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Higgs potential in the type II seesaw model
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The standard model Higgs sector, extended by one weak gauge triplet of scalar fields with a very small
vacuum expectation value, is a very promising setting to account for neutrino masses through the so-called
type II seesaw mechanism. In this paper we consider the general renormalizable doublet/triplet Higgs
potential of this model. We perform a detailed study of its main dynamical features that depend on five
dimensionless couplings and two mass parameters after spontaneous symmetry breaking, and highlight
the implications for the Higgs phenomenology. In particular, we determine (i) the complete set of tree-
level unitarity constraints on the couplings of the potential and (ii) the exact tree-level boundedness from
below constraints on these couplings, valid for all directions. When combined, these constraints delineate
precisely the theoretically allowed parameter space domain within our perturbative approximation.
Among the seven physical Higgs states of this model, the mass of the lighter (heavier) CP,,., state
h° (H°) will always satisfy a theoretical upper (lower) bound that is reached for a critical value u. of u
(the mass parameter controlling triple couplings among the doublet/triplet Higgses). Saturating the
unitarity bounds, we find an upper bound mj0 < O(0.7-1 TeV), while the upper bound for the remaining
Higgses lies in the range of several tens of TeV. However, the actual masses can be much lighter. We
identify two regimes corresponding to u = u,. and u < u.. In the first regime the Higgs sector is
typically very heavy, and only /4° that becomes SM-like could be accessible to the LHC. In contrast, in the
second regime, somewhat overlooked in the literature, most of the Higgs sector is light. In particular, the
heaviest state H° becomes SM-like, the lighter states being the CP,q; Higgs, the (doubly) charged

Higgses, and a decoupled 4°, possibly leading to a distinctive phenomenology at the colliders.
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I. INTRODUCTION

One of the major goals of the LHC is to uncover the
mechanism underlying the electroweak symmetry breaking
and thereby the origin of the weak gauge boson and fermion
masses. Moreover, observation of neutrino oscillations has
shown that neutrinos are massive (for a review see, for
instance, [1] and references therein). Such masses do not
necessarily require physics beyond the standard model
(SM), since one can accommodate a (Dirac) mass through
a Yukawa coupling assuming a right-handed neutrino simi-
larly to the other massive fermions. However, the introduc-
tion of such a right-handed state, whose only role is to allow
for nonzero neutrino masses while being neutral under all
the SM interactions, might seem rather mysterious. Further-
more, in contrast with the other right-handed fermion states
of the SM, the right-handed neutrino allows also for a
Majorana mass that is invariant under the SM gauge group
but violates lepton number. These features make plausible
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the existence of new flavor physics beyond the SM associ-
ated with the neutrino sector. Probably one of the most
attractive aspects is the ability to induce naturally the tiny
neutrino masses from this new flavor physics sector [2].
The celebrated seesaw mechanism [3-5] relating directly
the smallness of the neutrino masses to the presence of a
large new scale A through m, ~ v?/A, when A > v where
v denotes the electroweak scale, is realized in a grand
unified theory (GUT) context comprising right-handed neu-
trinos and is often dubbed type I seesaw. It can also be
achieved without right-handed neutrinos through an ex-
tended Higgs sector including an SU(2); triplet scalar field,
type Il seesaw [6—10], or by including two extra matter
multiplets in the adjoint of SU(2),, type Il seesaw [11], or a
hybrid-type mixture of type I and type III [12-15].

If such extended sectors are too heavy to be directly
accessible to TeV scale experiments, they could still be
indirectly probed through distinctive low energy effective
operators in the neutrino sector [16]. In the present paper
we will rather focus on the possibility of accessing directly
the Higgs sector per se of the type II scenario, studying
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general dynamical constraints which originate from the
potential that couples the Higgs doublet and the Higgs
triplet. However, given the present theoretical uncertain-
ties, we do not commit to any specific GUT or flavor
physics scenarios beyond the SM. In particular, mass pa-
rameters such as p and M, will not necessarily take large
GUT scale values, even though such a configuration is
included in the analysis. We will even consider regimes

with very small p (K G;]/z). As noted in [17], such a
small © makes all the Higgs sector accessible to the LHC.
Here we carry out a complete study, taking into account the
full set of renormalizable operators present in the potential.
The aim is to exhibit the various possible regimes consis-
tent with the dynamical constraints dictated by the poten-
tial and their consequences on the phenomenology of the
extended Higgs sector. Most of these operators are often
neglected in the existing phenomenological studies of the
type II seesaw mechanism, based on the fact that after
spontaneous symmetry breaking their effects are sup-
pressed by the small Higgs triplet vacuum expectation
value (VEV), v,, when compared to the electroweak scale.
This is, however, not justified when studying the small u
regimes just mentioned, where u can be of order v,. In this
case the detailed dynamics leads to an interesting structure
of the Higgs sector.

The paper is organized as follows: In Sec. II, we present
the ingredients of the model, the physical Higgs states and
mass spectrum, as well as a parametrization of the potential
parameters in terms of the physical masses. In Sec. III, we
discuss some of the phenomenological and theoretical
constraints on the parameters related to precision measure-
ments, the absence of tachyonic Higgs modes, as well as
the presence of false vacua. In Sec. IV, we provide a
thorough study of the boundedness from below (BFB) of
the potential and establish, for the first time simple, neces-
sary and sufficient conditions on the couplings that are
valid for all field directions. The unitarity constraints are
analyzed in detail in Sec. V, through the study of all the
scalar scattering channels. In Sec. VI, we combine, in an
analytical compact form, the constraints obtained in
Secs. IV and V. Section VII presents the behavior of the
CP,.en Higgs masses as functions of the potential parame-
ters, highlighting theoretical upper and lower mass bounds
and identifying different regimes that give better insight
into the overall Higgs sector phenomenology, as well as the
determination of unitarity mass bounds on the lightest
Higgs. Section VIII is devoted to a short review of the
salient features of the Higgs phenomenology at the col-
liders as well as to specific illustrations of our results.
We conclude in Sec. IX and give some technical details
in the appendixes.

II. THE MODEL

We start by recalling the scalar potential and the
main properties of the Higgs physical eigenstates after
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electroweak symmetry breaking (EWSB), as well as the
corresponding eigenmasses and mixing angles. We give the
expressions without neglecting any of the couplings ap-
pearing in Eq. (2.4) nor making any specific assumption
about the magnitudes of u, m%, and M3 which would
originate from the unknown underlying high energy theory.
The results of this section fix the notations and will serve
for the completely model-independent analysis carried out
in the subsequent sections.

A. The Higgs potential

The scalar sector consists of the standard Higgs weak
doublet H and a colorless scalar field A transforming as a
triplet under the SU(2); gauge group with hypercharge
Yp =2, so that H~(1,2,1) and A ~ (1, 3,2) under the
SU3). X SUQ2), X U(1)y.

Under a general gauge transformation U(x), H and A
transform as H — U(x)H and A — U(x)AUT(x). One
can then write the most general renormalizable and gauge
invariant Lagrangian of this scalar sector as follows:

L = (D,H)"(D*H) + Tr(D,A)Y(D*A) — V(H, A)

+ £Yukawa’ (21)
where the covariant derivatives are defined by
/
D,H=0,H+igT'WiH + i B,H,  (22)
DA = a,A+ig[ToWs, Al +ig' "2 B,A, (23
M - M lg[ Y72 ] lg 7 m= ( N )

with (Wg, g) and (B, g') denoting, respectively, the
SU(2); and U(l)y gauge fields and couplings and
T¢ = g%/2, with ¢ (a =1, 2, 3) the Pauli matrices.
The potential V(H, A) is given by

V(H,A)=—m%H'H + %(HTH)Z + M3 Tr(ATA)
+[w(HTic*ATH) + H.e.]+ A (HTH)Tr(ATA)

+ A (TrATA)? + A Tr(ATA)? + A, HTAATH,
(2.4)

where Tr is the trace over 2 X 2 matrices. Lyywa CONtains
all the Yukawa sector of the SM plus one extra Yukawa
term that leads, after spontaneous symmetry breaking, to
(Majorana) mass terms for the neutrinos, without requiring
right-handed neutrino states,

L yiawa D —Y,LTC® ic?AL + H.c., (2.5)

where L denotes SU(2); doublets of left-handed leptons,
Y, denotes neutrino Yukawa couplings, C the charge
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conjugation operator, and we have suppressed flavor in-
dices for simplicity. Although part of the type II seesaw
model, we will refer to the above model Eq. (2.1) as the
doublet-triplet-Higgs model (DTHM) since in this paper
we are mainly interested in the scalar sector, bringing up
only occasionally the content of the Yukawa sector Ly iawa
and the related neutrino masses issue.

Defining the electric charge as usual, Q = I5 + % where
I denotes the isospin, we write the two Higgs multiplets in
components as

B 5+/\/§ S+ B ¢+
A—( 50 —5*/\/5) and H—<¢O>, (2.6)

where we have used, for convenience, the 2 X 2 traceless
matrix representation for the triplet.’

The potential defined in Eq. (2.4) exhausts all possible
gauge invariant renormalizable operators. For instance, a
term of the form AsHTATAH, which would be legitimate
to add if A contained a singlet component, can actually
be projected on the A; and A, operators appearing in
Eq. (2.4) thanks to the identity HTATAH + HTAATH =
HYHTr(ATA) which is valid because A is a traceless
2 X 2 matrix. This simply amounts to redefining A; and
A4 such as A} + As — Ay, Ay — A5 — A4. The potential
thus depends on five independent dimensionless couplings,
Aand A; (i =1,...,4), and three mass parameters, m%{
Mi, and u. In the present paper we will assume all these
parameters to be real valued. Indeed, apart from the w
term, all other operators in V are self-conjugate so that, by
hermiticity of the potential, only the real parts of the A’s
and the m%, M mass parameters will be relevant. As for
M, the only parameter that can pick up a would-be CP
phase, this phase is unphysical and can always be absorbed
in a redefinition of the fields H and A. One thus concludes
that the DTHM Lagrangian is CP conserving (see also the
discussion in [18]). Moreover, V depends on five complex
(or ten real) scalar fields.

Assuming that spontaneous EWSB is taking place at
some electrically neutral point in the field space, and
denoting the corresponding VEVs by

@=(u5 o) m @=(,5) 7

one finds, after minimization of the potential Eq. (2.4), the
following necessary conditions:

"Note that the electric charge assignments for the upper and
lower component fields are only conventional and can be inter-
changed by taking Y, = —2, Y5 = —1, entailing an exchange
of the upper and lower components of the fermion weak dou-
blets, without affecting the physical content. This seemingly
trivial statement is important to keep in mind when discussing
possible electric charge breaking minima of the potential.
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_ 2003 = V200, + W)V, = 24200 + Ay)y]
2\/511, ’

2
MA

(2.8)

()\1 + )‘4) 2
— VU

- \/z,uv, + > B

(2.9)

Even though, as we noted above, CP symmetry is realized
at the level of the Lagrangian, there remains, in principle,
the possibility for a spontaneous breakdown of this sym-
metry, an issue which we do not address in this paper. We
can thus choose in the following v, and v, to be real
valued; that is, we consider only CP conserving vacua
for which complex valued v, and/or v, can always be
rotated simultaneously to real values through some un-
physical phase redefinition of the fields.

These equations, to which we will refer as the EWSB
conditions, ensure that the vacuum corresponds to an ex-
tremum of the potential [that is, dV/dn;|a—a)z—m) = 0
for each of the ten real-valued field components denoted
here by n; (i =1,...10)], but one would still need to
check that this extremum is indeed a stable, albeit local,
minimum. The corresponding extra conditions are nothing
but the absence of tachyonic modes in the Higgs sector, to
be considered in a later section. We just anticipate here that
the latter conditions will enforce the signs of w and v, to be
identical. We can thus choose in the following v, > 0, u >
0 without loss of generality. Furthermore, the two free
parameters m3 and M3 can now be traded for v, and v,
through Eqgs. (2.8) and (2.9). In the rest of the paper we will
take the eight parameters of the potential as being A, A;
(i=1,...,4), u, vy and v,; requiring the correct electro-

weak the further constraint v =

\v3 + 2v} =246 GeV on v,, v,, reducing this set of

free parameters down to seven.

Let us also note that the above EWSB conditions will not
necessarily imply that the gauge symmetric vacuum (i.e. at
n; = 0) is unstable. Indeed the latter instability requires
that Mi < 0 and/or m2, > 0, which are not guaranteed by
Egs. (2.8) and (2.9). Even more so, regimes with large w
will lead, through the EWSB conditions, to a very narrow
gauge symmetric local minimum so that metastability
issues might have to be considered. (More comments about
the structure of the vacua of the model will be deferred to
Sec. IIIC.)

On the other edge of the spectrum, very small values of
o could be favored if one requires the lepton number not to
be strongly violated. Indeed, the u term in Eq. (2.4) is the
only source of lepton number violation at the Lagrangian
level and before spontaneous EWSB. If this term is absent
the Yukawa term Eq. (2.5), together with the other standard
Yukawa terms, implies a conserved lepton number (where
the A and H Higgs fields carry, respectively, the lepton

scale will put
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numbers [, = —2 and I = 0).> Then, from the lepton
number assignment for H and A it follows that the u
term violates lepton number by two units. However, this
violation is soft since the u-induced lepton number violat-
ing processes (corresponding either to loop suppressed
2 — 2 processes or to propagator suppressed multiparticle
processes) will have to involve both the standard and
neutrino Yukawa couplings. These features suggest that if
the two seemingly independent sources of lepton number
violation, namely, the A VEV and w, are assumed to have a
common origin such as some spontaneous symmetry
breaking of an underlying flavor theory, then it is natural
to expect u = O(v,) up to possible Yukawa coupling
factors.

B. Higgs masses and mixing angles

The 10 X 10 squared mass matrix

(2.10)
A=(A),H=(H)
can be recast, using Egs. (2.8) and (2.9), in a block diagonal
form of one doubly degenerate eigenvalue m%ti and four
2 X 2 matrices denoted in the following by M2, M2,

2
and M CP o

)
even

1. Mass of the doubly charged field

The double eigenvalue mi[ti corresponds to the doubly
charged eigenstate 5~ and could also be obtained directly
by collecting all the coefficients of 78~ in the poten-
tial. It reads

_ \/z,uvfl - /\4v§vt —2M50)
2v, '

m.. @.11)

From now on we will denote the doubly charged mass
eigenstates 6 by H**.

2. Mass of the singly charged field

The mass-squared matrix for the singly charged field is

M = (Vau - AT)( B _v"/ﬁ)'

v2/2v,
This matrix is diagonalized by the following matrix
R g, given by

cosf’

R 5 = ( ing’ (2.12)

cosp’

—sing’ )’

>The processes mediated by Eq. (2.5) and involving Higgs
triplet decay or exchange are sometimes misleadingly dubbed
“lepton number violating.” One can check that the net overall
lepton number of any process, comprising such decays or
exchange, is conserved. This global symmetry will be violated
only spontaneously when A acquires a VEV, that is, when the
Majorana mass is induced from (2.5).
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where ' is a rotation angle. Among the two eigenvalues of
M2, one is zero and corresponds to the charged Goldstone
boson G* while the other corresponds to the singly
charged Higgs boson H* and is given by

_ (vg +20)[2V2p — Myv]
4v, ’

(2.13)

2
my,

The mass eigenstates H= and G* are rotated from the
Lagrangian fields ¢=, 6 and defined by

G* = cosfB'¢d* + sinB'867, (2.14)

H* = —sinf/'¢p= + cosB'6™. (2.15)

The diagonalization of /MZ% leads to the following rela-
tions involving the rotation angle B’

2
Y| \fou - A4vt:| = cos?B/M?. 2.16
2v,[ L B'M;-, (2.16)
Yy A4v,] sin2g’

—=|V2u — = M?. 2.1
ﬁ[fu 5 My (2.17)
/\4Ut .2 >

v,| V2 — SL| = sin? B (2.18)

These equations lead to a unique solution for sin8’, cos B’
up to a global sign ambiguity. Indeed, Eq. (2.16) implies
N % > 0 in order not to have a tachyonic H= state
and given our convention of v, > 0. Then it follows from
Eq. (2.17) that sinB’ and cos8’ should have the same sign.
One finds

V2v,

. Vg
sin' = € —x—, cosp = €y ————
,/vfl + 20?7 ‘/vg + 20?
(2.19)
with a sign freedom €5 = *1, and
tang = V2~ (2.20)
Vg

3. Mass of the neutral fields

The neutral scalar and pseudoscalar mass matrices read

M2 A B d
= an
CPeyen B C

) (2.21)
v —v
j\’l%:/?odd = ﬁ#( ' ‘ )

—v, v3/2v,

where
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A

A= EU%,

B = vy(—V2p + (A + A )v)),

_ V2pv? + 4 + A3)v]
2v, ’

(2.22)

C

These symmetric matrices are diagonalized by the follow-
ing two orthogonal matrices:
—sinfB
cosB )

cosa — sina cosf
R,= ( ) and Ry = (
(2.23)

sine  cosa sinf3

where «, B denote the rotation angles, respectively, in the
CPoyen and CP,qy sectors.’ Upon diagonalization of
,’M(zj?v one obtains two massive even-parity physical

states h° and H° defined by

B = c h+ s,&, (2.24)

HY = —s,h + c,&°, (2.25)

where h and £° are the real parts of the ¢ and &° fields
shifted by their VEV values,

1 1
¢0=—2(vd+h+i21) and 50=\/—§(vt+§0+izz).

5

(2.26)
The masses are given by the eigenvalues of M2, _as
follows,
» 1 2 2
m=s|arc—yJu-crrar| @2
2 ! 2 2
mh=s|ArCru—cr ) @28

so that myo > myo. Note that the lighter state h° is not
necessarily the lightest of the Higgs sector (see Sec. VII).
On the other hand, _’M%g, ,, leads to one massive physical

state A° and one massless Goldstone boson G defined by

AO = _SBZI + CﬁZZ’ (229)
GO = cﬁZl + S322, (230)
with masses
2 +4 2
i = 0 4v0) 2.31)

V2u,

Knowing the above eigenmasses, one can then determine
the rotation angles « and 83, which control the field content

3Hereafter, we will use the shorthand notations, s, = sinx and
¢, = cosx, for all three angles «, B, B'.
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of the physical states, from the following diagonalization
conditions:

(1) C{‘peven’
C= simio + cimiﬂ,, (2.32)
sin2a 5
B= 5 (o = M), (2.33)
A= c?xmio + s?xmzo. (2.34)
(2) CPyqqs
2\/§,uv, = szﬁmﬁ, (2.35)
in2
N sz B (2.36)
Kvg 2,2
= cpmy. (2.37)

Of course, Eq. (2.32) should be equivalent to Eq. (2.34)
upon use of s2 + ¢2 = 1 and Egs. (2.27) and (2.28), and
similarly for Egs. (2.35) and (2.37). Furthermore, s, c,,
sg, ¢ will all be determined up to a global sign. There is,
however, a difference between the two sectors. In the
CPyqq sector sg and cg must have the same sign, as can
be seen from Eq. (2.36) and the fact that u > 0 [the latter
being due to the absence of the tachyonic A° state,
Eq. (2.35)]. One then obtains unambiguously

2 4
anf =" and n2B=— ol (238
vy vy — 4v;
from Egs. (2.35) and (2.37), and
2
sp= €g——t cp= Jd (2.39)

B NS
1/11‘21 + 4v? 1/11‘21 + 4v?
with a sign freedom €5 = *1.

In contrast, the relative sign between s, and ¢, in the
CP...n sector depends on the values of u, as can be seen
from Eqgs. (2.22) and (2.33). While they will have the same
sign and tana > 0 for most of the allowed w and Ay, A4
ranges, there will be a small but interesting domain of
small w values and tana < 0 which we discuss in detail
in Sec. VII. One obtains from Egs. (2.32), (2.33), and (2.34)

€,€ A-0) 1/2
L=+ , 2.40
’ V2 ( Ja=-o7+ 432> (240
€, A-0) 1/2
w=—(1- , 2.41
‘ \/5( JA=-07+ 432) (4D

where €, = *1 and € = sign[B], and
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tan2 2B
a=——7:.
A-C
Let us finally note that the angles 8 and B’ are correlated
since they depend exclusively on v, and v,. For instance,
one always has

(2.42)

tanf = v2tanp’,
as can be seen from Eqgs. (2.20) and (2.38).

(2.43)

4. Lagrangian parameters from physical
masses and couplings

The full experimental determination of the DTHM
would require not only evidence for the neutral and (dou-
bly) charged Higgs states, but also the experimental deter-
mination of the masses and couplings of these states among
themselves as well as to the gauge and matter sectors of the
model. Crucial tests would then be driven by the predicted
correlations among these measurable quantities. For in-
stance, one can easily express the Lagrangian parameters
p and the A’s in terms of the physical Higgs masses and the
mixing angle « as well as the VEVs v, wv,, using
Egs. (2.11), (2.13), (2.31), (2.32), (2.33), and (2.34). One
finds

2 4
N=——Fm—smi+———— mi.
! vi + 4vt2 A vfi + 2vt2 M
sin2«
+ 2v v . miﬂ — mi]o)’ (244)
dYt
1 s%zmio + c%amilo 1 v% »
b= 5 2 2 M
v; 2 2 vy +4dv;
2v§ 2
- .+ m? ++}, 2.45
vi+ 207 H H= (2.45)
1 —v? 202
e = — d 2 4 d__ ;2. — 2++},
3 v,2 {v% + 4v[2 A vi + 2v,2 Mhs = M=
(2.46)
4 4
Ay = z - 2., 2.47
4 vtzi + 4vt2 A vfi + 2vt2 M ( )
2,5 5 2.2
A= ?{camhn + Samyeh (2.48)
d
2
p= IR (2.49)

= m5.
2 2 Ma
v; +4v;

The remaining two Lagrangian parameters m?, and Mi are
then related to the physical parameters through the EWSB
conditions Egs. (2.8) and (2.9). To complete the determi-
nation in terms of physical quantities, one should further
extract the mixing angle « from the measurement of some
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couplings (see also Appendix C) and v, and v, from the W
(or Z) masses. Using Eqgs. (2.38), (3.1), and (3.2), one finds

2 1 sin’0y M3,
d (1 + %tanzﬁ) 7TaQED ’ (2 50)
tan’B  sin’fy M3, '
v? =
! (1 + %tanzﬁ) 47TaQED
or
2 1 sin26y M2
¢ (1 +tan’B) 2magep | @.51)
2 : 2 :
W= tan°B  sin20y M7
(1 + tanle) 87TCL’QED
or
) sin20W ) b )
v = (M3, — cos* Oy M7),
7TCYQED
] (2.52)
, _ sin’fy 5 5 5
v; = ——(cos* Oy M7 — My,).
7TC¥QED

Using any of the above equations to substitute for v, v; in
Egs. (2.44) and (2.49) allows us to obtain the Lagrangian
parameters solely in terms of experimentally measurable
quantities. Although Egs. (2.50), (2.51), and (2.52) are
theoretically trivially equivalent, they involve different
sets of experimental observables and can thus lead to non-
equivalent reconstruction strategies depending on the
achieved accuracies in the measurement of these observ-
ables. Similarly, trading tan8 for tanB’ through Eq. (2.43)
can be useful, depending on which of the two quantities is
experimentally better determined through some coupling
measurements. We should also note that Egs. (2.44), (2.45),
(2.46), (2.47), (2.48), (2.49), (2.50), (2.51), and (2.52) not
only allow us to reconstruct the Lagrangian parameters
from the measurable Higgs masses, «, B, M,, and/or
My, but can also serve as consistency checks among
observable quantities for the model when the A’s and u
are determined independently through the measurement of
couplings in the purely Higgs sector (see also Appendix C).
Finally, as can be seen from Eq. (2.52), the magnitude of v,
entails the deviation of the p parameter from its SM tree-
level value, a point we will discuss further in the following
section.

II1. MISCELLANEOUS CONSTRAINTS

A. Constraints from electroweak
precision measurements

In the standard model the custodial symmetry ensures
2

that the p parameter, p = MZM is equal to 1 at tree

W
ZCOSZOW ’
level. In the DTHM one obtains the Z and W gauge boson
masses readily from Eq. (2.7) and the kinetic terms in
Eq. (2.1) as
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_ (@ + gy +4vd) _ g(vg + 4v))

M3 , (31
z 4 4cos’ By S
2(,,2 2
g2(v3 + 2v?)
M%v = #’ (3.2)
hence the modified form of the p parameter:
2 2
v; + 2v;
=4 ——=+1 33
p V2 + 4v? (3-3)

and actually p <1 at the tree level. Since we are interested
in the limit v, < v, we rewrite

v
p=1-2—5=1+06p 3.4
Va

with 8p = —25—% <0 and yfv3 + 207 = 246 GeV. Thus
the model will remain viable as long as the experimentally
driven values of 6 p are compatible with a negative number.
The implication for the DTHM has already been studied in
the literature [17]. Here we only discuss briefly this point,
taking into account the latest updates of the electroweak
observable fits as reported by the PDG [19]. One should
compare the theoretical value with the experimental value
after having subtracted from the latter all the known stan-
dard model contributions to the p parameter. The quoted
number after this subtraction, p, = 1.0008t8:88(1);, ob-
tained from a global fit including the direct search limits
on the standard Higgs boson, is not compatible with a
negative dp and would exclude the DTHM. However, at
the 20 level, one obtains py = 1.0004 73002 [19], which is
again compatible with 6p < 0. Moreover, relaxing the
Higgs direct limit leads to po = 1.0008*3:317 again com-
patible with 6 p < 0. From the last two numbers one gets an
upper bound on v, of order 2.5-4.6 GeV. In the present
study we will thus be contented by the conservative as-
sumption that an upper bound of 2.5 GeV guarantees
consistency with the experimental constraints. We should
note, though, that the tree-level DTHM value of 6p being
of order 1074, it is legitimate to ask about the effects of
radiative corrections to this quantity within the DTHM.
As far as we know, radiative corrections to §p are not
available in the literature in the case of Y, = 2 that con-
cerns us here, while several studies have been dedicated to
this question in the framework of a Y, = 0 triplet Higgs
[20-23]. In [20], it has been shown that the tree-level
bound on the triplet VEV could be pushed to higher values
by one-loop radiative corrections. Whether this will hap-
pen also in our case is still to be investigated and deserves a
study that is out of the scope of the present paper, including
for that matter all other CERN LEP/Stanford Linear
Collider SM observables.
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B. Absence of tachyonic modes

From Eq. (2.31), the requirement that m% should be
positive implies pwv, > 0. The same positivity requirement
in the singly charged and doubly charged sectors,
Egs. (2.11) and (2.13), together with our phase convention
v, > 0 discussed in Sec. II, leads to the following bounds
on u:

>0, (3.5)
v
m> 2“ﬁ’, (3.6)
A A0
SN Y 3.7)

V2 L]

The tachyonless condition in the CP,,., sector, Egs. (2.27)
and (2.28), is somewhat more involved and reads

V2pv? + Akv, + 4(A, + A)v3 >0, (3.8)
— 8u2v, + V2u(Av2 + 8(A; + Ay)v?)

The first of these two equations is actually always satis-
fied as a consequence of Eq. (3.5) and the boundedness
from below conditions for the potential [see Sec. IV and
Eq. (4.21)]. The second equation, quadratic in w, will lead
to new constraints on w in the form of an allowed range

o << puy. (3.10)

The full expressions of w. and a discussion of their real
valuedness are given in Appendix A. Here we discuss their
behavior in the regime v, << v . In this case one finds a
vanishingly small x_ given by

2\/5 v,3

mo=((A + )\4)2 —AA + )‘3))7—2"‘ @(U?) (3.11)
Va

and a large w, given by

A v

Mt = m U*‘: + \/5(/\1 + Ay, + O@7).
Depending on the signs and magnitudes of the A’s, one of
the lower bounds (3.5), (3.6), and (3.7) or w_ will over-
whelm the others. Moreover, these no-tachyon bounds will
eventually have to be amended by taking into account the
existing experimental exclusion limits. This is straightfor-
ward for A°, H*, and H**. We thus define, for later
reference,

(3.12)

V2
L )y

t

A, \/Ev, 2
max 2\/5 U5+21j12 (mHt )exp ’

A, vl B,
st V2 : +—U5 (M7 )exp

Mmin = (313)

v
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where (14)exps (M= )exps (Mp=+)ex, denote some experi-
mental lower exclusion limits for the Higgs masses.
Equations (3.5), (3.6), and (3.7) are then replaced by

M = Momin (314)
in order for the masses to satisfy these exclusion limits.
Similar modifications on w. taking into account experi-
mental exclusion limits in the CP,., sector are more
involved and will be differed to Sec. VII after having
established the theoretical upper (lower) bounds on the
h° (H°) masses. Furthermore, the upper bound w. will
be instrumental in determining the maximally allowed
values of the six Higgs masses myo, my, my=, my==, as
we will see in Sec. VIL

C. The vacuum structure

Obviously, violation of any of the constraints discussed
in the previous subsection is a signal that the would-be
electroweak vacuum is not a minimum (but rather a saddle
point or a local maximum) for the given set of values A, A;,
vg, v; when u is either very small or very large. However,
since Egs. (2.8) and (2.9) are nonlinear in v, v,, it could
still be possible to find a different set of values v/, v}, for
the same input values of m%,, Mi, where the true electro-
weak minimum is obtained at a lower point of the potential
than the previous one. More generally, and depending on
the values of the parameters of the potential, one expects,
on top of the electroweak minimum, a rich structure of
extrema that can affect the interpretation and viability of
this minimum and thus possibly lead to additional con-
straints on these parameters. A complete study of such
extrema can be very involved since the potential depends
on ten independent real fields. Here we only provide a
partial qualitative discussion.

Upon use of Egs. (2.7), (2.8), and (2.9) in Eq. (2.4), one
readily finds that the value of the potential at the electro-
weak minimum, (V)gwsg, i given by

1
(V)ewsg = — E(/\vi +4(A + Ao}

+ 4020, (A, + Ay, —2u).  (3.15)
Since the potential vanishes at the gauge invariant origin of
the field space, Vy—ga—o = 0, then spontaneous electro-
weak symmetry breaking would be energetically disfa-
vored if (V)pwsg > 0.* One can thus require as a first
approximation the naive bound on u,

2
Yd g (y + AL

A
< max — | = +(9U2,
m< 2, 7 (v7)

(3.16)

“We should, however, keep in mind the possibility that a long-
lived metastable vacuum could still be physically acceptable,
even when (V)pwsg >0, thus altering our constraints; these
issues are not addressed further in the present paper.
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to ensure Vgwsg < 0. As can be seen from Eq. (3.12)
one has either pp. < @i Or Ly > 4+ depending
on the sign of A; + A4. But for all practical purposes
Mmax = M+ in the regime v,/v,; < 1, so that the proviso
stated above concerning the relevance of the tachyonless
conditions is weakened for the upper bound w . which can
be replaced by .« There is, however, yet another critical
value of w. As mentioned at the end of Sec. IT A, Mi and
—m?% can both be positive for sufficiently large values of
M, thus making the gauge invariant point H =0, A =0a
local minimum. This happens when p > up, where

A, v,

My 4\/-2—Ud+()l1+)\4)2\/-2—-
If A, + Ay >0then pwy < pmax < M4 . To delineate some
consistency constraints in this case, it would be necessary
to look more closely at the decay rate from a metastable
gauge invariant vacuum to the EWSB vacuum, if uy <
m < Mmax> and vice versa, from a metastable EWSB vac-
uum to the gauge invariant vacuum when g < p < @ .
Fortunately, however, these configurations altogether are
already excluded if we take into account the experimental
mass limits on the standard model Higgs. Indeed, as will be
shown in Secs. VII and VIII, the lightest CP,,., Higgs
state h° becomes purely SM-like for such large values of
M, irrespective of the values of the couplings A, A;, while

(3.17)

mo becomes very small for these values [e.g. m =
V3, + Ayv, for w = uy] and thus experimentally
excluded.

Nonetheless, the structure of the potential Eq. (2.4) is
sufficiently rich to provide dangerous extrema configura-
tions which are not excluded by the above-mentioned
experimental limits. We exhibit here, without many details,
one example among a manifold of possibilities. There is an

extremum in the field space direction defined by Re¢? =
Regp™ = v; and Red” = —Red™ " = ?—, and all other

fields put to zero.
This requires

)\411?
— 3.18
75 (3.18)
my = 5AvF + (241 — A)vi?), (3.19)
Mi = —/\lvfiz - (2)\2 + /\3)1}?2- (320)

Note that this direction, and thus the corresponding extre-
mum, spontaneously breaks charge conservation. We will
refer to this extremum as charge breaking (CB).
Furthermore, in contrast with the EWSB point, Egs. (2.8)
and (2.9), here u is not a free parameter. We can then seek
a region in parameter space where this CB extremum
coexists with an EWSB minimum, and check what hap-
pens at the gauge invariant extremum point as well.
Requiring Egs. (2.8), (2.9), (3.18), (3.19), and (3.20) to be

095005-8



HIGGS POTENTIAL IN THE TYPE II SEESAW MODEL

simultaneously satisfied leads to correlations among v, v,,
v, vi. These lead in turn to constraints on the A, A;
parameter space in order for all these VEVs to be real
valued (modulo gauge transformations), together with the
immediate constraint A,v¢ < 0 originating from Eq. (3.18)
and u > 0.° The ensuing correlations allow us to write
mio, (V)ewss» and (V)cg (the value of the potential at the
CB extremum) in the following form:

v, U7

A4

mZ, = (A2 + A3) + 243 + A1 (A = 21)) + O(v?)

=2m} + O(v?), (3.21)

(Vewss = —(A2A; + A3) + 247 + A(Ay — 24)))
X (AQ2A; + A3) + A(=2A; + Ay))

v,zvf2

X S+ O)), (3.22)
4
2 2 vt 2
(V)CB = (4)‘1 — 22021, + A3) — /\4) an + @(v,).
(3.23)

Various interesting conclusions can be drawn from the
above equations. As can be seen from Eq. (3.21), a physical
W ie. mflo > 0, implies a positive m2, and thus an unstable
gauge invariant point at the origin of the fields (H = 0,
A = 0). Furthermore, in the consistent (A, A;) domain
(given in footnote 2) mio is indeed positive and, further-
more, one finds from Eq. (3.22) that (V)pwsg < 0. The
EWSB vacuum is thus energetically favored over the gauge
symmetry preserving one which lies at V = 0. It then
remains to compare the EWSB point with the CB point.
Close inspection of Eq. (3.23) shows that (V)cg >0 in
all the (A, A;) domain given in footnote 2, if and only if
A4 <0, in which case the EWSB is energetically favored
over the CB. However, if A4, >0 (and thus v¢ <0),
there are regions in the (A, A;) consistent domain where
(V)cp <0, provided that 415 < A(2A; + A3). Moreover,
the potential at this CB point becomes much deeper than
at the EWSB point since we are in the regime v, < |v¢].
This is a dangerous configuration since it makes the EWSB
vacuum potentially very short-lived due to tunneling ef-
fects [24,25]. We stress here that this EWSB point is a true
local minimum in this configuration; i.e. there are no
tachyonic Higgs states which could have signaled its non-
relevance beforehand. (This is easily seen from the fact that
h° is nontachyonic and is the lightest Higgs state when

*Working in the regime v, < vy, |v§], |vS| and keeping
only terms O(v,), the constraint in the (A, A;) space satis-

fying all these requirements is found to be A, <% X

(A = /8AQA; + A3) + 1723). Note that A>0 and 2}, +
A3 > 0 for a bounded from below potential (see Sec. IV).
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u ~ |v§| > v,; see also Sec. VIL) Even more so, the
potential is bounded from below, as can be shown by
comparing the corresponding (A, A;) domain with the
boundedness from below constraints that we will derive
in the following section. We have thus exhibited an
example of a configuration where p can be very large,
consistent with the experimental 4° mass limit, and a
fortiori with all the nontachyon constraints, corresponding
locally to an acceptable EWSB vacuum, but still nonviable
due to the existence of lower (charge breaking) points akin
to what happens in two-Higgs-doublet models (see, for
instance, [26]).

We end this section with a general comment concerning
the neutrino mass seesaw mechanism. The common lore is
to assume a GUT origin for u and M,, and taking u ~
My ~ O(Mgyr) leads, through Eq. (2.8), naturally to a tiny
v,. However, as noted in the Introduction we do not com-
mit, in the present study, to specific high energy physics
scenarios, so that M, and/or p could be smaller than a
hypothetical GUT scale. It is then interesting to note that
even in this case a kind of seesaw mechanism is actually
still at work model-independently due to the dynamics of
the potential. This is simply due to the form of the x upper
bound w., Eq. (3.12): The larger w is, the smaller v,
should be in order to avoid a tachyonic h°. For instance,
taking A =~ 0.5and u, ~2 X 10> GeVleadsto v, ~ 1 eV
and M, =~ 1083 GeV.

IV. BOUNDEDNESS OF THE POTENTIAL

A necessary condition for the stability of the vacuum
comes from requiring that the potential given in Eq. (2.4)
be bounded from below when the scalar fields become
large in any direction of the field space. The constraints
ensuring BFB of the DTHM potential have been studied in
the literature so far only partially (see e.g. [18]), and at the
tree level. It would thus be somewhat premature to invoke
possible quantum modifications of these constraints before
fully settling the tree-level issue first. This section is de-
voted to this issue and aims at deriving, at the tree level, the
complete necessary and sufficient BFB conditions valid for
all directions in field space.’

Obviously, at large field values the potential Eq. (2.4) is
generically dominated by the part containing the terms that
are quartic in the fields,

V@O(H, A) = %(H*H)z + A (HYH) Tr(ATA)

+ L (TrATA)? + A3 Tr(ATA)?

+ MHTAATH. 4.1

“We will thus not address in this paper the possibility that loop
corrections could lift the potential in some otherwise unbounded
from below directions, nor the issues related to metastability of
the vacuum which could relax some of the constraints. See also
Sec. IIIC.
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The study of VW (H, A) will thus be sufficient to obtain the
main constraints. To obtain BFB conditions it is common
in the literature to pick up specific field directions or to put
some of the couplings to zero. Consider, for instance, the
following two cases:
(1) In the absence of any coupling between doublet and
triplet Higgs bosons, i.e. A; = A4 = 0, it is obvious
that

A>0 & A>0 & A3>0 4.2)

will ensure that the potential is bounded from below.

(2) If one picks up the field space directions where only
the electrically neutral components are nonvanish-
ing, one finds

A
Vel = 21601 + (4 + Al 8°

+ (A + M) 017 18°, (4.3)

In order for the potential to be bounded from below

in this subspace, V(()4) should be positive for any
values of |¢°| and |8°], including when one or the
other is vanishing. The latter cases imply the neces-
sary conditions A >0 and A, + A3 > 0. It is then
possible to rewrite Eq. (4.3) in the form

1 2
v =[Dhigoe -y mione

2
+ ()\1 Y Y A3))|¢0|2|50|2. 4.4)

Since the first term is non-negative and vanishes in
the direction |¢°|2/|8°?> = 2{/(A, + A3)/A, then
the necessary and sufficient conditions for the
BFB of the potential in this direction are

A >0,
Ay + 23>0,

AL+ A+ \//\(/\2 + A3) > 0.

As it will become clear later on in this section, the con-
ditions in case 1 are sufficient but not necessary, even for
this special case. Furthermore, while the conditions in
case 2 are necessary and sufficient for the corresponding
direction, they obviously remain necessary for the general
potential, but it is a priori not clear whether they can be
sufficient. By looking at other special cases in two-field
and three-field directions, we will show that they are gen-
erally not sufficient. Before doing so, let us first point out a
more convenient method to obtain positivity constraints
like Eq. (4.5) directly from Eq. (4.3) rather than writing it
first in the form of Eq. (4.4). The potential Eq. (4.3) can be
cast in the form

4.5)

V(x) =a+ by*+ cx* (4.6)
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by the change of variable y = |¢°|/|8°|. Since y is, by
definition, real valued and the moduli |¢°| and |86°| can
have any value, then the problem of finding the necessary
and sufficient BFB conditions for Eq. (4.3) is equivalent to
finding the conditions on a, b, ¢ such that V(y) > 0 for any
x € [0, co[. Since V(x) has no linear or cubic terms in y;, it
is easy to find these conditions by studying V(y) as a
biquadratic function:

a >0,
c >0,
b + 2Jac > 0.

4.7)

Applied to Eq. (4.3) these conditions reproduce immedi-
ately Eq. (4.5). We can now easily study other field direc-
tions. For instance, the direction where only 8" and ¢°
are nonvanishing yields

A
V= (o AT+ 3T PIGOP + 2160 @8)

for which the BFB constraints are readily obtained from
Eq. (4.7) as

A>0 & M+ A3>0 & Al+,/A(A2+/\3)>0.

4.9)

Similarly, if we consider the field direction with nonvan-
ishing " and ¢, then

A A A

V- (Az T —3)|5+|4 + (m + —4)|5+|2|¢+|2 + A
2 2 4

(4.10)

and the corresponding BFB conditions read

A A / A
A>0 & )\2+73>o & /\1+74+ )\()\2+73)>0.

(4.11)

It is then obvious that these two sets of conditions are
neither equivalent nor contained in the conditions of
Eq. (4.5). This shows that the BFB conditions derived
only from the neutral direction Eq. (4.3) are neither neces-
sary nor sufficient to ensure boundedness from below of
the full potential Eq. (2.4). In Appendix B we have listed
the potentials for all the field directions with only two
nonvanishing fields, together with the corresponding BFB
conditions. Adding these conditions, we come closer to the
real sufficient and necessary conditions. But one can get
more conditions by going now to field directions where
three fields are nonvanishing. We give the exhaustive list of
all these three-field direction potentials in Appendix B. In
these more complicated configurations, an iteration of the
method described above allowed us to treat all of them,
although the results become somewhat complicated and
not so telling. For instance, the three-field direction with
nonvanishing ¢°, ¢, 8 [see Eq. (B24)] yields some of
the simplest BFB conditions,
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A>0A20 + A3 >0 Ay A, +245) + 24, + Ay

>0A QA2 + A3) > (2A; + A2 V2A, + A, >0),
(4.12)

where A, V stand, respectively, for the logical AND, OR.
These conditions are obtained by first defining the reduced
variables x; = | |/1¢°l, x» = 1871/|$°|, and then us-
ing iteratively the constraints Eqs. (4.7). By the same
method we could obtain even more complicated BFB
conditions as given in Egs. (B26)—(B35). Analyzing them
numerically we confirm that Egs. (4.5) are far from being
the full story. However, and despite their apparently com-
plicated structure, the intersection of the regions they
delineate in the space of the A’s has a form similar to
Egs. (4.5) and (B14). Moreover, the true BFB conditions
will be obtained only if all field directions are taken into
account, up to some arbitrary SU(2) X U(1) gauge trans-
formations, but in this case the method used so far is not
tractable anymore.

To proceed to the most general case, we adopt a different
parametrization of the fields that will turn out to be par-
ticularly convenient to entirely solve the problem. Without
loss of generality we can define

r=vVHTH + TrATA, (4.13)
HYH = r’cos?y, (4.14)
Tr(ATA) = r2sin?y, (4.15)
Tr(ATA)?/(TrATA)? = ¢, (4.16)
(HTAATH)/(HtHTrATA) = & 4.17)

(where we adopted here a parametrization similar to the
one used in [27] to study two-Higgs-doublet models,
although for the latter models the problem is not fully
solved by such a parametrization). Obviously, when H
and A scan all the field space, the radius r scans the domain
[0, co[ and the angle y € [0, Z]. Moreover, one can show
that

0=¢=1 and j=/(=1 (4.18)

With this parametrization it is straightforward to cast
V@(H, A) in the following simple form,

4

4(1 + tan?y)? (A + 44,

+ Exgtan’y + 4(A, + LA5)tanty).

(4.19)

V@(r, tany, & {) =

Because of the bi-quadratic dependence in tanvy, one can
indeed consider only the range 0 = tany << +00 in accor-
dance with the above-stated range for y. We have thus
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written V@ in the form of Eq. (4.6). Boundedness from
below is then equivalent to requiring V* >0 for all
tany € [0, 00[ and all &, { satisfying Eq. (4.18). Now
applying directly the conditions Egs. (4.7), one obtains

A>0 & M+s>0 &

AL+ ENg+ ,//\(/\2 +4A)>0 VZE[;1] Y E0,1]
(4.20)

Because of the monotonic dependence in { and &, it is easy
to show that these conditions can be rewritten as

A
A>0 & M+A;>0 & )\2+73>0 (4.21)

/ A
& A1+,/A(/\2+A3)>o & A+ A<A2+73)>0

(4.22)

& M+ NI+ 1) >0 &

y (4.23)
A+ A+ )\()\2+73)>0.

We stress here that the above conditions ensure BFB
for all possible directions in field space and thus provide
the most general “all directions necessary and sufficient
BFB conditions” that solve completely the issue at the
tree level. Note that all the two-field direction condi-
tions given in Egs. (B11)—-(B15) are special cases of the
above conditions. We also checked numerically that this

is the case for all ten three-field direction conditions,
Egs. (B26)—(B35).

V. UNITARITY CONSTRAINTS

Constraints on the scalar potential parameters can be
obtained by demanding that tree-level unitarity be pre-
served in a variety of scattering processes: scalar-scalar
scattering, gauge-boson—gauge-boson scattering, and
scalar—gauge-boson scattering, as was initially done for
the SM [28-30]. The generalizations of such constraints
to various extended Higgs sector scenarios have been
studied in the literature; see, for instance, [31-34]. Here
we treat such constraints in the DTHM at the tree level,
limiting ourselves to two-body scalar scattering processes
dominated by quartic interactions. This is justified by the
fact that we are interested in the leading unitarity con-
straints, that is, in the limit where \/E is much larger than
any other mass scale involved. In particular, this means that
we disregard here unitarity constraints that would involve
the w parameter when the latter is very large. Indeed, this
parameter contributes to the scalar scattering processes
through the cubic interactions entering the Feynman dia-
grams with scalar exchange in the s, 7, and u channels.
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Furthermore, the ratio u/v, controls the size of the ex-
changed scalar masses so that some of the aforementioned
diagrams can be important in the vicinity of the resonance
pole in the limit of large /s ~ puv,/v,.

In order to derive the unitarity constraints on the scalar
masses, we adopt the basis of unrotated states, correspond-
ing to the fields before electroweak symmetry breaking.
The quartic scalar vertices have, in this case, a much
simpler form than the complicated functions of A;, a,
and B obtained in the physical basis (H**, H*, G*, h°,
H°, A°, and G°) of mass eigenstate fields. The S matrix for
the physical fields is related, by a unitary transformation, to
the S matrix for the unrotated fields. Close inspection
shows that the full set of two-body scalar scattering pro-
cesses leads to a 35 X 35 § matrix which can be decom-
posed into seven block submatrices corresponding to
mutually unmixed sets of channels with definite charge
and CP states. One has the following submatrix dimen-
sions, structured in terms of net electric charge in the
initial/final states: S!(6 X 6), S?(7 X 7), and SP(2 X 2)
corresponding to zero-charge channels, S®(10 X 10)
corresponding to the one-charge channels, (7 X 7) cor-
responding to the two-charge channels, S©(2 X 2) corres-
ponding to the three-charge channels, and S7(1 X 1)
corresponding to the unique four-charge channel. The
corresponding T-matrix submatrices TV, ..., T)—with
a momentum conservation factor (277)*8*(3 momenta)
properly factored out— are then easily extracted using the
pure scalar quartic interactions expressed in terms of the
nonphysical fields ¢ =, 6, 6%, h, £€°, and Z,(i = 1,2), as
listed in Appendix C.

One can then, in principle, extract the unitarity con-
straints on each component of the 7" matrix through the uni-
tarity equation, which we write here in a shorthand form as

—i(T - TT) ~ [“TT*” (5.1
where [ denotes, symbolically, the phase space integral
over each intermediate state channel (see, for instance,
[35]). However, it proves more efficient to define a modified
matrix in such a way that its diagonalized form still satisfies
Eq. (5.1). The usual unitarity bound on partial-wave ampli-
tudes that is valid for elastic scattering would then apply
readily to all the eigenvalues, thus encoding indirectly the
bounds on all the components of the 7 matrix.” The proper
redefinition is a 7 matrix having the same entries as 7 but

"This, however, cannot be achieved, in general, by simply
diagonalizing T, since on the right-hand side of Eq. (5.1) the
phase space factor is not the same for all the two-particle
channels, even in the high energy massless limit we are consid-
ering. It picks up a factor 1/2 only for internal states with
identical particles so as to avoid double counting. The right-
hand side of Eq. (5.1) is thus not a proper matrix multlphcatlon
of T by Tt, a fact emphasized by the quotation marks in the
equation.
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with an extra 1/ \/i factor for each initial or final state
channel having two identical particles. 7 now satisfies
Eq. (5.1) with the same phase space for all channels and a
true matrix multiplication of 7 by 7. Its diagonalized form
will thus satisfy the same equation. Defining M, = iT™,
with n = 1,...,7, we give hereafter the resulting subma-
trices whose entries correspond to the quartic couplings that
mediate the 2 — 2 scalar processes. These submatrices are
Hermitian; thus the sought for eigenvalues will all be real
valued.

The first submatrix M, corresponds to the scattering
whose initial and final states are one of the following:
(pT67,87 b, hZy, £°Z,, Z,Z,, hé®). With the help of
Appendix C one finds

, ﬁi —ﬁi Ay 0 0 0’
5 sk 0 A, 0 0
o5 e 0 0 A, O
e e 0 0 0 Af

(5.2)

where Aj; = A; = A;. We find that M, has the following
three double eigenvalues:

e = /\1 + /\4, (53)
€y = )ll, (54)

The second submatrix M, corresponds to the scattering
with one of the following initial and final states:
+ ++s—— Z1Z) ZZ, hh &
(p*p™,6767,67%6 RN N 7—)
/2 accounts for identical particle statistics. Again, with
the help of Appendix C, one finds that M, is given by

where the

[ A e+ AN A A

2 4 22 2 22 2

B2Xys 205 2 V2AL 2% V2M

My 2A5 4Ag 7'5 V24, % V22

A A A 3 A A AT
My=|3p 26 & A 2 5 7|

A AL A

LT PR W S FE R P

A Ay AL A Al 3 Aty

242 22 2 4 2 4 2
AOVEIM VEM AL Y 3G )
(5.6)
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where Ay, =2, + A, and Ay; = 2A, + A5. Despite its
apparently complicated structure, one can easily determine
the seven eigenvalues of M, as follows:

A
fi= 5 (5.7)
Jfa =24y, (5.8)
f3 =2 + A3), (5.9)

1
4. = ZI:)\ + 4 + 8y = (A — 4, — 819)? + 16A3],
(5.10)
|
A0 0 0 0
Ay
0 A4 0 0 P
0o 0 4 o0 o0
0O 0 0 XA ;—ff
- | © M0 % LA
4 Ay —i)y
2.2 0 22 0 0
—iA A
0 3% 0 M 0
idy Ay
50 A 000
-A iy
20 A0 0
\0 o0 o0 o0 =X

As one can see, this matrix contains many vanishing ele-
ments, and the ten eigenvalues are straightforward to ob-
tain analytically. They read as follows:

dy = ey, (5.14)
d, = e, (twice), (5.15)
dy = e, (5.16)

dy = f1, (5.17)

ds = f>, (5.18)

ds = [3, (5.19)
4= A, = (5.20)
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1

b =
S

[3)\ + 161, + 1224

= JBA— 164, — 12437 + 2421, + A4)2J.
.11)

The third submatrix M3 corresponds to the basis
(hZ,, £°Z,) and is given by

(5.12)

with eigenvalues k; = f and k, = f5.

The one-charge channels occur for two-by-two body
scattering between the ten charged states (h¢™, £0¢7,
Z,pt, Zyp T, hET, E98, 2,87, 2,867,878, 8T ).
The 10 X 10 submatrix M, obtained from the above scat-
tering processes is given by

Ay —iA -A
0 aF 2 0
0 0 0 0
iA A —iA
w0 o 20
0 5 0 0 0
0 0 0 0 =
(5.13)
205 0 0  —v2A 0
0 Ay 0 0 —th
0 0 2M; —iv2A3 0O
—20 0 i2A3 0 2), 0
0 D0 0 Ay )
d+ = da+ (521)

The fifth submatrix M5 corresponds to the scattering with
initial and final states being one of the following seven
states: (%,%i,5+¢+,3++§°,5++Zz,6++21,6++h).
It reads

/(4 0 0 0 0 0 0)

0 Ay 0 —X3 —id3 0 0

0 0 o o 0 T M
Ms=|0 —x3 0 2, O 0 O

0 a3 0 0 24 0 0

0 0 2 o0 0 XA O

\0 0 2 o0 0 0 A/

(5.22)
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and possesses the following seven distinct eigenvalues:

cp = ey, (5.23)
c) = ey, (5.24)
c3 = fy, (5.25)
cs = fo (5.26)
cs = f3 (5.27)
ce = dy, (5.28)
=21 — As. (5.29)

There are also triply charged states. The submatrix Mg
corresponding to this case generates the scattering with

initial and final states being one of the following
(67T ¢*, 8% 67), and is given by

_(As O
o= (5 an)
with eigenvalues k; = e; and k, = f3. Finally, it is easy to

check that there is just one quadruply charged state
7155++6++, leading to

(5.30)

M7= fi (5.31)

with f3 an eigenvalue.
From the usual expansion in terms of partial-wave am-
plitudes a;, we write, following our notations,

MED) =Ty, = 16im Y (20 + 1)a} (s)P,(cosh),
J=0
(5.32)

where M) denotes the entries of the M matrix, the
subscripts k and f run over all possible initial and final
states of the above 35-state basis, 6 denotes the scattering
angle of the corresponding processes, and the P,’s are the
Legendre polynomials. Since we considered only the lead-
ing high energy (massless limit) contributions that are s
and 0 independent, all the partial waves with J # 0O vanish,
and one is left with

kf) — _ U aakp)

“o ior M

for each channel. The S-matrix unitarity constraint for
elastic scattering Iagkk)l = 1 [or alternatively IRe(aékk))I =
% [36,37]] applies to the diagonal entries of M. It encodes
as well the constraints for nonelastic scattering, provided
that it is applied to the eigenchannels of the 35-state basis
as noted previously. Thus, this constraint translates through
Eq. (5.33) directly to all the eigenvalues we determined
above. We defer to the next section, Egs. (6.4), (6.5), (6.6),

(5.33)
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(6.7), (6.8), (6.9), (6.10), (6.11), (6.12), and (6.13), the list
of all the resulting constraints.

VI. COMBINED UNITARITY AND POTENTIAL
STABILITY CONSTRAINTS

Let us first recall all the constraints obtained in Secs. IV
and V.

BFB:

A3

AZ0 & LtA=0 & L+T=0 (6D
A3
& A FAAA, +A3) =0 & A+ 4A[A+—]=0
A+ 4 (D)

(6.2)

& A +A4+w//\(/\2+)t3)20 &

A3
A+ A+ A<A2 + 7) = 0. (6.3)
Unitarity:
Ay + M| = &, (6.4)
A = &, (6.5)
24, + 3A,] = 2«7, (6.6)
Al = 2k, (6.7)
Il =24 (6.8)
2

o+ Al =2 6.9)

A+ 44, + 845 = /(A — 4A, — 8A5)2 + 1603 = 4,
(6.10)

[3A + 164, + 1225

= JBA = 164, — 1205)% + 2424, + A,)?| < 4,

6.11)
20, — Ayl =< 2k, 6.12)
24, — A3] < &, (6.13)

where we introduced the parameter « which takes the
values k = 16 or 8, depending on whether we choose
lagl =1 or |Re(ay)| = %, as pointed out at the end of
Sec. V.
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Working out analytically these two sets of BFB and
unitarity constraints, one can reduce them to a more com-
pact system where the allowed ranges for the A’s are easily
identified. One can obtain a necessary domain for A, A,, A3
that does not depend on A; and A4, by considering simul-
taneously Egs. (6.7), (6.8), (6.9), (6.10), (6.11), (6.12), and
(6.13) together with Eq. (6.1). It then turns out that
Egs. (6.8) and (6.9) as well as the lower part of Eq. (6.13)
are weaker than the actually allowed domains for A,, A3,
and similarly, Eq. (6.7) is weaker than the constraint on A
coming from Eq. (6.11). We find

0=A=3km, (6.14)
A3
L+A3=0 & A2+720, (6.15)
K
A+ 2M5 = > (6.16)
K
4r, + 305 = > (6.17)
20, — A3 = k. (6.18)

We stress here that the above constraints define the largest
possible domain for A, A,, A3 for any set of allowed values
of A{, A4, although Egs. (6.10) and (6.11) have been used to
determine this domain. It is noteworthy that the upper
bound on A, Eq. (6.14), is reduced by a factor 3 with res-
pect to the naive expectation, Eq. (6.7). Studying further
Egs. (6.10) and (6.11), one can rewrite them in the follow-
ing simple form where the dependence on A;, A4 has been
explicitly separated from that on A, A,, As:

I min\/(/\ + 2K7T)()\2 A, + gw) (6.19)

2
(6.20)

where Eqs. (6.14) and (6.18) have been used in deriving
Eq. (6.20). Various comments are in order here. First, to
obtain the full domain for A;, A4, one has to add to the
above two equations Egs. (6.4), (6.5), (6.6), and (6.12) as

8In writing Eq. (6.20) we relied on the fact that the mini-
mum of ‘/2(/\ + %K’?T)(4/\2 +3A3£57) is given by
\/2()\ — %KW)(4A2 + 3A; — &) in all the domain allowed by

A, Ay, Az. In contrast, rnin‘/()t *+ 2km)(Ay + 25 + 5 1) appear-

ing in Eq. (6.19) cannot be written in a closed form in this
domain.
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well as Egs. (6.2) and (6.3). Thus for each set of values of
A, Ay, Az, the allowed domain for Ay, A, is easily deter-
mined as the overlap of a set of linear bands, as illustrated
in Fig. 1.

As stated earlier, Eqgs. (6.15), (6.16), (6.17), and (6.18)
define the largest possible domain for A,, A5 allowed by the
combined unitarity and BFB constraints. The reason is
seen from Egs. (6.19) and (6.20) which are the only extra
constraints on A,, Ay depending on the actual values of A,
Ay, Ay. As one can easily check, these constraints become
trivially satisfied when A; = A4, = 0 and thus correspond
to the case of the largest A,, A; domain. For each set of
nonvanishing values for A, A4, the domain of A,, A5 given
by Egs. (6.15), (6.16), (6.17), and (6.18) will be further
reduced according to Egs. (6.19) and (6.20). We illustrate
the largest (A,, A3) domain in Fig. 2.

To summarize, the boundaries of the combined unitarity
and general BFB domains for the five couplings are now
given by the reduced set of Egs. (6.2), (6.3), (6.4), (6.5),
(6.6), (6.14), (6.15), (6.16), (6.17), (6.18), (6.19), and (6.20),
which moreover have an analytically simpler form. In
particular, one readily finds from Eq. (6.20) that saturating
the unitarity bound on A, i.e. A = 5k, reduces the two-
dimensional (A;, A,) domain to the one-dimensional
(straight line) A, = —2A,. This, as well as other features,
will be useful in determining lower and upper bounds on
the Higgs masses in the next section.

A4 in units of
S
T
1

| L L L 1 ! L ! Il L L L | " L ! 1

A in units of

FIG. 1 (color online). An illustration of a section of the
(A, Ay) domain (light gray) in units of x as determined by
Egs. (6.4), (6.5), (6.6), (6.12), (6.19), and (6.20), where we fixed
A= Xy, = A; = 0. Adding the BFB constraints, Eqs. (6.2) and
(6.3), one obtains the reduced domain shown (gray).
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FIG. 2 (color online). We illustrate here the largest A, — A3
domain allowed by the combined unitarity and BFB constraints
in units of k. This domain corresponds to Egs. (6.15), (6.16),
(6.17), and (6.18) and is attained for A; = A, = 0, in which case
Egs. (6.19) and (6.20) are trivially satisfied. As can be seen from
Eqgs. (6.19) and (6.20), a smaller domain is obtained as soon as A;
and/or A4 are nonzero, irrespective of the value of A satisfying
Eq. (6.14).

VII. HIGGS MASS THEORETICAL BOUNDS

In this section we rely on the results of the previous
sections to study the theoretically allowed ranges of the
Higgs masses when varying the Als and the u parameter in
their allowed domains. Rather than assuming that u is
very large, i.e. of the order of the GUT scale together
with u = M,, we will study all the phenomenologically
allowed range. We stress here that even very small values
of w are consistent with a tiny value of v, necessary for
realistic neutrino masses [and O(1) Yukawa couplings],
provided that we take into account consistently Eq. (2.8).

Let us first describe qualitatively the generic behavior of
the masses when w is varied. We will show that, as a
function of u, the h° mass features a maximum myi™ for
a specific value w = .. This maximum will translate into
an upper bound on m;0 when the unitarity bound on A is
saturated. Similarly, the H° mass reaches a minimum ngn
at a nearby value which we momentarily also denote
m = u. for the sake of the qualitative discussion. In the
range u < u,., H° is the heaviest among all the Higgses,
decreasing very slowly with increasing wu towards its mini-
mum value mgﬁ", while m,,0 increases very quickly with u
to mji™. The other Higgs masses can have various hierar-
chies and, in particular, the unusual one where the my== is
the lightest state, my=+= < mpy= < my = mo. In contrast, in
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the range @, < 0 < Wmax> Mpo NOW increases quickly with
m while m;,0 decreases very slowly from its maximal value.
This sharply different behavior of m2;0 and m o below and
above u,. can be traced back to the smallness of v,. We
illustrate numerically such a behavior in Fig. 3, where the
seemingly constant m?, for p > . and constant m3, for
< . are artifacts of the very small ratio v,/v,. In fact,
mio is decreasing very slowly to the right of u. and reaches

zero when u = . (cf. Sec. III B and Appendix A), while

mlzqo starts off at 4 = wn;, and decreases very slowly until
its minimum value at w = u.., then increases very slowly
between u,. and approximately u = i = Av,/ V2, and in-
creases very quickly afterwards.’

More quantitatively, we find that there are two different
values of u., which we dub ,u(cl), ,LLE-Z), that are uniquely
determined in terms of vy, v, and the A’s. When one of
these two critical values corresponds to mg}f‘x, the other will
correspond to mggn and vice versa, depending on the sign
of the following quantity:

V= (A4 A+ )03 +4(, + A)v7. (T.0)

Moreover, it turns out that at these extrema one of the two
h° or H® states will correspond to a purely SM-like Higgs
state, and this too is controlled by the sign of V. One can
summarize the behavior analytically as follows.

i V,>o0:

In this case mo reaches a maximum given by

AV
mo i = miyy == (7.2)
when u takes the value
-, ) = v,
= e =A + M) —=, 7.3
H=p (A1 + A) 7 (7.3)
and milo reaches a minimum given by
. 1
2 min — ,,2 —
T T M0 T 502 1 1602)
X (Avh + 160 (A + Agv?
+4(2 + A3)v7)
A 2
= 2Yd 4 0(?) (7.4)

2
when u takes the value

p=p? =T
‘ V202 + 1602)

+ 8(2)\1 + 2).4 - /\2 - /\3)1}[2)

(A= A — Av)

(7.5)

°The precise value is @ = v,(Av2 + 44X, — X, — A3 +
40)v?)/\2(W3 + 1607). In fact, @ is the common value of u
at which the slopes of the variations of mio and mil[, as functions
of w experience a sudden change.
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FIG. 3 (color online). Illustration of the regime V, <0 with A =187 1, = 1071, A3 =2 X 107, A, = —

mhn,Hn (GeV)
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LA =1v,=1GeV,

v =246 GeV, v, = Jv? — 202, k = 8, leading to u? = 23 GeV. See Eq. (7.5).

Expanding the Higgs masses squared around M(cl),

one finds
2 — ,,2 max 4U5 2 083
Mo = Moy — R 5M1 + (5M1), (7.6)

v
2
A2, = (=A+ A + A4)% +2(Ay + A0
2

v
+ \/'Ti, 8,1 +0(82)), (1.7)

2
A2 = (=A+ A, + /\4)% +2(A, + AV

where A% = my — mJ,™* denotes the various

squared mass splittings from mioma" and 6, =
)
M e
(i) V,<o0:
In this case the reversed configuration occurs. m,0
reaches a maximum given by

max

2 — 2
My, 5) = My (7.11)

2 . ..
at u = ,uﬁ), while mgo reaches a minimum

given by

(V3 + 4v}) m2,,min = g2 (7.12)
+ Y, 8,1+ 0(8%), (7.8) H(2) (1)
_ 2 2 (1 (2)
A 2 2 at u = e, where m?7,,, mz,, we, mé are as
A2, = (=a+a +25) Y 4 oA+ a2 defined in Eus. (1), (19, (1 ~
2] 2 2 efined in Eqgs. (7.2), (7.3), (7.4), and (7.5). Again,
ding around ©? we find
(V3 +2v7) cxpanding Me
+d s 082, (7.9)
5 w ©
2 2 2 4vj 2 3

A2 = (A4 A agr s Y5 4 0(52,) e =Ml oy, Pt 00 (1Y

e — + 1)~ — 3U + l+ s
H 2 2w, H wl
(7.10) and the squared mass splittings

|

A2 = (A= Ay = A)YE 20 + Agwd + Y5, + 0(82,) (7.14)

H 2 \/ivt I M
2 2 2 2
_ Vi vy (vd + 4v7)
Ain = W((A — A /\4)7 +2(2(A — A = A3) = A — /\4)Ut2) + Tvt@ﬁ + @(5i2, vt/v3),
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2 2 2
o vy B _3 vy ( B B _ _11 ) 2) (vd+2v,) s 4
L=t (A=A —Ag |+ (24— A 42 42 —A +—<4 _—— "6, + 006>, ,
H(ﬁ+mﬁx< ! 202 R R Too, w2t O vi/vd)
(7.16)
2 U%i vi 2 vtzi 2 4.2
AHtt = m (/\ - /\] - 2/\4)7 - (4A2 + 5/\3 + 8)l4)Ul + —\/Evt 6/},2 + @(S/LZ’ Uy /Ud), (717)

where 0,5 = p — ,u(cz).

Noting that u!V — u?, mgy, — mg,, and "V, have the

same sign, and defining

p = min{ul’, 1@, (7.18)
pi® = max{ul”, pt}, (7.19)

one can recast the results of Egs. (7.2), (7.4), (7.11), and
(7.12) in a more compact form as

My, ™ = my,(p = pd™) = min{mf,, my},  (7.20)
m?_lomi" = méo(,u = pmin) = max{m(zl), m(zz)}, (7.21)

with an implicit reference to the two regimes (i) and (ii) if
one keeps in mind that m%i) is reached for u = ,ug’). A

numerical illustration of the above features is given in
Figs. 3 and 4.

The mixing pattern—For u = 'V, h° and H° become
pure doublet or triplet states, since in this case B = 0, as
can be seen from Eq. (2.22). However, a close inspection
of Eq. (2.40) shows that in regime (i) [respectively, (ii)]
one has s, = 0 (respectively, s, = 1) for this value of w.
Thus, at u = ,u,gl), h° becomes a pure SM-like Higgs in
regime (i), but it is H° that becomes a pure SM-like Higgs
in regime (ii). The fact that the SM-like state is not always
associated with the lightest CP.,., state is important when
discussing the Higgs phenomenology and the interpreta-
tion of the experimental limits and is consistent with the
fact that m(zl) is indeed the SM-Higgs squared mass,
|

Eq. (7.2). In fact, due to the smallness of v,/v,, the
behavior of the mixing angle « over the full range of the
M parameter follows closely the generic pattern discussed
above: In both regimes (i) and (ii) one has essentially
s, = *1 or s, =0 over most of the u range, except for a
very narrow region in the vicinity of & defined in footnote 9
and satisfying

i =y + ud), (722)

where |s,| changes quickly from ~0 to =~ 1. The gen-
eric dominance of no-mixing regimes can be under-
stood from the asymptotic behavior at small and large w
values, i.e. |sinaj,_ol =1~ 2(}‘“;—2)“‘)2(1),2/%) + O(v})
and sina,_, = 2(v,/v,) + O@7), together with the
fact that ds,/du = O(v}). We illustrated this behavior
in Fig. 5, adopting the sign convention €, = +1. As
seen in Fig. 5(b), s, remains positive in all the u range
since B < 0 [cf. Egs. (2.22) and (2.40)]. And in accordance
with the asymptotic behavior, s, tends to @(10~2) at large
w(>i), where h° is nearly SM-like, and to O(1) at
small w(<i), where H® is nearly SM-like. (Note that in
this numerical example ,uﬁn becomes negative and is never
reached.) In contrast, for the regime illustrated in Fig. 5(a),

s, remains negative for u < ﬂﬁ“, Crosses zero at ,ugl), and

again tends to a positive value @(1072) for u > ,u,gl).
The exact magnitude of |s, | at the three critical values of

M can be summarized as follows:

V,>0: V,<0:
lse( = wl = 0, 1
2v,

1/2
= = 1 _2v.
=l = (-2
= 1L_ fu v\ L v v
~ - vno(s) 4o i off)

DN = -

1/vfl+16v,2’
2 3
= 1-8%+ (9(%)
d

lso (0 = pe

Large mixing scenarios have been discussed previously in
[18,38], while here we quantify more precisely the regions
where such a large mixing takes place. For later analyses it
is useful to characterize the w range in the large [s,|

=

2v 1/2
A /U(21+16U,2>
(7.23)

4v,

A /v§+ 16v,2
4n 4 0%
Vg Uz
[

regime. One sees from the above equations that the size
of this range is O(v,). As a first approximation one can
characterize it by the interval 0 < p < u™", with gMin
given by Eq. (7.18). However, depending on the values

d
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of A and A, + A4, |s,| can still be very close to 1 in the
range u™" < u < i, especially when u™" is not positive
definite [it becomes negative when A; + A, <0 or
21 — (A + Ay) <0]. It is more sensible to base this char-
acterization on the amount of deviation from the value

A

|s,| = 1. Defining 4 in the vicinity of & in the form
4 =i — 8 X v, with § strictly >0, one finds |s, ()| =

2 3

1- k(5)Z—§ + O(%). For each given positive value of &,
d d

there corresponds a value of 4 given by

N A A— Al - /\4) (U?)
o==-" M, +0[=). (724
i = (G mer ) )

The twofold ambiguity in this expression is resolved as
follows: Requiring consistently u™" < 4 < & to hold,
one should take for V, >0, g = f-y with k =8, and
for V, <0, i = Q4 for any k = 0.'° In particular, &

reproduces, respectively, ,LLE-I) and ,u(cz) for the special
values k = 0 and k = 8 as expected, while & cannot be
reached for any finite value of k [consistently with the fact
that |s, ()| = 1 and |s,,(4)| = 1/+/2 are not perturbatively
close to each other in terms of powers of v,/v,].

With the above prescription one can characterize the
range in the large |s,| regime by 0 < u < fi(k), where k
can now be interpreted as triggering the experimental
sensitivity to the deviation of |s,| from its maximal value
|s,| = 1. Equation (7.24) shows that the lower the sensi-
tivity to large |s,| (i.e. the larger k), the lower the sensi-
tivity of the size of the u domain to A; + A4. We will come
back to the above issues in the phenomenological discus-
sion of Sec. VIIL

Unitarity bounds.—Relying on the above properties we
can now easily derive the theoretical upper bounds on the
various Higgs masses. From Eq. (7.2), and using the maxi-
mal value allowed by the tree-level unitarity constraint for
A, Eq. (6.14), and v, = 246 GeV, we determine an upper
bound on my,

my < 712 GeV  (for k = 8), (7.25)

< 1TeV (for k = 16). (7.26)

If Eq. (7.11) is used instead, then the saturation of unitarity
and BFB bounds on A; + A4 should also be considered.
However, due to the smallness of v,/v, this would lead to
only a few GeV change in the above upper bounds. As far
as mpyo 18 concerned, the above bounds are essentially the
minimally allowed values, as is obvious from Egs. (7.20)

19Strictly speaking, in the case 'V, > 0 one can still choose k in
the interval 2 <k <8 if V, is sufficiently close to zero to
ensure that u™" = f. In practice, these details will not be
important, since one does not expect an experimental sensitivity
to the deviation from |s,| = 1 to be better than a few percent. A
deviation of 1%, with v, = 1 GeV, puts the value of k already
around 600.
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and (7.21), in the unitarity saturation limit. To obtain its
theoretical upper bound as well as those of the other Higgs
masses, one should rather take w at its maximally allowed

2
v . .
value, ppax = Ly = ﬁi U—‘j, since all these masses increase

monotonically with . For instance, with the set of pa-
rameters chosen in Figs. 3and 4 and v, = 1 GeV, one finds
the upper bounds

Mmpy===my==my=mpy=88TeV (fork=38), (7.27)

=~ 124 TeV (for k = 16), (7.28)

which are not phenomenologically compelling. Actually,
somewhat lower bounds are obtained when taking into
account the experimental exclusion limits on a light
Higgs mjo but remain too high to be useful. In contrast,
phenomenologically interesting scenarios with light char-
ged, doubly charged, CP 44 and CP.,., Higgses are pos-
sible for small values of . For instance, as illustrated in
Figs. 3 and 4, such a light spectrum occurs when u <K
,U,E-Z) =~ 23 GeV. More generally, the analytical expressions
given above for the mass splittings show that in the vicinity
of w, and, in particular, for u < u,, the neutral CP,., h°
is not necessarily the lightest Higgs.'' The detailed pat-
terns will depend on the actual values of the A’s and will be
studied more thoroughly in the next section, but one can
already see some generic features in regimes (i) and (ii) at
M= .. Inregime (i), where —A + A + A, > 0, one ex-
pects H== to become the lightest Higgs if —A + A; <0,
that is, when A; < A < A; + A4. Similarly, in regime (ii),
where typically A — A; — A4 > 0, one again expects H**
to be the lightest Higgs when A; + Ay < A < Ay + 2A4.
More generally, a close inspection of Egs. (2.11) and (2.27)
shows that mp=+ < m, when u<u*=(A+ A)v,/2+
O(v} /v?), and only if A, > 0. Furthermore, it immedi-
ately follows from Egs. (2.13) and (2.31) that mpy=+ <
my+ < my when A4 >0 so that the necessary and suffi-
cient condition for H** to be the lightest Higgs is

w<p* with Ay >0. (7.29)

Phenomenological bounds.—In order to prepare for
a phenomenological study, we discussed in Sec. III B the
modification on the tachyonic bounds of w when experi-
mental exclusion limits are available for m,o, my=, and
my==, cf. Egs. (3.13) and (3.14). Here we address the
same question concerning mo and mpyo. For each given
experimental bound (#2;0)cx, [respectively, (1150)cx,] there

correspond two values ,u@o [respectively, ,u/zo], namely,

""We have kept in these expressions subleading terms of O(v?)
in order to handle as well the small parts of the A;’s parameter
space where the leading O(v?) are suppressed.

2Although this expression of w* is well defined for A, <0,

2

one finds that the splitting m%lr: — my, is negative only in the

domain defined by u <(A+2A,)v,/v2+ O@w}/v2) and

— M3/ (4V2v) + O(v) < u < (A + A)v,/V2 + O} /v)),
which is clearly nonempty only for A4 > 0.
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FIG. 4 (color online). Zoom on the variation of m,» with w in the vicinity of ,uf,z); A= IGT”, Ay = 1071, A3 =2X 1071, A= — %,

Mo=1,v,=1GeV, v =246 GeV, v; = Jv? — 202, k = 8, leading to u? =23 GeV. See Eq. (7.5).
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x (1 + 16U—;> )
Va

[and similarly for u#’ with (1my0)exp Teplaced by (12570)cxp ],
for which m;, reaches (1m,0)ey, [respectively, myo reaches
(M p0)exp]. Note that in the limit of no experimental bounds,
ie. (m%z”,HO)eXP — 0, Eq. (7.30) gives back Eq. (Al).
Furthermore, relying on the fact that m ;e has a maximum
and myo has a minimum as functions of u, cf. Egs. (7.20)
and (7.21), the phenomenological bounds read

()wg, 800+ A2 — 200 )enp

(7.30)

max

B0 and

0 0 i
w = p = pll assuming (myo)ex, = m
HO H° i m = :
=pff or wfl' = p assuming (myo)e, = mNi.

(7.31)

Obviously (11,0)ey, > m)i™* would be an inconsistent as-
sumption, while (17240)eyy < mgg“ would be an empty as-
sumption not leading to any constraint as far as u is
concerned.

In summary, the experimental lower bounds on the
various Higgs masses will typically constrain the u pa-
rameter to lie in a finite domain defined by the combination
of Egs. (3.14) and (7.31).

VIII. HIGGS PHENOMENOLOGY

Although previous studies in the literature typically
assumed the triplet mass M, and the mass parameter w
to be much larger than the electroweak scale, M, > v,
more recently the possibility of having My, u =< 1 TeV,
where the Higgses of the DTHM might be accessible at the
Tevatron and the LHC [17,39-46], has received more

attention. In this spirit, the results obtained in the previous
sections help define educated strategies to extract con-
straints on the physical Higgs masses and model parame-
ters from experimental data, rather than performing merely
blind (and CPU time-consuming) scans on these parame-
ters. The existing experimental exclusion limits on the
SM-Higgs particle are readily translated into constraints
on the DTHM in the parameter space region where h°
becomes SM-like, i.e. when the mixing between the dou-
blet and the triplet is very small. However, even when far
from this region, existing exclusion limits for an extended
Higgs sector (such as in two-Higgs-doublet models or in
the minimal supersymmetric extension of the SM) can also
be partially adapted to h°, H°, A°, and H™, while of course
H== has a distinctive experimental search.

In this section we give a quick overview of the Higgs
sector phenomenology and experimental searches (for an
extended overview on the phenomenology of triplet mod-
els, see Ref. [47]), followed by a preliminary analysis using
our results. A detailed study taking into account all
present-day experimental limits lies out of the scope of
this paper and will be presented elsewhere.

A. Doubly charged Higgs

Observation of the doubly charged Higgs H** would
unambiguously signal physics beyond Higgs doublets, let
alone physics beyond the SM-Higgs sector. Owing to
charge conservation, it is obvious that H== cannot couple
to a pair of quarks; therefore, its possible decay modes are
as follows:

(i) same sign charged lepton pair H** — [*[~ that

proceeds via lepton number violating coupling,

(ii) a pair of W™ gauge bosons H** — W*W~=,

(i) H*= — W*H=,

(iv) a pair of charged Higgs bosons H** — H*H™.
We emphasize also that the doubly charged Higgs couples
to the photon and to the Z boson through gauge couplings,
Egs. (C17) and (C18), while its coupling to a pair of W= is
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proportional to the triplet VEV wv,; see Egs. (C15).
Therefore, the decay channel (ii) will be suppressed for
v; < v,. The decay channel (iv) will also be suppressed
for small v,, as can be seen from the form of the coupling
of H** to a pair of charged Higgses H*, Eq. (C16).
Indeed, one has cosB’'=~1 and sing' ~v,/v, from
Eq. (2.19), and furthermore, the usin?g’ is also of order
v, due to the u upper bound u; ~ v3/v,, viz. Eq. (Al). In
contrast, the coupling H**W*H™ is proportional to the
gauge coupling and has no suppression factors. The decay
channel (ii) will thus contribute substantially if kinemati-
cally open. Depending on the size of the Yukawa couplings
of the leptons, the doubly charged Higgs can decay dom-
inantly either to a pair of leptons or to W* and H=, and
subdominantly to a pair of W* and/or a pair of H* if
kinematically allowed.

In e™e™ collisions, the doubly charged Higgs can be pair
produced through the y and Z s channel,' ete™ — 77,
Z* — H*TH** [48-51]. One can also have access to the
associate production of H* with W~ through s-channel Z
exchange [52-54]. If the e” e~ option is available at the
International Linear Collider, then the doubly charged
Higgs can be produced in W=W= fusion through e ¢~ —
W*W™* —e e H. Even if H-*W*W* has a v,
suppression, the rate for W* W= fusion could be substan-
tial, especially at higher energy options for e~ e~ [49].

At the Tevatron or the LHC, the two production mecha-
nisms with potentially large cross sections are pp/pp —
v*, Z* — H**H" "X or a single production through WW
fusion, pp/pp — W*W=* — H**X [55,56]. The latter
process as well as the s channel pp/pp — W** —
W*H** depend on the coupling H=*W*W~ which is
proportional to the triplet VEV. However, the suppression
due to the small value of v, is somewhat compensated by
the fact that W=W= fusion could be substantial at high
energies. Those processes have to be supplemented by
the associated production of singly and doubly charged
Higgs bosons pp/pp — H**H*X which could have a
cross section comparable to pp/pp— H**H**X
[57,58].

Such doubly charged Higgses have been subject to many
experimental searches. At LEP-II, the experiments L3,
OPAL, and Delphi [59—-61] performed a search for doubly
charged Higgs bosons assuming that H*= decay domi-
nantly to a pair of leptons, H=* — [*[*. Four lepton final
states have been analyzed at L3, OPAL, and Delphi. L3
performed a search for the six possibilities: ee, uu, wpe,
w7, er,and 77. No excess has been found, and lower limits
in the range 95-100 GeV at the 95% confidence level on
the doubly charged Higgs boson mass are derived. Those
lower limits depend on the doubly charged Higgs decay
modes. For example, if H** — e e™ is the dominant

3The ¢ channel mediated by a lepton is, in general, suppressed
by the small Yukawa coupling.
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decay, then the lower limit is 100 GeV, while if H** —
w7 is the dominant decay, then the lower limit is about
95 GeV.

At the Tevatron, DO [62,63] and CDF [64,65] have
searched for pp — y*, Z* - H**H* "X with H** —
[=1=. The DO measurement [62] represents the first doubly
charged Higgs search with the decay H=* — u™ u™. Note
that the DO search was limited to H=* — u~ u™ which is
an almost background-free signal, while CDF explored the
three final states e“e™, u™ u™, and e* u=. Both DO and
CDF excluded a doubly charged Higgs with a mass in the
range 100-150 GeV. We stress that all those bounds as-
sume a 100% branching ratio for H** — [*[* decay,
while in realistic cases one can easily find scenarios where
H** — [=I* is suppressed while H** — W*=*W=* is
substantial [17,39,66,67], which could partially invalidate
the CDF and DO limits. However, the LHC has the capa-
bility to extend the above limits up to a mass of about
1 TeV for the high luminosity option [17,40,56,68]. Very
recently CMS released the search results for doubly
charged Higgs bosons using an integrated luminosity of
0.98 tb'[69]. A lower limit of 313 GeV has been set on
H=** which decays with a 100% branching ratio to [*1'*, [,
I" = w, e. This limit is weakened to 266 GeV (respectively,
254 GeV) in the case of the u™ 7~ (respectively, e*7%)
final state.

Note that the observation of doubly charged Higgs bo-
sons at the LHC and measurement of its leptonic branching
ratios will also shed some light on the neutrino mass
pattern [17,39,44,51,58,66,67,70,71].

Finally, indirect limits on the mass and the bileptonic
couplings of the doubly charged Higgs boson can be
extracted from low energy lepton flavor violating pro-
cesses, such as u — ey, uw— 3e, 7— 3/, ... (see, for
instance, [41,45]).

B. Singly charged Higgs

Let us now discuss briefly the couplings of the singly
charged Higgs and its decay modes. The charged Higgs
coupling to a lepton and a neutrino is proportional to =
m,/v, = Y, [17], which could be of the order O(1) if v, is
very small. Similarly, the charged Higgs coupling to a pair
of quarks, u and d, is proportional to tanB’, which is
suppressed by v,/v, [17]. In the case of H™ 7b, this cou-
pling could enjoy some enhancement from the Yukawa
coupling of the top quark. The suppression of the coupling
H ™ 1b has three consequences:

(i) Given the suppression factor of the order v,/v, for

H™ b, the charged Higgs mass cannot be subject
to the b — sy constraint, similarly to the type I
two-Higgs-doublet model where the coupling is sup-
pressed by 1/tanf.

(i) Some of the conventional mechanisms for charged

Higgs production at hadron colliders such as
bg — tH" and gg — thbH™" will be suppressed.
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(ii1) Since the charged Higgs search at the Tevatron is
based on the top decay t — H" b, given the sup-
pression of the H " th coupling, the branching ratio
of t — bH™" would also be suppressed. One con-
cludes then that the CDF, CMS, and ATLAS
[72-75] limits do not apply in this case.

Besides those processes which are suppressed, one can
still produce charged Higgses through the associated pro-
duction of singly and doubly charged Higgs pp/pp —
W* — H=*H~* [57,58] with a spectacular signature from
H** — [*I*. Other mechanisms are as follows: the
Drell-Yan process (pp/pp — v*, Z'— H*H"), the
associated production of the charged Higgs and neutral
Higgs (pp/pp—W*—H*h’, pp/pp— W*— H*H",
pp/pp — W*— H*A®), and the associated produc-
tion of the charged Higgs with a W gauge boson
(pp/pp— Z* — W*H"). Note that among the latter
processes, the ones with W*H* or H¥h" final states
are suppressed by a v,/v,; factor as compared to the
Drell-Yan process and the two other associated production
processes that are controlled by gauge couplings, cf.
Egs. (C10)—(C13).

If the charged Higgs decays dominantly to leptons
(for small v,) we can apply the LEP mass lower bounds
that are of the order of 80 GeV [76,77]. For large v,,
i.e. much larger than the neutrino masses but still well
below the electroweak scale, the dominant decay is either
H'" — th or one of the bosonic decays H™ — W*Z,
H™ — W*Th%/W* A For the first two decay modes there
has been no explicit search at the LEP or at the Tevatron,
while for the H* — W A° decay (and possibly for H™ —
Wt RO if h° decays similarly to A°), one can use the LEP-II
search performed in the framework of two-Higgs-doublet
models. In this case the charged Higgs mass limit is again
of the order of 80 GeV [77].

0
(a)
_ Amax
-02 A= g
04
S Auna
7 o6t ®
0.8
V) > 0, A =10

10775 10 15 20 25 30

i (GeV)

sin «v

PHYSICAL REVIEW D 84, 095005 (2011)

C. Neutral Higgses

The lighter C2P,,., Higgs boson 4° is fully dominated
by the doublet component (i.e. the mixing |s,| << 1) when
M > f, as discussed in Sec. VII and illustrated in Fig. 5.
In this case the coupling of h° to a pair of neutrinos is
suppressed, being proportional to s,. Such a Higgs will
completely mimic the SM-Higgs boson, and then the LEP
and the recent Tevatron, CMS, and ATLAS limits would
apply. In this scenario of very small mixing, the other
neutral Higgses H° and A° would be fermiophobic to all
charged leptons and quarks, but their coupling to a pair of
neutrinos that is proportional to cosaY, =Y, =m,/v,
could be enhanced for small v,. Then the dominant decay
mode for H° and A°, for small v,, would be a pair of
neutrinos [17].

Note that A, being CP,44, does not couple to a pair of
gauge bosons, while the couplings H°ZZ and HOWW in
the small mixing case are suppressed by v,/v,, Egs. (C4)
and (C6). Thus the W and Z Higgsstrahlung productions
of HY and A? are expected to be small. Furthermore, while
the H°A°Z vertex is controlled by the gauge coupling,
Eq. (C8), h°A°Z has an extra v,/v, suppression,
Eq. (C7). This implies that in the small mixing case, one
can still produce A® and H° through the Drell-Yan process
ete/pp/pp — Z* — H°A. For very small v,, A and H°
would decay essentially into a pair of neutrinos. At the
LEP, the signal would then be a photon (from initial state
radiation) and missing energy in the final state. A lower
bound on my and m, of the order of 55 GeV can be
extracted in this case from LEP-II data, assuming mass
degeneracy between A° and H® [78]. (In the nondegenerate
case the lower bound translates into my + my =
110 GeV.) Increasing v, well above the neutrino masses
significantly decreases H°/A? — vv, and the decay chan-
nels HY — bb, A — bb, as well as H* — ZZ, A — Zh°

10°

VA<0,)\4:—1

5 10 15 20 25 30
1 (GeV)

FIG. 5 (color online). The mixing angle as a function of w, in the regimes V,>0(a) and V, <0 (b); the other parameters are
given by v, = 1 GeV, Ay = 167/3, A, = A3 = 0.1, A; = 0.5, and €, = +. The log scale in (b) shows the asymptotic values at
large w. The same asymptotic values apply in (a). See text for further discussion.
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if open [see Egs. (C4) and (C7)], can become dominant. If
H° — bb, A° — bb dominate, the LEP-II Higgs search
through e*e™ — HYA° in the two-Higgs-doublet model
can apply to the DTHM in this case, and the limit is
roughly my + my = 185 GeV [79]. There is, however, a
distinctive feature in the DTHM related to the H°h®h°
coupling, Eq. (C9), the latter becoming substantial for
increasing w and thus for heavier H°. The H — hK°
decay mode would then be important in both the large
and small (with respect to the neutrino masses) v, regimes.

In the case of maximal mixing |s,| = 1 which occurs for
u < ji (see Fig. 5), the roles of h° and H° are inter-
changed. H° is fully doublet and h° is fully triplet.
Taking into account this interchange, the previous discus-
sion applies here to H°. However, since h° remains the
lighter Higgs, which can now be far from SM-like, one
expects weaker experimental constraints on its mass than
the ones quoted above.

D. Top decay into a charged Higgs

A light charged Higgs of the order 100-200 GeV is
still allowed by theoretical constraints, as well as by an
experimental search. If the charged Higgs satisfies my= =
m, — my, one could ask whether the decay t — bH™ can
have a significant branching ratio to be observed at the
LHC. As mentioned before, the coupling H* tb has a v, /v,
suppression, and the branching ratio for r — bH™" is ex-
pected to be small. We perform a systematic scan over the
DTHM parameter space looking for charged Higgs masses
that allow the t — bH™ decay to be open. In Fig. 6 we
show the branching ratio for t — bH ™", where we included
t— bW™' and t— sW' decay channels and the QCD
corrections. It is obvious that a large effect on t — bH™*
would appear for the largest possible values of v, that are

10° T . : . T

v=0.1 GeV
v=1.0 GeV

s
107

Br(t->H"b)

-8 1 1 1 1 1 1

100 110 120 130 140 150 160

mH*(GeV)

FIG. 6 (color online). Branching ratio for t — bH™ as a func-
tion of the charged Higgs mass for three values of the triplet VEV
v,. The branching ratios increase with increasing values of v,.
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allowed by electroweak precision constraints and the
theoretical constraints. Indeed, for a triplet VEV v, in the
range 0.1 — 3.5 GeV and a charged Higgs mass less than
165 GeV, one finds Br(t — bH™) in the range 107°-10"%.

However, it is well known that the LHC will act as a top
factory. With low luminosity 10 fb™!, 8 X 10° ¢f pairs per
experiment per year will be produced. This number will
increase by 1 order of magnitude with the high luminosity
option. Therefore, the properties of top quarks can be
examined with significant precision at the LHC. For in-
stance, it has been shown that for top decays through
flavor changing neutral processes, it is possible to reach
Br(t— cH) =4.5X 107 at the LHC [80]. For t — bH™",
no such studies are available. But it is clear that if we
let one top decay to bW and the other one decay to bH
with a branching ratio in the range 10°—10"*, this would
lead to 800-8000 raw bW hH~ (or bW~ bH™) events in
the case of the high luminosity option, which may be
enough to extract a charged Higgs and measure its cou-
pling to the top. Note also that high sensitivity to the
charged or neutral Higgses of top decays through loop
induced flavor changing neutral currents can also be at-
tained at the International Linear Collider [81-83].

E. DTHM spectrum and theoretical constraints

We illustrate, in Figs. 7(a) and 8(a), the correlations
among w, sina, and v, for fixed values of the A;’s and A,
and in Figs. 7(b), 8(b), and 8(c), the correlations among w,
sine, and the CP,,., Higgs masses (or equivalently A), for
fixed values of the A;’s and v,, where we take into account
the boundedness from below and unitarity constraints dis-
cussed in the previous sections. Note that the chosen
numbers in the figures are such that V, <0 in Fig. 7
and V)\ >0 in Fig. 8(a), while Figs. 8(b) and 8(c) inter-
polate between these two regimes; see Eq. (7.1). For fixed
M, increasing the magnitude of v, decreases myo and
increases the mixing parameter |s,|, as can be seen from
Figs. 7(a) and 8(a). The upper-left white areas in these plots
correspond to my < 115 GeV, where we took the latter
value as a fiducial lower bound for a SM-like Higgs. Such a
bound corresponds to ASM ~ (.44, for v, < 1 GeV, while
the upper bound for m, is around 120 GeV, corresponding
to the value A = 0.48 chosen in the figures, cf. Egs. (7.2)
and (7.4). It thus follows that the colored areas in the plots,
indicating mainly very small s, values, i.e. h° behaving
like a SM Higgs, correspond to the small Higgs mass range
115 GeV = myp = 120 GeV. Increasing the value of A,
keeping ASM fixed, would result in an increase of the
Higgs mass range as well as of the regions with larger
|s,| (the dark gray areas on the plots). In fact, there are two
regions corresponding to m;0 < 115 GeV—the white area
in the upper-left corner corresponding to small values of u
delimited by the thin dark gray area, and another region at
very large values of u [ = O(1)-0O(10%) TeV]—which are
out of the scope of the p range shown on the plots,
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delimited by the light gray to black areas. One should note
that, in the former region, |s,,| reaches 1 quickly, so that /°
carries essentially a triplet component and is thus not
excluded by a fiducial SM-like Higgs mass lower bound,
even if it is lighter than this bound. In contrast, in the latter
region where |s,| remains very small, a SM-Higgs mass
lower bound applies to A°. It follows that such a bound
does not put lower bounds on w, while it leads typically to
very large upper bounds on w as a function of v,. In the
small u region, H carries mainly the SM-like component
and should respect a SM-Higgs mass lower bound.
However, due to the very low sensitivity to u in this regime
(see Fig. 3), such a bound will translate merely into a lower
bound on A. Therefore, exclusion of very small values of
can only originate from exclusion limits on the lightest
non-SM-like CP,,., or CP,y Higgses, which could be
extracted, for instance, from existing limits for the minimal
supersymmetric extension of the SM in the nondecoupling
regime [84].

Complementary features, now with a fixed v, and vary-
ing A, are illustrated in Figs. 7(b), 8(b), and 8(c). The gross
features of Figs. 7(b) and 8(b) are in agreement with the
previous discussion on the phenomenological bounds, re-
lated to Egs. (7.30) and (7.31). They illustrate how infor-
mation on mo constrains the allowed range for u without
any prior knowledge on A. For a given m,, the allowed
range of A is theoretically bounded from below by some
Amin» in order to satisfy m,o = mji™; see Eq. (7.31). Then
for each value of A in the domain A, = A = A = 1677’
there corresponds two values of w consistent with a given
myp, according to Eq. (7.30). Then it is easy to see, from the
shape of the m,0(w) plots shown in Fig. 3, that the largest
spread between ,uﬁ‘f and ,ufio is reached for A = A, since
increasing A results in shifting these plots upwards. The
two branches of the envelope of the domains in Figs. 7(b)
and 8(b) correspond to ,u’l_,u (Apax)- Furthermore, increasing

mS™ — 115GeV

v (GeV)

1 (GeV)

FIG. 7 (color online).

(a) Correlation between u and v, with m, > m 0
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m;o with fixed A = A, results in an increase of p_ and a
decrease of ., as can again be seen from the shape of the
myo(w) plots shown in Fig. 3, till the two branches join and
terminate when m,0 reaches its unitarity bound, Eq. (7.26).
With the numbers chosen on the plots,  is bounded to lie
between u_ =~ 0.3 GeV and u, = 10° GeV. One can see
that for small u =1 GeV, mjo must be less than about
200 GeV. The latter bound on m;o increases quickly to
reach the unitarity bound, Eq. (7.26), when u increases
from 1 GeV to 10 GeV. Above, u = 10 GeV, m,0 can be
any number between the LEP limit (114 GeV) and this
unitarity bound. As noted previously, one should take into
account the actual doublet content of 4° when reading out
exclusion domains from these plots. In the plot, we have
illustrated the size of |s,|. In most of the cases the mixing
angle is very small (black to light gray areas), which means
that 4° is dominated by a doublet component. In these
regions where a SM-Higgs exclusion limit can be readily
applied, one might still need to combine this information
with the search limits for the other charged, doubly
charged, and CP 44 Higgs states, in order to further reduce
the otherwise large allowed domain for w; see Eq. (3.13).
However, due to the v, suppression in Eq. (3.13) of the
lower bound w,;,, such a reduction is not expected to be
significant unless the experimental lower bounds,
(Mpg==)exp OF (Mp=)exp OF (M,40)exp, become sufficiently
higher than the electroweak scale. In contrast, bounds on
m;o alone would significantly shrink the spread of the u
range whenever [s,| > 1072 (the light gray/dark gray
areas), reducing as well the order of magnitude of the
size of w. In such a regime of small u one starts being
sensitive to the actual values of the A;’s, as can be seen
through the slight difference, in the light gray area, be-
tween Figs. 7(b) and 8(b). This effect will, of course,
increase for higher values of the A;’s consistent with uni-
tarity and BFB constraints.

=
(5
o
=4
.l
10 v =1 GeV
1072
200 300 400 500 600 700 800
mpo (GeV)
(SM) _

115 GeV and A = 0.48; (b) correlation between w and

myo, scanning over A in the range 0.44 =< A < 167/3, with v, = 1 GeV. The color code is as follows: 107! < s, = 1 (dark gray),
1072 =5, = 107! (light gray), 107> = 5, = 1072 (black), and s, = 1073 (gray). The other parameters are A; = — Ay = 1, A, =

Ay =0, and k = 8. 'V, <0 for both figures.
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FIG. 8 (color online).

(a) Correlation between u and v, with mj > m;%M) = 115 GeV and A = 0.48; (b) correlation between p and

the light CP,,., Higgs mass; (c) correlation between u and the heavy CP.,., Higgs mass, scanning over A in the range 0.44 = A =
167r/3, with v, = 1 GeV. The color code is as follows: 107" =< |s,| = 1 (dark gray), 1072 < [s,| = 107" (light gray), 1073 =
|s,| = 1072 (black), and |s,| = 1073 [white bottom area in (a)]. The other parameters are given by A; = 1.5, A, = A3 = 0.1, A\, =
—1,and «k = 8. V, >0 in (a), while in (b) and (c) 'V, changes sign with increasing Higgs masses.

Figure 8(c) illustrates the behavior of myo as a function
of w and A which, as compared to Fig. 8(b), shows a
striking difference from the behavior of ms. According
to the previous discussion on neutral Higgses (see also
Fig. 5), |s,| is essentially either very small or very close
to 1. Thus, the dark gray area corresponds to an H°
behaving essentially like the SM Higgs. The dual sizes of
the dark gray areas in both plots can be understood again
from the mass shapes of Fig. 3: For small w(<g), m
changes very quickly with w while mpo is almost insensi-
tive to w. It follows that a variation of A, that amounts to
shifting these mass shapes upwards or downwards in
Fig. 3, results in a small change in u for a fixed m0 and
a big change in u for a fixed myo, hence the narrow dark
gray strip in Fig. 8(b) and the large dark gray area in
Fig. 8(c). [One can similarly understand the dual sizes of
the black and light gray areas for large w(>ga).] These
features suggest a useful complementary strategy when
using present or future exclusion limits, depending on
whether one interprets these limits in the small or large |s, |
regimes. We discuss this strategy only qualitatively here,
summarizing its main points as follows:

(I) In the small |s,| regime, akin to moderate to large u
values, the typical Higgs spectrum features a CP,,.,
lightest state h° behaving like a SM Higgs, the
remaining Higgs states being much heavier, as illus-
trated in Figs. 3 and 9(a). Interpreting the exclusion
limits within this regime amounts to applying a
SM-Higgs mass lower bound mEISM) to m, that leads
to a lower bound on A; see Eq. (7.31). A lower, ,u’io,
and an upper, ,uff , bound on u will correspond to
any A above this bound. The lower bound u” is,
however, typically too small to be consistent with the
small |s,| regime and should be superseded by a
larger value @(max{,u(cl), ,ugz))}) Furthermore, one
should keep in mind that ,uff is extremely sensitive
to myo and decreases quickly with increasing m.
This implies the important feature that a slight im-
provement of the exclusion limit mETSM) results in a
substantial decrease of the upper bound on . The
heavier CP,,., state H’ is not expected to bring
significant constraints. Indeed, in the considered
regime, this state carries essentially the triplet
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component with suppressed couplings to the SM
sector. Its mass can thus be bounded only by

mgznon_SM), the exclusion mass limit on non-SM-like
Higgs particles. Since such an exclusion mass limit
is expected to be weaker than the SM-like limit due
to lower statistics, that is, mglnon'SM) < mZSM), then
taking into account that one theoretically has m g o >
My, one is trivially led to m!""SM < m™it, which
implies no new constraints [cf. the discussion fol-
lowing Eq. (7.31)]. As stated previously, exclusion
limits on the remaining Higgs states can also be used
independently to improve the lower bound on u
based on Eq. (3.13). One can, however, get further
information within the present regime depending on
whether these exclusion limits are higher or lower
than mElSM). In particular, if (mpes)ey, = mEfM),
which excludes an H*= lighter than A°, then one
excludes all the A4, > O region, or else puts a stronger
lower bound on u, namely, u > w*. [See Eq. (7.29)
and discussion thereof.] In the case where
(Mpe=)exp = mElSM), which is the present experimen-
tal situation, there is a small window . ;, < p <
u* with Ay > 0; otherwise, u* < u < ,uff irrespec-
tive of the sign of A4, and for all the allowed
values of A discussed above. We have illustrated in
Fig. 9(b) a case where H=~ can be the lightest Higgs
state.

(II) In the large |s,| regime, akin to small w values, H°

is the heaviest among all the Higgs states of the
model and behaves like a SM Higgs. This is a rather
unusual configuration that should help constrain
more efficiently, or perhaps exclude, this regime.
Also in this small u regime, and in contrast with the
previous regime where only A was playing a role,
there can now be a somewhat increased sensitivity

PHYSICAL REVIEW D 84, 095005 (2011)

to the A;’s as well, in particular, A; + A4. The
reason for this is that the size of the w domain is
of order i1, Eq. (7.24), where in the latter, A, A4 do
not suffer a v, suppression as compared to A.
However, as discussed in Sec. VII, the parameter
k will characterize the sensitivity to the deviation of
H° from a pure SM-Higgs state, which can lead, for
realistic experimental sensitivities, to a significant
reduction of the sensitivity on A; + Ay4.

One then has to consider two cases:

(a)

(b)

iy
lower bound on A through Eq. (7.21), but no con-
straint on w apart from the defining region in this
regime, namely, 0 < u = f, whose size depends
mainly on A and, to a lesser extent, on A; + Ay.
The latter couplings are bounded by the combined
unitarity and BFB constraints of Sec. VI, so that
there is an indirect sensitivity to A, and A5 as well.
The dark gray area in Fig. 8(c) gives an illustration
of this least-constrained case. The  domain extends
over all the dark gray area, while the vertical bound-
ary of this area is determined by the maximal value
of A = 1677’ given by unitarity. This boundary corre-
sponds to the unitarity upper bound on the SM-
Higgs mass as well as the one on my, Eq. (7.26).
Of course H° can escape this bound but at the
expense of switching consistently to the small |s,|
regime as seen in Fig. 8(c).

mﬁlSM) = me)".—In this case not only do we have an
upper bound on A through Eq. (7.21), but we actually
have a lower bound also. Indeed, a too small A,

with respect to mEISM) ,

M < mE}P.—This case implies essentially a

leading to a too low mg},“

will eventually put mﬁlSM) just above all the values
of myo corresponding to the large |s,| regime, thus

ruling out this regime altogether. Furthermore, this

800 800
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FIG. 9 (color online).
/\4 =

Higgs boson masses as a function of u with v, = 1 GeV, A = 87/3, A; = 0.5, A, = A; = 0.1, for V, <0,
—1 (left panel) and V, >0, A, = 10 (right panel). We note that in the left (right) panel one has my= =m0 (myo = my).
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configuration will immediately rule out the small
|s,| regime as well, since mﬁlSM) is, by definition,
applicable only to SM-like states and we have
mElSM) = mgf]“ > myp for all myu. Consequently, a
too small A would exclude the whole p parameter

space. One concludes that A should lie in a very nar-

row strip such that mgf)“ = mELSM) < myo(u = 0).
This strip is essentially giving the lower bound on
A of case (a) and thus does not provide significantly
new information. [Note, though, that for values

of Ay + A4 close to its unitarity bound, and taking,

for instance, m"™ =~ 114 GeV and v, = 1 GeV,
case (b) can still reduce the lower bound on A, from
A =0.43 to A = 0.38. But the effect will be smaller
for smaller values of v,.] One should, however, keep
in mind that due to the high flatness of myo as a
function of w in the region 0 < u = [, the slightest
variation of A within the above-noted strip would
result in the exclusion of significant parts of the
0<pu = [ region. For instance, with A; = 1.5,
Ay =A3=0.1, Ay =—1 and taking the SM-
Higgs lower bound mElSM) =114 GeV, if one re-
duces the lower bound of A (for which the whole
range 0< u =< 1 =0.3 of the large |s,| regime is al-
lowed) by just 1%o, then the SM-Higgs lower bound
would imply u < —5 GeV or u > 0.3 GeV, thus
ruling out the whole large |s,| regime.

For all practical purposes and barring the fine-tuned
effects just mentioned, the above discussion of cases (a)
and (b) shows that an experimental lower bound on the SM-
like Higgs mass cannot, by itself, cut into the large
|s,|/small u regime; it either excludes it or allows all of
it, depending on whether A is, respectively, below or above
the value A that satisfies m;SM) = mZ},“()t = A). Thus, the
size of the u domain [0, 4] that is controlled mainly by A
(but can also be sensitive to A; + A4) for each given value of
v, [see Eq. (7.24)] will not be reduced by the actual value of
the experimental bound mELSM). Moreover, an extra con-
straint from an experimental lower bound on the mass of a
non-SM-like CP.,., Higgs state would have a marginal
effect since myo decreases very quickly in the region
M = fu. An efficient reduction of the u domain can come
only from experimental lower bounds on the masses of the
charged, doubly charged, and CP,,q Higgs states. Indeed,
these bounds translate into a lower bound on u typically of
the same size as 1, Eq. (3.13). As long as these experimental
bounds are of the same order, (mio)exp ~ (miri Jexp =
(M7, )exp- the relevant bound will be given by A” (respec-
tively, H==) when A, < 0 (respectively, A, > 0).

Comparing ., and &, one easily determines the
necessary and sufficient conditions for which the large
|s,| regime would be excluded. They read as follows:

(mf‘o)exp = (kA - Z(Al + )\4) - mlA - /\1 - )\4') X

PHYSICAL REVIEW D 84, 095005 (2011)

2
% + 0@;), for A <0, and (m7)exp =

U2
(k(A = Ag) = 241 = V2kIA = Ay = Ayl) 5t + O(v3), for
A4 >0, where we have taken into account the twofold
structure as discussed after Eq. (7.24).

IX. CONCLUSION

We have carried out a detailed study of the renormalizable
Higgs potential relevant to the type II seesaw model, keep-
ing the full set of seven free parameters of the potential. We
determined analytically the unitarity constraints on the vari-
ous scalar couplings and fully solved the all directions
conditions for boundedness from below. These combined
theoretical constraints delineate efficiently the physically
allowed regions of the parameter space and should be taken
into account in phenomenological studies. We also exam-
ined the vacuum structure of the potential and determined
general consistency constraints on the p parameter, as well
as theoretical upper (respectively, lower) bounds on the
lighter (respectively, heavier) CP.,., Higgs particle mass
that can further constrain the phenomenological analyses.
We also identified two distinct regimes, respectively, for
large and small w. In the first regime the lightest Higgs
particle is the 1°, behaving as a SM-like Higgs, the remain-
ing Higgses being typically too heavy to be of any phe-
nomenological relevance. In the second regime, it is the
heaviest Higgs H° that behaves as a SM-like Higgs; the
lighter charged, doubly charged; and CP, 4 states become
accessible to the colliders, with the H=* possibly being the
lightest state, while the lighter CP,,., decouples quickly
from the SM sector. We also initiated the study of possible
consequences from existing experimental exclusion limits.

Although we did not commit to any underlying GUT
assumptions, thus allowing w to vary between a few GeV
and possibly the GUT scale, we do retrieve, as a conse-
quence of the (model-independent) dynamical constraints
on u, a seesaw-like behavior that leads to tiny v, if w is
taken very large.

Finally, since the results of this study have been obtained
at the tree level, one should keep in mind that modifications
due to quantum corrections to the effective potential can
possibly be substantial in some cases. The inclusion of
such corrections is, however, beyond the scope of the
present paper, given the nontrivial form of the constraints
already at the tree-level.
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APPENDIX A
As stated in Sec. III, the positivity of mio constrains w to lie in the range w_ = u = w, so as to satisfy Eq. (3.9). We

give here the full expression for w:

M3+ 8+ A = AAVE + 160R((A) + AVF + (A + A7)

M+

Note that due to the negative coefficient of w? in
Eq. (3.9), u. should always be real valued, otherwise
Eq. (3.9) is not satisfied and h° is tachyonic for all
values of w. As can be seen from Eq. (Al), this require-
ment leads, in principle, to an extra constraint on top of

Egs. (3.8), (3.9), and (3.10), that is,
AV + 1607 (A + A)v3 +4(A + A3)v7)) =0.  (A2)

However, we show here that this extra constraint is
automatically satisfied due to the BFB constraints: Since
A>0, cf. Eq. (6.1), it suffices to show that (Avf +
16v2((A; + A4)v3 + 4(A; + A3)v?)) = 0. Now using the
first inequality of Eq. (6.3), one obtains

)wj + 16v2((A, + )\4)1)(2! + 4(A, + A3)v?)

= (Avh + 160 (= A(Ay + A3)v? + 4(A; + A3)v2))

= (VAv3 = 8y(A, + A)v22

which proves our statement.

(A3)

APPENDIX B

In this appendix we give the form of the Higgs potential
in the field subspaces where only two or three fields are
nonvanishing, dubbed, respectively, two-field and three-
field directions. We identify exhaustively ten different
directions for each of these two classes and give their
corresponding BFB conditions.

The ten two-field directions:

A
Vi = Z(|¢0|2 + 22, (B1)
Vi = (A + AT 4+ (A + A6 Pl P2
A
ol (B2)

A
Vs = (o + 4|87+ M 1877 IO + T1gP1,
(B3)

A A
i = (R ot + (a0 + 3o Plo P

A +14

8\/511,
[

(AD

A A
is = (R S)ott + (4 + )6 PloP

Ao
+4|¢|, (B5)

A
V= <A2 + ?3)|5+|4 + 200 + A)|8F 2182

+ (A + A3)[67 N4,
(B6)

A
Wiy = (o + A8 + A 18°RIg 12 + T1op I

(B7)
SV = (A + A8 + (A + Ay)8°12] O
A
+ _|¢0|4’ (BS)
4
V= (Mg + A58 + 24,1867 17 + (A,
+ A8, (B9)
SV o= (g + A58 + 2(4, + A3)|8012167 2
A
+ (/\z + f)lr?*l“, (B10)
direction 1: A >0, (B11)
directions 2 and 8: A >0, Ay + A3 >0, A; + Ay
+ ,/A(Az +A3) >0, (B12)
directions 3 and 7: A >0, A, + A3 >0, A,
+ ,//\(/\2 +A3) >0, (B13)
. A Ay
directions 4 and 5: A >0, A, + > >0 A + 3
As
+ /\</\2 + 7) >0, (B14)
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directions 6,9 and 10: A, + A3 >0, A, + % >0,
(B15)
The ten three-field directions:
V= (g + )8 + 200, + A3)|80P 187
+ (M T %)|5+|4 20|85 P2
+2(h + A)ETPISTP + (A, + A)l67 |

o~ 8%(87)?
0

—A 8()26+4—)\ 5++2}
s ORI = A 167

(B16)

V= (A + 431801 + 24, + A3)I8°2]67 ]2

A
# (e TN+ O+ a01PIOP

A A
+ (Al " 7“)|fs+|2|¢>°|2 + 2190 (B17)
V= (A + AIS + 2(A, + A)|8012]8F |
A
+ <A2 + 73)|5+|4 T80 B 2
A\ s+ 2112 4 Aygie
sl G 167 1°17 | +Z|¢ 4, (B18)
V= (A + A)[8 + 24,]802167 P2
+ (A + )8+ (A + 2181902
A
FAISTRIGOR + Z1g0l (B19)
V= (A + 23180 + 22,] 8% 8 2
+ (A + A)[STT* + 18| |?
A
+ (A + A6 PP |? +Z|¢+|4, (B20)

direction 1: 245 + A3 >0 A Ay + A3 >0 A (A3 < 4(A; + A3)? V A3 <0),
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V= (0 + A8 + (A + Ay)18°12] 02
A A
#7100+ SO PI TP + D100l P
A

+ ot

0 (B21)

A
Vil = (e )17 1+ 200 + AIS* Pl P
A
0+ A8+ (4 )8 Plor

A
+ /\1|5++|2|¢0|2 +Z|¢0|4’ (B22)

A
Vi = (#3157 20+ Al Pla TP

A
£ 0 I8 1+ (4 + )8 Pl P

A
+ A+ AT Pl I + Z|¢>+|4, (B23)
A A
Vil = (22 + D)ot + (a1 + )io" Plocp
A A
A O LA PG
4 2
& 0]2 +12 A + |14 B24
+S1PIG P + L1 1 (B24)
Vi = (A + AI8T [+ 4,184 2|01
A
F 101+ O+ AI8 Pl P
A A
+ 1P+ 21" (B25)
The corresponding BFB conditions read
(B26)

direction 2: A >0 A /\2 + A3 >0A 2/\2 + )l3 >0A ‘\'/\(/\2 + /\3) + /\1 + /\4 >0A ((2/\(2/\2 + /\3) > (2/\1 + )\4)2

A ((ﬁJA3(A2 (@A + A7 — 2020 + A3) + 20000 > 24 A5 A A; < o)

v ((2)\2 + A)(2A; + A)(2A; +3Ay) —4A(A, + A3))
20, + Ay

>0/\2/\1+/\4<0>))v2/\1+/\4>0),

(B27)
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direction 3: A >0 A /\2 + )\3 >0A 2/\2 + A.3 >0A '\’/\(Az + /\3) + /\1 >0A ((2/\(2)\2 + /\3) > (2/\1 + /\4)2

(225 + A3)(AA(A; + A3) — 447 + A3) -0
20 + Ay

A<(2A1+A4<0/\ )v((A2+A3)(2A2+/\3—2)>0

A + 024, + A — 202, + A3) > 24, A; + 2A4(A, + A3))>> VoA A > o), (B28)

o+ A3)(=AX2 + A2(Ay — A3) + 2A, 51
direction4:A>0AA2+)\3>0M/A(/\2+A3)+,\, ~|—)l4>0/\<<( 2 ¥ A)(ZAd Al(/\z ) 172 4)>o
112

A =>0AAMA +A3) > A3 AL <0V (A >0AA24 +243) >0AA,<0) V(A >0A A, >0)

V(A + A5) > A2 A A2, + A3) >0 A \//\3(2)\2 F A + A3) = A2) + A A+ A + A5) > 0)), (B29)

direction 5: A >0 A /\2 + )l3 >0/\V/\(/\2 + /\3) + /\1 >0

(A + Ay)

<OA((A3(24;, + A3) >0 A A

+A4>0A/\2<0)V(A2>OAA(A2+/\3)>(/\1+A4)2AA1+A4<0)))V(A2>0A/\1+A4>0)

\'% (A()lz + /\3) > ()L] + )\4)2 A )\3(2)\2 + /\3) > 0 A J_)\3(2)l2 + )l3)(()l] + /‘4)2 - /\(AZ + )13)) + )\1/\3 > )lz/\4)),
(B30)

direction 6: A >0A Ay + A3 >0A \/A()\z +A3)F A >0AA A, >0V (AA 4 A3) > (A + A2 AN <0)),
(B31)

direction 7: A>0A24, + A3 >0A A, A3 >0A ,//\(4)\2 +2A3) F 22, A >0A ((A(A2 + A3) > A2

2A(A; + A3)?

A ((/\1(2/\2 13A5) + 20500 + Ay >
1

A A <0)

v JEJMM + AN = Ahy + A3) + Ay + A5) > o)) VA > 0), (B32)

direction 8: A >0 A2, + Ay >0 A Ay + A3 > 0 A A4, + 243) + 24, + Ay >0

A ((f\(/\z +23) > (A + A4)7 A ((\/5\//\3(/\2 + 23) (A + A4)7 = Ay + 43)) > A4(A; + A3) A A3 <0)

24Ny + A3)?

V(22414 + 34145 + A30, >
(12 113 304 A+ Ay

A+ Ay < 0))) VA A > 0), (B33)

direction 9: A0 A2, + A3 >0 AqfAAA, +243) + 241 + 4y >0A QAR + A3) > (24, + A,)2 V24, + A, >0), (B34)

direction 10: A>0A A, + A3 >0A \//\(/\2 FA)F A F A S0AA >0V AN, + A3) > A3V A, >0).  (B35)
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We emphasize that all the above BFB conditions are
contained in the general solution given by Egs. (6.1),
(6.2), and (6.3).

APPENDIX C

For completeness, we give in Appendixes C 1 and C 2a
partial list of the couplings in the DTHM that are relevant,
respectively, to the discussion in Sec. VIII and to the
derivation of the results of Sec. V.

1. Higgs-gauge boson couplings and triple
Higgs couplings
Shifting the neutral fields according to Eq. (2.26), and
using the relations between the physical and nonphysical

state bases,
Z\ G°
(2)=®al(0)

(£)-=()
() (%)

with R ,, R g, and R g as defined in Egs. (2.12) and (2.23),
one extracts from the kinetic terms and the covariant
derivatives, Egs. (2.1), (2.2), and (2.3), the couplings in-
volving Higgs bosons and gauge bosons, and from the
potential, Eq. (2.4), the triple Higgs couplings.

We list below some of the resulting Feynman rules and
provide also approximate expressions in the limit of very
small mixing between the triplet and doublet Higgs mul-
tiplets [ie. s, = O0@W}/v3), copp =1+ O@;/vi),
sg = 2v,/v, + O(v}/v3), and  sp =+2v,/ v, +
O(vi/v)l.

(C2)

hzz = +i£mz(cacﬁ +25058)8uy = lingw,
Cw Cw

(C3)
H°ZZ = —iimz(sacﬁ —2C488)8 uv
Cw
~4i2 Mg, (C4)
Cw Uy

ROWW™ = igeywmy(cacp + $488)8 0y = I8MWE i

(C5)
HWW™ = —igmy(sacp = CaSp)8ur
) v
=~ 21ngfth, (C6)
Vg
8
h0AYZ = _Z—(Casg - 2CBSa)(ph - pA),u
Cw
v
=~ = i _t(ph - pA)/u (C7)
Cw Vg
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HOAYZ = -5 (5,55 + 2¢0cp) Py — Pa),
ZCW

~L oy~ P (C8)
Cw

3
hOhHY = l((i Act — )\a)savd — 6A5Ca55Y,
(6~ 25 Beq i = Aylsava + cqv))

~ i(v2u + BA = 5(A, + A))v) + O(?), (C9)

_ .8
WPW H™ = li(casﬁ/ - \/ESaCB/)(Ph ~ PH )u

.8 U
= +17 — - - ’ Clo
\/z v, (ph PH ),u. ( )
H'WH™ = —i%(sas,;/ +V2qcp) Py = Pu ),
. 8
~ i (= pu) cl1
\/E(PH PH )M ( )
A'WTH™ = g(\/zcﬁ’cﬂ +5p58)(Pa0 = P )y
_ 8
~ﬁ(pA0 _pr),u,’ (ClZ)
o 2 _ SBCp 2
ZW,H = gmz(cﬁsﬁrsw - 7(1 + sW))gM,,
- —\/zgmzvtguw (C13)
Uy
H™"H W, =igcg(pur+ — Pu-)u
~ig(py+ = P ) (C14)
HY WL W, = —iv28%v,8,,, (C15)
H'""H H = —i(2,u,s%, + cp(Agsgvg — \/E)t3cﬁ/v,)),
(C106)
HY**H " VV' = 8ieyeyig,,, (C17)
H""H "V = =2iey(py++ — P o (C18)
H H™VV' = 2ieyeyg,, (C19)
H'HV = —iey(py+ = pu) (C20)
G*G VV' =2ieyeyg,, (C21)
GGV = —iey(pGr — PG ) (C22)

where in Egs. (C17)—(C22) we denote by V and V' the y or
Z gauge boson, with the couplings satisfying ¢, = e and
ez = ecot20y,. We also adopted the convention that all
momenta are incoming at each vertex.
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2. Quartic scalar couplings in the doublet-triplet basis

Here we give the complete list of Feynman rules for the quartic scalar couplings in the unrotated basis which were used

in Sec. V to determine the unitarity constraints:

6+6+6_8_ = _2l(2)l2 + /\3), ZzZz¢_¢+ = _l(/\l),
1
Y8768 = —2i(A) + A3), Z\Z,p~pt = —igA
STHETYETTETT = —4i(Ay + A3), b P PpTdT = —iA,
8T8t Z, =2y, 87618 &0 = iV2A,,
8787672, = —\2A;, 8578787 = iV2A,,
A
8 8%2,7, = —2i(Ay + A3), 8tz 0= 24
242 ( 2 3) 1¢ é: 2\/5
-
Z27,7,7, = —6i(Ay + A3), 5 Z 0 _"4
24049479 ( 2 3) ld) 'f 2\/—
St 82,7, = —2ihy, 8 8TEVE) = —2i(A, + Ay),  6Y6° 7,7, = —é(z)«l + A,
5__5++§0§0 = _2i/\2, 6++6__ZIZI = _l(/\l), 22225050 = _21(/\2 + )\3),
3
22,2, Z) = —i(A) + Ay), Z,Z1E°80 = —i(A; + \y), 22\ 2,2, = _Ei/\’
¢ T = —i(Ay), 8tT6Z ¢ = > 00080 = —6i(A; + A3),
iA iA A
Stp=Z,Z, = ——=, 5 8t Tp h=—"2, st6 ¢tz =22,
CRVAVA) il ¢ ¢"Z1 =~
_ /\4 _ 1A4 o l)\4
St Zoh = — L 8 ¢t 72,7, = — L 8t " pth =
d) 2 2\/5 ¢ 241 2\/5 ¢ 2
' A
58 pTh = — QA+ A, 8 Zydth= 58T h = —i(A, + Ay),
" d 2( 1+ Ay) ¢ Wi b ¢ (A1 + Ay)
5t &he¢~ — M 5-¢+§0h=—ﬁ Z,Zyhh = —i(Ay + A))
2\/5? 2\/2’ 242 4 1/
A
6_6+hl’l = _5(2/\1 + /\4) lelhh = _lz, 6__6++hh = _l()\l),
. A 040 . 3\
¢*o~hh = —iz, hhE0E0 = —i(A, + Ay), hhith = =i

One can read off from this list the w-independent part of the triple scalar couplings, by making the substitutions

Zl — —ivd, h— vy Or Zz —
symmetry factors for identical fields.

—iv,, € — v, [cf. Eq. (226)] in the appropriate vertices and modifying accordingly the
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