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ABSTRACT. When A and B are subsets of the integers in [1, X] and [1, Y] respectively,
with |A| > aX and | B| > 8X, we show that the number of rational numbers expressible
as a/b with (a,b) in A x Bis > (af)T°XY for any e > 0, where the implied constant
depends on € alone. We then construct examples that show that this bound cannot in
general be improved to > afXY. We also resolve the natural generalisation of our
problem to arbitrary subsets C' of the integer points in [1, X| x [1,Y]. Finally, we apply
our results to answer a question of Sarkozy concerning the differences of consecutive

terms of the product sequence of a given integer sequence.

1. INTRODUCTION

When A and B are intervals in the integers in [1, X| and [1, Y] respectively, satisfying
|A] > aX and |B| > BY, where X, Y real numbers > 1, a, (3 are real numbers in
(0, 1], a standard application of the Mobius inversion formula shows that the number
of rational numbers a/b with (a,b) in A x Bis> afXY.

Our purpose is to investigate what might be deduced when in place of intervals we
consider arbitrary subsets A and B of the integers in [1, X| and [1, Y] respectively with
|A| > aX and |B| > Y. When A and B are not intervals, it may happen that an
abnormally large number of elements of these sets are multiples of certain integers,
determining which in general is not easy. Nevertheless, since the sets under consider-
ation are large, popular heuristics suggest that a non-trivial conclusion should still be
accessible. What is pleasing is that we in fact have the following theorem, which is our
principal conclusion. In the statement of this theorem and thereafter we write A/B to
denote the subset of Q consisting of all rational numbers expressible as a/b with (a, b)

in A x B for any A and B subsets of the integers > 1.

THEOREM 1.1. — Let o and (3 be real numbers in (0,1] and X and Y real numbers > 1.
When A and B are subsets of the integers in [1, X| and [1, Y] respectively, with |A| > aX and
|B| > BY we have |A/B| > (af)'" XY for any € > 0, where the implied constant depends
on e alone.
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Deferring the detailed proof of Theorem 1.1 to Section 2, let us summarize our argu-
ment with the aid of the following notation. For any integer d > 1, A and B subsets
of the integers > 1, we write M(A, B, d) to denote the subset of A x B consisting of
all (a,b) in A x B with ged(a,b) = d. We show in Proposition 2.1 that for A and B
as in Theorem 1.1 we have sup,s, [M(A4, B,d)| > $(af)*’XY. Starting from this initial
bound we then obtain sup,., |M(A, B,d)| > (a3)'“XY by a bootstrapping argument.
Theorem 1.1 follows immediately from this last bound, since for any integer d > 1 we
have a/b # a;/b; for any two points (a,b) and (as,b;) of M(A, B,d), and therefore
|4/B| > supgsy |M(A, B.d).

We supplement Theorem 1.1 with the following result which shows that the bound
provided by Theorem 1.1 cannot be replaced with |A/B| > afXY. This bound, as we
have already remarked, holds when A and B are intervals.

THEOREM 1.2. — For any € > 0, there exists o > 0 such that for all sufficiently large X there
exists a subset A of the integers in [1, X| satisfying |A| > aX and |A/A| < ea® X2,

We prove Theorem 1.2 in Section 3. Our method depends on the observation that
for any e > 0 and any set of prime numbers P with |P| sufficiently large, we have
1IS(P)/S(P)| < €|S(P)|*, where S(P) is the set of squarefree integers d formed from
the primes in the subsets of P containing about half the primes in P. By means of this
observation we deduce that, for a suitable P, the set of multiples of the elements of
S(P) in [1, X|, meets the conditions of Theorem 1.2.

The questions answered by the above theorems may be viewed as particular cases of
a more general problem namely, for X and Y real numbers > 1 and v in (0, 1], given
a subset C' of the integer points in [1, X| x [1,Y] satisfying |C| > vXY, to determine
in terms of 7, X and Y an optimal lower bound for Frac(C'), the number of rational
numbers a/b with (a,b) in C. Plainly, the above theorems take up the special case
when C'is of the form A x B, that is, when C' is equal to the product of its projections

onto the co-ordinate axes.

It turns out, however, that aforementioned general problem is somewhat easily re-
solved. In effect, the method of Proposition 2.1 generalizes without additional effort
to give the bound |Frac(C')| > £72XY and, interestingly, this bound is in fact optimal

upto the constant 3. More precisely, we have the following theorem.

THEOREM 1.3. — For any ~y in (0, 1] and all sufficiently large X and Y there exists a subset
C of the integer points in [1, X| x [1,Y] satisfying |C] > I XY and |Frac(C)| < %XY.

We prove Theorem 1.3 at the end of Section 3 by explicitly describing sets C' that satisfy
the conditions of this theorem. Such sets are in general far from being of the form

A x B, which is only natural on account of Theorem 1.1. Indeed, our bootstrapping
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argument for Theorem 1.1 depends crucially on the fact that this theorem is, from the

more general point view, about sets C' which are of the form A x B.

We conclude this note with Section 4 where we apply Theorem 1.1 to obtain a near-
optimal answer to the following question of Sarkozy. When A, B are sequences of
integers, let 4.3 be the sequence whose terms are the integers of the form ab, for some
a € A, b € B. Then Sarkozy [4] asks if it is true that for any o > 0 and A such that the
lower asymptotic density d(A) > « there is a ¢(«) such that there are infinitely many
pairs of consecutive terms of A.A the difference between which is bounded by ¢(«).

Berczi [1] responded to the aforementioned question of Sarkézy by showing that the
minimum of the differences between consecutive terms of A.A is <« %, where o« =
d(A). Sandor [3] subsequently improved this by showing that this minimum is in fact
< 25, with o now the upper asymptotic density d(A) of A. Cilleruelo and Le [2]
obtained the same bound when « is the upper Banach density of .4 and showed that
this is the best possible bound for this density. The following result improves upon

and generalizes Sandor’s conclusion.

THEOREM 1.4. — Let aw and (3 be real numbers in (0, 1] and let € be > 0. When A and B are
infinite sequences of integers with upper asymptotic densities o and [3 respectively, there are
infinitely many pairs of consecutive terms of the product sequence A.B the difference between

which is < W, where the implied constant depends on € alone.

When A and B are the sequences of multiples of the integers i and k respectively, the
difference between any two consecutive terms of the sequence A.B is > hk. Since we
have d(A) = } and d(B) = 1, we see that the conclusion of Theorem 1.4 is optimal up

_1
to a factor R

Throughout this note, X, Y shall denote real numbers > 1 and «, 3, v real numbers in
(0,1]. Also, the letter p shall denote a prime number. When [ and J are subsets of a
given set, I \ J shall denote the set of elements of / that are not in J. In addition to the
notation introduced so far, we shall write A, to denote the subset of a set of integers A
consisting of all multiples of d in A for any integer d. Finally, if B = {b} with b > 1, we
simply write A/b in place of A/B, by an abuse of notation.

2. PROOF OF THE BOUND

Let A and B be finite subsets of the integers > 1. Then the family of subsets M(A, B, d)
of A x B, with d varying over the integers > 1, is a partition of A x 5. Consequently,

we have

(1) [Ax Bl = Y IM(A B.d).

d>1
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When A and B are contained in [1, X] and [1, Y] respectively, we have |4, < X/d and
|Bq| < Y/d, for any d > 1. Since M(A, B,d) is contained in A, x B,, we then obtain
IM(A, B,d)| < |Ad||Bq| < 25, foralld > 1.

PROPOSITION 2.1. — When A and B are subsets of the integers in the intervals [1, X| and
[1, Y] respectively, with |A| > aX and |B| > 3Y, we have supys, |M(A, B,d)| > %.

PROOF.— We adapt an argument from [2]. From (1) we have for any integer 7" > 1 that

2 [AxB| = Y IMABd+Y IMABd < Y |M(A,B,d)|+ﬂ,

T
1<d<T T<d 1<d<T

where the last inequality follows from Y ,._,|M(A, B,d)| < > ,_, 23 < %F. Since
|A x B| > afXY we conclude from (2) that

1 _ 1
(3) sup IM(A, B,d)| > T Z IM(A, B,d)| > (CMTT) XY

dz1 1<d<T

4
aB
proposition now follows on setting 7" in (3) to be any such integer.

for any integer 7' > 1. Since 2 > af3, the interval [;—B, | contains an integer > 1. The

DEFINITION 2.1— We call a real number ¢ an admissible exponent if there exists a real
number C' > 0 such that for any «, 3 real numbers in (0, 1], any X, Y real numbers
> 1 and any subsets A and B of the integers in [1, X| and [1,Y] with |A| > aX and
|B| > BY, we have sup;., |[M(A, B,d)] > C(af)’XY. We call a C satisfying these

conditions a constant associated to the admissible exponent 4.

Proposition 2.1 says that 0 = 2 is an admissible exponent. Proposition 2.2 will allow us
to conclude that every ¢ > 1 is an admissible exponent. The following lemma prepares

us for an application of Holder’s inequality within the proof of Proposition 2.2.

For any integer n > 1 let 7(n) denote, as usual, the number of integers > 1 that divide
n. When D is an integer > 1 we write 7(n) to denote the number of divisors d of n

satisfying the condition p|d = p < D for any prime number p.

LEMMA 2.1. — When q is an integer > 0 there is a real number c(q) > 0 such that for all real
numbers X > 1 and integers D > 1 we have

(4) S 7o) < clg)DX

PROOF.— In effect, we have
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(5) > 7p(n)? < X(log2D)* < (2') DX,

1<n<X
where the implied constants are absolute. Plainly, the second inequality results from
the elementary inequality (logt)” < n!t for ¢t > 1. We now prove the first inequality in
(5). Let us write D for the set of integers m satisfying the condition pjm = p < D.
For any integer n > 1, let k(n) be the largest of the divisors of n lying in D. We then
have that

©6) S o)=Y rm)r Y 1gx27(:)q ,

where we have used the upper bound X/m for the number of integers n in [1, X | with

k(n) = m. Let us write S(q) for any integer ¢ > 0 to denote the last sum in (6). Since
gD/

Merten’s formula gives [[,,.p(1 — 713) ~ with v here being Euler’s constant, we

have

7) S(O):Z%: 11 (1+%+}%+...) = 11 (1—%>_1<<10g2D,

meD 1<p<D 1<p<D

where the implied constant is absolute. On noting that every divisor of an integer in D

is again in D and using 7(dk) < 7(d)7(k), valid for any integers d and k > 1, we obtain

2
7(m)? 7(m)a1 7(dk)? 1 7(d)s!
S S L S = — <
®) Z m Z m Z L Z dk - Z d
meD meD djm (d,k)eDx D deD

In other words, S(¢) < S(¢ — 1)?, for any ¢ > 1. An induction on ¢ then shows that
for any integer ¢ > 0 we have S(q) < 5(0)* < (log D)**, where the implied constant is
absolute. On combining this bound with (6) we obtain the first inequality in (5).

36(141/g)-2

PROPOSITION 2.2. — If 0 > 1 is an admissible exponent then so is == s5"— for every

integer ¢ > 1.

PROOF.— Let ¢ be a given integer > 1 and, for the sake of conciseness, let us write ¢’ to

36(1+1/q)—2

551+ Whichis > 1 since J > 1.

denote

When C'is a constant associated to J, let us set C’ to be the unique real number > 0
satisfying

©) o = (&) sty
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where ¢(q) is the implied constant in (4) of Lemma 2.1. It is easily seen from (9) that by
replacing C' with a smaller constant associated to ¢ if necessary we may assume that
> o

;>0

We shall show that ¢’ is an admissible exponent with C” a constant associated to ¢'.
Thus let «, 3 be real numbers in (0, 1] and X, Y real numbers > 1. Also, let A and B be
any subsets of the integers in [1, X] and [1, Y] satisfying |A| > aX and |B| > Y. We
shall show that

(10) sup |[M(A, B,d)| > C'(aB)” XY .

a>1
Replacing o and § with o/ > a and ' > @ such that o/ < |A| < 2o/ and ' < |B| < 24
if necessary, we reduce to the case when |A| < 2a.X and |B| < 25Y.

Let us first dispose of the possibility that an abnormally large number of the integers
in A and B are multiples of a given integer. Thus let ay = |A4|/X and 54 = |B4|/Y, for
any integer d > 1. Suppose that there exists an integer d > 1 such that

!/

(11) agBy > (%)6 (ap)5di2.

Then A; and B, are both non-empty and therefore X and Y are both > d. Further,
the sets A;/d and B,/d are subsets of the integers in [1, X/d| and [1, Y/d]. Since § is an
admissible exponent, C' a constant associated to ¢, and we have |A,/d| = (dag)|X/d|,
|Ba/d| = (dB4)|X/d|, there exists an integer d’ > 1 such that

(12) IM(Ag/d, Bg/d,d)| > C(d2adﬁd)5% > C'ap)? XY |

where the last inequality follows from (11). Since |[M(A,/d, Bq/d,d")| does not exceed
|IM(A, B,dd’)|, we obtain (10) from (12). We may therefore verify (10) assuming that

for every integer d > 1 we have

!

(13) eabls < (%) (af)5di

With the aid of (13) we shall in fact obtain a more precise conclusion than (10). Let us

set K = % and L = 1 + [K]. We shall show that

(14) =Y IM(A,B.d)| = Clap) XY
1<d<L

so that we have |M(A4, B,d)| > C'(a3)” XY for some integer d < L , which of course

(af)t =’

implies (10). Note that since L is roughly about =

from (1).

, (14) is what one might expect
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Let D be an integer in [ %3, 75]. Thus in particular D > 1. When L > D we obtain (14)
even without (13). In effect, we then have K > 1 and hence that L. < 2K or, what is

(af)t-?
4C"

T > D, and in particular for 7' = L, we have from (3) that

the same thing, that L <

from which (14) follows on noting that for any integer

(15) % S IM(A,B,d)| > (aﬁT_%)XY > (—aﬁ;%)XY > XY

2T
1<d<T

Suppose now that 1 < L < D. Let us first verify that for any integer 7" such that
1 < T < D we have the following inequality on account of (13).

(16) 1 )

C’ % o 1 1 ? ?

> IM(A,B.d)| < (5) (ag) 5T <XY>2< > |Adr> (Z !Bd!>
T<d<D T<d<D T<d<D

Indeed, for any integer d satisfying 7' < d < D we have that

1
5

1 1 1 C’ | 1 1 1
07)  AallBal = ax s HAB < (G ) @a)BTI (ev)tadid

where the last inequality follows from (13) on noting that ds ="' < 7'~ for d satisfying
T < d < D,since § > 1. On combining the bound |M(A4, B, d)| < |A4||Ba| with (17)
and an application of the Cauchy-Schwarz inequality we obtain (16).

We now estimate the sums on the right hand side of (16). An application of Holder’s

inequality gives

(18) SlAd = Y Y 1< 1) < Al < > TD(n)q>q :

T<d<D T<d<D nE|A, neA 1<n<X
d|n

From Lemma 2.1 we have the upper bound ¢(q)DX for the last sum in (18). Since
|A| < 2aX and D < -, we deduce from (18) that

(19) 3 Al < (20)' 7157 (4e(q)) 7 X.

T<d<D

Arguing similarly, we obtain the bound

(20) S IBal < 28) a7 1 (4c(g)) 7Y

T<d<D

With these estimates we conclude from (16) that for any integer 7" satisfying 1 < 71" < D

we have
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-

3

27T (de(q)) XY

‘ &
S
w

@) Y MBI < 2((’;) (o)

T<d<D

We now reveal that our choices for C’ and §’ were made so that K satisfies the relation

CNF i3 31 (1o — @7
@ 2(5)" @0 (et = 27

as may be confirmed by a modest calculation using the expressions defining C” and ¢’

in terms of C and 4.

We see that ), _,_, [M(A, B,d)| < 2P XY using (21) for T = L together with (22) and
noting that K < L. Since (15) applied with T" = D gives us >, ,.p IM(A, B,d)| >
%QX Y, we conclude that when 1 < L < D we have

(23) % > IM(A, B, d)| > Byy .

4L
1<d<L
If L = 1 we obtain (14) from (23) on noting that aﬁ > C’(aﬁ) since 1 > C"and 1 < ¢'.
When 1 < L < Dwehave 1 < K and hence L < ( 4)0, so that (14) results from (23) in
this final case as well.

COROLLARY 2.1. — Every 6 > 1 is an admissible exponent.

PROOF. — Let ¢ be any integer > 4 and let {J,,(¢) }»>1 the sequence of real numbers
determined by the relations d;(¢) = 2 and

36,(q) (1 n 5) _9

(24) 5n+1<Q) - 25 ((]) .

for n > 1. Then each 4,(¢) is an admissible exponent by Propositions 2.1 and 2.2. It is
easily verified that the sequence 4,,(¢) is decreasing and has a limit d(¢) given by the

relation

3 1/6 9
2 Mg =14+—+y/-+—.
(25) @=1+ L +3\/7+ 10
Plainly, any § > d(¢) is an admissible exponent. The corollary now follows on taking ¢
arbitrarily large in (25).
Theorem 1.1 follows from the above corollary and the definition of admissible expo-
nents on recalling that |A/B| > sup,;-, |[M(A, B,d)|.

3. COUNTEREXAMPLES
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Let us first prove Theorem 1.2. To this end, given an integer m > 1 let P denote any set
of 2m prime numbers and, for any subset I of P, let d(I) = [[,; p. If S(P) denotes the

set of all d(I) with |/| = m, we have the following lemma.

LEMMA 3.1. — For any € > 0, we have |S(P)/S(P)| < €|S(P)|? for all sufficiently large m.

PROOF. — Plainly, we have |S(P)| = (*""). Let Q be the set of ordered pairs of disjoint

subsets of P. Then, for any I and J subsets of P, we have

d(l) _ d(I'\J)

@) d(J) d(J\I)’

and since I \ J and J \ I are disjoint, (I \ J,J\ I)isin Q. Thus |S(P)/S(P)| < |Q|. Let
us associate any (U, V) in Q to the map from P to the three element set {1,2, 3} that
takes U to 1, V to 2 and the complement of U U V in P to 3. It is easily seen that this
association in fact gives a bijection from Q onto the set of maps from P to {1,2,3} and

hence that |Q| = 3. In summary, we deduce that

32m 3 2m
@ ISPISP) < 10] = 8 = ISP < Cnot1) (3) s,
where we have used the inequality (") > ;2. The lemma follows from (2) on noting

that (2m + 1)? (%)2m — 0asm — +oo.

PROOF OF THEOREM 1.2. — Given an integer m > 1, it is easily deduced from the
prime number theorem that the interval [T', 7'+ T'/m| contains at least 2m prime num-
bers when T’ is sufficiently large. For such a T, let P be a subset of 2m prime numbers
in [T,T + T/m]. If A(P) is the sequence of integers > 1 that are divisible by at least
one of the integers d(I) in S(P) then a simple application of the principle of inclusion

and exclusion implies that A(P) has an asymptotic density «(P) that is given by the

relation
r 1
R R N P et
1§r§(2;7) 1§i1<z’2...<z‘T§(27;") n 2 ir
where I, I, ..., I (2m) are the subsets of cardinality m in P.

For any i we have 7™ < d(I;) < (14 +)™T™ < eI™. Consequently, for the term r = 1

in (3) we obtain

@) 3 1 > (2;:)
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When r > 2, we have that d([;, U I;, ... U I;,), for any distinct indices iy, i3 . . ., i,, has at
least £+ 1 prime factors in P and hence is > T™"!. Tt follows from (3) and these bounds

that we have

(2m) 2(2717) (2m)

> nL > n

©) (P2 o ~ w1 = 3pm

when T is sufficiently large. In particular, on recalling that [S(P)| = (

2m
m

), we obtain
that for any integer m > 1, we have

©) a(P) = S

for all sufficiently large 7" and P any set of 2m prime numbers in [T, 7'+ T'/m).

Finally, for P as above and any X > 1, let us set A = A(P) N [1, X]. Since a(P) is the

asymptotic density of A(P), we have from (6) that |A| > %—@'X , for all large enough

X and T. Clearly, each integer in A is of the form d(I)n, for some d(I) in S(P) and
an integer n, which must necessarily be < =, since A is in [1, X] and d(I) > T™.

Consequently, we have we have |A4/A| < BEZ2USPN x2

T. On comparing |A| and |A/A| by means of Lemma 3.1, we see that A meets the

, for all large enough X and

conditions of Theorem 1.2 when m, T'and X are all sufficiently large.

PROOF OF THEOREM 1.3. — The number of primitive integer points, that is, integer
points with coprime co-ordinates, in [1,7.X] x [1,7Y]is ~ $+2XY as X, Y — oc. Thus
for any v in (0, 1] and all sufficiently large X and Y/, there is a subset S of the primitive
integer points in [1,7.X] x [1,~7Y] satisfying %X Y <9 < %X Y. Let us take for C the
union of the sets d.S with d varying over the interval |1, %}, where each d.S is the set
of (da, db) with (a, b) varying over S. Then C'is contained in [1, X] x [1,Y]. Moreover,
the sets d.S are disjoint but Frac(d.S) = Frac(5), for each d, and |Frac(S)| = |S|. We
therefore have |C| = [%]|S| > 3 XY but |[Frac(C)| = |Frac(S)| = |S] < gXY.
4. GAPS IN PRODUCT SEQUENCES

We now deduce Theorem 1.4 from Theorem 1.1. Let A and B be sequences with upper
asymptotic densities a and 3. Then there exist infinitely many real numbers X and
Y > 1such that |[AN (3,X]] > %X and |BN (4,Y]| > 2. For such X and Y let us
apply Theorem 1.1 to the sets A = AN (£, X] and B = BN (4,Y]. We then have that

|A/B| > (af)'**XY, where the implied constant depends on ¢ alone. Since A/B is a

subset of the interval [, 2X], which is of length &, we deduce that there are distinct

a/band @' /b in A/B such that

a/

a XY 1
b

< (aB)+eXY - (af)i+ey?

(1) 0<
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Since |bb'| < Y?, it follows from (1) that difference between the distinct terms ba’ and

b'a of the product sequence A.B is < W Since there are infinitely many distinct X
and Y satisfying the required conditions, there are infinitely many such pairs of terms

in the product sequence A.B.
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