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INTRODUCTION

Sixty years ago Sidon [7] asked, in the course of some investigations of Fourier
series, for a sequence a; < asg... for which the sums a; + a; are all distinct and
for which aj tends to infinity as slowly as possible. Sidon called these sequences,
B, sequences. The greedly algorithm gives a, < k2 and this was the best result
until Atjai, Komlos and Szemeredi [1] found a By sequence satisfying a, = o(k?).
However, this result is far from the main conjecture about By sequences.

Conjecture. Corresponding to every e > 0, there exists a By sequence A such that
a; K j2+6.

In general we say that a sequence A is a Bs[g] sequence if r,(A) < g for all
integer n, where r,(A) is the number of representations of n in the form n = a + b,
a<b(abeA).

In 1960, P.Erdés and A.Renyi [5], using probabilistic methods, proved the fol-
lowing first steps towards the conjecture.

Theorem. (Erdds-Renyi): Corresponding to every € > 0, there exists a natural
number g and a Bslg] sequence A such that a; < j*Te.

On the other hand it is easy to see that a Bs[g] sequence has to satisfy a; < j2.
Thus, it seems that the sequence of squares is on the border line for this kind
of problem. For this reason and because of the conexion between the additive
properties of the sequence of squares and the Fourier Series in the form akeik%,
we have been interested in the study of By sequences whose terms are squares.

The entire sequence of squares cannot be a Bs[g] sequence for any g because the
function r(n) = #{n;n = a® + b, a < b} is not bounded uniformily in n.

However, in [3] we proved the existence of a Ba-sequence of squares {a?} such
that a7 < k*. (The reader is referred also to [4] and to the discussion in [6].)

The main purpose of this note is to show that A in the Erdés-Renyi theorem can
be taken to be a subsequence of the squares.
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Theorem 1. Corresponding to every € > 0, there exists a natural number g and a
Bs[g] sequence of squares {a2} such that aj < k1T,

We will use Erdos construction of a probability measure on the space of integer
sequences such that (in the resulting probability space) almost all integer sequences
have some prescribed rate of growth; thus the probable behaviour of the represen-
tation function in the addtion of sequences of precribed rates of growth may then
be investigated without further reference to these rates of growth.

PROOF OF THE THEOREM 1.

We will prove the theorem showing, for every € > 0, the existence of a natural
number g and a sequence {ay }, with a < k'3 such that for every integer n > n(e),
the number of the representations of n in the form n = a% + a?7 ar < a; is less or
equal than g.

Let Q = {w} be the space of all the sequences of integers. First of all we
will construct, for every € > 0, a probability space such that with probability 1
the sequences in that space satisfy a; ~ ccj 1+%. We will need the following two
theorems which can be found in [6], pg 142-144.

Theorem. Let aq, s, asz,... be real numbers satisfying 0 < a,, < 1. Then. there
exists a probability space (2, S, u) with the following two properties:

i) For every natural number n, the event BT = {w;n € w} is measurable and
p(B™) = an,.

it) The events BW B@ . are independents.

1
Theorem. Let o; = — for every integer j > 1, 0 < ¢ < 1. Then, with probability
jC

1 in the space described above, the elements a; of the sequences w = {a;} satisfy

1 .
a; ~(l—c¢)jT=< as j — oo.

For our purpose we choose ¢ = in the latter theorem. Then, with proba-

+e€
bility 1, the elements a; of the sequences w = {a;} satisfy a; ~ 2%_6 s,
We define 7,(w) = #{n = a3 +aj; a; < ag, aj,ar € w}. Next, we will
prove that for every g > % —1= %, with probability 1, r,(w) < g for every integer
n > n(e). Erdés and Renyi also obtained the estimation g > 2.

We appeal to the Borel-Cantelli lemma.

Theorem. Let {E,} be a sequence of measurable events.
If Zu(En) < +o00; then, with probability 1, at most a finite number of such
n=1

events can occur.
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For a natural number g > % — 1 we consider the events E,, = {w;r,(w) > g}

and we will prove that Z pu(E,) < 4+00. Then, with probability 1, at most a finity

n=1
number of events can occur and the theorem will follow.

We have

w(Ey) = Z w(Ey.q), where E, = {w;r,(w)=d}.
d>g+1
Let r(n) be the function r(n) = #{n = a®> +v%; 0 < a < b}. Then, n =
CL% + bl = r(n) + br(n)’ @; < b
If r,,(w) = d then each component of exactly d pairs (aj,,bj, ), ..., (a;,,b;,) among
the r(n) pairs (a1, b1), ..., (@r(n), br(n)) belongs to w.
Let E, 4(j1, ..., ja) be the event

{wyaj, , by, .cyaj,,bj, €w,ak or by €w, k # j;,i=1,...,d}.

Then
M(En,d) = Z M(En,d(jh 7jd)>

1<j1--<ja<r(n)

and

1(En,a(J1; s Ja)) HM{W aj b, ewy ] (1—p{wian, b € w});

k#ji
i=1,...,d

here p{w;a,b e w} = except when a = b. In this case p{w;a,a € w} =

p{wa € w} = L.

e

Estimation of u(E,) for n # 2a2.
We have

//L(End(jla' 7]d SH—

Pl (aj,bj,)°’

d
1
whence

M(En,d) = Z H(En,d(jlv 7]d)) < Z H 1

—FF— <
‘ : ‘ . =+ (aj,b,)°
1<j1<--<ga<r(n) 1<j1<-<ja<r(n) i=1



d
1 1
S — -
d! a2—§—n (ab)
a<b
If a2 +b% =n, a < b, then b > y/n/2. We define a,, = min a and we have

a?2+b2=n,a>0

d
1 r(n)
p(En,q) < a (m) .

r(n)

It is a well known fact that, for every 6 > 0, —s= — 0 as n — oco. Hence there
n
r(n)

————— < — for every n > ng, and we have
(any/n/2)c — 2

exists ng = ng(e) such that

g+1
) 2 (s

for n > ny.

Estimation of u(E,) for n = 2a2.
Here

pwimn(w) > g} = p{wimn (@) > g,a € wh + pwirn(w) > g,a ¢ w} <

g g+1
12 r(n) —1 1 2 r(n) —1
=@y ((an n/z>c> ! (1 ac) (g+ 1! ((an n/2>c> =

for > ny.

Completion of proof.

Define r; = max r(n), and suppose 0 < § < £. From above, r; < 2% for
2i <n<2i+1 4

jo > j(8), and we may suppose also that 270 > ny.




We write

ZIU’(En) = Z M(En)+ Z M(En>'

n<290 n>2790

The first sum is finite and the second sum can be written in the form

> Z S uE)+ > (B p =31+,

J>jo m=g+1 27 <9+l 27 <i+1
r(n)=m,n=2a> r(n)=m,n#2a>

say; at once

e Y () -y sacn) <
Shemegn 9 D25
276(9+2) o
g+ )! > S 22.
3>Jo
1— 46
and this sum is finite if g > c_—i—
c—20
Next,
Tj 2 g+1
N NI
J>jom=g+1l 2i<p<2it! (g+ ) (an22)c
r(n)=m,n#2a>
g+1
§ 12 Z > ( ) #{n;27 <n <2t a, =k} <
J>jo m=g+1 1<k S%
Z 276(9+2) o Z 1
l JC(9+1) T.c(g+1) "
g+ o = kclg+1)

The last serie is convergent because g > % — 1. Then X5 is finite if g satisfies
1—c+46
c—20
Finally, it is clear that 6 can be chosen small enough so that the natural number
g > % — 1 satisfies even the last condition.
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