View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Digital.CSIC

Biophysical Journal Volume 80 June 2001 2597-2607 2597

Evidence of a Hopf Bifurcation in Frog Hair Cells
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ABSTRACT The membrane potential of hair cells in the low-frequency hearing organ of the bullfrog, the amphibian papilla,
sinusoidally oscillates at small amplitude in the absence of acoustical input. We stimulate the cell with a series of
periodic currents close to this natural frequency and observe that its current-to-voltage transfer function is compres-
sively nonlinear, having a large gain for small stimuli and a smaller gain for larger currents. Along with the spontaneous
oscillation, this implies that the cell is poised close to a dynamical instability such as a Hopf bifurcation, because distant
from the instability the transfer function becomes linear. The cell’s frequency selectivity is enhanced for small stimuli.
Simulations show that the cell’s membrane capacitance is effectively reduced due to a current gain provided by this
dynamical instability. We propose that the Hopf resonance is widely used by transducer cells on the sensory periphery
to achieve small-signal amplification.

INTRODUCTION

In the frog’s low-frequency hearing organ, the amphibianactivate C&" channels to release neurotransmitter at the
papilla, ~1000 hair cells in an epithelial sheet, mediateafferent synapse. To compensate for the cells’ relatively
hearing in the frequency range of 50—-1250 Hz in which thdarge membrane capacitance an amplifier might be expected
animal’s call spectrum occurs (Rieke et al., 1995, 1997to enhance small responses. We describe how this amplifier
Smotherman and Narins, 1999). We analyzed the rostras based upon poising the cell on a dynamical instability.
portion of the amphibian papilla, where 50-250 Hz electri-
cally resonant hair cells reside. Electrically resonant hair
cell behavior was first investigated in the turtle cochlea byMETHODS
Crawford and Fettlplacg, in which they mOdel.ed the cell asAmphibian papillas were dissected from adult North American bullfrogs
a resonant tank circuit (Cravvford and Fettlplace, 1980 Rana catesbeianain a standard saline solution containing 3@
1981a, b). Looking at the large-signal regime they showe@miloride. By reversibly blocking the hair cells’ transduction channels
that the cells used a linear second-order electrical resonandggrgensen and Ohmori, 1988) amiloride minimizes the cells’ metabolic
which endowed them with frequency selectivity. load _duri_ng Qissgction. The tectorial membrane was removed after a
A characterization of the ion channels which make a haif2-mn digestion in 4Q.g/ml protease (Sigma type VIl or type XXIV,

. . . . Sigma-Aldrich Co., St. Louis, MO). The amphibian papilla was then
cell eIeCtr'Ca"y resonant was obtained via studies of theallowed to rest in standard saline solution with amiloride for 10 min before
bullfrog sacculus, a receptor for ground-borne vibration andeing transferred to standard saline solution for experimental recording.
low-frequency sound (Lewis and Hudspeth, 1983). A con- Hair cells were viewed at 800 magnification with differential-inter-
ductance-based model of an electrically resonant, sacculfgrence contrast optics on an upright microscope (MPS, Carl Zeiss, Inc.,
Oberkochen, Germany). To protect the preparation from photodamage, the

hair cell was then constructed (Hudspeth and Lewis, 1988"'?Ilumination pathway was equipped with an infrared-reflecting hot mirror

b). SUbSEqu.ently' the ion Chann_ells of th? frog's IOW'fre'and a 10% transmitting neutral-density filter (Edmund Industrial Optics,
quency hearing organ, the amphibian papilla, were charaarrington, NJ). Conventional microelectrodes fabricated on a puller (Sut-
terized and found to be very similar to those of the sacculuger P-80, Sutter Inst. Co., San Rafael, CA) displayed resistances of 300~
(Smotherman and Narins, 1999). However, both the turtl®00 MQ when filled with 3 M potassium acetate solution. Electrode

P . . olution containing KCI was avoided because it degraded the cells’ elec-
and bu”fmg studies mvestlgated the response to relatlve'?rical oscillations. The tips of the microelectrodes were bent@®° to fit

|arge stimuli and |mpI|C|tIy considered the smaII—S|gnaI be- under the 4& water-immersion microscope objective lens with a numer-

havior as being linear. ical aperture of 0.75 (Hudspeth and Corey, 1978). Membrane currents were
Although the hair cell's electrical resonance and fre-measured by two independent circuits in the amplifier Axoclamp 2-A

quency selectivity are well understood, a problem remains/Axon Instruments, Inc., Burlingame, CA); the virtual-ground measure-

: ) ent closely agreed with the standard current monitor. The microelec-
The nervous system can detect a hair cells response onWode’s resistance was fully compensated and its capacitance 70% com-

when the receptor potential is great enough to sufficientlyye,sateq.

Input and output waveforms were digitized at 5 kHz. The drive current
command was filtered by two cascaded 8-pole Bessel low-pass filters set to
Received for publication 13 April 2000 and in final form 1 March 2001 a cutoff frequency of 1 kHz. A 1Q—f0|d vgltgge divider applied to the

command current allowed for an3-bit description ba 2 pAcurrent. The

,:\Ic_:j(lirzess reprint regues’tj to Dr.zl\garé( Ohspzck, l\l\/lllllDDSD/ NI2H,TBIId.g. 9'1 R;m. amplifier's current and membrane voltage outputs were amplified 10-fold
0, 9 Center Dr., MS C09 - ethesda, A 0,89 - Tel.: 301- 96'and filtered before digitization by single 8-pole Bessel low-pass filters with
7232; Fax: 301-480-0827; E-mail: ospeckm@nidcd.nih.gov.

i - i a cutoff frequency of 1 kHz. The membrane-potential response was output
© 2001 by the Biophysical Society to a spreadsheet program (Excel 97, version 8.0a, Microsoft Corporation,
0006-3495/01/06/2597/11  $2.00 Redmond, WA) where 2048-point fast Fourier transforms (FFT) were
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performed during the experiment to measure the frequency of the freel/(jwC)). However, because the observed input impedance,

f“”ﬂ"‘_gh‘:"'tafgfe oscillation. ved eaks from the FET ) ;0:5 G0, exceeds that of the capacitive contribution, it ap-
eights of frequency-resolved peaks from the were voltage-cali- : i .
brated and then used to phtl transfer functions when stimulating the cell pears that this cell ampllfles 4 pA input currents by a factor

with an external current. At a sampling rate of 5 kHz our 2048-point FFT of 6, thereby effectively shrinking its own capacitance.
had a frequency resolution of 2.4 Hz. We calibrated peak heights for An oscillation with a high quality factor@) requires
frequency-resolved peaks (3 Hz full-width at half-maximum (FWHM) many cycles to build up and many to decay. Small-signal
power) by fir;t outputting'sine waves directly frc_)m _theA'toII_)to the D to gain is accomplished by the cell appearing as a @h-
A. However, in our experiments the voltage oscillations in hair cells would - . -
refuse to phase-lock to currents at or below 2 pA, instead persisting Witr{esonant f!lter in which the voltage response_ from each
their own spontaneous voltage oscillation (fluctuating 3-7 Hz FWHM cycle of stimulus current is added to the previous cycle’s
power width). Phase-locking to our stimulus current was signaled both byeésponse to build up a large total response (FiB)1Q is
a sharpening of the FFT peak to the 3 Hz limit and a sharp increase in gairsignificantly reduced for a 21 pA stimulus, which is con-
e S v s o e s oy ey et wilh (i input receiving less gain (FiOE)
represented the pegk—to—peak size of a voltage oscillation p)r:ase—lockeél }o Alt,hOUQh one might expect quahtatlve,ly S|m|I§1r resppnse
our current stimulus. unctions close to the resonance, we wish to distinguish an
Current stimuli were provided and responses were recorded by a con@n-resonance from a near-resonance transfer function.
puter (P6400 GX1, Dell Computer, Round Rock, TX) running LabVIEW Shown areV-1 curves for three series of stimuli where the
gt opoae syt e et o it A Seres 5 riven on resonance wih a sope gain o
vgltage resBonses are re:)/orted as p‘eak—to—pgeak values except when ott?,gf—l GQ in the vicinity of 8 pA (Fig. 2B). The middie series
wise noted as being amplitudes. Simulations were performed using Math'S stimulated only 7 Hz above the resonance and shows a
ematica (version 4.0, Wolfram Research, Inc., Champaign, IL). characteristic sawtooth structure that mixes high-gain sec-
tions (slope gain>1 GQ) with sections where the stimulus
appears to be unable to engage the nonlinear resonance. The
RESULTS sawtooth-shaped-I curves were repeatable and occurred
on >10 occasions when the resonance frequency was
missed by 5-10 Hz.
When impaled with conventional microelectrodes, hair cells In addition to a nonlineay-I transfer function exhibiting
of the rostral portion of the bullfrog’s amphibian papilla large-signal dynamic range compression, a possibly related
typically had resting potentials near55 mV. Even in the change occurs as the stimulus amplitude increases: large
absence of stimulation, most such cells displayed memeurrents typically induce tonic hyperpolarizing shifts in
brane-potential oscillations. We recorded electrical oscillaimembrane potential. The two resonance series shown in
tions from ~150 hair cells, many of which were also Fig. 2B had a—1.2 = 0.1 mV d.c. shift for a 48-pA drive
stimulated by injection of a sinusoidal current several pico-current, and a—2.0 = 0.1 mV d.c. shift for a 96-pA
amps (pA) in magnitude and close to the cells’ frequency ofstimulus. A second hair cell's two resonance series had a
spontaneous oscillation. We then performed an FFT on the-1.5 = 0.1 mV d.c. shift for a 58-pA stimulus, and a
membrane potential and plotted the voltage response against3.8 = 0.6 mV d.c. shift for a 116-pA stimulus. Below a
the stimulus current to produce a cell's dynamic voltage-30-pA stimulus current any d.c. shift was concealed by
current relation (see Methods). voltage noise. The shift is important because the natural
Hair cells can be viewed as current-to-voltage convertersfrequency of the electrically resonant hair cell has been
and gain in this context corresponds to input impedanceshown to be a strongly increasing function of average mem-
Here we distinguish signal gain, the cell's input impedancebrane potential (20 Hz/mV; Hudspeth and Lewis, 1988a).

Experimental V-I curves

Z;,, as the slope of the chord between a point on Ve Current stimuli at or below 2 pA are unable to entrain the
transfer function and the origin, versus slope gain, the locatell’s voltage oscillation and show little gain. Data points
slope of theV-I transfer function. from the transfer functions (Figs.B and 2B) are the FFT

One would expect that a freely oscillating resonatoramplitude from the average of five data sets and thus
would provide a large gain to a small input signal at itsrepresent the membrane potential response to several hun-
natural frequency. A hair cell spontaneously oscillating atdred cycles of stimulus current. Data points from 2-pA
126 Hz (Fig. 1A) provides a large slope gain to a small 126 stimuli without this averaging show both the voltage re-
Hz stimulus current (Fig. B). We twice stimulated the cell sponse locked to the stimulus frequency and the unlocked
with series of currents at its resonance frequency. At resofree oscillation at the natural frequency. In these experi-
nance in the vicinity of a 4 pA stimulus current the cell hasments (not shown) the 2-pA stimuli do not entrain or inter-
a slope gain of 1 @ and az,, of 0.5 X). Hair cells in the  fere with the free oscillation, but simply beat against it. At
rostral amphibian papilla are large.30—40um in length,  ~3 pA entrainment begins and a large slope gain results.
and as such have a typical capacitance of 15 pF (Smother- The hair cell’s ability to actively gain small current
man and Narins, 1999), resulting in a capacitive inputstimuli requires input power. Both amiloride, a known
impedance of only 80 M for a 126 Hz input currents,, = transduction channel blocker, or arb0-pA hyperpolariz-
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FIGURE 1 Experiment showing spontaneous membrane potential oscillations and large small-signahgAiha(r cell oscillating without input

at 126 Hz. Shown below is the stimulus current, which is zero, but has 0.5 pA of digitization noise. The cell reste@8latmV. B) V-I transfer

functions for the cell stimulated once with a series 20 Hz above resond&ot®ifi ramp then twice with a series of currents at its resonance
frequency (top recorded 5 min later, then middle 5 min after top). At resonance the cell has a large small-signal slope gélnrotHe@icinity

of a 4-pA stimulus. Each driven data point is the FFT amplitude of the average of five 410-ms-long data sets, and so represents the average membran
potential response to 250 cycles of stimulus current (see Methddsfqur 2048 point FFTslong-dashed lingbefore resonance stimulus series;

solid line, high-Q response (point 1 iB); thick solid line after resonance stimulus serisfort-dashed lineresponse when stimulated 20 Hz above

the resonance frequency (point 2B). (D) For small input the cell acts as a highresonant filter in which the voltage response from each cycle

of stimulus current is added to the previous cycles’ to build up a large total response (poiB}.1i) OnsetQ becomes smaller when the stimulus

is larger (point 3 inB).
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W electrically resonant hair cell,g is the quiescent hair bundle conductance
o _ passing a cation current that charges cell capacit&hgegC, is a fast
0 10 20 30 40 50 60 70 80 90 100 voltage-gated Cd conductance whose reversal potential accounts for a
stimulus current (pA) 100-mV battery driving C& into the cell.g, represents Ca-gated K

conductance whose reversal potentiat, 80-mV potassium battery, drives

FIGURE 2 Experlmgnt dlstmgu!shmg on-resonance from near-resoy + ot of the cell. B) Spontaneous membrane potential oscillation occurs
nanceV-l transfer functions.A) A hair cell with a large 88-Hz spontaneous when the quiescent hair bundle conductaggg is made large enough.

v?légg_e_ os_C|IIat|o_n. Stm:/UIIUS curre:t sI;own belov_v 'S zeroé bur: gas 0'5_ pALargegHB causes a small negative voltage perturbation undershooting the
of digitization noise. §) V-1 curves for three experiments. Each data point “resting” potential to grow into a free oscillation because then the voltage-

is the FFT ar::plltude gf the average Ff five 410-ms-long dat? sets a”F‘ thluariven bundle current is sufficiently large to cause an even larger overshoot
represents the membrane potentia response to 1_90 cycles of stimu Y¥hen the membrane potential rebounds. Consider a spontaneous oscillation
current (see Methods). The topmost series was driven on resonance aﬂgprogress: when the cell hyperpolarizes, thé ehannels are turned off
showed a small-signal slope gain of 1.00GThe middle series was driven due to lack of C&" and the voltage-driven K current through the

7 Hz above resonance and showed a characteristic sawtooth structure tr{?ﬁnsduction channels begins to charge the cell capacitance (1). This
mixed high slope gain sections-¢ G(2) with sections where the stimulus depolarization turns on a voltage-dependentCeurrent, which further

appeared unable to engage the nonlinear resonance. Thg bottom series VIS 1o depolarize the cell (2). The Tahowever, turns on Ca-gated K*
driven 45 Hz above resonance and behaved like an ohmic 200avhp. channels with a time delay and their large outward Kurrent then

The order of recording was top, middle, bottom, taking in all 20 min. hyperpolarizes the cell (3), restarting the cycle

ing d.c. current will eliminate both the hair cell’'s spontane-

ous voltage oscillations and its large small-signal gainare in contact with K-rich endolymph, tensioned 30%
indicating that excitability is a strong function of the posi- open at rest, and inputting a positive current into the cell;

tive current into the cell (experiments not shown). voltage-dependent & channels in contact with Ga-rich
perilymph; and large-conductance Khannels also in con-
. . tact with low-K* perilymph and gated open by internal
I\I!embrgne oscillator model; canonical Hopf Ca*. Here, we write only the membrane oscillator’s ca-
bifurcation model

pacitor-charging equation:
A seven-dimensional conductance-based model has been , 3
proposed to explain electrically resonant hair cell behavior ~ — CmY'mlt] = Gea M) (Vi[t] — €ca)
(Fig. 3; Appenglix; Hudspeth and Lewis, 1988a, b). This + 0k (Pralt] + Prslt]) (Valt] — &)
membrane oscillator model uses three conductances: me-
chanically gated, cation-specific transduction channels that + (gyg + dgyg sin2m7 f L))V, [t] (1)
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Oca 9k, andg,g charge/discharge the hair cell's membranedecrease in natural frequency with increasing oscillation
capacitanc&, . The calcium channel conductangg,, has  amplitude. The control parametgrsets excitability. When
an open probability controlled by the voltage-dependeniu < O the system relaxes to the origin, an attracting fixed
subunit conformation probability m[t] and a reversal poten-point. The closel is to 0, the slower and high&) is this
tial e, which is typically +100 mV. The large-conduc- relaxation. Foru > 0 the origin becomes a repelling fixed
tance C&"-gated K~ channelg, is represented by a five- point, and an oscillatory attractor of sizg. = u'? is
state linear model in which the occupancy of states 4 and 6reated (called a limit-cycle). Again, the clogers to 0 the
gives the total open probability, and the channel's reversaslower will be the relaxation to this limit-cycle. At the
potentiales is —80 mV. The conductance of the quiescentbifurcation wherew = 0 a small impulsive kick to the
transduction channelg,g has a reversal potential 6f0  system will oscillate forever, having an infini@ (= g/
mV (Corey and Hudspeth, 1979). A periodic hair bundle(2u)). It is clearly advantageous for an amplifier to operate
conductance oscillation is representeddgsg sin[2 f t]. in the vicinity of the bifurcation because there a weak
The model’'s parameter values had originally been set t@eriodic forcing will be built up into a large response due to
account for the low®, second-order electrical resonance the superposition of the hig@-oscillations from each stim-
observed in hair cells of the bullfrog sacculus that do notulus cycle. Periodically forcing this system at the bifurca-
oscillate at rest. However, experiments on hair cells of theion and at its natural frequency results in a transfer function
amphibian papilla show spontaneous sinusoidal membraneaving a cube root dependence on stimulus amplitude,
potential oscillations and a compressively nonlindéat  while forcing when only close to the bifurcation nets a
transfer function with a large voltage gain for a small faint-signal, high-gain linear regime joined onto a compres-
stimulating current—this gain being due to the cell’s havingsive nonlinearity for larger input (Eduz et al., 2000).
a high Q voltage response only for small currents at theThere are three characteristics of the response when forcing
natural frequency. Taken together, these three indicate théie canonical Hopf model: both slope gain and resonance
the cells are operating near to a dynamical instability calledrequency decrease and the resonance width increases as

a Hopf bifurcation. stimulus amplitude is increased.

A supercritical Hopf bifurcation occurs whegn = 0 for In the Appendix we show that the membrane oscillator
the canonical two-dimensions| 6 system (Fig. 4; Strogatz, can be poised at a supercritical Hopf bifurcation. We lin-
1994): earize the oscillator about a relevant fixed point and find out

. which of its eigenvalues has the least negative real part,
P=pr—rd 0 = wo + br? (2)  which turns out to be the complex pairandA”. A Hopf

fifurcation occurs by definition when such a pair crosses the
real axis (Strogatz, 1994); exy] gives the time depen-
dence of the dynamical system in the vicinity of the fixed
point where the control parametgr & re[A]) and angular
igt frequency {, = im[A]) are functions of the system param-
re eters. Near the oscillator's fixed point its dynamics are
T exactly like those in the vicinity of the canonical Hopf
/‘ bifurcation.
Oscillator natural frequency depends essentially on the
\/ t rate constants of the €&gated K™ channel, which is

This minimal dynamical system has three parameters wit
wg setting the natural frequency, amdaccounting for a

consistent with experiment (Rosenblatt, et. al., 1997). The

N B

5

»

I and was used to adjust the natural frequency. For most
simulations we chose a 109 Hz oscillatatk(= 0.6) be-
\\// ot damental tone of the bullfrog’s call spectrum, which is
- v ~100 Hz (Rieke et. al., 1997).
membrane oscillator model that increased oscillator excit-
FIGURE 4 Canonical supercritical Hopf bifurcation for the two-dimen- ability to account for amphibian papilla hair cell behavior.
spirals in toward a fixed point attractor when the control parametsiess conductance, causing its reversal potential to be shifted
than zero. B) The system spirals away from the now-repelling fixed point positive by 30 mV. Additionally bundle conductance was
supercritical Hopf bifurcation occurs when= 0, and this is also where . .
the system is most unstable to perturbation, and therefore the most send® @ Hopf bifurcation at 109 Hzck = 0.6,gy5 = 1.4 nS).

parameter clockdk) multiplied all of these rate constants
y Dl k- A cause the rostral amphibian papilla is sensitive to the fun-
We made two parameter changes in the saccular hair cell

sionalr, 6 systemi = ur — 13, 6 = w, + br2 (A) The dynamical system Most importantly, we limited leak conductance to bundle
and toward a stable limit-cycle attractor whgnis greater than zero. A increased from 1 to 1.4 nS, placing the oscillator very close
tive. When increasing natural frequency it was found necessary

Biophysical Journal 80(6) 2597-2607
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to increase bundle conductance to maintain excitabilityoscillates. Proximity to the bifurcation means that the time
There are many other system parameter variations that witlb reach the periodic solution after a perturbation is much
increase excitability (control parametgrnear 0), such as larger than the period of the oscillation, being theoretically
increasing the Cd conductance or increasing €achan- infinite at the bifurcation. In our experiment (Fig.[l) the
nel voltage sensitivity. A 30-mV positive shift in leak con- hair cell takes 17 stimulus cycles to reach the periodic
ductance reversal potential was chosen because hair cells $olution, while in the simulation (Fig. B) the cell takes 8
the rostral amphibian papilla, unlike saccular hair cells, lackcycles—thus in both cases the oscillator is poised close to a
I, inward rectifiers (Smotherman and Narins, 1999), whichbifurcation.
would act as a K leak conductance and hyperpolarize the The oscillator’s large small-signal gain when it is poised
cell to ~—70 mV (Holt and Eatock, 1995). on a Hopf bifurcation and stimulated at its natural frequency
originates from a strong coupling between membrane po-
tential and membrane resistance (FigC)5 In this paramet-
ric plot the quiescent system is a very hi@hfixed point.
The smallest ring surrounding this fixed point is the oscil-
The phase relationship between the stimulus current and tHator’s response to a 2.1-pA natural frequency stimulus
membrane potential response depends on the frequencyrrent. In this case one additional picoamp enters the cell
difference between the stimulus and the natural frequencyeading the potential peak by 90° and the net resultigi&o
There is a well-understood region in stimulus frequencychange in the whole cell K conductance, thereby blocking
amplitude space called an Arnold tongue, where a stimulug9 pA from leaving. Thus the one additional picoamp of
is able to entrain the resonance (Glass and Mackey, 1988pundle current has been amplified>20Although we would
This 1:1 lock-in tongue is a triangular region centered at theexpect the cell’s 15-pF capacitive load at 109 Hz to give it
natural frequency and growing wider while bending towardan input impedance of 100 @} the cell actually obtains a
lower frequency with increasing stimuli. A small natural 2.3-mV amplitude response for only a 1.0-pA amplitude
frequency stimulus current will sit in the middle of the current g, = 2.3 (X1). Notice that it is in fact necessary for
tongue and will lead the membrane potential by 90° becausthe cell to run a large 79-pA quiescent current so that it is
the hair cell is a capacitive load. A stimulus frequencythen able to turn off a large fraction of this current and
higher than the natural frequency will lead by90°, while  thereby obtain a current gain.
a lower frequency stimulus will lead by90°. Stimuli The low-gain, large-signal regime is due to a simple
outside of the tongue will be unable to capture the resonanceurrent multiplier in which hair bundle current engenders a
and so a beat will be generated between the natural fréast C&" current. In this large-signal regime the dimension-
quency and the stimulus frequency. less ratio of the change in"Kconductance resulting from a

A high-Q resonator requires that a portion of the responsehange in bundle conductance is smdti{/dg,z = —0.27,
from the previous stimulus cycle is added to the response t6ig. 5 C, second-largest ring), while in the small-signal
the next so that a large total response can be built up. Aegime this ratio is largedgs/dg,s = —17, Fig. 5C,
natural frequency stimulus current leading the membransmallest ring).
potential by 90° when locked is shown along with its At parameter values where spontaneous oscillations be-
response, a higlp potential oscillation (Fig. B; compare  gin to show, the oscillator has the cube-root shaped transfer
also to the experiment shown in FigDL which locks with  function expected of a dynamical system poised at a Hopf
a 100° phase lead). At a potential peak the voltage-deperbifurcation (Fig. 5D; Eguiuz et al., 2000). Experimentally,
dent C&" conductance is increased so that with a 90° phastowever, the hair cell is usually seen below the bifurcation,
delay the C&"-gated K™ conductance will increase and having a typical small-signal slope gain1 G() and large-
thus the potential will fall further for the next current signal slope gain= 250 MQ. If we force an oscillator
downstroke. This hysteresis, whereby a conductance menpoised slightly below the bifurcation at 2 Hz above its
ory of the previous half-cycle is passed to the next, formsatural frequency, then we can match the asymptotic slope
the basis for the oscillator’s obtaining a small-signal, high- gains and the location of the cross-over region of the Fig. 1
response. B experiment (crosses, Fig.3).

Dynamically, a Hopf bifurcation means that a fixed point  Consistent with the canonical Hopf resonance, the oscil-
becomes unstable with a complex pair of eigenvalues, i.elator has a very sharp small-signal frequency selectivity at

Performance of the oscillator near a Hopf
bifurcation; comparison to experiment

FIGURE 5 Simulations of a 109-Hz membrane oscillatdk (= 0.6), which can be poised at a Hopf bifurcatiay{ = 1.4 nS). A) A bifurcation
diagram showing Hopf bifurcations occurring at both 1.4- and 2.3-nS hair bundle conducBn&ethe bifurcation an 8.4-pA stimulus results in a high-
voltage oscillation, which takes about eight stimulus cycles to reach its peak size. At each potential peak the voltage-depéndeniCtance increases

so that with a delay the Ga-gated K" conductance will increase and the potential will fall farther for the next current downstroke. Gain is accomplished
by a conductance memory of the previous half-cycle being passed on to the @ekarge small-signal gain results from a strong coupling between
membrane potential and membrane resistance. Shown is a parametric plot of membrane potential ¥&rgae@&" channel open probability. The
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oscillator is poised as a hig@-fixed point resting at-52.7 mV and 17% K channel open probability. Each ring surrounding the operating point results

from doubling the size of the previous natural frequency conductance oscillation. The smallest ring is the response to a 20-pS amplitude conductance
oscillation.dg,g V., = (20 pS)52.7 mV) = —1 pA, which results in K channel open probability dropping from 17 to 13%:406)g« (—52.7 mV

—ex) = (—4%) 17 nS (-52.7 mV — —80 mV) = —19 pA. Hence, bundle current is amplified>20(D) V-I transfer functionlérge pointg for a 109 Hz

oscillator when poised where it begins to show spontaneous oscillations and is driven at its natural frequency. It is well-fit by a cobeéodhé

expected shape when forcing at a Hopf bifurcation. However, experimentally the cell is only close to the bifurcation, having a typical smédpgignal s
gain= 1 G() and large-signal slope gain 250 MQ. If instead we force 2 Hz above its natural frequency, a 128-Hz oscillator poised slightly below the
bifurcation, we obtain the same asymptotic slope gains and cross-over region location as th8 Eipetiment (crossesjk = 0.85,g9,5 = 1.4 nS).

Compare this to a replot of the top data set from the FiB. eixperiment $mall point3, noting that gain obtains only with phase-locking and that noise
prevents experimental phase locking at or below 2 pA, which results in the 0.8-mV offset discrepancy between experiment and siE)u&tiamp. (
small-signal frequency selectivity of the oscillator at the bifurcation (2.1-pA stimblisom curvg As the stimulus is increased, first to 8.4 and then to

33.6 pA, both the resonance frequency and the gain decrease, and the width of the resonance increases. The dotted lines between the half-maximums
the resonance curves describe an inverted triangular region similar to an Arnold lock-in tongue.
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the bifurcation (Fig. &, 2.1 pA stimulus). As the stimulus A
is increased the width of the resonance dramatically in- 51
creases, which is consistent with experiment: compare data }
points 2 and 4 in the Fig. B experiment and also points

and B in the Fig. 2B experiment. Both points 2 and lie z -52 e -

outside of the resonance half-maximum response, while 4 3 ﬂ p \‘W M ‘p‘ (M

and g both lie within the resonance half-maximum. g 'Mw\( \M ’MWWWW W{\M‘Fﬂlf‘ \lMI ! m W{VMQ.
The natural frequency of the canonical Hopf resonance $ -53 .M‘{\ ll i "W"V\“‘U‘VM lrfW‘,W’ V M

drops with increased forcing, and we observe the oscilla- MUW v \ 1] MU H

tor's resonance peak dropping in frequency due to large
stimuli causing hyperpolarizing d.c. shifts, which slow -54

down the voltage-dependent rate constants on the -Ca 0 time (msec) 500
gated K" channels (Fig. E). A large positive voltage will

flood the cell with C&" so as to turn on its Ga-gated K

channels sufficiently to cause an even larger negative voltage B

excursion. Large voltage oscillations are asymmetrical4?a -50

to —3 ratio both in experiments and in simulations (FigC)5 <-51
An interesting phase shift occurs at the bifurcation for  g_5»

very small stimuli exactly on resonance. A 2.1-pA stimulus 8 53
will be exactly in phase with its potential response, which % 54
means that the cell has become a resistive load. The current >~

-55

gain for this small resonant frequency input is very large
(~23) SO t_hz_it the effectl_ve (_:eII Ca_paC|tance has been very 560 time (msec) 500

much diminished. In this simulation the hair cell has a

transition from being a capacitive load at an 8.4-pA stimulus™/GURE 6  The oscillator in the presence of 100 RMS voltage noise

to a resistive load for 2.1 pA. However, likely due to noise,;"_ﬂd =1% hair bundle conductance noise across a 500-Hz bandwhth. (

. . . . e oscillator was poised as a 128-Hz fixed point slightly below the
2-pA experimental stimuli were unable to entrain, or phaseyyrcation and then subjected to noisgk(= 0.85,g,s = 1.4 nS; same
lock, to the nonlinear resonance. parameter set as Fig.[5crosses). Only by poising the oscillator below the

Simulations including both current and Voltage noisebifurcation could we qualitatively reproduce the Fig.Alexperimental
could qualitatively reproduce the experimentally observedrace. B_) The oscillator was poised abovg the bifurcation as a 3.5-mV,
spontaneous voltage oscillations. We performed simulation&e 2 imit-cycle and then buffeted by noisel = 0.35,g. = 1.4 nS.

. . Oca = 5.0 nS; compare to Fig. & experiment).

in the presence of 10QV RMS voltage noise and-1%

Oug NoOise across a 500-Hz bandwidth. The experimental

trace shown in Fig. A behaved the same as a hi@Qffixed  generate a positive rebound response larger than the original

point driven by noise, called a Hopf precurspr € 0; Fig.  hyperpolarizing fluctuation. This overshooting response of

6 A; Neiman et al., 1997). The large oscillatory behavior ofthe K" channel is responsible for a voltage fluctuation

the Fig. 2A experiment was reproduced by a limit-cycle growing to a limit-cycle above the bifurcation and the

being buffeted by noiseu( > 0; Fig. 6 B). high-Q small-signal gain of the oscillator in the vicinity of
the bifurcation.

DISCUSSION Shape of the transfer function near
K* channel voltage-conductance instability the bifurcation

Capacitance can be thought of as a voltage inertia that acta our experiments the hair cell is not located at the bifur-
to damp voltage fluctuations. The €agated K" channel  cation, but rather behaves as a noisy higfixed point or

acts like a capacitance in that a depolarizing voltage fluca small noisy limit-cycle (Figs. A and 2A). Likely due to
tuation causes a delayed increase its open probability, reroise, a 2-pA natural frequency stimulus appears unable to
sulting in hyperpolarization and apparent negative feedentrain the nonlinear resonance (Fig3 And 2B). When
back. However, for a single frequency this delayedthe stimulus is larger a narrow range of stimuli will then be
hyperpolarization constitutes positive feedback, being propable to engage the nonlinear resonance and obtain a large
erly timed to assist in the waveform’s next downstroke.small-signal gain. However, because the system is not ex-
Consider a hyperpolarizing voltage fluctuation: if the qui- actly at the bifurcation, these data points will lie along a
escent hair bundle sources enough positive current and thegh-gain, linear transfer function (crosses, FidD 5Egur

K™ channel is sufficiently voltage-sensitive (viaty then  luz et al., 2000). Gain compression appears as the stimulus
it will turn off enough that the bundle current will then continues to increase-(7 pA in the Fig. 1B experiment and
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~15 pA in the Fig. 2B experiment). Still larger stimuli consequence we would expect the open probability of the
cause the natural resonance peak to drop in frequencyransduction channels to drop from 30% to 15% due to the
effecting a loss of the nonlinear resonance and a return tetereociliary adaptation motors seeing the high'Ga the
the second-order resonance lin&at. standard saline (Eatock et al., 1987). This should act to
On more than 10 occasions sawtooth-shayddransfer  decrease excitability, which both experiments and simula-
functions were observed that were repeatable and alwayt®ons show to be a strong function of the quiescent positive
associated with 5-10-Hz misses of the natural frequencgurrent into the cell. Nevertheless, experiments show that
(Fig. 2 B, middle series They appear as an alternation of the cell is able to maintain itself in the vicinity of a Hopf
high slope gain sections>(1l G()) from engagement of the bifurcation, having spontaneous oscillations similar to those
nonlinear resonance with low gain pieces200 M) from  seen in previous experiments with endolymph bathing the
engagement of the linear second-order resonance. In simbair bundle (Crawford and Fettiplace, 1980). One possibil-
lations the 1:1 lock-in tongue is a smooth-edged triangleity is that the cell is able to adjust its €abuffer concen-
opening at 1 Hz/pA (Fig. 5E). We note that the 1:1 tration because chicken hair cell cytoplasm is known to
experimental tongue has a complicated boundary and specentain a high concentration of the €abuffer parvalbu-
ulate that its edge does not grow in a monotonic fashiormin’s messenger RNA (S. Heller, Rockefeller University).
with stimulus. The chief problem with standard saline appears to be that
it places a high metabolic load on the cell so that the lifetime
of a preparation where one can obtain a high-gain recording
Feedback to poise the membrane oscillator near is ~1 h. The main problem with extensively mapping the
to the bifurcation shape of the nonlinear resonance is this lack of time, be-
cause long before the cell dies the resonance will begin to

One minimal scheme for dynamically poising the ampI|f|erWander in frequency.

close to the Hopf bifurcation is via the integration of &€Ca
error signal. Consider the system oscillating with a several-

millivolt limit-cycle. As C&" begins to saturate the cell’'s

buffering capacity it slowly accumulates, so that after aCONCLUSION

number of cycles the Ca-gated K channel is shifted Electrically resonant hair cells of the bullfrog amphibian

t illati tal ility. This i . ) . : )
oward oscillating about a larger open probability 'S In papilla are poised close to a Hopf bifurcation to obtain a

tum causes a hyperpolarizing d. ¢ shift in membrane poE:om ressively nonlinear transfer function having a large
tential, which reduces both the €achannel operating b y 9 9

point’'s open probability and the size of its oscillation aboutz\r;f"'sc'gnill garmir?:dr ahs?rarp ﬁmal]!-mgggl_érec]u%ncrz selec-
that point. A smaller limit-cycle results until finally the y. Lochiea er hair cetis o a ay-o ouse
buffer has had time to sweep up all of the exces&'Ca contain a large, fast potgssmm con.dL'Jctance (Kros et al.,
thereby shifting K~ channel open probability downward. 1998) with a strongly nonlinedfV reminiscent of the large

Now membrane potential increases, increasing the size chonductance potassium channel of the frog hair cell (Corey

the C&™ channel oscillation, which then increases the sizeand Hudspeth, 1979), and it is thi&/ nonlinearity that is

of the K channel oscillation, finally causing the voltage ;[hre] ess?l?na'lb\l:]grh(-:;g:e:t for ﬁlepErres%nar}cetlr? th”e ampirlnb-
oscillation to return to a medium-sized limit-cycle, until an papiia. phibian papifia hair cefis electrically 0sc

once again the G4 buffer is overloaded. Schemes similar late without bundle stimulation, and amplifiers that oscillate

to this one have been proposed in regard to mechanical ha\f\flthoUt input are typically used to provide a reference

bundle limit-cycle oscillations (Martin and Hudspetn, 1999) >91@ for & lockdin ampliierthat is sensitiue fo fairt signals
and have been referred to as “self-tuned critical oscilla\tions’o y 9 q y

(Camalet et al., 2000). If we reintroduce the control param_(Gardner, 1979). Electroreceptors used by electric fish are

eter u as a slow dynamical variable into the 2D canonical?heer;:eriefg?]rgnifgégﬁﬂ:{ r?:/lc;nael:t Qr?(ljr Czi:(so:]hatlggg)e ;onsdt
Hopf system, @/dt = — u[t])/ 7 r[t]% then we can generate a y Y '

feedback attraction where the system seeks the bifurcati addiefish electroreceptors behave like noisy phase-locked
as its operating point loops (Neiman et al., 1999). The photoreceptor of the craw-

fish, when stimulated by light at its best frequency of 0.1
Hz, responds with trains of impulses, and this transfer
function exhibits a compressive nonlinearity at very low
levels of light input (Herman and Stark, 1963; Milhorn,
In vivo, the hair cell’s apical surface is bathed in a high,K 1966). The FitzHugh-Nagumo model of a nerve membrane
low Na*, low C&* endolymph. We used a high Nahigh  includes a Hopf bifurcation (FitzZHugh, 1962) and they
Cc&", low K* standard saline vice endolymph bathing theappear to occur frequently. As these examples indicate, the
apical surface as it proved too difficult to use a two-com-Hopf resonance is probably widely used by sensory trans-
partment recording chamber on the amphibian papilla. As @ucer cells due to its obvious advantages.

Standard saline versus endolymph
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APPENDIX

Ospeck et al.

To prove that this model can be poised at a Hopf bifurcation, linearize all
exponential functions of voltage around the operating pdigler =

Parameter values that will place the membrane oscillator model (Hudspeth-0.0527 V, established by first running the oscillator. Then, from the fixed
and Lewis, 1988a, b) at a Hopf bifurcation, resulting in an extremely highpoints of this linearization, select the relevant one:

Q fixed point at 109 Hz:

clk 0.6 O 14%X10°S Ocad X 10°°S

gk 17X 10°°S dgs 0x 10°S f 109 Hz

e 0x 103V €:,100 X 1073V e —80 % 103V

C,15%x 10 *?F U 0.02 Xi 3.4 % 107°

K, 2800 s* VT 25.4x 103V vol 1.25x 10712 L

Faraday 96485 Kcaa510 st Kcap 940 s*
Coul/mol

Veao70X 103V Vg8 X 103V Veay 6.2 X 1072V

Keazaini 23000 §* Keaizini 0.97 §* 812 0.2

Kepy 300 5 1 Bps 0.001 Bss 0.2

Keap 5000 5 Keoy 1500 s *

Kakazinit X 107° M Kgeozinie 45 X 107° M Kgasine 20 X 107° M
Vi 33X 10°V  Kea, 1000 51 Kano 450 1

Model’s differential equations

Currents charging/discharging hair cell capacitance:
—CpV'ult] = geaM(t]® (V] — €ca)
+ O (Pal t] + Prs[t]) (Vinlt] — &)
+ (Gng + dgs Sin[2 7 F])(Vi[t] — €ns)

Calcium channel activation:
M'[t] = Kearzinit XA (Vilt] + Vead/Veanl + Kea(1 — mit])
- (kCa21initeXp[_ (Vm[t] + VCa&/V Caa] + KCaa)m[t]

Calcium concentration:

Vm[t] €

’ —_ == —
Ca[t] =—Ugemt] 2 faraday vol xi)

KCalt]

Gating of the potassium channels:
P'alt] = clk(=ki[t] Calt] pralt] + ka1 Pcalt])
Pelt] = clk(ky[t] Calt] prd[t]
— (Kiax + Ko[t] Calt]) palt] + Kica2 Pralt])
P'walt] = clk(k[t] Calt] pralt] — (Kiaz + Kisa) Pcalt]
+ Kiazo €XP[— Vinltl/ Vial Pralt])
P'ks[t] = clk(ks[t] Calt] pralt] — kisa Prslt])

Ausxiliary equations:
Pralt]l = 1 = pralt] =Pialt] — Pralt] — Prslt]
Ki[t] = kxo1 €XP[— k12 Vinlt) VT Kgkizinit
Ko[t] = K2 €XP[— 8k2s Vinlt) VT Kakazinit
Ks[t] = Kkss €XP[— 8kas Vinltl/ VT Kakasinit
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Pk3s = 01787, Pks = 00950, Pk1 = 01305,
P2 = 0.5152, py,=0.0804, Ca= 0.00001559,

V, = —0.05267, m~ 0.2324

Write down the eigenmatrix describing the behavior of trajectories near
this fixed point. It has 28 non-zero entries, of which here we show only the
first row consisting of 5 entries:

dV' JdV,, = —dcdCo M — 9x/Crn(Prs + Prs) — Gue/CTh
dV' /Jdm = —gc/Cir(Vi — €ca) 3 NP

dV' /dpc: = 9/Cin(Vi — &)

dV' /dpko = Ok/Cr(Vin — &)

dv/m/deS = gK/Cm(Vm - eK)

Finally, find the eigenvalues and eigenvectors for this eigenmatrix at the
fixed point. The eigenvalues having the least negative real part control the
dynamical behavior of the oscillator:

A= —1.36+ 701.07I A* = —-1.36—701.07I

Increasingg,,g above 1.4 nS causes the eigenvalhesdA* to cross the
real axis, the definition of a Hopf bifurcation.
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