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Spin excitation frequencies in magnetostatically coupled arrays of vortex
state circular Permalloy dots
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Broadband ferromagnetic resonance in square arrays of Permalloy circular dots with different
interdot separations was measured in the vortex ground state. The detected spin excitations show a
complicated dependence of their frequencies on the interdot coupling strength. A considerable
influence of the interdot separation on the gyrotropic vortex frequency and splitting of the azimuthal
spin wave frequencies was detected. The gyrotropic frequency and the first azimuthal doublet
frequency splitting depend nonmonotonously on the interdot spacing, whereas the dependence of the
second doublet frequency splitting on this parameter is monotonous. The observed effects are
explained by the influence of both the dipolar and quadrupolar contributions to the dynamic
magnetostatic interactions. © 2010 American Institute of Physics. �doi:10.1063/1.3495774�

Patterned nanomagnetic structures currently have great
perspectives to be implemented as magnetic field and spin
polarized current controlled devices in which spin excitations
�magnons� are used to transfer and process information. It is
well known that in arrays of uncoupled patterned elements
�dots�, the spin excitation spectra are quantized due to lateral
confinement and standing spin waves can be excited and
detected using different experimental techniques such as
Brillouin light scattering �BLS�, ferromagnetic resonance
�FMR�, time-resolved Kerr imaging, etc. The appearance of
coupling between the dots in dense arrays decreasing inter-
dot distances leads to an essential change in their spin exci-
tation spectra.

In so-called magnonic crystals �MCs�,1 based on either
one-dimensional �1D� or two-dimensional �2D� periodically
modulated magnetic structures, the artificially introduced pe-
riodicity and interelement coupling modify the spin excita-
tion spectra in a controllable way. In particular, allowed and
forbidden spin excitation frequency bands can appear.2 Most
of the previous investigations of magnetization dynamics
have been focused on interacting nano�micro�stripe arrays
�1D MC�, where the propagating spin waves were observed
by means of BLS.3–5 Experimental investigations of the spin
wave propagation in 2D MC of square Permalloy dots using
BLS �Ref. 6� indicated a strong dependence of the spin wave
spectrum on the interdot distance. Influence of interdot cou-
pling on the spectra in 2D MC of square arrays of circular
dots using BLS was measured7 and the observed fourfold
magnetic anisotropy was attributed to nonuniform magneti-
zation of the dots. A general approach to this induced mag-
netic anisotropy was developed,8 and afterwards particular
models9–11 have been applied to explain the FMR experimen-
tal data obtained on 2D dot arrays.

This letter reports on influence of the magnetostatic in-

terdot coupling on spin excitation spectra in the vortex
ground state �in the absence of external magnetic field� of
arrays of 1000 nm diameter Permalloy dots for a broad range
of interdot separations �d=200–1500 nm�. The precise
probing of spin excitations of the arrays was conducted by
broadband FMR. Static vortices do not generate stray fields
except the stray fields localized in the small regions near the
vortex cores. Therefore, in the absence of bias in-plane mag-
netic field, the sole source of the interdot coupling is the
magnetostatic interaction of the dynamical magnetizations of
the different dots.

Square arrays of Permalloy �Py, Ni80Fe20� circular dots
were fabricated by combination of lithography and lift-off
techniques on a standard Si�100� substrate with a 2.5 nm
oxide layer on top, as explained in details elsewhere.12 The
set consists of three samples with different lattice periods a
=2R+d of 1200, 1500, and 2500 nm. The dot thickness L is
50 nm and radius R is 500 nm. The excited in linear regime
�in-plane driving rf field is below 0.2 Oe� spin modes have
been studied in the frequency range from 100 MHz up to 20
GHz at room temperature with high resolution �10 MHz,
unavailable for the BLS and Kerr techniques, by using a
broadband vector network analyzer–FMR spectrometer12

with a coplanar wave �CPW� guide in transmission configu-
ration. The obtained data were analyzed on the basis of trans-
mission model, see details in Ref. 13.

Multiple spin eigenmodes of a different nature can be
excited in magnetic dots with a vortex ground state by an
external perturbation. In the linear regime, the total dynami-
cal response is described by a superposition of these modes.
The excitation spectrum of a single circular dot in a vortex
state consists of the low-frequency gyrotropic mode �typi-
cally well below 1 GHz �Ref. 14��, and high frequency spin
wave modes of different symmetry. These are labeled by an
azimuthal number, m, and the number of nodes of dynamical
magnetization, n, along the dot radial direction.15–17 The gy-
rotropic modes with �m�=1 are associated with the displace-
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ment of the vortex core from the dot center. Due to topology
of the vortex, the frequencies of azimuthal modes �m�0� are
splitted in doublets having indices m= � �m�, with the largest
value of splitting for �m�=1.17–19 For isolated micron and
submicron sized soft magnetic dots, the spin wave eigen-
mode frequencies are determined by the dot aspect ratio �
=L /R, and are proportional to ��, whereas the gyrotropic
frequency and the m= �1 doublet splitting are linear on �
for thin dots ���1�.19,20

Figure 1�a� shows the variation in the modulus of the
transmitted rf signal at zero magnetic field �the centered vor-
tex ground state�, indicating the above-mentioned spin eigen-
modes that are excited by uniform rf field. A similar set of
the spin eigenmodes was observed in all the samples under
study; a gyrotropic mode, two doublets of the high frequency
azimuthal spin wave modes with n=0, 1 and m= �1, and
one low-intensity radial mode indexed as n=0, m=0. Esti-
mation on the basis of equations of Ref. 15 yields for this
frequency the value of 12.7 GHz. The influence of the inter-
dot separation on the observed resonance peak positions is
well noticeable for all the modes �Fig. 1�b��. It is most sig-
nificant for the gyrotropic mode frequency �g, and for the
values of the frequency splitting for m= �1 doublets with
n=0 and n=1, ��0, and ��1, respectively �Fig. 2�. Both the
gyrotropic frequency and the splitting ��0 reveal well-
pronounced nonmonotonous dependence on the dot array pe-
riod a, whereas the dependence ��1�a� is monotonous.

To explain this complicated behavior, we consider the
interdot coupling of the ground vortex state dots within an
array. The only source of the coupling in our case is the
magnetostatic interaction of the nonuniform dynamical mag-
netizations m�r , t� of the different dots. For an array of well
separated dots, R�a, a theory of the collective spin modes
has been developed by expansion of the magnetostatic en-

ergy over the small parameter R /a.21 Within this approach,
the interdot interaction can be presented as a sum of different
multipole contributions similar to a multipole expansion in
classical electrodynamics. The first �dipolar� term is deter-
mined by oscillations of the total dot magnetic moments
��t�=	drm�r , t�. This dipolar term leads to contributions to
the eigenfrequencies that are proportional to 1 /a3. The non-
dipolar terms are determined mainly by the dot quadrupolar
moments qij =	drmixj, i , j=x ,y ,z.8 The quadrupolar terms
lead to 1 /a5 dependence of the interdot interaction energy.
Only the spin modes with m=0, �1 having nonzero � are
affected by the interdot dipolar interactions. For the rest of
the modes �with higher m� the sole source of the coupling is
a nondipolar coupling. On the other hand, the quadrupolar
interaction can be essential even for the dipolarly-active
modes �with m=0, �1�.21

The particular excitation scheme of the FMR experi-
ment, using an almost uniform in-plane rf field, corresponds
to excitations of the modes with m= �1 only, i.e., the gyro-
tropic mode and azimuthal spin waves. However, a small
out-of-plane component of the rf field due to the finite CPW
lateral size results in excitation of a low-intensity radial
mode �m=0, n=0�.20 For our samples the parameter 2R /a
is not small �it varies from 0.4 to 0.83�. Nevertheless, our
experimental data can be explained taking into account both
the dipolar and quadrupolar interactions of the modes.
Within this simple scheme, the spin eigenfrequencies can be
described by the equation

�� = ���0� − ��,d
2R

a
�3

+ ��,q
2R

a
�5

, �1�

where �� with �=g, 0, 1 give the values of �g, ��0, and
��1, respectively. The quantities ���0� describe the fre-
quency values for noninteracting dots, and the parameters
��,d and ��,q are the weights of the dipolar and quadrupolar
contributions to the corresponding frequencies. We discuss

FIG. 1. �Color online� �a� Zero in-plane bias field response of the three
arrays of Py dots with different interdot separations, d=200, 500, and 1500
nm. �b� The detected spin excitation frequencies labeled by the mode indices
�n ,m� vs the interdot separation and the �n ,m� spin wave modes and gyro-
tropic mode images. The dynamic magnetization of the �n , �1� modes ro-
tates clockwise for m=−1 or counter-clockwise for m=+1.

FIG. 2. �Color online� The dependence of the gyrotropic frequency �g �a�
and the frequency splitting of the first ��0 �b� and the second ��1 �c�
doublets of azimuthal spin waves on the dot array period a. Symbols repre-
sent the FMR experimental data, solid green lines give the description of the
experimental data by Eq. �1�. Horizontal dotted lines present the limit fre-
quency values ���0� found for isolated dot, �R /a�→0.
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the experimental data on the ground of Eq. �1�, with proper
choice of the parameters ��,d and ��,q.

First, we note that for n=1, m= �1 azimuthal modes the
amplitude of the dipolar moment �n,m is much less than for
n=0, m= �1 modes due to radial node of the eigenfunc-
tions, the corresponding ratio is 	1,�1 /	0,�1�0.13.21 Thus,
the dipolar interaction is small for n=1 modes being of order
of 2% of the value expected for n=0 modes. The quadrupo-
lar interaction should be dominating for frequencies of the
azimuthal modes with n=1, m= �1, and their frequency
splitting. The observed value of m= �1, n=1 doublet split-
ting is well described by the dependence ��1=��1�0�
+�1,q�2R /a�5, with positive constant �1,q �Fig. 2�c��. Thus,
the quadrupolar interaction provides the upward shift in the
frequencies for n=1, m= �1 modes proportional to �2R /a�5.

For both the gyrotropic mode, and the main spin wave
frequency doublet �n=0, �m�=1� splitting, only the dipolar
interaction was previously calculated giving the negative
contribution with �g,d=
��Ms��0� /72,21 where ��0�
�9.03 is the dipolar sum, � is the gyromagnetic ratio, and
Ms is the saturation magnetization. Combining this dipolar
contribution with the positive quadrupolar one of the same
form as for n=1, a good description of the experimental data
for �g and ��0 dependencies on 2R /a is obtained, see Figs.
2�a� and 2�b�. Here the nonmonotonous dependence of the
frequencies on a naturally appears as a competition of two
contributions, dipolar and quadrupolar, with different signs.
Most intriguing is the experimental observation that for the
coupled dot arrays the proportionality ��0�a�
�g�a� holds.

Thus, Eq. �1� with proper choice of the coefficients ��,d
and ��,q provides a good qualitative description for all the
experimental data. As to a quantitative description of the
data, the limiting value of �g /2
=325 MHz �Fig. 2�a�� is
somewhat lower than 480 MHz expected from analytical
theory14 and from our micromagnetic simulations �391 MHz�
on an isolated Py dot with R=500 nm and L=50 nm.22 The
simulated first azimuthal doublet �n=0, m= �1� frequen-
cies 6.35 GHz and 8.40 GHz are very close to the experi-
mentally detected frequencies 5.96 GHz and 8.26 GHz at
d=1500 nm confirming their interpretation. The value of the
dipolar interaction contribution to the gyrotropic frequency
�g is much higher than in the theory.21 The ratio between the
measured values of the n=0, m= �1 doublet frequency
splitting ��0 �2.09–2.30 GHz� and gyrotropic frequency
�282–310 MHz�, namely, ��0 /�g�7.4, is twice higher than
the ratio ��0 /�g�4 calculated in Ref. 19. These discrepan-
cies may be attributed to the fact that the corresponding cal-
culations were performed in the main approximation on the
small parameters, � and R /a, whereas these ratios are not
small in our case. For example, the value of �=0.1 is higher
than in previous experiments.14,17 Note that the essential
downward deviation from the linear dependence �g on � was
reported23 for ��0.1 due to a nonuniformity of m along the
dot thickness. One more possible source of such discrepan-
cies is lowering of the symmetry of the vortex ground state
magnetization distribution for the dense dot arrays, as well as
different directions of the vortex chiralities and core polar-
izations.

To conclude, the effect of the interdot coupling on spin
excitation frequencies in the vortex ground state of 2D dot
arrays is quite different from that for saturated dots. Our
measurements demonstrate the essential role of the dynami-

cal magnetostatic interaction on the vortex dot spectra. Es-
pecially, the fine structure �the values of �g, ��0, and ��1�
of the spectra is very sensitive to the interdot coupling. Ac-
counting both the dipolar and quadrupolar contributions
yields a good qualitative description of the complicated spin
excitation spectra in coupled dot arrays. The obtained results
can serve as a basis for understanding of the propagation of
spin excitations in 2D MC consisting of the vortex state
magnetic dot arrays.
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