DENSE SETS OF INTEGERS WITH PRESCRIBED
REPRESENTATION FUNCTIONS

JAVIER CILLERUELO AND MELVYN B. NATHANSON

ABSTRACT. Let A be a set of integers and let h > 2. For every integer n, let 7.4 »(n)
denote the number of representations of n in the form n = a3 + --- + ap, where
a; € Afor1 <i < h,and a; < -+ < ap. The function 74, : Z — N, where
N = NU {0, oo}, is the representation function of order h for A.

We prove that, given a positive integer g, every function f : Z — N satisfying
liminf|,| o f(n) > g is the representation function of order h of a sequence A
of integers “almost” as dense as any given Bj[g] sequence. In particular we prove
that, given an integer h > 2 and € > 0, there exists g = g(h, €) such that for any
function f : Z — N satisfying liminf|,| . f(n) > g there exists a sequence A
satisfying 74, n = f and |AN[1,z]| > z(1/M =,

Roughly speaking we prove that the problem of finding a dense set of integers
with a  prescribed representation  function f of  order h and
liminf|,| o f(n) > g is “equivalent” to the classical problem of finding dense
By, [g] sequences of positive integers.

1. INTRODUCTION

Let A be a set of integers and let h > 2. For every integer n, let r4,5(n) denote the
number of representations of n in the form

n=ai+---+an

where a1 < -+ < ap and a; € A for 1 < i < h. The function r4, : Z — N is the
representation function of order h for A, where N = N U {0, oo}.

Nathanson proved [8] that any function f : Z — N satisfying liminf,,| . f(n) > 1 is
the representation function of order h of a set of integers A such that

(1) A(z) > ot/ P,

where A(x) counts the number of positive elements a € A no greater than z and f(x) >
g(z) means that there exists a constant C' > 0 such that f(z) > Cg(z) for = large enough.

It is an open problem to determine how dense these sets A can be. In this paper
we study the connection between this problem and the problem of finding dense Bp[g]
sequences. We recall that a set B of nonnegative integers is called a Bj[g] sequence if

ren(n) <g

for every nonnegative integer n. It is usual to write Bj to denote Bj[1] sequences.

Luczak and Schoen [7] proved that any Bj sequence satisfying an additional kind of
Sidon property (see [7] for the definition of this property, which they call the S}, prop-
erty) can be enlarged to obtain a sequence with any prescribed representation function
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f satisfying liminf|,;|—o f(z) > 1. In particular, since they prove that there exists a Bp

sequence A satisfying the Sy property with A(z) > /3"~ they recover Nathanson’s
result.

1.1. Main result. In this paper we prove that any Bj[g] sequence, without any additional
property, can be modified to have any prescribed representation function f of order h
satisfying liminf|;| o f(z) > g. Our main theorem is the following.

Theorem 1.1. Let f : Z — N be any function such that liminf),| o f(n) > g and let
B be any Bylg] sequence. Then, for any decreasing function e(x) — 0 as © — oo, there
ezists a sequence A of integers such that

ran(n)=f(n) forall neZ and A(x) > B(ze(x)).

Roughly speaking, theorem above says that the problem of finding dense sets of integers
with prescribed representation functions with liminf|,| ., f(n) > g is “equivalent” to the
classical problem of finding dense Bj,[g] sequences of positive integers.

It is a difficult problem to construct dense Bj[g] sequences. A trivial counting argument
gives B(z) < 2/ for these sequences. On the other hand, the greedy algorithm shows
that there exists a Bj sequence B such that

(2) B(z) > /1,

For B; sequences, also called Sidon sets, Ruzsa proved [10] that there exists a Sidon set
B such that

(3) B(z) >z o),

This result and Theorem 1.1 give the following corollary.

Corollary 1. Let f : Z — N any function such that liminf|,| . f(n) > 1. Then there
ezists a sequence of integers A such that

ra2(n)= f(n) forall neZ and A(z) > V2t

This result gives an affirmative answer to the third open problem in [1], which was also
posed previously in [9]. Unfortunately, nothing better than (4) is known for B}, sequences
when h > 3.

Erdds and Renyi [4] proved however that, for any e > 0, there exists a positive integer
g and a Bs[g] sequence B such that B(z) > z'/27¢. They claimed that the probabilistic
method they used could be extended to Bj[g] sequences, but a serious problem with non-
independent events appears when h > 3. As an application of a more general theory,
Vu [12] overcame this problem. He proved that for any integer h > 2 and for any € > 0,
there exists an integer g = g(h, €) <5 €' =" and a By[g] sequence B such that

B(z) > z'/" .

See also [2] for a different proof of this result which improves the upper bound to

g=g(h,€) <n e '. Vu’s result and Theorem 1.1 imply the next corollary.

Corollary 2. Given h > 2, for any € > 0, there emists g = g(h,&) such that, for any
function f : Z — N satisfying liminf|,|_ . f(n) > g, there exists a sequence A of integers
such that .

ran(n)=f(n) forall neZ and A(z) > zr ™",

The construction in [8] for the set A satisfying the growth condition (1) was based on
the greedy algorithm. In this paper we construct the set A by adjoining a very sparse
sequence {uy} to a suitable Bj[g] sequence B. This idea was used in [3], but in a simpler
way, to construct dense perfect difference sets, which are sets such that every nonzero
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integer has a unique representation as a difference of two elements of A. The proof of the
main theorem in [3] can be adapted easily to our problem in the simplest case h = 2.

Theorem 1.2. Let f : Z — N be a function such that liminf|,|_.» f(n) > g, and let B
be a Ba|g] sequence. Then there exists a sequence of integers A such that

raz(n)=f(n) foral neZ and A(x) > B(x/3).

We omit the proof because it is very close to the proof of the main theorem in [3].
Unfortunately, that proof cannot be adapted to the case h > 3. We need another definition
of a “suitable” Bp[g] set. In section §2 we shall show how to modify a By[g] sequence B so
that it becomes “suitable.” We do this by applying the “Inserting Zeros Transformation”
to an arbitrary Bp[g] set. This is the main ingredient in the proof of Theorem 1.1.

1.2. Related results. Chen [1] has proved that for any e > 0 there exists a unique-
representation basis A (that is, a set A with r42(k) = 1 for all k¥ € Z) such that
limsup, .. A(z)/z'/> ¢ > 1. J. Lee [6] has improved this result by proving that for
any increasing function w tending to infinity there exists a unique-representation basis .A
such that limsup,_, . A(x)w(z)/v/x > 0.

Theorem 1.2 and the classical constructions of Erdés [11] and Kriickeberg [5] of infinite
Sidon sets B such that limsup,_, . B(z)/+/2 > 0 provide a unique-representation basis A
such that limsup,_, . A(x)/+/x > 0. Indeed, we can easily adapt the proof of Theorem 1.3
in [3] to the case of the additive representation function r(n) (instead of the subtractive
representation function d(n) = #{n =a —d’, a,a’ € A}).

Theorem 1.3. There exists a unique-representation basis A such that

. A(z) 1
limsup ——= > —.
e VT T2
Again we omit the proof because it is very close to the proof of Theorem 1.3 in [3].

Theorem 1.3 answers affirmatively the first open problem in [1]. Note also that if A is
an infinite Sidon set of integers, then the set

A ={4a:a>0}U{-4a+1:a<0}

is also a Sidon set and, in this case, liminf | AN (—z, z)|/v/z = liminf A’ (4z)/\/z. A well
known result of Erdds states that liminf B(z)/+/x = 0 for any Sidon set B. Then the
above limit is zero, so it answers negatively the second open problem in [1].

To obtain a similar result for h > 3, although weaker, we can use that if By, B2 are B,
sequences and B C [1,n) then the set B1 U (hn x Ba2) is also a Bj, sequence. Here we use
the notation ¢t * B = {tb, b € B}.

Using this fact it is easy to prove that for any function w tending to infinity there exists
a Bp, sequence A such that

. A(z)w(x)
We can construct the sequence A as follows: Let s1,...,sk,... be an infinite sequence of

positive integers such that w(sk) > (hsk_l)l/h and consider, for each k, a Bj sequence

B C [1,sx/(hsk—1)) with |Bi| > (sg/(hsk—1))*/". Easily we can check that the set
A = Ug(har_1) * By is a By sequence and satisfies A(sg) > (sx)Y" /w(sk).

The construction above and Theorem 1.1 yield the following corollary, which extends
the main theorem in [1] in several ways.
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Corollary 3. Let f : Z — N any function such that liminf|,_ f(n) > 1. For any
increasing function w tending to infinity there exists a set A such that ra,n(n) = f(n) for

all integers n, and
A(z)w(z)

>0

lim sup

xTr— 00
2. PROOF OF THEOREM 1.1

The main ideas of the proof are the following:

1) We start with a By, set of integers A¢ such that binary expansion of its elements
have blocks of zeros at fixed places. We can obtain a sequence of this form by applying
the Insert Zeros Transformation described below to a Bj sequence given.

2) We consider also a special sequence (ur) such that the sequence (zr), defined by
2z, = (h — 1)uak—1 + uak, takes all the integer values infinitely often.

3) For k > 1, we define Ay, = Ak—1ifra, | n(zk) = f(zx) and Ap = Ag—1U{uzk—1,u2r}
if ra, ,n(zk) < f(zk). Then ra, n(zx) > a4, ,,n(2k) + 1 and, since the sequence (z)
takes all the integre values infinitely often, the sequence A = UjZ Ay satisfies r4,n(n) >
f(n) for any integer n.

4) The difficult part of the proof is to prove that when we add {u2r—1, u2r} to Ax—1 to
obtain a new representation of z;, we don’t obtain a new representation of other integer
m for which we had ra, _,,n(m) = f(m). To avoid this problem we have chosen the
sequence ux with the additional property that the one’s digits of the binary expansion of
its elements lie just on the places where the the elements of Ay have blocks of zeros.

Roughly speaking, the Insert Zeros Transformation allow us to work with integers as
they were vectors where the distinct components are separated by blocks of zeros at fixed
places.

5) When we apply the Insert Zeros Transformation to the elements of a sequence we
obtain a less dense sequence. But if the places where the blocks are located are very sparse
we don’t lose too much density. To concrete this we will choose the sequence lp < I < ---
associated to the Insert Zeros Transformation according to the function e(z).

2.1. The Inserting Zeros Transformation. Given any infinite increasing sequence of

nonnegative integers 0 = lp < l1 < --- <l < --- we can write any positive number n in
an unique way the form
(5) n=mno2" + 112" 422" 4 g2 o

with 0 < n; < 2li+17l,

Definition 2.1. For any positive integer r we define the Inserting Zeros Transformation
of order r associated to an increasing sequence of non negative integers 0 = lp < I3 < ---
as the function

(6) tr(n) _ n0210+2r + n12ll+4'r + n22l2+6'r I nkzlk+2(k+l)r 4.
where the n; as defined as in (5).
We observe that t-(n) is the result of inserting strings of zeros of length 2r in the binary
expression of n at places [;, i > 0.
For short we will write
(7) my = 2lk+2(k+l)’r.
With this notation (6) can be written as

(8) tT(n) =nemo +nimi +namz +---+npgmr +---
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The following seminorm will be useful to prove some lemmas.
Definition 2.2. For all integers m > 2 and x € Z we define
[#]lm = min{|y[, z=y (mod m)}.
Note that ||z1 + z2||m < ||Z1]|m + ||z2||m for all integers x1 and z2. Through the proof

we will prove that some equalities a = b can not hold by proving that |la|lm 7# ||b]|lm for
some m.

The Inserting Zeros Transformation of order r has some important properties which
we resume in Lemma 2.1 and Lemma 2.2.

Lemma 2.1. For anyn > 1 and k > 1 we have ||t (n)|m, < mr2™2".

Proof. As a consequence of (8) and since my, | m; for all j > k, we have
tr-(n) =c (mod my)
where
c=mnomo+nimi +namz + -+ +nNg_1Mkg_1

for some n;, 0 < n; < 2'+174% — 1. Thus we have
0<e< (27 —mo+ (2271 —Dymy + -+ (2% 71 — 1)ymy_,
=2"1""0mg 422y 2 Tty — (mg M)
= (ml+m2+"'+mk)272T_(m0+m1+"'+mk71)
< mp2™ 7.

O

Lemma 2.2. Let B a By[g] sequence and h < 2°". Then the set t,.(B) = {t,(b) : b€ B}
is also a Bplg] sequence.

Proof. 1t is enough to prove that if ¢.(b1) + -+ + t-(bn) = t-(b1) + -+ + ¢-(b},) then
bi+ -+ by =b] + -+ bj.
Let b; = 102" + - 4+ ny;2'% + - with ng; < 2% ~"%=1. By (8) we have
tr(bi) = noimo + - -+ + ngamp + - -
The assumption ¢.(b1) + -« - - + t-(bp) = t-(b1) + - - - + t.-(b},) implies
(nor + -+ non)mo + -+ (Nk1 + - ) Mg + - - -
= (s + -+ b mo + -+ (W + g+ -
The inequality h < 22" gives
Nkt + - 4 g, < A2 T < QU1 Tl 2T — gy
Since there is only a way to write an integer as
Tomo + -+ TpmE + -
with zp < mg41/mr we conclude that
Nk1 + o0 Nh = Mgy + -0+ Mgy
for all k. Thus
bi+--+bn=(no1 4 +n0r)2"° 4+ (N1 + -+ nn) 2" 4 - -
=(n61+~'+n6h)2l° +-~(n§€1+~'+n;€h)2l’“ 4o =B 44 b
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2.2. Construction of the sequence A. The condition on f in Theorem 1.1 implies that
there exists ng such that f(n) > g, for any n > ng.

Let B be a Bjlg] sequence and fix r satisfying
(9) h? <2 and ng < 27.

The starting point will be the sequence Ag = ¢.(B) which is also a Bp[g] sequence by
Lemma 2.2.

Consider the sequence (z;)52; defined by
(10) z = j = WAVil + 1.
This sequence takes of all the integers values infinitely many times each integer.

Also we consider the sequence (u;)i2; defined by

Ugk—1 = —mg2™ "
(11) { U2k = Zr+ (h — l)ka_r.
where
(12) my = 21k+2(k+1)7‘
and 0 =1lp <y < --- is a given sequence of non negative integers.

For k > 1, we define

 Ap—i U{ugp—1,uokt  ifra, o n(ze) < f(zk)
(13) Ar = { Ap_1 otherwise.
We shall prove that the set
(14) A= Ax
k=0

satisfies r 4,n(n) = f(n) for all integers n as consequence of Propositions 2.3 and 2.4 below.
Proposition 2.3. The sequence A defined in (14) satisfies 74,4 (n) > f(n) for all integers

n.

Proof. Since
U2k—1 F +++ + U2k—1 FU2K = Zk

h—1
it follows that if 74, , n(2zx) < f(2x), then Ap = Ar_1 U{uzk—1,u2r} and
T, (26) 2> Tay,_n(2e) + 1.

Since the sequence (z) takes all the integers infinitely many times, then r4, »(n) > f(n)
for some k (if f(n) < 00) or limg—oo 7.4,,n (1) = 00 (if f(n) = o0). O

2.3. Technical lemmas.

Lemma 2.3. For k > 1 and r, zi, my, Ak defined as in (9), (10), (12) and (13) we
have

i) |zj| < mr272" for any j < k.
i) [|aillm, <mr272" for all a; € Ag—1.

Proof. 1) |z;] = |7 — WII(WF] + 1| < VG +1 <29 <28 <2 =y 2720+ <y 9=27,

ii) It is clear when a; € Ao due to Lemma 2.1. If a; ¢ Ao we have that a; = u; for
some j < 2k —2. Thus, a; = —m;27" or a; = zj + (h—1)m;27" for some j < k—1. Using
part i) of this lemma, the first condition in (9) and the inequality my_1 < mi272" we get

@il < las] < |zil + (h— Dmy—127" < hme_127" < hmi2 73" < myp27 2",
k j j
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O
Let k > 1: For any s,t non negative integers with s +¢ < h we define
(15) A = (h— s — t) A1 + suak_1 + tuar,
where we have used the notation rS = {s1 +---+ s, : s; € S}.
Lemma 2.4. The sets A,(Cs’w are pairwise disjoint, except possibly the sets A;O’O) and

A}(ch—l,l)_

Proof. Suppose that

! ’ / !
ar + -+ ap—s—t + SUk—1 +tUBKL = a1 + - FaAp_g_p + S UL—1 + T U2

with
(16) (s,1) # (s',t") and {(s, 1), (s",¢)} # {(0,0), (h — 1, 1)}.
Using that usg, = 2k + (h — 1)u2k—1 and that usp—1 = —mi2~" we have

(17) a1+ -+an—s—t— (a1 + -+ ap_g_p)+{t— )2 = ((t' —t)(h—1)+s—s)mi27".

We will prove that equality (17) can not hold by proving that the two sides have distinct
seminorm ||-{|m,, -

The conditions (16) and the inequality s + ¢ < h imply that

1<|(t —t)(h—1)4+s—s'| <h’
Thus,
(' =t)(h—1) +5— s )me27 7| < h*2 "my, < my/2.

Now, we observe that if |z| < m/2 then ||z|/,» = |z|. Therefore,

(18) [I((t' =) (h = 1) +5 = s )mk2 " [lm;, = (' =) (h = 1) + 5 — " )ms2"| > ms27".

On the other hand, for the left side of (17), we use Lemma 2.3 to obtain

(19) lax + -+ +an—s—e—(ay + -+ ah_g_p) + (t —t)zk|Im,
h—s—t h—s'—t'
< Maillmg + D Maillmg + 1= t]]2]
i=1 i=1
<(@2h—s5—5 —t—tYmp2 77 + |t —t' |msp2"%"
< 2hmp27%"
< mk27r.

O

Lemma 2.5. Ifn € AS’t) for some k > 1 and (s,t) € {(0,0), (h — 1,1)}, then |n| > no.

Proof. If n € .A,(:’t) then
n=ai+---+ ah—s—t + Suzp—1 + tu2k
=a1+ -t an—s—t + (E(h—1) —s)mr2™" + tzs.
Thus,
Inf = [[nlm,
=llar+ 4 an—s—t + E(h = 1) — s)mr2™" + tz||m,
> [[(t(h = 1) = $)mk2 " [lmy, = llar + -+ + an—s—¢ + tzklm;.-
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The conditions on (s,t) imply that 1 < [t(h — 1) — s| < h* < 277!, Thus

(20) [(t(h — 1) — $)mp2™ " |l = |(E(h — 1) — $)Mmi2™ " |m), > mi2™ .

On the other hand, Lemma 2.3 implies that

(21) lla1+- -4 ans—t+tzllmy < (h—s5—t)mp2™ %" +tmy27%" < hmp272" <mp2” 77

Then we have
|n| > mE2” " > 2% > .

Lemma 2.6. For any k > 0, for any b’ < h and for any integer m we have that

ra,,n(m) < g.

Proof. By induction on k. Lemma 2.2 implies that Ao is a Bp[g]-sequences. In particular,
Ay is a By[g] sequence for A’ < h. Then r 4, 5/ (m) < g for any integer m.

Suppose that it is true that for any A’ < h, and for any integer m we have that
Ta,_ w0 (m) <g.

Consider m € h' Ay.

e Suppose m & (h' — s — t)Ax_1 + Susk_1 + tugs for any (s,t) # (0,0). Then
T4, (M) =74, , n(m) < g by the induction hypothesis.
e Suppose that m € (h'—s—t)Ag_1+susk_1+tuas for some (s,t) # (0,0). Consider
an element a € Ag. Then
m+ (h—h)a € A,(f’t) € (h—s—1)Ap—1 + suzg—1 + tuag.
Since (s,t) # (h — 1,1) (because b’ < h) we can apply lemma 2.4 and we have
T, (M) <ra, n(m+ (h— h)a) = T A 1, h—s—t(m+ (h — h')a — susg—1 — tusg).

We can the apply the induction hypothesis because h — s — t < h.

2.4. End of the proof.

Proposition 2.4. The sequence A defined in (14) satisfies 74,4 (n) < f(n) for all integers
n.

Proof. Next we show that, for every integer k, the sequence Ay, satisfies 74, ,n(n) < f(n)
for all n. The proof is by induction on k. To check it for k = 0 we observe that if a € Ay
then a > 22" > ng. If n < ng then r4,,1(n) = 0 < f(n). On the other hand, if n > no then
T Aq,n(n) < g because Ag is a Bp[g] sequence (see Lemma 2.2) and then r4,,1(n) < f(n)
because f(n) > g for n > no.

Now, suppose that it is true for k—1. In particular 4, _, n(zx) < f(2x). Hra,_, n(zk) =
f(zx) there is nothing to prove because in that case Ay = Ar_1. But if 74, , n(zx) <
f(zk) — 1, then Ap = Ax—1 U {uzk—1, usx}. We will assume this until the end of the proof.

If n ¢ hAg then ra, n(n) =0 < f(n).

If n € hAy, since Ay = Ak—1 U {uak_1,u2r} we can write

h
hAk= ) ((h—s—t)Ax 1+ suk_1 + tus) .

5,6=0
s+t<h

Thus,
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(22) n=ai+ -+ an—s—t + Sugr—1 + tuzg
for some s, t, satisfying 0 < s,¢, s+t < h and for some a1,...,an—s—t € Ax_1.

For short we write rs+(n) for the number of solutions of (22).

o Ifne (h—s—1t)Ax_1 + susg—_1 + tugi for some (s,t) € {(0,0),(h —1,1)} then,
due to Lemma 2.4, we have that r4, n(n) = rs¢(n).
— For |n| < no we have that rs¢(n) =0 < f(n) (due to Lemma 2.5).
— For |n| > no we apply Lemma 2.6 in the first inequality below with h' =
h—s—tand m =n — susg—1 — tuak,

7s,t(N) =T A4p_y,h—s—t(n — sugp—1 — tugr) < g <

e If n € (h —s — t)Ar—1 + suzr—1 + tuai for some (s,t)
then ra,,n(n) = r0,0(n) + ra—1,1(n). Notice that ro,0(n)
Th—1,1(n) = 1 if n = 2, and rp_1,1(n) = 0 otherwise.

— If n # 2z, then 74, n(n) =ra,_, n(n) < f(n) by the induction hypothesis.
— Ifn =z, thenra, n(n) =74, n(zk)+ra—1,1(zk) < (f(zx) —1)+1= f(n).

~

(n)
{(Oa0)7 (h - 17 1)}7

T A, _4,n(n) and that

I m

O

Propositions 2.3 and 2.4 proves that r4,, = f. To finish the proof of Theorem 1.1 we
have to prove that A(z) > B(xze(x)) for a suitable sequence 0 =lop <3 < ---.

Recall that 0 = lp < I3 < --- is a strictly increasing sequence. Let R>o = {z € R :
x > 0}. We extend this sequence to a strictly increasing function ! : R>9 — Rx>¢. (For
example, define I(z) =l(k+ 1)(z — k) + (k) (k+1—z) for k<z <k+1.)
We have
A(z) > Ao(x).
Thus, to find a lower bound for A(z) it suffices to find a lower bound for the density of
Ao ().

Lemma 2.7. Ay(z) > B(ac272(l_1(l°g2 @)+,

Proof. Let b be a positive integer such that

b < x2—2(l71(10g2 m)+2)'r.

Let k be such that 2/ < b < 2!*+D In particular, k < 17! (log, b) < I (log, z).
Thus,

£0(B) = om0 + - - + nmi < Mppg = 2/ ETDHAED

< b22(k+2)'r

< b22(171(10g2 z)+2)r <z
O

Recall that €(z) is a decreasing positive function defined on [1, c0) such that lim, . €(z) =
0. Lemma 2.7 completes the proof of Theorem 1.1 by choosing a function [(x) satisfying
the inequality

272(l_1(10g2 z)+2)r > e(z)

for x large enough.
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