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THEORETICAL OVERVIEW ON TAU PHYSICS∗
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Precise measurements of the τ lepton properties provide stringent tests of the Standard
Model structure and accurate determinations of its parameters. We overview the present
status of a few selected topics: lepton universality, QCD tests and the determination of
αs, ms and |Vus| from hadronic τ decays, and lepton flavor violation phenomena.
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1. Lepton Universality

In the Standard Model all lepton doublets have identical couplings to the W boson.

Comparing the measured decay widths of leptonic or semileptonic decays which

only differ by the lepton flavor, one can test experimentally that the W interaction

is indeed the same, i.e. that ge = gµ = gτ ≡ g . As shown in Table 1, the present

data verify the universality of the leptonic charged-current couplings to the 0.2%

level.1–3

Table 1. Present constraints on |gl/gl′ |.

Bτ→µ/Bτ→e BW→µ/BW→e Bπ→µ/Bπ→e

|gµ/ge| 1.0000 ± 0.0020 0.997 ± 0.010 1.0017 ± 0.0015

Bτ→e τµ/ττ BW→τ /BW→µ Γτ→π/Γπ→µ Γτ→K/ΓK→µ

|gτ/gµ| 1.0004 ± 0.0022 1.039 ± 0.013 0.996 ± 0.005 0.979 ± 0.017

Bτ→µ τµ/ττ BW→τ /BW→e

|gτ/ge| 1.0004 ± 0.0023 1.036 ± 0.014

The τ leptonic branching fractions and the τ lifetime are already known with

a precision of 0.3%. It remains to be seen whether BABAR and BELLE could

make further improvements. The µ lifetime has been measured to a much better

precision of 10−5. The universality tests require also a good determination of m5
τ ,
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which is only known to the 0.08% level. An improved measurement of the τ mass

could be expected from BES-III, through a detailed analysis of σ(e+e− → τ+τ−)

at threshold.4–6

2. Hadronic Tau Decays

The semileptonic decay modes τ− → ντH− probe the matrix element of the left–

handed charged current between the vacuum and the final hadronic state H−.

For the decay modes with lowest multiplicity, τ− → ντπ− and τ− → ντK−,

the relevant matrix elements are already known from the measured decays π− →
µ−ν̄µ and K− → µ−ν̄µ. The corresponding τ decay widths can then be accurately

predicted. As shown in Table 1, the predictions are in good agreement with the

measured values. Assuming universality, these decay modes determine the ratio2,7

|Vus| fK

|Vud| fπ
=

{

0.27618± 0.00048 [ Γ(K− → µ−ν̄µ)/Γ(π− → µ−ν̄µ) ]

0.267 ± 0.005 [ Γ(τ− → ντK−)/Γ(τ− → ντπ−) ]
. (1)

The very different accuracy of these two numbers reflects the present poor precision

on Γ(τ− → ντK−).

For the two–pion final state, the hadronic matrix element is parameterized in

terms of the so-called pion form factor [s ≡ (pπ− + pπ0)2]:

〈π−π0|d̄γµu|0〉 ≡
√

2Fπ(s) (pπ− − pπ0)
µ

. (2)

A dynamical understanding of the pion form factor can be achieved,8–12 by us-

ing analyticity, unitarity and some general properties of QCD, such as chiral

symmetry13–15 and the short-distance asymptotic behavior.16,17 Putting all these

fundamental ingredients together, one gets the result8

Fπ(s) =
M2

ρ

M2
ρ − s − iMρΓρ(s)

exp

{

−s Re [A(s)]

96π2f2
π

}

, (3)
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Fig. 1. Pion form factor from τ data18,19 (left) and e+e− data20,21 (right), compared with
theoretical predictions.8,10 The dashed lines correspond to the result in Eq. (3).



Tau Physics 3

where

A(s) ≡ log

(

m2
π

M2
ρ

)

+ 8
m2

π

s
− 5

3
+ σ3

π log

(

σπ + 1

σπ − 1

)

, σπ ≡
√

1 − 4m2
π/s (4)

contains the one-loop chiral logarithms and the off-shell ρ width is given by8,9

Γρ(s) = θ(s − 4m2
π)σ3

π Mρ s/(96πf2
π) . (5)

This prediction, which only depends on Mρ, mπ and the pion decay constant fπ, is

compared with the data in Fig. 1.10 The agreement is rather impressive and extends

to negative s values, where the e−π elastic data sits. The small effect of heavier ρ

resonance contributions and additional higher-order (in the Chiral Perturbation

Theory and 1/NC expansions17) corrections can be easily included, at the price of

having some free parameters which decrease the predictive power.10–12 This gives

a better description of the ρ′ shoulder around 1.2 GeV (continuous lines in Fig. 1).

More recently, the decay τ → ντKπ has been studied in Ref. 22. The hadronic

spectrum is characterized by two form factors,

dΓKπ

d
√

s
=

G2
F |Vus|2m3

τ

32π3s

(

1− s

m2
τ

)2
[

(

1+2
s

m2
τ

)

q3
Kπ|FKπ

+ (s)|2+3∆2
Kπ

4s
qKπ|FKπ

0 (s)|2
]

(6)

where qKπ = 1
2
√

s
λ1/2(s, m2

K , m2
π) and ∆Kπ = m2

K − m2
π. The vector form factor

FKπ
+ (s) has been described in an analogous way to Fπ(s), while the scalar compo-

nent FKπ
0 (s) takes also into account additional information from Kπ scattering data

through dispersion relations.7,23 The decay width is dominated by the K∗(892) con-

tribution, with a predicted branching ratio Br[τ → ντK∗] = (1.253±0.078)%, while

the scalar component is found to be Br[τ → ντ (Kπ)S−wave] = (3.88 ± 0.19) · 10−4.
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Fig. 2. Differential τ → ντKπ decay distribution, together with the individual contributions from
the K∗(892) and K∗(1410) vector mesons as well as the scalar component residing in F Kπ

0
(s).22
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The dynamical structure of other hadronic final states can be investigated in a

similar way. The τ → ντ3π decay mode was studied in Ref. 24, where a theoretical

description of the measured structure functions25–27 was provided. A detailed anal-

ysis of other τ decay modes into three final pseudoscalar mesons is in progress.28

The more involved τ → ντ4π and e+e− → 4π transitions have been also studied.29

3. The Hadronic Tau Decay Width: αs

The inclusive character of the total τ hadronic width renders possible an accurate

calculation of the ratio30–34

Rτ ≡ Γ[τ− → ντ hadrons (γ)]

Γ[τ− → ντe−ν̄e(γ)]
= Rτ,V + Rτ,A + Rτ,S , (7)

using analyticity constraints and the Operator Product Expansion. One can sepa-

rately compute the contributions associated with specific quark currents. Rτ,V and

Rτ,A correspond to the Cabibbo–allowed decays through the vector and axial-vector

currents, while Rτ,S contains the remaining Cabibbo–suppressed contributions.

The theoretical prediction for Rτ,V +A can be expressed as32

Rτ,V +A = 3 |Vud|2 SEW {1 + δ′EW + δP + δNP} . (8)

The factors SEW = 1.0194 and δ′EW = 0.0010 contain the electroweak correc-

tions at the leading35 and next-to-leading36 logarithm approximation. The domi-

nant correction (∼ 20%) is the purely perturbative contribution δP, which is fully

known32 to O(α3
s) and includes a resummation of the most important higher-order

corrections.33

Non-perturbative contributions are suppressed by six powers of the τ mass and,

therefore, are very small.32 Their numerical size has been determined from the

invariant–mass distribution of the final hadrons in τ decay, through the study of

weighted integrals,37

Rkl
τ ≡

∫ m2
τ

0

ds

(

1 − s

m2
τ

)k (

s

m2
τ

)l
dRτ

ds
, (9)

which can be calculated theoretically in the same way as Rτ . The predicted

suppression32 of the non-perturbative corrections has been confirmed by ALEPH,27

CLEO38 and OPAL.39 The most recent analysis gives27

δNP = −0.004± 0.002 . (10)

The QCD prediction for Rτ,V +A is then completely dominated by the per-

turbative contribution; non-perturbative effects being smaller than the perturba-

tive uncertainties from uncalculated higher-order corrections. The result turns out

to be very sensitive to the value of αs(mτ ), allowing for an accurate determi-

nation of the fundamental QCD coupling.31,32 The experimental measurement

Rτ,V +A = 3.471± 0.011 implies40

αs(mτ ) = 0.345± 0.004exp ± 0.009th . (11)
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The strong coupling measured at the τ mass scale is significantly larger than

the values obtained at higher energies. From the hadronic decays of the Z, one gets

αs(MZ) = 0.1186 ± 0.0027,3 which differs from the τ decay measurement by more

than twenty standard deviations. After evolution up to the scale MZ ,41 the strong

coupling constant in (11) decreases to40

αs(MZ) = 0.1215± 0.0012 , (12)

in agreement with the direct measurements at the Z peak and with a similar ac-

curacy. The comparison of these two determinations of αs in two extreme energy

regimes, mτ and MZ , provides a beautiful test of the predicted running of the QCD

coupling; i.e. a very significant experimental verification of asymptotic freedom.

4. Cabibbo–Suppressed Tau Decays: Vus and ms

The separate measurement of the |∆S| = 0 and |∆S| = 1 τ decay widths allows

us to pin down the SU(3) breaking effect induced by the strange quark mass,42–49

through the differences:43

δRkl
τ ≡

Rkl
τ,V +A

|Vud|2
−

Rkl
τ,S

|Vus|2
≈ 24

m2
s(mτ )

m2
τ

∆kl(αs) − 48π2 δO4

m4
τ

Qkl(αs) . (13)

The perturbative QCD corrections ∆kl(αs) and Qkl(αs) are known to O(α3
s) and

O(α2
s), respectively.43,49 Since the longitudinal contribution to ∆kl(αs) does not

converge well, the J = 0 QCD expression is replaced by its corresponding phe-

nomenological hadronic parametrization,48 which is much more precise because it

is dominated by far by the well-known kaon pole. The small non-perturbative con-

tribution, δO4 ≡ 〈0|mss̄s−mdd̄d|0〉 = −(1.5±0.4)×10−3 GeV4, has been estimated

with Chiral Perturbation Theory techniques.43

From the measured moments δRk0
τ (k = 0, 1, 2, 3, 4),50,51 it is possible to deter-

mine the strange quark mass; however, the extracted value depends sensitively on

the modulus of the Cabibbo–Kobayashi–Maskawa matrix element |Vus|. It appears

then natural to turn things around and, with an input for ms obtained from other

sources, to actually determine |Vus|.48 The most sensitive moment is δR00
τ :

|Vus|2 =
R

(0,0)
τ,S

R
(0,0)
τ,V +A

|Vud|2 − δR
(0,0)
τ,th

. (14)

Using ms(2 GeV) = (95± 20) MeV, which includes the most recent determinations

of ms from lattice and QCD Sum Rules,7 one obtains δR00
τ,th = 0.218±0.026.48 This

prediction is much smaller than R
(0,0)
τ,V +A/|Vud|2, making the theoretical uncertainty

in (14) negligible in comparison with the experimental input R
(0,0)
τ,V +A = 3.469±0.014

and R
(0,0)
τ,S = 0.1677± 0.0050.51 Taking |Vud| = 0.9738± 0.0005,2 one finally gets48

|Vus| = 0.2208 ± 0.0033exp ± 0.0009th = 0.2208± 0.0034 . (15)
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This result is competitive with the standard determination from Ke3 decays, |Vus| =

0.2236±0.0029.7 The precision is expected to be highly improved in the near future

due to the fact that the error is dominated by the experimental uncertainty, which

can be reduced with the better BABAR and BELLE data samples. Therefore, the

τ data has the potential to provide the best determination of |Vus|.
One can further use the value of |Vus| thus obtained in (15) and determine the

strange quark mass from higher δRk0
τ moments with k 6= 0. One finds in this way

ms(mτ ) = (84± 23) MeV, which implies ms(2 GeV) = (81± 22) MeV. With future

high-precision τ data, a simultaneous fit of ms and |Vus| should become possible.

5. New Physics

Convincing evidence of neutrino oscillations has been obtained recently, showing

that νe → νµ,τ and νµ → ντ lepton-flavor-violating transitions do occur.52–55

The non-zero values of neutrino masses constitute a clear indication of new physics

beyond the Standard Model framework. The simplest possibility would be the exis-

tence of right-handed neutrino components. However, those singlet νiR fields would

not have any Standard Model interaction (sterile neutrinos). Moreover, the Stan-

dard Model gauge symmetry would allow for a right-handed Majorana neutrino

mass term of arbitrary size, not related to the ordinary Higgs mechanism.

In the absence of right-handed neutrino fields, it is still possible to have non-zero

Majorana neutrino masses, generated through the unique SU(3)C⊗SU(2)L⊗U(1)Y

invariant operator with dimension five:56

∆L = −cij

Λ
L̄i φ̃ φ̃t Lc

j + h.c.
SSB−→ LM = −1

2
ν̄iLMij νc

jL + h.c. , (16)

where φ and Li are the scalar and i-flavored lepton SU(2)L doublets, φ̃ ≡ i τ2 φ∗ and

Lc
i ≡ CL̄t

i. After spontaneous symmetry breaking, < φ(0) >= v/
√

2, this operator

generates a Majorana mass term for the left-handed neutrinos with Mij = cijv
2/Λ.

The Majorana mass matrix mixes neutrinos and anti-neutrinos, violating lepton

number by two units. Clearly, new physics is called for. Taking mν
>∼ 0.05 eV, as

suggested by atmospheric neutrino data, one gets Λ/cij
<∼ 1015 GeV, amazingly

close to the expected scale of Gran Unification.

With non-zero neutrino masses, the leptonic charged current interactions, involve

a flavor mixing matrix VL. Neglecting possible CP-violating phases, the present data

on neutrino oscillations implies the mixing structure

VL ∼







1√
2

(1 + λ) 1√
2

(1 − λ) ǫ

− 1
2 (1 − λ + ǫ) 1

2 (1 + λ − ǫ) 1√
2

1
2 (1 − λ − ǫ) − 1

2 (1 + λ + ǫ) 1√
2






, (17)

with λ ∼ 0.2 and ǫ < 0.2. Therefore, the mixing among leptons appears to be

very different from the one in the quark sector. The number of relevant phases

characterizing the matrix VL depends on the Dirac or Majorana nature of neutrinos.
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With only three Majorana (Dirac) neutrinos, the 3×3 matrix VL involves six (four)

independent parameters: three mixing angles and three (one) phases.

At present, we still ignore whether neutrinos are Dirac or Majorana fermions.

Another important question to be addressed in the future concerns the possibility

of leptonic CP violation and its relevance for explaining the baryon asymmetry of

our universe through a leptogenesis mechanism.

The existence of lepton flavor violation opens a very interesting window to im-

prove our understanding of flavor dynamics. The smallness of the neutrino masses

implies a strong suppression of neutrinoless lepton-flavor-violation processes. How-

ever, this suppression can be avoided in models with other sources of lepton flavor

violation, not related to mνi
. The present experimental limits on lepton-flavor-

violating τ decays, at the 10−7 level,57,58 are already sensitive to new-physics scales

of the order of a few TeV. Further improvements at future experiments would allow

to explore interesting and totally unknown phenomena.
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(Proc. Suppl.) 76, 369 (1999).

43. A. Pich and J. Prades, JHEP 9910, 004 (1999); 9806, 013 (1998); Nucl. Phys. B
(Proc. Suppl.) 86, 236 (2000); 74, 309 (1999). J. Prades, Nucl. Phys. B (Proc. Suppl.)
76, 341 (1999).

44. S. Chen et al., Eur. Phys. J. C 22, 31 (2001). M. Davier et al., Nucl. Phys. B (Proc.
Suppl.) 98, 319 (2001).
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