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Abstract

We analyse the most general odd-intrinsic-parity effective Lagrangian of QCD valid for
processes involving one pseudoscalar with vector mesons described in terms of antisym-
metric tensor fields. Substantial information on the odd-intrinsic-parity couplings is
obtained by constructing the vector-vector-pseudoscalar Green’s three-point function,
at leading order in 1/NC , and demanding that its short-distance behaviour matches the
corresponding OPE result. The QCD constraints thus enforced allow us to predict the
decay amplitude ω → πγ, and the O(p6) corrections to π → γγ. Noteworthy conse-
quences concerning the vector meson dominance assumption in the decay ω → 3π are
also extracted from the previous analysis.
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1 Introduction

Effective field theories of QCD have provided efficient ways to explore hadron dynam-
ics in those regimes where we are not able to solve the full theory. Built from the same
principles and symmetries which govern QCD, the effective actions put at our disposal a
model-independent framework to generate the interactions between the active degrees of
freedom. In the very low-energy domain, chiral perturbation theory [1, 2, 3] has achieved a
remarkable success in describing the strong interactions among pseudoscalar mesons. Moving
up to the 1 GeV region has been proved more difficult, as the effects of vector resonances
become dominant and must be accommodated in the theory. Several works [2, 4, 5] have
provided a sound procedure to include resonance states within the chiral framework, later
christened Resonance Chiral Theory. This approach, however, leaves the couplings entering
the effective Lagrangian unknown, as they are not fixed by the symmetry alone. One should
then rely on the phenomenology or, alternatively, construct theoretical tools that could pro-
vide a meaningful way to compare the results of the effective theory with those of QCD.
The pioneering work of Ref. [6] indicated that the analysis of Green’s functions and form
factors of QCD currents yields valuable information on the resonance sector and, at the same
time, clarifies the ambiguities related to the choice of the Lorentz group representation for
the resonance fields.

Recently, several authors have pushed forward this direction, either by using a La-
grangian with explicit resonance degrees of freedom [7], or within the framework of the
lowest meson dominance (LMD) approximation to the large number of colours (NC) limit
of QCD [7, 8, 9, 10, 11]. In particular, the authors of Ref. [7] undertook a systematic study
of several QCD three-point functions which share the property of being zero in absence of
spontaneous chiral symmetry breaking for massless quarks. This common feature means
that these Green’s functions are free of perturbative contributions from QCD at short dis-
tances. Therefore, their OPE expansion, although formally applicable in the high-energy
region, should be more reliable when descending to energies close to the resonance region,
thus supporting the idea that a smooth matching between QCD and the effective description
involving resonances may exist for these functions. Under this hypothesis, it was shown in
Ref. [7] that while the ansatz derived from the LMD approach automatically incorporates the
right short-distance behaviour of QCD by construction, the same Green’s functions as calcu-
lated with a resonance Lagrangian, in the vector-field representation, are incompatible with
the OPE outcome. Thus, the O(p6) low-energy constants they extract from the resonance
Lagrangian differ from the estimates of the LMD ansatz. Moreover the authors put forward
that these discrepancies cannot be repaired just by introducing local counterterms from the
chiral Lagrangian L(6)

χ , as it was done at O(p4) in Ref. [6]. New terms with resonance fields
and higher-order derivatives need to be added, at least in the vector-field representation, but
the general procedure remains unknown.

The result above severely questions the usefulness of the resonance effective theory beyond
the initial work of Ref. [6], that rely not only on the QCD global symmetries but also on the
fact that its large–NC limit resembles, at least qualitatively, the three colour theory [12,13].
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In addition one of the basic tenets, after the conclusions of Ref. [13], is that meson physics
in the large–NC limit is described by the tree diagrams of an effective local Lagrangian,
with local vertices and local meson fields. Hence after the qualm put forward by Ref. [7] we
think that this issue deserves further investigation. With this aim, we have reanalysed one of
the Green’s function studied in this last reference, the vector-vector-pseudoscalar three-point
function, this time with the vector mesons described in terms of antisymmetric tensor fields.

The latter study requires the introduction of an odd-intrinsic-parity effective Lagrangian
in the formulation of Ref. [5] containing all allowed interactions between two vector objects
(currents or resonances) and one pseudoscalar meson. After a brief introduction on chiral
theory, Section 2 of this paper is devoted to this subject. In Section 3 we evaluate the
vector-vector-pseudoscalar three-point function 〈VVP〉 within our effective theory at leading
order in the 1/NC expansion. We recall its short-distance properties, as obtained from the
OPE calculation, and then we demand that the 〈VVP〉 Green’s function built with the
effective action with unknown parameters matches the same behaviour. The set of relations
among couplings derived is then tested in several intrinsic-parity-violating decays in Section
4. Finally, we give our conclusions.

2 Resonance Chiral Theory and the odd-intrinsic-parity

sector

The low-energy behaviour of QCD for the light quark sector (u, d, s) is known to be ruled
by the spontaneous breaking of chiral symmetry giving rise to the lightest hadron degrees
of freedom, identified with the octet of pseudoscalar mesons. The corresponding effective
realization of QCD describing the interaction between the Goldstone fields is called chiral
perturbation theory [1, 2, 3]. The effective Lagrangian to lowest order in derivatives, O(p2),
is given by :

L(2)
χ =

F 2

4
〈uµu

µ + χ+〉 , (1)

where

uµ = i[u†(∂µ − irµ)u− u(∂µ − iℓµ)u†] ,

χ± = u†χu† ± uχ†u , χ = 2B0(s+ ip) . (2)

The unitary matrix in flavour space

u(φ) = exp

{

i
Φ√
2F

}

, (3)

is a (non-linear) parameterization of the Goldstone octet of fields :

Φ(x) ≡
~λ√
2
~φ =









1√
2
π0 + 1√

6
η8 π+ K+

π− − 1√
2
π0 + 1√

6
η8 K0

K− K̄0 − 2√
6
η8









. (4)
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The external hermitian matrix fields rµ, ℓµ, s and p promote the global SU(3)R×SU(3)L

symmetry of the Lagrangian to a local one, and generate Green functions of quark cur-
rents by taking appropriate functional derivatives. Interactions with electroweak bosons can
be accommodated through the vector vµ = (rµ + ℓµ)/2 and axial-vector aµ = (rµ − ℓµ)/2
fields, while the scalar field s provides a very convenient way of incorporating explicit chiral
symmetry breaking through the quark masses

s = M + . . . , M = diag(mu, md, ms) .

The generating functional Z[v, a, s, p] calculated in terms of the external sources is manifestly
chiral invariant, but the physically interesting Green functions (with broken chiral symmetry)
are obtained by taking a particular direction in flavour space through functional differenti-
ation. Finally, the L(2)

χ Lagrangian is settled by fixing the unknown F and B0 parameters
from the phenomenology : F ≃ Fπ ≃ 92.4 MeV is the decay constant of the charged pion
and B0F

2 = −〈0|ψ̄ψ|0〉0 in the chiral limit.
Spectroscopy reveals the existence of vector meson resonances as we approach the 1 GeV

energy region. These can be classified in SU(3)V octets and must be included as explicit
degrees of freedom in order to describe hadron dynamics [4]. At the lowest order in derivatives,
the chiral invariant Lagrangian for the vector mesons and their interaction with Goldstone
fields reads [5], in the antisymmetric tensor formulation,

LV = LKin(V ) + L2(V ) , (5)

with kinetic terms

LKin(V ) = −1

2
〈∇λVλµ∇νV

νµ − M2
V

2
VµνV

µν〉 , (6)

where MV is the mass of the lowest octet of vector resonances under SU(3)V, and the covariant
derivative

∇µV = ∂µV + [Γµ, V ] , Γµ =
1

2
{u†(∂µ − irµ)u+ u(∂µ − iℓµ)u† } ,

is defined in such a way that ∇µV also transforms as an octet under the action of the group.
For the interaction Lagrangian L2(V ) we have

L2(V ) =
FV

2
√

2
〈Vµνf

µν
+ 〉 +

iGV√
2
〈Vµνu

µuν〉 , (7)

fµν
± = uF µν

L u† ± u†F µν
R u ,

with F µν
L,R the field strength tensors of the left and right external sources ℓµ and rµ, and FV ,

GV are real couplings. The octet fields are written in the usual matrix notation

Vµν =
~λ√
2
~Vµν =









1√
2
ρ0 + 1√

6
ω8 ρ+ K∗+

ρ− − 1√
2
ρ0 + 1√

6
ω8 K ∗0

K∗− K̄∗0 − 2√
6
ω8









µν

. (8)
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The chiral couplings contained in L2(V ) only concern the even–intrinsic–parity sector.
In Ref. [6] it was shown that, up to O(p4) in the chiral counting, the effective Lagrangian
LχV ≡ L(2)

χ + LV is enough to satisfy the short-distance QCD constraints where vector
resonances play a significant role. For the odd–intrinsic–parity sector, three different sources
might be considered : (i) the Wess-Zumino action [14], which is O(p4) and fulfills the chiral
anomaly, (ii) chiral invariant ǫµνρσ terms involving vector mesons which, upon integration,
will start to contribute at O(p6) in the antisymmetric formulation, and (iii) the relevant
operators in the O(p6) Goldstone chiral Lagrangian [15]. All of them may contribute to the
〈VVP〉 Green’s function.

The chiral anomaly is driven by the Wess-Zumino action ZWZ[v, a]. We do not recall its
functional here and address the reader to Ref. [16] for the explicit expression. On the other
side effective odd-intrinsic-parity Lagrangians with vector resonances have been previously
considered in the literature in order to study the equivalence of different vector resonance
models to reproduce the one-loop divergences of the Wess-Zumino action [17], in the context
of the extended Nambu-Jona-Lasinio model [18], or to estimate the low-energy constants of
the O(p6) Goldstone chiral Lagrangian [7]. Within the antisymmetric formalism, we shall
build an independent set of odd-intrinsic-parity operators which comprise all possible vertices
involving two vector resonances and one pseudoscalar (VVP), and vertices with one vector
resonance and one external vector source plus one pseudoscalar (VJP).

The building blocks for these terms are the ones defined above, which share the right
properties under chiral transformations. Besides, the terms must satisfy Lorentz, P and C
invariance. Other useful relations to reduce the number of independent terms and construct
the basis are detailed in the Appendix. Our basis reads 1:

VJP terms

O1
VJP

= ǫµνρσ 〈 {V µν , f ρα
+ }∇αu

σ 〉 ,

O2
VJP

= ǫµνρσ 〈 {V µα, f ρσ
+ }∇αu

ν 〉 ,

O3
VJP

= i ǫµνρσ 〈 {V µν , f ρσ
+ }χ− 〉 ,

O4
VJP

= i ǫµνρσ 〈 V µν [ f ρσ
− , χ+] 〉 ,

O5
VJP

= ǫµνρσ 〈 {∇αV
µν , f ρα

+ }uσ 〉 ,

O6
VJP

= ǫµνρσ 〈 {∇αV
µα, f ρσ

+ }uν 〉 ,

O7
VJP

= ǫµνρσ 〈 {∇σV µν , f ρα
+ }uα 〉 , (9)

VVP terms

O1
VVP

= ǫµνρσ 〈 {V µν , V ρα}∇αu
σ 〉 ,

1We use the convention ǫ0123 = +1 for the Levi-Civita tensor ǫµνρσ throughout this paper
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O2
VVP

= i ǫµνρσ 〈 {V µν , V ρσ}χ− 〉 ,

O3
VVP

= ǫµνρσ 〈 {∇αV
µν , V ρα}uσ 〉 ,

O4
VVP

= ǫµνρσ 〈 {∇σV µν , V ρα}uα 〉 . (10)

The operators with χ± break SU(3)V symmetry when distinct quark masses are introduced
through the external scalar field s = M + . . .. However, only the pseudoscalar source p
in O3

VJP
and O2

VVP
will enter our calculation of the Green’s function, while O4

VJP
will not

contribute at all and has just been included in the VJP basis for completeness.
The authors of Ref. [17] also built the VVP operators in the tensor-field representation and

further constrained the number of independent operators to three by applying the equation
of motion of the pseudoscalar field at lowest order; some care is needed in our case, as
particles inside Green’s functions are not on their mass shell. The resonance Lagrangian for
the odd–intrinsic–parity sector will thus be defined as

Lodd
V = LVJP + LVVP ,

LVJP =
7
∑

a=1

ca
MV

Oa
VJP

, LVVP =
4
∑

a=1

da Oa
VVP

. (11)

The octet mass MV has been introduced in LVJP to define dimensionless ca couplings. We
stress that the set defined above is a complete basis for constructing vertices with only one-
pseudoscalar; for a larger number of pseudoscalars additional operators may emerge.

Finally we have to pay attention to the O(p6) Goldstone chiral Lagrangian. Two operators
may contribute at leading order in the 1/NC expansion to the 〈VVP〉 Green’s function :

L(6)
odd = i ǫµναβ

{

t1 〈χ−f
µν
+ fαβ

+ 〉 − i t2 〈∇λ f
λµ
+ {fαβ

+ , uν} 〉
}

. (12)

The ti couplings are in principle unknown. These operators belong both to the effective
theory where resonances are still active degrees of freedom and to the theory where those
have been integrated out. Hence in the latter case the couplings can be split as ti = tRi + t̂i
where tRi is generated by the integration of resonances and t̂i is a remainder that may survive
in the effective theory where resonances are still active. Vector and pseudoscalar resonances
can contribute, in principle, to tR1 , though the latter are suppressed because of their higher
masses. Therefore we will consider that tR1 ≃ tV1 . Meanwhile t2 has only vector resonance
contributions and then tR2 = tV2 . Indeed by integrating out the vector mesons in LV + Lodd

V

we obtain :

tV1 = − FV

4
√

2M3
V

[c1 + c2 + 8c3 − c5] +
F 2

V

8M4
V

[ d1 + 8d2 − d3 ] ,

tV2 = − FV√
2M3

V

(c5 − c6) +
F 2

V

2M4
V

d3 . (13)
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On the other side the successful resonance saturation of the chiral Lagrangian couplings
at O(p4) [5] might translate naturally to O(p6) couplings too, implying that t̂i could be
neglected. We will attach to this point and will assume that the ti couplings are generated
completely through integration of vector resonances. Accordingly we should not include L(6)

odd

in our evaluation of the Green’s function in order not to double count degrees of freedom.
We shall come back to this discussion in the next Section.

In summary we will proceed in the following by considering the relevant effective resonance
theory (ERT) given by :

ZERT[v, a, s, p] = ZWZ[v, a] + Zodd
Vχ [v, a, s, p] , (14)

where Zodd
Vχ [v, a, s, p] is generated by L(2)

χ in Eq. (1), LV in Eq. (5) and Lodd
V in Eq. (11).

3 Short-distance information on the odd-intrinsic-parity

couplings

The construction of an effective field theory that satisfies the symmetry requirements
of QCD is a model-independent procedure to accomplish the low-energy properties of the
theory without missing essential dynamics. The price to pay for the universality of such
approach is an increasing number of (a priori) unknown low-energy constants as we tend
to improve the accuracy of our calculations, which eventually reflects in a loss of predictive
power. Comparison with data has been a fruitful way to extract the values of most of the
chiral couplings up to O(p4), as well as some of the resonance parameters for the lightest
vector octet and, to a small extent, for the axial–vector, scalar and pseudoscalar resonances.

Jointly with the experimental determination, alternative ways to infer the values of the
resonance couplings have been explored. Thus the QCD ruled short–distance behaviour of
the vector and axial form factors in the large-NC limit (approximated with only one octet of
vector resonances) constrains the couplings of L2(V ) in Eq. (7), that must satisfy [6] :

1 − FV GV

F 2
= 0 , (15)

2FV GV − F 2
V = 0 , (16)

and predict FV =
√

2F and GV = F/
√

2, in excellent agreement with the phenomenology.
The strict large-NC limit would demand that the full spectrum of infinite zero–width vector
resonances should be included in the evaluation of the form factors above. However the agree-
ment with data suggests that the approximation of the lightest vector multiplet resembles
the limit. This is the basic assumption of the LMD approach.

In addition, the study of the short-distance properties of Green’s functions and the com-
parison with the same objects built from the effective action with explicit resonance degrees
of freedom can yield relevant information on the resonance couplings, as explored in previous
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works [9,10,7,8,11]. We now follow this method to impose restrictions on the new couplings
introduced in the odd-intrinsic-parity sector.

The relevant Green’s function for this purpose is the vector-vector-pseudoscalar QCD
three-point function 〈VVP〉,

(ΠVVP)(abc)
µν (p, q) =

∫

d4x
∫

d4y ei(p·x+q·y)〈0| T [V a
µ (x)V b

ν (y)P c(0) ] |0〉 , (17)

which requires the octet vector current,

V a
µ (x) =

(

ψ̄γµ

λa

2
ψ
)

(x) , (18)

and the octet pseudoscalar density

P a(x) =
(

ψ̄iγ5
λa

2
ψ
)

(x) . (19)

The invariances of QCD under parity and time-reversal transformations allow us to extract
the group and tensor structure of 〈VVP〉 in the SU(3)V limit,

(ΠVVP)(abc)
µν = ǫµναβ p

αqβdabc ΠVVP(p2, q2, r2) , (20)

with the four-vector r = −(p+q). The first situation concerning the short–distance behaviour
of the 〈VVP〉 Green’s function that we can analyse is the case when both momenta p, q in
ΠVVP become simultaneously large. The QCD calculation within the OPE framework gives,
in the chiral limit and up to corrections of O(αs), [9]:

lim
λ→∞

ΠVVP((λp)2, (λq)2, (λp+ λq)2) = −〈ψ̄ψ〉0
2λ4

p2 + q2 + r2

p2q2r2
+ O

(

1

λ6

)

, (21)

where 〈ψ̄ψ〉0 is the single flavour bilinear quark condensate. (ΠVVP)(abc)
µν is an order parameter

of the spontaneous breaking of chiral symmetry. Hence, in the chiral limit, it does not receive
contributions from perturbative QCD at large momentum transfers. This non-perturbative
feature is in fact desirable to guarantee that the OPE domain of applicability can be enlarged
down to the 1-2 GeV energy region.

In position space, Eq. (21) corresponds to the limit where the space-time arguments of
the three operators in 〈VVP〉 approach the same point at equal rates. We can also demand
that only the argument of two of the three operators converge towards the same point [7]. In
this case two situations arise: either the two vector currents are taken at the same point, or
one of the vector currents and the pseudoscalar density are evaluated at the same argument.
The first situation was exploited in the analysis of the decay of pseudoscalars into lepton
pairs of Ref. [11].

We shall now build the 〈VVP〉 Green’s function with the effective resonance theory given
by ZERT[v, a, s, p], and impose that the short-distance constraint in Eq. (21) is fulfilled.
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V a� q V b�pP r = + +
+ + V a�P  + V b�P  + V a� V b�

Figure 1: Diagrams entering the calculation of the VVP 3-point function with the ERT ac-
tion. Double lines represent vector resonances, single lines are short for pseudoscalar mesons.

At leading order in the 1/NC expansion of QCD, the three-point correlator is evaluated
from the tree-level diagrams shown in Fig. 1. In this limit, an infinite spectrum of zero-width
vector resonances should be considered in each channel. Fortunately, the LMD approximation
to large-NC , which assumes that a single resonance in each channel saturates the requirements
of QCD, can be invoked as a first test of the short-distance behaviour of our Green’s function.
Indeed, we shall prove that this approximation is sufficient to satisfy the short–distance QCD
constraints commented above.

The couplings of the resonances among themselves and to the external sources have been
detailed in Eq. (14), and the chiral limit is implied throughout. Our result reads

Πres
VVP(p2, q2, r2) = −〈ψ̄ψ〉0

F 2

{

4F 2
V

(d1 − d3) r
2 + d3(p

2 + q2)

(M2
V − p2) (M2

V − q2) r2

−2
√

2
FV

MV

r2(c1 + c2 − c5) + p2(−c1 + c2 + c5 − 2c6) + q2(c1 − c2 + c5)

(M2
V − p2) r2

−2
√

2
FV

MV

r2(c1 + c2 − c5) + q2(−c1 + c2 + c5 − 2c6) + p2(c1 − c2 + c5)

(M2
V − q2) r2

+
32F 2

V d2

(M2
V − p2) (M2

V − q2)
− 16

√
2FV c3

MV (M2
V − p2)

− 16
√

2FV c3
MV (M2

V − q2)
− NC

8π2r2

}

.

(22)

The contributions in Eq. (22) have been written following the same ordering of Fig. 1 (left
to right, top to bottom). The last term originates from the piece of the Wess-Zumino action
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ZWZ[v, a] responsible of the pseudoscalar meson decays into two photons,

L(4)
WZ = −

√
2NC

8π2 F
ǫµναβ 〈Φ ∂µvν ∂αvβ 〉 . (23)

If we now take the limit of two momenta becoming simultaneously large in Πres
VVP, we find

compatibility with the QCD short-distance constraint up to order 1/λ4, Eq. (21), provided
the following conditions among the Lodd

V couplings hold:

4 c3 + c1 = 0 ,

c1 − c2 + c5 = 0 ,

c5 − c6 =
NC

64π2

MV√
2FV

,

d1 + 8 d2 = − NC

64π2

M2
V

F 2
V

+
F 2

4F 2
V

,

d3 = − NC

64π2

M2
V

F 2
V

+
F 2

8F 2
V

. (24)

These relations have been obtained within the chiral limit. However the couplings of the
Effective Lagrangian do not depend on the masses of the Goldstone fields and, consequently,
the constraints in Eq. (24) apply for non–zero pseudoscalar masses too.

Actually our 〈VVP〉 three-point function fully reproduces the LMD ansatz suggested in
Ref. [9] :

Πres
VVP(p2, q2, (p+ q)2) = −〈ψ̄ψ〉0

2
· (p2 + q2 + r2) − NC

4π2

M4

V

F 2

(p2 −M2
V )(q2 −M2

V )r2
. (25)

As a consequence both the short–distance behaviour in Eq. (21) and those conditions where
two vector currents or one vector current and the pseudoscalar density meet at the same
point, mentioned above, are thoroughly satisfied.

The ansatz (25) implies that we recover the LMD estimates for the low-energy constants
derived in Ref. [7]. The authors of this reference found that the same agreement with the
short and long-distance QCD behaviour could not be reached working with the resonance
Lagrangian in the vector representation, not even at the expense of introducing local contri-
butions from the O(p6) chiral Lagrangian. They then suggested that the problem may be
inherent to the effective Lagrangian approach and unlikely to be fixed just by using other
representations for the resonance fields; our result, derived in the antisymmetric tensor-field
formulation with an odd-intrinsic-parity sector, contradicts this assertion, at least in what
concerns the 〈VVP〉 Green’s function.

Finally it is worth to comment the situation that would arise if local O(p6) operators of
the chiral Lagrangian in Eq. (12) were introduced in this analysis. We argued in Section 2
that the couplings of those operators, ti, could be completely saturated by vector resonances
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and, accordingly, ti ≃ tVi and t̂i ≃ 0. If we include a non–vanishing t̂i in the evaluation
of the Green’s function carried above it is easy to see that the high energy behaviour is
spoiled unless higher–derivative couplings with resonances are considered. If we stay within
our ZERT[v, a, s, p] action, that satisfies by itself the matching with the QCD result, the OPE
imposes t̂i = 0, i = 1, 2.

It is also interesting to notice that the combinations of odd–intrinsic couplings which
appear in the expressions of tVi , Eq. (13) are predicted from the QCD conditions above. We
obtain :

tV1 =
F 2

64M4
V

,

tV2 = − NC

64 π2M2
V

[

1 − 4 π2

NC

F 2

M2
V

]

, (26)

which coincide 2 with the predictions made for these parameters in [9]. This fact is not sur-
prising, since the relations (26) were derived in [9] by expanding the 〈VVP〉 ansatz, Eq. (25),

at low-momenta and comparing it with the 〈VVP〉 expression obtained from the L(6)
odd La-

grangian. The success in reproducing the same representation for ΠVVP within the resonance
effective Lagrangian has automatically generated identical values for the chiral parameters 3.

4 Phenomenology of intrinsic-parity violating processes

Odd–intrinsic–parity processes have been widely studied within chiral perturbation theory
where resonances are integrated out [19]. In order to gain more insight on the odd-intrinsic-
parity sector of the resonance Lagrangian and, to make some test on the validity of the
short-distance conditions obtained above, we study in this section the processes ω → πγ,
ω → 3π and π → 2γ.

4.1 ω → πγ

At tree-level, the intrinsic-parity violating transition ω → πγ receives contributions from
both the VJP and VVP terms of Lodd

V . The corresponding diagrams are displayed in Fig. 2.
The physical ω resonance is a superposition of an octet component, ω8, and a singlet one,
ω1, which can be added as a diagonal matrix ω1/

√
3 to the octet, Eq. (8); if ideal mixing is

assumed then the states of defined mass are

|ω 〉 =

√

2

3
|ω1〉 +

√

1

3
|ω8〉 ,

2There is a minus sign difference in the definitions of t1 and t2 in [9] because the convention used there
for the Levi-Civita tensor is the opposite to ours.

3The author of [9] extended the results for tV1 and tV2 above by including an additional pole-contribution
in the VVP ansatz from a pseudoscalar π(1300) resonance.
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Figure 2: Lowest order diagrams for the process ω → πγ.

and

|φ 〉 = −
√

1

3
|ω1〉 +

√

2

3
|ω8〉 .

The amplitudes for the direct and ρ-mediated diagrams, Figs. 2a and 2b respectively, read

iMdirect
ω→πγ = i ǫαβρσ ǫ

α
ωǫ

β
γq

ρkσ 2
√

2
e

MωMV F

[

(c2 − c1 + c5 − 2c6)M
2
ω + (c1 + c2 + 8c3 − c5)m

2
π

]

,

iMρ
ω→πγ = −i ǫαβρσ ǫ

α
ωǫ

β
γq

ρkσ 4 e

M2
VMω

FV

F

[

d3M
2
ω + (d1 + 8d2 − d3)m

2
π

]

, (27)

where we have kept the generic massMV of the meson octet in the ρ propagator, in consistency
with the procedure followed in the analysis of Section 3; distinction is made between MV and
Mω when the latter is of kinematic origin. Quite remarkably, if we now plug in the QCD
constraints, Eq. (24), obtained from the analysis of the short-distance behaviour of the 〈VVP〉
Green’s function, we find a full prediction for this process :

iMω→πγ = i ǫαβρσ ǫ
α
ωǫ

β
γq

ρkσ e

FV

[

NC

8π2

Mω

F
− F

2

Mω

M2
V

(

1 +
m2

π

M2
ω

)

]

. (28)

We notice that the direct (Fig. 2a) and the ρ exchange diagrams (Fig.2b) almost contribute
to similar extent to this process. This means that contrary to what we would expect from
vector meson dominance, the ωρπ coupling does not saturate the decay ω → πγ. The actual
value of this coupling in our formalism 4, d3, is less than half of the one that would arise
from VMD, where only the diagram Fig. 2b contributes. This has immediate consequences
to other decay channels, as we shall see in the next subsection.

Finally, the width is easily obtained, giving

Γ(ω → πγ) =
α

192
Mω

(

1 − m2
π

M2
ω

)3 [ NC

4π2

M2
ω

F 2
− M2

ω

M2
V

(

1 +
m2

π

M2
ω

)

]2

. (29)

4The tiny contribution coming from the pion mass contribution in Mρ
ω→πγ can be obviated in this dis-

cussion.
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Figure 3: The ω → π+π−π0 decay amplitude via an intermediate ρ exchange.

The relation FV =
√

2F , consequence of conditions (15) and (16), has been employed in
deriving the result in Eq. (29). Varying the parameter F from the bare value F0 ≃ 87 MeV
to the dressed one (i.e. the pion decay constant), Fπ ≃ 92.4 MeV [20], we get that our
prediction for Γ(ω → πγ) ranges from 0.703 MeV to 0.524 MeV, with the choices MV =
Mρ = 771.1 MeV and Mω = 782.6 MeV [20]. This 5–30% deviation from the experimental
value, Γ(ω → πγ)|exp = (0.734 ± 0.035) MeV, is in accordance with the expected size of
next-to-leading 1/NC corrections.

Our result for Γ(ω → πγ) is quite significant being a pure prediction of the matching
procedure of the resonance effective theory with the OPE expansion given by QCD. The
extension of our analysis to other decay channels (e.g. K∗ → Kγ, φ → ηγ) requires that
exact SU(3)V symmetry is left aside in order not to lose the predictive power shown in
ω → πγ. This study would require to consider the OPE expansion in the asymptotic regime
keeping distinct masses for each quark flavour, a rather non trivial task.

4.2 ω → π+π−π0

The odd-intrinsic parity sector included in the resonance Lagrangian can also account for
the ρ-mediated mechanism of decay of the ω meson to the π+π−π0 final state, Fig. 3. If we
label as k1, k2, k3 the momenta of the π+ , π− and π0 respectively, the amplitude associated
to the diagram of Fig. 3, including cyclic permutations among k1, k2 and k3, reads

iMω→3π = i ǫαβρσ k
α
1 k

β
2 k

ρ
3ǫ

σ
ω

8GV

MωF 3

[

m2
π(d1 + 8d2 − d3) + (M2

ω + s12) d3

M2
V − s12

+ {s12 → s13} + {s12 → s23}
]

. (30)

The kinematic invariants are defined as usual, i.e. sij = (ki + kj)
2. The VMD hypothesis for

this decay predicts that the amplitude above is the dominant one. Then the corresponding
width would be calculated as

Γ(ω → π+π−π0) =
G2

V

4 π3M5
ω F

6

∫ (Mω−mπ)2

4m2
π

ds13

∫ smax
23

smin
23

ds23 P(s13, s23) × (31)

12



×
[

m2
π(d1 + 8d2 − d3) + (M2

ω + s12) d3

M2
V − s12

+ {s12 → s13} + {s12 → s23}
]2

,

where the function P is the polarization average of the tensor structure of Mω→3π,

P(s13, s23) =
1

12

{

−m2
π(m2

π −M2
ω)2 − s13s

2
23 + (3m2

π +M2
ω − s13)s13s23

}

. (32)

With GV = F/
√

2 and the relations obtained by the short-distance matching, we find that
the width above works out Γ(ω → π+π−π0) ≃ 1.4 MeV, quite far from the experimental
result [20], Γ(ω → π+π−π0)|exp = (7.52 ± 0.06) MeV. Clearly, the contribution from a direct
ω → 3π amplitude must be larger than expected from VMD. Such deviation can be traced
back to the result obtained in the previous section for ω → πγ. There we found that the d3

parameter was less than half the value one should expect from a dominant role of the ρωπ
coupling. The ω → 3π width calculated above, Eq. (31), is essentially (neglecting the tiny
piece driven by the pion mass squared) proportional to d2

3; therefore, there is roughly a factor
of ∼ 4 between our calculation of Γ(ω → πρ → 3π) and the result obtained under VMD
by fixing the ρωπ coupling from the ω → πγ width (see for example Ref. [21]). This factor
would raise the result of (31) to ∼ 5.6 MeV, i.e. reaching the level of accuracy of leading
large-NC calculations.

According to the precedent discussion, the intermediate meson exchange does not account
entirely for the ω decay into three pions, and the direct terms must be considered 5. In fact
both contributions appear at the same order in the large–NC expansion and the ρ resonance,
being far off–shell in this process, does not resonate. Consequently, there is no reason that
justifies neglecting the direct vertex. Indeed, it was pointed out in Ref. [21] that VMD alone
predicts a too large ρωπ coupling with respect to what suggests naive chiral counting. The
QCD–enforced appearance of a direct term in our approach, which has reduced the ρωπ
coupling to the half, casts some light on the issue.

4.3 π → γγ

In the chiral limit, the amplitude for the π → γγ process is non-vanishing and exactly
predicted by the ABJ anomaly [22], Eq. (23). Away from this limit, the amplitude receives
small contributions from different sources, including isospin-breaking effects, as well as elec-
tromagnetic and higher-order chiral corrections. As the loop contribution vanishes [23], the
latter corrections start with the O(p6) Goldstone chiral Lagrangian. The odd-intrinsic-parity
interactions among vector resonances introduced in Section 2 also generate chiral corrections
to this process proportional to m2

π. Let us first study the numerical size of these corrections,
fixed by virtue of the short-distance constraints.

5In our effective theory, these terms would be obtained by writing down the operators which give rise to
local contributions to ω → 3π.
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Figure 4: Feynman diagrams with vector mesons giving O(m2

π) corrections to π → γγ decay.
The diagrams with reversed photon momenta must be added.

The amplitudes for the decay via intermediate meson exchange, depicted in Fig. 4, give
as a result

iM(a)
π→γγ = −i ǫαβρσ ǫ

α
1 ǫ

β
2k

ρ
1k

σ
2

8
√

2

3

e2

MV

FV

F

m2
π

M2
V

(

c1 + c2 + 8c3 − c5
)

= 0 ,

iM(b)
π→γγ = i ǫαβρσ ǫ

α
1 ǫ

β
2k

ρ
1k

σ
2

8 e2

3F

F 2
V

M2
V

m2
π

M2
V

(

d1 + 8d2 − d3

)

= i ǫαβρσ ǫ
α
1 ǫ

β
2k

ρ
1k

σ
2

e2 F

3M2
V

m2
π

M2
V

. (33)

The diagram with a VJP vertex vanishes after the short-distance conditions are applied, and
the remaining contribution gets completely fixed. The correction induced into the π → γγ
width, by our result above gives :

Γ(π → γγ) =
α2

64 π3 F 2
m3

π [ 1 − ∆ ]2 , (34)

where

∆ =
4π2

3

F 2

M2
V

m2
π

M2
V

≃ 0.006 . (35)

This result provides a tiny 1% correction to the width, and it is perfectly compatible with
the experimental uncertainty, Γ(π → γγ)|exp = (7.7 ± 0.6) eV.

This evaluation of the amplitude for the π → γγ process could also have been carried out
within the chiral Lagrangian L(6)

odd of Eq. (12), where only the operator with t1 contributes 6.
6The operator with the t2 coupling only contributes if one of the photons is off–shell.
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With t1 ≃ tV1 and using the value given in Eq. (26) we obtain the result above. The exercise
carried out in this Subsection, evaluating the diagrams in Fig. 4, shows explicitly that only
the two–resonance driven amplitude gives contribution to this process in the antisymmetric
formulation.

5 Conclusions

Effective theories of QCD carry all–important features of the underlying theory to describe
the relevant hadron dynamics in the non–perturbative regime. The odd–intrinsic–parity
sector has been studied within chiral perturbation theory but its extension to the energy
region of the resonances requires a proper implementation of the active degrees of freedom
and to generate the effective theory through a procedure able to enforce the relevant dynamics
on the coupling constants. This task has been addressed in this paper. After considering
the operators of the Lagrangian, that rely on the global symmetries of QCD, we proceed to
drive the information, from the underlying theory onto the couplings, through a matching
with the leading OPE of the Green’s function in the chiral limit.

Let us highlight the main results that can be extracted from the previous sections.

• The lowest order Lagrangian involving interactions among one Goldstone mode and two
vector particles has been introduced in the Resonance Chiral Theory with the vector
resonances described in terms of antisymmetric tensor fields.

• The vector-vector-pseudoscalar three-point-function 〈VVP〉 has been calculated at tree
level with the new sector added to the resonance Lagrangian. Assuming that a matching
procedure between the result obtained from the effective action and from QCD in terms
of massless quarks is reliable at large momenta, we have derived a set of relations among
the parameters of the odd-intrinsic-parity sector.

• In contrast to the result of Ref. [7], where vector resonances were described in the
Proca formalism, the expression for the 〈VVP〉 Green’s function obtained from the
Lagrangian with antisymmetric tensor fields is fully compatible with the short–distance
QCD constraints, which reduce it to the ansatz suggested by LMD in the large-NC limit
of QCD, successfully tested in previous works [9, 11].

• On the way, we have found that the same combinations of couplings which appears in
the short-distance QCD constraints, show up in the ω → πγ amplitude calculated with
the resonance Lagrangian, thus allowing us to give a full prediction for this decay. The
agreement with the experimental value is remarkable.

• The ω → πγ calculation above shows an important feature: the contribution from a
direct ωπγ vertex is larger than expected from VMD. Indeed, it amounts to more than
50% of the total result for this amplitude. This agrees with the expectations from the
1/NC counting, as both mechanisms contribute to the same order.
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• The last point has an important consequence for other channels where VMD alone was
thought to be the relevant mechanism of decay. To serve as an example, we have shown
that the intermediate meson exchange ω → ρπ → 3π cannot dominate the ω → 3π
process in our framework, and the local contribution thus becomes essential.

Our study has shown that the use of effective theories of QCD in the intermediate energy
region, populated by resonances, endows the basic information to provide both qualitative
and quantitative descriptions of the hadron phenomenology in a model–independent way.
Consequently it provides a compelling framework to work with.
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Appendix

Within the antisymmetric formulation, the integration of a vector meson gives a contri-
bution which starts at O(p4) in the chiral counting. Interaction terms with a Levi-Civita
tensor start to contribute 7 at O(p6), as terms with one vector meson and an O(p2) chiral
tensor are not charge conjugation or parity invariant, and a possible term with two resonance
fields, ǫµνρσ〈V µνV ρσ〉, is forbidden by parity conservation. Besides, terms of odd order, i.e.
O(p3) or O(p5), cannot be written down in the presence of an ǫµνρσ tensor. Either a chiral
tensor of O(p4) together with a vector meson is needed, giving rise to the VJP terms, or two
vector resonances and a chiral tensor of O(p2) (VVP terms).

The available chiral tensors have already been introduced in Section 2: χ±, fµν
± are O(p2),

while the covariant derivative ∇α and uα count as O(p). These tensors have defined trans-
formation properties under chiral rotations and thus allow us to write down chiral invariant
objects in a straightforward way.

Let us first give some clues about the construction of the VVP basis. Aside from the two
vector mesons, we should consider all possible tensors giving one pseudoscalar. Therefore,
we can have:

• One covariant derivative ∇µ and one uν tensor, with the covariant derivative acting on
either the resonance fields or the pseudoscalar uν . In the latter case ∇µuν is symmetric

7For terms involving vector resonances, this counting should be understood as the one obtained after
integrating out the resonances, i.e. the order of the chiral operator induced by vector exchange.
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in its indices for the linear term of the expansion of uν in terms of Goldstone fields:

uν = −
√

2

F
∂νΦ + terms with 3 pseudoscalar fields + . . . .

• A χ− external field, whose expansion in terms of the pseudoscalar octet of fields starts
with one particle states. A χ+ external field together with the two vector mesons is
however not allowed by parity conservation.

In addition, the Schouten identity,

gρσǫαβµν + gραǫβµνσ + gρβǫµνσα + gρµǫνσαβ + gρνǫσαβµ = 0 , (A.1)

reduces the number of independent operators because it may establish relations among those
with different ordering of the Lorentz indices. As an example, consider the two following
VVP terms:

O1 = ǫµνρσ 〈 {V µν , V ρα}∇αu
σ 〉 = gαλ ǫµνρσ 〈 {V µν , V ρλ}∇αuσ 〉 ,

O2 = ǫµνρσ 〈 {V µν , V ρσ}∇αu
α 〉 = gασ ǫµνρλ 〈 {V µν , V ρλ}∇αuσ 〉 .

With the identity (A.1) we find that the second operator is proportional to the first one:

O2 = 4O1 .

Similarly, the Schouten identity must be applied to operators with the ∇µ acting on the
resonance fields and to operators from the VJP sector to further reduce the basis.

To close with the analysis of the VVP interactions, recall that a term ∼ 〈V µνV ρσfαβ
− 〉

would include an external vector (or axial-vector) source in addition to the wanted pseu-
doscalar. Clearly, these terms do not belong to our VVP sector.

For the VJP interactions, basically the same considerations made above hold, and the
substitution of one of the resonance fields V µν by and external vector field fµν

+ , which has
the same properties under P and C transformations, gives the allowed VJP structures. Note
that for each VVP term two VJP operators emerge with this procedure (except for the term
with χ−), as the vector tensors are not equal now. We have chosen that ∇α acts on the vector
meson or on the pseudoscalar field to define the final set of independent VJP operators. As
quoted in the main text, the term O4

VJP
, where the pseudoscalar now comes up from the fµν

+

tensor, is a SU(3)V-breaking operator. Indeed its lower order expansion in terms of Goldstone
fields is proportional to m2

K −m2
π.
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