt~r!5E
Rd11

dr @c~r r→r!Pt~r r !2c~r→r r !Pt~r!#.

~2.1!

Here,c(r→r8) is the probability per unit time~or transition
rate! from one configurationr to anotherr8, andr r5r(x)
2V21d(x2r ), r r5r(x)1V21d(x2r ). Note that the den-
sity field, r, can only grow in steps of sizeV21. This is
consistent with a picture in whichr(r ) is a particle density
that results after coarse graining over blocks of sizeV cen-
tered aroundr in a lattice. Therefore, the Master equatio
~2.1!, so defined, could be thought of as if it only describ
processes that add one particle per block of the lattice
elementary time step. This is represented in Fig. 1.

FIG. 1. Schematic representation of the process described b
Master equation~2.1!.
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Next, we choose the transition rates such that

c~r→r8!5w~r;r !, ~2.2!

namely, they are a function that depends only on the ini
configurationr and the specific point where mass is adde
Now, let us assume thatV is large enough~typically, it
should be much bigger than any microscopic length sc
present in the original physical problem but much sma
than the correlation length of the system! and expand the
Master equation~2.1! on inverse powers ofV. Then, using
the expansion

c~r→r r !5w~r;r !, ~2.3!

c~r r→r!5w„r2V21d~x2r !;r …

5 (
m50

`
~21!m

m!Vm

dm

dr~r !m w~r;r !, ~2.4!

Pt~r r !5 (
m50

`
~21!m

m!Vm

dm

dr~r !m Pt~r!, ~2.5!

we get the so-called Kramers-Moyal expansion of the Mas
equation~2.1! @19#,

]tPt~r!5E
Rd11

dr(
l 51

`
~21! l

l !V l

d l

dr~r ! l @w~r;r !Pt~r!#.

~2.6!

The next step we take is to keep only the first two terms
Eq. ~2.6!. Then, we can write down the following Fokke
Planck equation:

]tPt~r!5E
Rd11

drF2
1

V

d

dr~r !
1

1

2V2

d2

dr~r !2G
3@w~r;r !Pt~r!#. ~2.7!

To control the goodness of such an approximation we app
to theKurtz theorem@20#, by virtue of which whenV→`,
and for a given timeT,` then

sup
t,T

urt2 r̃tu<zV
T ln V

V
, ~2.8!

wherert and r̃t are typical time trajectories on phase spa
which are solutions of the exact Master equation~2.1! and
the Fokker-Planck one~2.7!, respectively.zV

T is a random
variable whose distribution does not depend onV and satis-
fying ^exp(lzV

T )&,` for any constantl.0. That is, for a
given fixed timeT one can always find a large enoughV
such that the difference between solving exactly the ma
equation or solving the truncated version of it, is of ord
ln V/V and, therefore, negligible. Moreover, this bound
the best one and no new terms of the Kramers-Moyal exp
sion give better results. However, whenT→` one cannot
control, in general, the accumulated influence of the
glected terms in the expansion. But, since the study
growth models is mainly focused on the understanding

he



he

d

e
i

th
ld
in

f
id
a
le
r

ee
o

r
i

fa
w
n
tio

e
he

ld

tio
ve

ts.
a

bil-

nt:
f

we

ise
ant

w
ar
uni-
co-

n

ion

o-
are

is

t-

y or
s,
ded
the

te
r to
e
t of

d
ich
o-

f a
tor,
ith
t
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their evolution properties, due to Kurtz’s theorem t
Fokker-Planck equation~2.7! is a valid theoretical starting
point.

Last, the Fokker-Planck equation~2.7! is equivalent in the
Stratonovich sense to the Langevin equation@19#

] tr~r ,t !5w~r;r !2
1

4V

d

dr~r !
w~r;r !

1
1

V1/2w~r;r !1/2n t~r !, ~2.9!

wheret5V21t, n t(r ) is a white noise with zero mean an
^n t(r )n t8(r 8)&5d(r2r 8)d(t2t8). We recall thatw(r;r ) is
the probability per unit time of adding a particle~of mass
V21) at point r . If we considered the possibility of particl
subtractions then we should do the following substitutions
Eq. ~2.9!: w→w12w2 in the first term andw→w11w2 in
the last two terms.w1(2)[w(r;r )1(2) is the probability per
unit time of adding~subtracting! a particle.

Before we proceed to the next section, let us remark
~a! Eq. ~2.9! describes the evolution of the bulk density fie
of a system that growths by addition of particles with,
principle, no other physical assumptions, and~b! the Lange-
vin equation~2.9! depends directly on the functional form o
the bulk rates. The election of these bulk rates then prov
the physical restrictions for the particular growth model th
is going to be specifically modeled. Also, it is remarkab
that the influence of the bulk dynamics affects the noise te
through a nontrivial factor.

III. HEIGHT DYNAMICS: KPZ EQUATION AND MONTE
CARLO SIMULATION

We proceed to single out the interfacial degrees of fr
dom of Eq. ~2.9!. In order to achieve this, we place tw
conditions on the solutions of Eq.~2.9!. First, let us impose
that our bulk dynamics produces a surface perpendicula
the z axis without overhangs and bubbles. This condition
necessary to ensure that we have a well defined inter
@note that Eq.~2.9! contains overhang-vacancy and shado
ing effects#. Second, we neglect any interfacial profile. The
we may assume that the solutions of the Langevin equa
~2.9! have the form

r~r ,t !5Q„ht~x!2z…, ~3.1!

wherer[(x,z), xPRd is a point in the substrate andht(x) is
the height of the growing surface at timet. Q(l)51,1/2,0 if
l.0,50,,0, respectively. That is, for a given point in th
bulk r , if its z coordinate is larger, equal or smaller than t
actual position of the surface,ht(x), then the density field is
r(r ,t)50, 1/2 and 1, respectively. Note that since theQ
function is not continuous, when differentiating we shou
use a regularized version of it, e.g.,Q(x)5 1

2 @11tanh(ax)#
with a→`.

We are interested in constructing a dynamical equa
for the ht(x) fields. Therefore, let us make a time derivati
in Eq. ~3.1!

] tr~r ,t !5] tht~x!d„ht~x!2z…. ~3.2!
n

at

es
t

m

-

to
s
ce
-
,
n

n

Integrating inz both sides of Eq.~3.2! we find

] tht~x!5E
R
dz ] tr~r ,t !. ~3.3!

Equating this expression for] tht(x), together with Eq.~2.9!,
will lead us to the desired Langevin equation for the heigh

To make this a bit more concrete, we now introduce
particular set of rates. For instance, we choose the proba
ity of adding mass to the pointr to be proportional to the
square of the gradient of the density field in that poi
w(r;r )}u¹ru2. With this election the unwanted effect o
nucleation of bubbles is avoided. After a bit of algebra,
get

] tht5a@11~¹ht!
2#1

D

2V
Dh1

1

V1/2
@11~¹ht!

2#1/2n t ,

~3.4!

which is the celebrated KPZ equation with a different no
term @a naive power counting argument reduces the relev
part of Eq.~3.4! to the KPZ equation#. The coefficientD has
the proper dimensions anda is positive and depends on ho
theQ function is regularized. This comes from our particul
ansatz, but, we would like to stress here that, as far as
versal properties are concerned, the precise value of the
efficients is immaterial. In fact, it is easy to show~with naive
power counting! that for any bulk dynamics given by
w(r;r )}u¹ruh with h>0, gives rise to a height equatio
falling in the KPZ universality class.

Next, we proceed to check numerically the connect
between Eq.~2.1! with w(r;r )}u¹ru2 and the KPZ equation
~3.4!.

Numerical results.The simple bulk rateu¹ru2 can be eas-
ily implemented in a Monte Carlo experiment. On a tw
dimensional square lattice periodic boundary conditions
considered in one of the principal axes. Each lattice site
labeled by an occupation variabler r ranging from
0,1/V, . . . to 1. A site is empty ifr r50 and full if r r51.
Initially the lattice is empty except for a full horizontal bo
tom line. The growth starts when an empty siter is chosen at
random from the lattice. Then, according to Eq.~2.1! and
w}u¹ru2, r r is increased inV21 with a probability that
depends on each nearest neighbor ofr throughu¹r ru2. The
next site is selected at random from those who are empt
partially filled. It should be noted that neither filled site
r r51, nor sites in the vacuum phase, i.e., sites surroun
by empty nearest neighbors, can grow. Thus, if we define
heightht(x) as the distance to the highest~fully or partially!
occupied lattice site directly above the substrate coordinax,
we conclude that growth is restricted to the bulk phase o
the vicinity of the interface. Nucleation of droplets in th
empty phase is not possible. In Fig. 2 we show a snapsho
the growing interface forV515. Darker regions correspon
to higher densities. The bulk sites below the interface wh
are not filled are still evolving and determine the future ev
lution of the interface.

Numerically, one has to be very careful with the use o
centered-in-space form for the discrete gradient opera
since this may give rise to bulk vacancies incompatible w
Eq. ~3.1!. That is, a nonfull lattice site with full neares
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neighbors can never be updated. This leads to voids in
bulk phase in contradiction with our assumption of the a
sence of bubbles. Therefore, we use the following fin
difference formula for the density derivatives@r5(x,z)#

“r r5„r~x61,z!2r~x,z!,r~x,z!2r~x,z21!…, ~3.5!

where left and right derivatives are used alternately to av
asymmetric effects and, for convenience, a unit lattice sp
ing is assumed. With this finite-difference scheme such in
points into the bulk phase are no longer observed.

Figure 3 shows the scaling plot for the surface wid
W(L,t)25L21(@ht(x)2h̄(t)#2 for different system sub-
strate sizesL. h̄(t) is the mean height of the interface at tim
t. The numerical data were averaged over 2000 indepen
runs for L5100,200,500, and over 1000 independent ru
for L5800. Different values ofV yield similar results for
the particular dynamics given byu¹r ru2. But it cannot be
guaranteed that this will be the case for other types of ra
Recall thatV is a length scale that must be bigger than a
microscopic length scale. In factV51 is the limit of van-
ishing bulk’s influence on the interface. Here, for reasons
computational efficiency the results shown correspond toV

FIG. 2. Snapshot of a growing interface. The greyscale ran
from white ~empty site! to black ~full site!.

FIG. 3. Scaling plot for the model defined by the Master eq
tion ~2.1! with the rateu¹ru2. The data are forL5100, 200, 500,
and 800, whereL is the width of the substrate.
he
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51. Good data collapse is obtained for a roughness expo
a51/2 and a dynamic exponentz53/2, in agreement with
the KPZ prediction@7#.

The example we have just provided is by no mea
unique. Our formalism encompasses many other well-kno
growth equations. Let us just mention that with the simp
dynamics given byw(r,r )5u¹ru the equation of Golubovic
and Wang, related to the anharmonic equilibrium therm
fluctuations of smectic-A phases@21#, is obtained. This is
given by

] tht5@11~¹ht!
2#S l1

1

V
H D ~3.6!

1
1

V1/2
@11~¹ht!

2#1/4n t , ~3.7!

wherel is a coefficient andH is the curvature~see@21#!. As
we have mentioned before, this kind of dynamics~propor-
tional to u¹ruh with h>0), falls in the KPZ universality
class. Also, the Edwards-Wilkinson equation@22#, which fa-
vors growth at local minima, can also be recovered by c
sidering subtraction of particles and a rate of the formw
5u¹2ru. In this case, the formalism has to be slightly mod
fied by linking the election of addition or subtraction of pa
ticles to the density field configuration. More explicitly, no
the Master equation defining the process reads

]tPt~r!5E
Rd11

dr @c~r8→r!Pt~r8!2c~r→r8!Pt~r!#,

~3.8!

with r85r(x)1aV21d(x2r ) anda521,0,1 for¹2r less,
equal and greater than 0, respectively. That is, materia
added to those areas where the Laplacian of the density
is negative and taken from those where it is positive. In t
manner, a balanced distribution of mass is achieved tha
sults in the equilibrium Edwards-Wilkinson universali
class.

Many other different rates lead to their correspondi
growth equations, sometimes to the same one, showing
growth models with similar surface behavior may not ha
the same bulk properties.

IV. CONCLUSIONS

In this paper we have introduced a class of nonequi
rium models in which a stochastic bulk dynamics is defin
The bulk evolves by an absorption process represented
continuum Master equation. From it, we have derived
Langevin equation for the bulk density field whose structu
depends on the details of the underlying bulk dynamics. T
dependence was then extended to an equation of motion
the interfacial degrees of freedom. In particular, we ha
exemplified the procedure by deriving the KPZ equati
from a very simple bulk rate. A Monte Carlo simulation o
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the bulk process confirms the predicted scaling behavior
the interface. Finally, a number of examples were brie
mentioned. In all cases the bulk dynamics determines
mesoscopic height equation, showing that both scales
related in a nontrivial form and that their mutual influen
could be far from intuitive.

The strategy developed in this paper is quite genera
includes both local and nonlocal, and equilibrium and no
equilibrium growth processes. Therefore, a great numbe
growth physical phenomena can be studied, in princip
with our approach. For instance, molecular-beam-epit
2
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y
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re
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y

models with adatom mobility, driven lattice-gases or wetti
phenomena by means of lattice gas theories of multila
adsorption, to name just a few.
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@15# P.L. Garrido, M.A. Muñoz, and F. de los Santos, Phys. Rev.

61, R4683~2000!.
@16# B. Grossmann, H. Guo, and M. Grant, Phys. Rev. A43, 1727

~1991!.
@17# P. Keblinski, A. Maritan, F. Toigo, and J.R. Banavar, Phy

Rev. E49, R4795~1994!.
@18# G. Parisi and Y.C. Zhang, J. Stat. Phys.41, 1 ~1985!.
@19# N.G. van Kampen,Stochastic Processes in Physics and Che

istry ~North-Holland, Amsterdam, 1992!.
@20# T.G. Kurtz, Stoch. Proc. Appl.6, 223 ~1978!.
@21# L. Golubovic and Z.G. Wang, Phys. Rev. Lett.69, 2535

~1992!.
@22# S.F. Edwards and D.R. Wilkinson, Proc. R. Soc. London, S

A 381, 17 ~1982!.


