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1. Introduction

The fact that the is the only lepton massive enough to decay into hadrons mlesxcel-
lent tool to study QCD, both perturbative and non-perttivieatsing the precise hadroriedecay
data provided by ALEPH [1]. The determination of the QCD dowpas(M;) [2—6], which be-
comes the most precise determinatiorogfMz) after QCD running, is an excellent example. In
this particular case the non-perturbative contributiorssérongly suppressed, but in other analy-
ses the non-perturbative effects are sizable and then enextect important phenomenological
hadronic matrix elements and other non-perturbative QCantijiies. Thanks to the fact that the
spectral function of tha decay can be separated experimentally in its vector and-aegtor
contributions, we can study their difference that is sghciateresting because it vanishes in per-
turbative QCD (in the chiral limit) and therefore it is a plyraon-perturbative quantity.

The 1-decay measurement of this— A spectral function has been used to perform [7—9]
phenomenological tests of the so-called Weinberg sum (\i&3Rs) [10], to compute the elec-
tromagnetic mass difference of the pions [8], and to deteenseveral QCD vacuum condensates
[11, 12] relevant for the computation ef /ek [13]. The common idea under these studies is the
use of the analyticity properties of the different two-godorrelation functions appearing in the
dynamical description of the hadronic width. As it is well known, analyticity allows us telate
different regions of the?-complex plane. Roughly speaking, one can relate in this regions
where we are able to compute analytically, either with GHr@xturbation TheoryXPT) or with
the short-distance Operator Product Expansion (OPE),re@lons where we are not able to com-
pute (except perhaps in the lattice) but that are experafigraccessible. This connection can be
used either to predict observables that we are not able ¢colesg “directly” or, in the other way
around, to extract the value of QCD parameters that are rexl fbxeoretically.

Using xPT [14—16], the hadronic-decay data can also be related to order parameters of the
spontaneous chiral symmetry breaking&B) of QCD.xPT is the effective field theory of QCD
at very low energies that describes the physics of thEEBNambu-Goldstone bosons through an
expansion in external momenta and quark masses, with deaefficthat are order parameters of
SxSB. At lowest order (LO), i.e.0(p?), all low-energy observables are described in terms of
the pion decay constarft; ~ 924 MeV and the light quark condensate. A&tp?*), the SU(3)
XPT Lagrangian contains 12 low-energy constants (LECs), ... 10 and Hi > [16], whereas at
0(p°) we have 94 (23) additional paramet&s; ... o4 (Ci"ll7...723) in the even (odd) intrinsic parity
sector [18]. These LECs are not fixed by symmetry requiresnaiaine and have to be determined
phenomenologically or using non-perturbative technigquésues for thel; couplings have been
obtained in the past with an acceptable accuracy (a recempitaiion can be found in ref. [19]),
but much less well determined are thép®) couplingsC;.

There has been a lot of recent activity to determine the ldbig€s analytically, using as much
as possible QCD information [20—29], and from lattice siatioins [40—43]. This strong effort
is motivated by the precision required in present phenoiogizal applications, which makes
necessary to include corrections 6f p°) where the huge number of unknown couplings is the
major source of theoretical uncertainty.

Here we explain how the determination of some of these LEG@deamproved significantly
using the most recent experimental data on hadromiecays [1]. In particular we will obtain the
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most accurate results for thgPT couplingsLg, Lio andCgy or equivalently, in theSU(2) xPT
language]s, I andcsg [30]. Previous work orlqg using T-decay data can be found in refs. [8, 9,
11, 31]. Our analysis is the first one which includes the knbwmloop xPT contributions and,
therefore, provides also the SU(3) (SU(Z)jp°) couplingsCg7 (Cso).

We will first introduce the sum rule relations that we will ugen we will show our results and
finally we will compare them with other recent analytic résand hadronic-data determinations.

2. Sum rule approach

Re(d”)

Figure 1: Analytic structure of1(s).

The basic objects of the theoretical analysis are the twitgorrelation functions of the non-
strange vector 7}, =V}, = tiy#d) and axial-vector (7}, = Al = ty* ysd) quark currents:

iy, (@ = 1 [ dxe™OT (7400 7u(0))[0)
= (- +d'q) Ny (@) + '’ MY (). (2.1)
In particular, we are interested in the differertés) = ﬂﬂ%ﬁ,l) - I'IEJ%TAD, and we will work in the

isospin limit (m, = my) wherel‘lfj%)‘v(qz) = 0. The analytic behaviour of this correlator is shown
in Fig.1, together with the complex circuit that we will usedpply Cauchy’s theorem. As we
are interested in relating thePT domain (very low energies) with thedata, we multiply this
correlator by a weight function of the forny4" with n > 0. In this way we generate a residue at
s= 0. Taking into account the OPE associated with our correltttarge momenta and working
with the cases = 1,2, one gets the following sum rules (see ref. [30] for a cardéuivation):

*ds 1 2f2
_gleff = == _ &'
8L5y = /S[h S nlml‘l(s) ] + M(0), (2.2)
©ds 1 2f2  dn
Eff = R — = —T[ E—
16Cg; = /S[h 2 nlml‘l(s) s + ds(O), (2.3)

where the integrations start at the threshgid= 4m?. These two relations represent the starting
point of our work and define the effective parametef$ andCgi. Their interest stems from the
fact that the I.h.s. can be extracted from the data (seeddeg)j while the r.h.s. can be rigourously
calculated withinyPT in terms of the LECs that we want to determine (see Secjion 4
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3. Determination of the effective parameters

celGev?)

2
So(GeV") 0_012[

-0.002f

1

1

1
0.010F |}

1
o.008F %

-0.004}
0.006f
0.004f
0.002

—-0.006

-0.008

—o0.010t s0(GeV?)

00 05 10 15 20 25 30

Figure 2: L8M(sp) andCEM(sp) from different sum rules. For clarity, we do not include theoe bands
associated with the modified weights.

We use the recent ALEPH data on hadronidecays [1], that provide the most precise mea-
surement of th& — A spectral function. In the integrals of equations (2.2) &d8)(we are forced
to cut the integration at a finite valig, neglecting in this way the rest of the integral fremto
infinity. The superconvergence propertied k) at large momenta imply a tiny contribution from
the neglected range of integration, providgds large enough. Nevertheless, this generates a the-
oretical error called quark-hadron duality violation (BVFrom thesy-sensitivity of the effective
parameters one can assess the size of this error.

In Fig. 2, we plot the value olf.‘ig obtained for different values & (solid lines), with the
one-sigma experimental error band, and we can see a quite stsult aky > 2 Ge\2. The weight
function 1/s decreases the impact of the high-energy region, minimigiegDV. The resulting
integral is then much better behaved than the corresporsdimgrules withs" (n > 0) weights.

There are some possible strategies to estimate the vaIL% @ind his error. One is to give
the predictions fixingsy at the so-called “duality points”, two points where the fiasid second
WSRs [10] happen to be satisfied. In this way we Ig§f = —(6.50+0.13) - 103, where the
uncertainty covers the values obtained at the two “dualitints”. If we assume that the integral
(2.2) oscillates around his asymptotic value with decrepsicillations and we perform an average
between the maxima and minima of the oscillations welgft= —(6.5+0.2) - 10-3. Another
way of estimating the DV uses appropriate oscillating fiomd defined in [33] which mimic the
real quark-hadron oscillations above the data. Theseifinxire defined such that they match
the data at~ 3 Ge\?, go to zero with decreasing oscillations and satisfy the W®Rs. We
find in this wayL‘i"g — —(6.50+0.12) - 103, where the error spans the range generated by the
different functions used. These estimates are in good agmeewith each other and give us a first
determination, but the most precise way to evaluate the ean be obtained taking advantage
of the WSRs to construct modified sum rules with weight festefs) proportional to(1—s/s),
in order to suppress numerically the role of the suspecbregrounds~ s [3]. Fig. 2 shows
the results obtained withv, (s) = (1—s/sp) /s (dashed line) andi(s) = (1—s/sp)? /s (dot-dashed
line). These weights give rise to very stable results ovarite qvide range of, values. One gets

LFrom a different but equivalent perspective, we are assyithiax the OPE is a good approximation Fofs) at any
|s|=so, what is not expected to happen near the real axis, and thétipes the DV.
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LS = —(6.51+0.06) - 103 usingws (s) andLS = —(6.4540.06) - 10-2 usingws(s). Taking into
account all the previous discussion, we quote as our finaltres

LT — —(6.48-+0.06)-10 3. (3.1)
0

We have made a completely analogous analysis to deter@@ﬁheThe results are shown in
Fig. 2. The solid lines, obtained from Eg. (2.3), are muchavstable than the corresponding results
for ng, due to the 152 factor in the integrand. The dashed and dot-dashed lineskiean obtained

2
with the modified weights w(s) = é (1—%) and w(s) zé (1—&? <1+2§>. The agreement
among the different estimates is quite remarkable, and oak fiesult is

e = (8.18+0.14)- 10 3GeV 2. (3.2)

Our result fon_fg agrees with [8, 11, 31], but our estimation includes a morefahassessment of
the theoretical errors. TheZo discrepancy between the estimation of ref. [9] and ourslsea

by an underestimation of the systematic error associatéu thé duality-point approach used in
that reference. Only in ref. [3r;§;f is also determined and it is in good agreement with our result

4. Determination of the xPT couplings
Using the results of ref. [32] to calculate ¥PT the r.h.s. of equations (2.2) and (2.3), we get

—8LSH = —8LYg() + G (1) + GEL()+ G (1) +Go (1), (4.1)
16C8T = Hi + 16 Cly (M) +HE (1) +HE (1) (4.2)

where the function&])| (i), H/ (1) are corrections of ordgs™ generated at theloop level, which
explicit analytic form [30] is omitted for simplicity.
Working at&(p*), the determination of the chiral couplingg is straightforward. One gets

To(L=Mp) = —(5.224+0.06)-10 3. (4.3)

At order p®, the numerical relation is more involved because the snwtiectionsG§ ,, (1)
contain some LECs that represent the main source of unusgrtir LY. It is useful to clas-
sify the &(p®) contributions through their ordering within the/Nc expansion. The tree-level
term G§, (i) contains the only&(p®) correction in the largeNc limit, 4m2(Ck;—C},—Chy);
this correction is numerically small because of thg suppression and can be estimated with a
moderate accuracy [25, 26, 32, 34, 35]. At NIG@L(H) contributes with a term of the form
mZ (Cs,—C}3—CL,). In the absence of information about these LECs we will adloptconserva-
tive range/Cy,— Cl5—Cg) < |C§;—Cl,—Cil/3, which generates the uncertainty that will dominate
our final error orLf,. Also at this order in INc there is the one-loop correctid®, (1), that is
proportional toL} which is better known [36]. Calculating the/iZ suppressed two-loop function
GS, (1) and taking all these contributions into account we finallythe wanted” (p®) result:

Lio(Mp) = —(4.06+0.04 ¢ +0.39 ecs)- 10 ° = —(4.06+0.39)-10°°, (4.4)

where the error has been split into its two main components.
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A recent reanalysis of the decasy — e vy [35], using new experimental data, has provided
quite accurate values for the combinatlof+ L1, both at ordeip* and p, that combined with our
results forl},(M,) give us

o (6.5440.15)- 103 [0(pY)], i
(M) = (5.50+0.40) - 10-3 [0(p9)]. (45

Repeating the process we have donelfgywith Cg, (where the only LEC involved ikg) we get

Ci7(M,) = (4.89+0.19)- 10 3 GeV 2. (4.6)

5. SU(2) xPT

Up to now, we have discussed the LECs of the usual SYP3) (Y PTs). It turns useful to con-
sider also the effective low-energy theory with only two flaxs of light quarks ¥PT>). In some
cases, this allows to perform high-accuracy phenomenmbdeterminations of the corresponding
LECs at NLO. Moreover, recent lattice simulations [43, 4Zhviwo dynamical quarks are already
able to obtain the SU(2) LECs with sufficient accuracy and ithian important check for them.

In SU(2) xPT, there are ten LEC§,.1_7 andhy 23, at &(p*) (NLO) [15]. Using thed'(p®)
relation betweeng () andL (1), recently obtained in ref. [37], we get

i 1330+0.11 [0(p")],
l5 = (5.1)
12.24+0.21 [0(p®)].

Analogously to theSU(3) case, the combinatiol — |5 has been determined from the analysis of
mT— lvy[44]. In combination with our determinations fbythis gives u$

i 15.8040.29 [0(p")];
le = (5.2)
15.2240.39 [0(p®)].

Making use of the recent results obtained in reference [3tan also rewrite our result for
C§; in the xPT, language, getting in this way the first determinatiortigf

cko(Mp) = (4.95+0.19)-10 3 GeV 2. (5.3)

6. Summary and comparison with previous estimates

Tables 1 and 2 summarize our determinations of chiral LECX pf) and&(p?), respectively.
They have been obtained through a sum rule analysis thaugelygeneral properties of QCD and
the measurell —A spectral function [1], and taking into account the resultsets. [35, 44].

Our determination ot} (Is) is the first one extracted fromdecay data at’(p®). We can
make an indirect and interesting check comparing 6Gp®) result for LS (Ie) with the value

2Actually, at orderp®, the most precise value of the combinatigr-T5 is obtained if we calculate it from tHgU(3)
combinationlLg + L1g of ref. [35]. In this way we have obtained a prediction fgthat supersedes that of ref. [30].
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XPT2 XPT3
Is=1224+0.21 Lio(Mp) = —(4.06+0.39)-10°3
g = 15.2240.39 L5(Mp) = (5.50+ 0.40) - 103
Lo = (4.954+0.19)- 102 GeV 2 | CL,(M,) = (4.89+0.19) - 103 GeV 2

Table 1: Results for the(PT LECs obtained af(p°®).

XPT2 XPT3
I5=1330+0.11 | L},(Mp) = —(5.22+£0.06) - 103
lg=1580+0.29 | L5(Mp)=(6.54+0.15)-10°3

Table 2: Results for the¢PT LECs obtained af(p?).

L5(Mp) = (5.93+£0.43)- 102 (Ig = 16.04 0.5+ 0.7) obtained from the charge radius of the
pion [36] ([45]). The agreement is very good and the improeetin the numerical value of is
remarkable.

At order p* we do have a previous estimate Idf, from T data [8] that found.},(M,) =
—(5.13+0.19) - 103, through a simultaneous fit of this parameter and the OPEecions of
dimensions six and eight to several spectral moments ofaleohic distribution. This determi-
nation is in good agreement with odr(p*) result. Our quoted uncertainty has an smaller ex-
perimental contribution and includes a better assessnightedheoretical uncertainties. We can
also perform an indirect check through the comparison of@{j*) result forL}, with the value
Lg(Mp) = (6.9+0.7) - 102 obtained from the charge radius of the pion [19]. We see aga@ry
good agreement and a clear improvement in the precision.

If we shift now from phenomenology to theory, we can compamaesults with those obtained
from analytical approaches and lattice simulations. Oterdeinations ofL},(M,) andCg,(My)
agree within errors with the largbls estimates based on lowest-meson dominance [21, 24, 32, 38],
Lio~ —3f2/(8M3) ~ —5.4-10~2 andCg7 ~ 7f2/(32M{) ~ 5.3- 103 GeV 2, and with the re-
sult of ref. [28] for Cg7, based on Padé approximants. These predictions howevemalsde
to fix the scale dependence which is of higher-order /NGl More recently the resonance chi-
ral theory Lagrangian [24, 39] has been used to analyse thelatorM(s) at NLO order in the
1/Nc expansion. Matching the effective field theory descriptiath the short-distance QCD be-
haviour, both LECs are determined, keeping full controhefii-dependence. The predicted values
Lio(Mp) = —(4.4+0.9) - 102 andC§;(M,) = (3.6+1.3) - 102 GeV 2 [29] are in perfect agree-
ment with our results, although less precise.

The most recent lattice calculations find the following tess(orderp®):

(M) —(5.2+05)-10°3 [40,

101 ~(5.7+£11+0.7)-10°3 [41],
T J 149412407 (42, (6.1)
®7 ) 119+07+10 43 '

They are in good agreement with our determinations (althatif] far from the phenomenological
precision), but for the last one that is slightly smaller.ddscussed in ref. [43], this is partly due to
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the deviation of the lattice determination of the pion decagstant from thgfPT one.
Therefore we can conclude that the different analyticalra@ghes and the various lattice
calculations agree very well with our precise phenomericédgalues.
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