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The canonical 8-form on manifolds
with holonomy group Spin(9) *

M. CASTRILLON L6PEZ, P. M. GADEA, & 1. V. MYKYTYUK |

Abstract

An explicit expression of the canonical 8-form on a Riemannian mani-
fold with a Spin(9)-structure, in terms of the nine local symmetric invo-
lutions involved, is given. The list of explicit expressions of all the canon-
ical forms related to Berger’s list of holonomy groups is thus completed.
Moreover, some results on Spin(9)-structures as G-structures defined by
a tensor and on the curvature tensor of the Cayley planes, are obtained.

1 Introduction and Preliminaries

The group Spin(9) belongs to Berger’s list [6] of restricted holonomy groups of
locally irreducible Riemannian manifolds which are not locally symmetric. Man-
ifolds with holonomy group Spin(9) have been studied by Alekseevsky [4], Brown
and Gray [13], Friedrich [14, 15], and Lam [23], among other authors. As proved
in [13, 4], a connected, simply-connected, complete non-flat Spin(9)-manifold is
isometric to either the Cayley projective plane OP(2) 2 F,/Spin(9) or its dual
symmetric space, the Cayley hyperbolic plane OH(2) 2 Fy(_20)/Spin(9).

Moreover, Ag being the unique irreducible 16-dimensional Spin(9)-module,
the Spin(9)-module A®(A}) contains one and only one (up to a non-zero factor)
8-form Qf which is Spin(9)-invariant and defines the unique parallel form on
OP(2). It induces a canonical 8-form QF on any 16-dimensional manifold with a
fixed Spin(9)-structure. This form is said to be canonical because (cf. [13, p. 48],
Berger [7, p. 13]) it yields, for the compact case, a generator of H3(QP(2),R).

Some explicit expressions of 2% have been given. The first one by Brown
and Gray in [13, p. 49] in terms of a Haar integral. Other expression was
then given by Brada and Pécaut-Tison [12, pp. 150, 153], by using a “cross
product.” Unfortunately, their formula is not correct, as we explain in Appendix
A. Another expression was then given by Abe and Matsubara in [2, p. 8] as a
sum of 702 suitable terms (see also Abe [1]). Their formula contains some errors,
see Appendix B below.
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In this paper we give (Theorem 1.1) an explicit expression of the canonical 8-
form Q8 on a Spin(9)-manifold, in terms of the nine local symmetric involutions
involved.

On the one hand, this completes the list of canonical forms which are related
to Berger’s list of holonomy groups (for the Kraines form [22] for Sp(n)Sp(1)
and the Bonan forms [10] for G5 and Spin(7) see also, e.g. Salamon [28, pp. 126,
155, 173]). On the other hand, we furnish an explicit analogue to the Kéahler
2-form Q2 and quaternion-Kihler 4-form Q*, which can in a sense be called their
octonionic analogue, as follows.

We recall that a Spin(9)-structure on an connected, oriented 16-dimensional
Riemannian manifold (M, g) is defined as a reduction of its bundle of ori-
ented orthonormal frames SO(M), via the spin representation p(Spin(9)) C
SO(16). Equivalently (Friedrich [14, 15]), a Spin(9)-structure is given by nine-
dimensional subbundle ¥ of the bundle of endomorphisms End(T'M) locally
spanned by I, € T'(v%), 0 < ¢ < 8, satisfying the relations I,I; + I;I; = 0,
i#j, I2=11I =1t I, =0,0 < i,j <8 These endomorphisms define
2-forms w;j, 0 < i < j < 8, on M locally by w;;(X,Y) = ¢g(X, [;I;Y). Similarly,
using the skew-symmetric involutions I; 11, 0 < i < j < k < 8, one can define
2-forms o;jx. The 2-forms {w;;, 0;;x} are linearly independent and a local basis
of the bundle A2M.

The main purpose of the present paper is to prove

Theorem 1.1. The canonical 8-form on the Spin(9)-manifold (M, g,v°) is
given by
08 = Z wij N wijr N wirg N wirgr,
0<i,5<8
0<i,5'<8
where w;j = —wj; if 1 > j and w; =0 if i = j.

On the other hand, some expressions for the curvature tensors of the Cayley
planes have been given (cf. Brown and Gray [13], Brada and Pécaut-Tison
[11, 12], and [25, 26]). As an application of our Theorem 1.1 we give one
expression in terms of the nine local symmetric operators and relate it to the
other expressions.

The importance of the Cayley planes in geometry is well known. Moreover,
both the group Spin(9) and the Spin(9)-structures do appear in some questions
of Physics, and we now recall some of them. The space OH(2) is the only solution
to N =9, d = 16, 3-dimensional supergravity (cf. de Wit, Tollstén, and Nicolai
[31]). The group Spin(9) appears in M-theory (see Banks et al. [5]), related
to 16 fermionic superpartuners, transforming as spinors under SO(9), linked to
the very short strings connecting a system of DO branes. Furthermore, Sati
[29, 30] has recently studied the relation of Spin(9)-structures with M-theory
fields, proving that the massless fields of M-theory are encoded in the spinor
bundle of OP(2) and that the massless multiplet of 11-dimensional supergravity
is related to QP(2) bundles over eleven-manifolds. In addition, the canonical
8-form Q8 is there used to define a term of the action functional given in the



theory. We remark that, besides the theoretical expression of Q% given in [13],
the flawed expressions in [12, 2] are mentioned in [30].

As for the contents of this paper, in §2, after recalling some properties of
Spin(9)-manifolds and the nine local symmetric involutions involved, we obtain
the aforementioned expression for Q¥ and then some corollaries. In §3 we apply
the previous results to the definition of a Spin(9)-structure as a structure defined
by a tensor. We deduce in §4 some results on the curvature tensor of the Cayley
planes. Finally, the aforementioned appendices A and B follow.

2 The canonical 8-form in terms of the nine local
symmetric involutions

In order to prove Theorem 1.1, we first study the action of the group Spin(9)
on R'% = 02 in terms of the nine local symmetric involutions I;.

2.1 The action of Spin(9) on R!6 = 0?

The isotropy representation of either OP(2) or OH(2) is known to be isomorphic
to the 16-dimensional spin representation p of Spin(9).
Let V? be a real vector space of dimension nine endowed with a positive

definite bilinear form Q. Let eg,...,es be an orthonormal basis of V. The

Clifford algebra Cl;(9) in terms of this basis is defined as the real associative

algebra with unit 1, generators e, ..., es, and defining relations
ei-ej+ej-e =0, i#j, e2=1, 0<i,j<8.

Let Piny(9) be the multiplicative subgroup of the group of all the invertible
elements of Cl; (9) generated by the vectors of length one in V9. If Q(v,v) = 1
then v-v =1, so v € Piny (9). The Lie group Spin_ (9), which we denote simply
by Spin(9), as they are isomorphic (cf. Postnikov [27, Lect. 13, Rem. 2]), is the
subgroup of Piny(9) consisting of even elements, i.e.

Spin(9) = {vy v ... w9k, Qu,v) =1, 1=1,...,2k, ke N}.

Moreover, the group Spin(9) preserves under conjugation the space V?, that
is, sV9s7! = V9 for all s € Spin(9) (cf. [27, Lect. 13]). We denote by 7 the
corresponding representation of the group Spin(9) on V9. Then m(Spin(9)) =
SO(9) and 7: Spin(9) — SO(9) is the usual two-fold covering homomorphism
(cf. [27, Lect. 13]).

There exists a faithful representation p of Piny (9) by orthogonal matrices (cf.
[27, Lect. 13]). In other words, p(Piny(9)) C O(16) and p(Spin(9)) C SO(16).
Therefore, there exist nine orthogonal linear transformations I; of Ag = R!6
satisfying the relations

(21) LI+ =0,i#j I?=1 I'=I, wl=0 0<ij<8.



The set {I;1;,0 < i < j < 8} is a basis of the Lie algebra p.(spin(9)) C
50(16). Indeed, since

0,  ifk#ij,
(L1, 1) = —2I;, ifk=i,
oL, ifk =7,

the operators I;I; are linearly independent and generate a space of dimension
equal to dimso(9). Taking into account that each operator I;I; is the tangent
vector at t = 0 to the curve

s(t) = (cos(t/2)I; —sin(t/2)I;) (cos(t/2)I; + sin(t/2)I;) = cost -1 +sint - L;1;

in p(Spin(9)) passing through the identity I, we obtain that the operators I;I;
generate the Lie algebra p.(spin(9)) and, consequently, by the connectedness of
the Lie group Spin(9) the following proposition holds

Proposition 2.1. The Lie group p(Spin(9)) C SO(16) is generated by the one-
parameter families of endomorphisms

exp(tl;I;) = cost-I+sint - I;1;, 0<i<j<8 teR.

In the sequel, we shall denote I;I; simply by I;; and so on.

Let (M, g,v%) be a Spin(9)-manifold, p € M and I;,0 < i < 8, a local basis
of sections of v around p satisfying the relations (2.1). Then, there exists an
isomorphism between 0? = R and T}, M such that the restriction of g at p € M
induces the standard scalar product (-, -) of Q2, given by

(2.2)  ((z1,22), (y1,92)) = (@1, 91) + (T2, 92),  (TasYa) = %(xaﬂa + YaZa),

for a = 1,2, and the endomorphisms Iy, . .., Is of Q% = T,M read
(2.3)  Li(wy,22) = (wi2, Tr1ug), Is(z1,22) = (=21, 72), (21,22) € 07,

where ug =1 € O and u;, i = 1,...,7, stand for the imaginary units of @. One
can easily check that these endomorphisms satisfy the appropriate relations (2.1)
(see Postnikov [27, Lect. 15] and [26, (3),(4)]).

Moreover, as seen in Proposition 2.1, the group p(Spin(9)) acting on R¢ =
07? is generated by the endomorphisms M}, = cost-I+sint-Iy;, for 0 < k <1< 8,
and it is a subgroup of the group SO(16) determined by the standard scalar
product (2.2) of Q2.

2.2 Proof of Theorem 1.1

We must prove that the 8-form Qf = Q°|T,M, for an arbitrarily fixed point
p € M, is Spin(9)-invariant and non-trivial.

The 8-form Q0§ is Spin(9)-invariant. Fix a pair kI, 0 < k <! < 8 and con-
sider the action of the endomorphism M}, on the set of forms {w;; = w;;|T,M :



0 < 4,5 < 8}. Remark that w;; = 0if i = j. Denote by D the set of all
the ordered pairs ij, where 1 < ¢,j < 8 and i # j. We will call a subset
r; = {i’j’ € D : i’ =i} of the set D (resp. ¢; = {i’j' € D : j/ = j}) an i-row
(resp. a j-column). We also consider the short k-row rj = rp \ {kl} and the
short k-column ¢}, = ¢ \ {lk} (this time #(c}) = #(r;) = 7). Similarly one
determines the short I-row and the short [-column. Put

AO = {Z] € D: {kal}m {Za]} = (Z)}a
—{ij €D {k, 1} N {35} = {k,1}} = kL, k),

Af ={ije D:{k,}n{i.j} = {k}} =i U<,

A7 ={ijeD: (b0 it = {1} = U,

Py=rrUc,UrUqg :AIFUAI U As,
where we denote the union of two sets A and B by ALUB if ANB = (). Tt is clear
that D = AgU AU AT LWAT. Given a pair ij € D, we denote by ij the new pair
obtained by replaemg the element k (if it occurs in ¢ i7) by | and the element [ (if

it occurs in ij) by k. The correspondence ij +— ij j defines a bijection yu: D — D.
It is clear that ,u(Ai) AT and this mapping is an involutive automorphism

of the set D. In particular, z/j =1qj for ij € Ap and kl = lk.
By definition, for arbitrary X,Y € 0?2, we have

(M) @i ) (X,Y) = ((cost +sint - Ijy) X, (cost + esint - Iy) I;;Y)

where € = 1 if the number of common elements in the sets {4, j} and {k,(} is
even, and € = —1 if it is odd. Taking into account that all the operators I; are
orthogonal and that the operator Iy; is skew-symmetric, it is easily seen that

Wiy, if iJ GA()UAQ,
(2.4) (M})*wij = { cos2t-wy; +sin2t-wg, if ij € Af,

cos2t - wi; —sin2t-wy, if ij € Ay
Therefore, for all ij,4i'j' € A we obtain

(2.5) (M) (wij A wirjr + w5 Nwy) = wij A @iy + w5 AN @iy

(M) (wij A Wi

7«J/,

— w{j A wi/j/) = Wij A wl//? — w{} A Tyt 47

Consider now the commutative polynomial ring RD = R[xz;;;4j € D,i<j].
Put z;; = —x;; for i > j and z; = 0. Denote by RD; the subring of RD
generated by the family of polynomial functions

X1 :{IE”’L] GAQUAQ}

i A +
U {zijzij + X%, ity — BTy i, i) € AT}

Since all the 2-forms w;; commute, Q8 is invariant with respect to the one-

t . . . .
parameter group M}, if the polynomial function F = Zz‘j,z‘/j/eﬁ TijXijr T j Tt



is an element of the subring RD;. To prove this fact, note that the sequence
ij,ij’,i'j,i'5" € D is a sequence of vertices of either a rectangle or a degenerate
rectangle made of entries of a square 9 x 9 matrix without the diagonal. This
sequence originates an either 4- or 2- or 1-element subset of D. So it is natural
to consider the following sets:

Dy = {{ij,if' 54§y c D i, j#5',
Dy ={{ijij}cD:i=iorj=3, ij#ij}.

Using these sets we can rewrite the polynomial F' as a sum F = F} + F5 + F}
of three polynomials

4 2,2
(26) F = E Ti; + 2 E T35 0 +4 E T X5/ T4 T i 50
ij€D {14,i'j'}€D> {44,i5",¢'5,4'5'}€Da

Consider the polynomial F; 4+ F,. Using the decomposition D = Ay L Ay U
AIL L A7, we can write the first polynomial F; as a sum F; = Fy o+ Fi2 +
Fi"y + Fy; (replacing the set D in the formula for Fy by Ag, Az, AT and A7,
respectively). We also consider the decomposition Dy = ﬁzo (i ﬁ2,1 (i ﬁ272 of
the set D, where each {ij,4'j'} € D2, has a common elements with the subset
P, € D; and the corresponding decomposition Fy = Fy 0+ Fb 1 + Fa 2 of Fs.

By definition, Fy o+ F1» € RDy. Since Af C Py, we have Foo € RDy.
Taking into account that in any pair {ij,i’j’} € Da one element belongs to
the subset Ag C D and the other to the subset Af LI AT (i.e. either ij = ij or
z/’]\’ =14'y"), we conclude that

2 : 2.2 2 : 2.2 2 .2
F271 =2 xijxi/j/ = (xljxl/J/ + xﬁxﬁ) S RD[
{i,i"j’}€D2,1 {ij,i'j'}€D21

Taking into account that =3, = 7
rewrite the polynomial F» o as

4 Y Ry tafai) 4 Y ke taf) +4 Y el
3.k 1} .5 <5 ! Sk

;and Py = rp Ucy Urf Uc U As, we can

But

F¢1+F1Tl: Z (3:22—4—33%):2 Z (xﬁj—kx?j).

ijeAf J¢{k,1}
Therefore the component

JE{k,1} JE{k,1} JE{k,1}

of the polynomial Fffl + Fy; + Fb 2 is an element of RD; because E =[j and,
consequently, xy;, (¢}, + x7;) € RDy.



Denote the first term (polynomial) in the above expression of Fy 5 as Fy. It
only remains to be proved that Fy + Fy € RDy.

For any pair ij,4'5’ € D with {4,5} N {#,j'} = 0 denote by q(ij,'j') the
quadruple {ij, 47,45, 4’5"} Tt is clear that q(ij,7'j") = q(i'5’,4j) and q(ij,i'j") =
q(ij',i'5). Moreover, the involution x on D induces on the set Dy a well-defined
involution pg: {ij,4'j,ij’,7j'} — {z/j,z/’z,z/j\’,z’/]\’} (it is easy to verify that the
image of the rectangle is a rectangle). In particular, ¢(ij,i'j’) — q(i/\j, z’/]\’)

Taking into account that the set Py = Af U A7 UA; is a union of two rows
and two columns, any quadruple ¢ € Dy has either zero, or two, or three or four
common points with the set Py;. Denote the corresponding subsets of Dy by
ﬁ470, ﬁ472, ﬁ473, ﬁ474, respectively. Then Fy = Fy o+ Fy o+ Fy 3+ Fy 4, where
the polynomial Fy . corresponds to the subset 347(1 C Dy, a0 =0,2,3,4. We
claim that Fy o0+ Fi2+ Fu 3 € RDy. To prove this fact, consider the sets 3470,
ﬁ472, ﬁ473 in more detail.

If ¢ € Dy then the four elements of g belong to the set Ay, i.e. Fho € RDy.
If ¢ € Dy 5 then two elements of ¢ belong to Ay and two elements of ¢ belong to
A7 or A7, i.e. the set Dy 5 is invariant under the natural action of the involution
[b4 ON Dy and a fixed point set for this action on 3472 is empty. Therefore

Fyo=2 E (xijxij/xi/jxi/j/ + xax”ﬁxﬁxﬁ) € RDjy.

{ig,ij",i"5,i’5'}€D4,2

In the third case, each quadruple ¢ € D, 3 contains precisely one element of the

— —kl  —lk —kl —lk
set Az, 80 Dy3 = Dy 3D, 3, where D, 5 (resp. Dy, 3) is the set of all elements

from Dy 3 containing the pair kl (vesp. lk). This decomposition of the set Dy 3
determines the decomposition Fy 3 = F, flg + F i{% of the polynomial Fy 3. Each
quadruple g € 5213 is uniquely defined by the pair {kl,ij}, i.e. by some element
ij € D, so ¢ = {kl, kj,il,ij}. It is clear that in this element, ij € Ay whilst
kj € A7 and il € A7. But for an arbitrary ij € D the quadruple g(kl,ij) =
{kl, kj,il,ij} belongs to Dy if and only if {k,I} N {i, 5} = 0. Since this unique
relation defining the quadruples is invariant under interchange of ¢ and j, the
quadruple q(kl,ij) € Dy if and only if q(kl, ji) = {kl, ki, jl, ji} € D4. Therefore
the correspondence q(kl,ij) — q(kl, ji) determines an involutive automorphism
on the set ﬁilg. Taking into account that z;; = —x;; and q(kl,ij) # q(kl, ji)
we obtain that

Fflp, =2 Z Tri(TrjTami; + ThitjiT) = 2 Z Tri%ij(ThjTil — T Tik)-
ij€D ij€D
i,j¢{k,l} i,5¢{k,1}

Since kl,ij € Ao U Ay, kj € Af, il € AT and lj = kj, ik = il, we have
Ff% € RD;. Similarly, F{%; € RD;.

If a quadruple ¢ € Dy has four common points with the set Pj;, then either
q={kj, kj', 15,15’} or q = {jk,j'k,jl, j'l}, i.e. two elements of ¢ belong to the
short k-row (or column) and another two to the short [-row (or column). Since



B B .
xij = —T;;, we have Fy 4 = 820<j<j/<8 TyjTry T2, where j, 5 & {k, 1}, so

* 2 2 2,2
F2 + F474 =4 E (:Ekj‘rkj/ + TPy + 2$kj$kj/$lj$lj/) € RDy,
73" #{k,1},5<5"

because (zg;xxj + xij215:)? € RDy by definition.

In conclusion, the form Qf is invariant with respect to the action of each
of the subgroups M}, generating the Lie group Spin(9), i.e. the form Qf is
Spin(9)-invariant.

The 8-form Qf is not trivial. To this end we consider the eight vectors
X; = (u;,0) and two vectors X = (z,0) and Y = (y,0) belonging to the space
0?2. Using the expressions (2.3) for the endomorphisms I;, we obtain that for
0<i,5<7,i+#j, one has

@i (X,Y) = g(X, 1;;Y) = ((,0), (ui(t;y),0)) = (z,ui(u;y))
and
(2.7) wis(X,Y) =0,

because the vector X = (z,0) is orthogonal to I;sY = (0, —ju,;). We can rewrite
the expression for @;;(X,Y) as

(2.8) @i (X, Y) = (2, ui(uy)) = (@iz, Ujy) = (Tui, gu;),

because (cf. [13, Sect. 2]) for arbitrary octonions a, b, c € O, one has

(2.9) (ab,c) = (b,ac) = {a,cb) and (a,b) = (a,b).

Since QF is a sum of the 8-forms W (i,i'; j, j') = wij Awij Awirj Awisjr, it is
sufficient to show that W°(i,’; 4, 5') = W(i,; 4, ") (Xo, ..., X7) < 0. It is clear
that the 8-form W (i,4'; 7, ') is determined by the unordered pairs {i,i'} and
{4,4'} of rows and columus, so W (i,4’;7,5) = W(i',4;7,5") and W(i,d;4,5") =

W (i,4';4',j). Moreover, since w;; = —wj; and all these 2-forms commute, we
have
(2.10) Wi, i'55,5) = W5, 454, 7).

Let Sg be the permutation group acting on the set B = {uo,...,ur} and let
B* = {+uy, ..., +ur}. For arbitrary v,v',w,w’ € B¥, put

Wo(v, o w,w) =271 3~ Aq (0,05 w,0),
og€Ss

where A,, for o = (u4, . .., ui,), is given by

Ay (’U, U/; w, ’LU/) = E(U) <ui0 ) v(wui1)> <ui2 ) ’U(w/uis» <ui4 ) v/(wuir)» <ui6a v/(w/uh»'



As the elements v, v, w, w’ occur in this expression twice, we have
(2.11) Wo(v,v/;w,w/) = WO(:I:U,:I:U/;:I:w,:I:w/).
By definition W9(i,7'; j,5') = Wo(ui,ui/;ﬂj,ﬂj/), but as 14; = Fuy, it follows
that

(212) WO(Zal/aja.]/) :Wo(ulaul/aujauj/)
We now prove two lemmas.

Lemma 2.2. For an arbitrary automorphism ® of the algebra O preserving the
set BE, one has WO (v,v';w,w’) = WO (®(v), ®(v'); ®(w), ®(w')).

Proof. 1t is clear that ®(uy) = € 0®(uy), where ey, = +1 and o® is some
permutation in Sg. Moreover, since ® is an element of the exceptional connected
Lie group Gg C SO(7), we have HZ:O ep -e(0®) =1 and, consequently, we have
Aga g (P(v), P(V); P(w), ®(w')) = Ay (v,v';w,w’), because e(c®0) = e(a®)e(o)
and 0% (uy) = sg’(uk)fb(a(uk)). Noting that 0®Sg = Ss, we conclude. O

Lemma 2.3. For anyu € BT, one has Wo(v, viw,w') = Wo(vu, vy wu, w').

Proof. Since the lemma is obvious for v = fwug, assume that v # fug. Due to
the relations (2.8) and the fact that @, = uy, we can rewrite the expression for
Ay (0, 05w, w'") as e(0) (Vg , W, ) (Vikiy , Wiy ) (V' ug, , wug, ) (V g, w'ug,) (the el-
ements v, v, w,w’ occur in this expression twice). But for arbitrary octonions
a, b, ¢, their associator (a,b,c) = (ab)c — a(bc) is skew-symmetric with respect
to the second and third arguments, i.e. (ab)c + (ac)b = a(be + ¢b) (cf. [13,
Sect. 2]). Thus, if upu = —uuy then (aup)u = (—au)ug. Since u # Fuyg,
one has uxu # —uuy if and only if either up = up or uxp = Fu. It is clear
that in these two cases one has (au)ur = (aur)u. Noting then that pre-
cisely six elements of the set B anticommute with w and that by (2.9), one
has (au, bu) = (a, (bu)i) = (a, blu|?) = (a,b), we conclude. O

Suppose now as usual that the basis B coincides with the set {1,1, j, ij, e, ie,
je, (ij)e}, where i = u1, j = us and e = uy, so that for instance us = ujuq. Each
element of the algebra O admits a unique expression as q; + gz€ with q1, g2 € H,
where H is the quaternion algebra generated by i, j. Then the multiplication in
O is defined by the standard multiplication relations in H and by the relations

(2.13) q1(q2e) = (g2q1)e, (q1€)2 = (132)e, (q1e)(q2e) = —G2qu-

Put B® = B\ ug. Let i’,j’, € be three arbitrary distinct elements of the set
BOU (—BY) such that €’ # +i’j’. Then there exists a unique automorphism ® of
the octonion algebra @ such that ®(i') = uy, ®(j') = uz and ®(e’) = uy (cf. [27,
Lect. 15]). It is evident that ®(ug) = ug. Now, taking into account Lemmas 2.2
and 2.3, and the relations (2.10), (2.11) and (2.12), we have to calculate only
the four numbers

WO (ug, uo; ur, ur), WO (uo,uo;ur,uz), WO (ug,ur;ua, uz), WO(ug,ur;usz,us).



Indeed, calculating wo (us, uir; uj, uj0), by Lemma 2.3 we can suppose that
u; = ug. If the sequence (ij,ij’,4'j,4j") originates a 1-element subset of D, i.e.
i =1 =0and j = j, then ®(u;) = w1 for some automorphism & of O; if
(ij,i4','j,47") originates an 2-element subset of D, for instance i = i’ = 0 and
j # j', then ®(u;) = wq and ®(uj) = uo for some automorphism & (when
j = j’ we can suppose by Lemma 2.3 that j = 0 and use (2.10)); if this sequence
originates an 4-element subset of D, i.e. all i = 0,#,j,j are distinct, then
according to either u;» = Fuyu; or uj # *uyuj, we can obtain as image of the
triple w;; uj, uj» under ® the triple uy; ua, us or ui; ug, uy, respectively.

First of all we consider the restriction w@;; of the form w;; to the subspace
V C 0? generated by the vectors Xy, for k =0,...,7. Let {z,..., 2%} be the
dual basis of V*. Using the relations (2.13) it is easy to verify that

/% * * * * * * *
Wy = Tg NT] + Ty N3z + 2y NTg — Tg N\ T,

Therefore we have w(; A wy; A wyy A wy, = —24x§ Az A--- Ak, that is,
Wo(uo,uo;ul,ul) = —24. Thus Wo(ui,ui;uj,uj) = —24 for arbitrary 0 <
i, < 7,14 # j, because uju; # *up and, consequently, there exists some
automorphism ® such that ®(£u;u;) = u;1. In other words,

/ * * * * * * * *
W = €0y, N Xy, + 2%, N Ty, + 4%, N Ty + €65, N Ty,

where o;; = (lo,...,%7) is some permutation of the set {0,...,7}, eap = £1,
3 .
and [[;_ €2k - €(0i;) = —1. Consider also the form
/A ™ * /% * /% * /% *
W, = €T, N T, + e, N T, +E4T 5, N T +E6T g N T

where ¢ # j’ and j' # j.
We now show two more lemmas.

Lemma 2.4. For arbitrary distinct elements 4,7, € {0,...,7}, the 4-form
w; ;A\, 18 a sum of at most eight linearly independent terms (4-forms) w;, ..,
k=0,...,7, of type xxy Azy Azy, Axy, . For each such term w;c,ij,ij/’ there is
a unique term eop x;;p /\x;‘zp+1 of wi; and a unique term Eép/x;w /\xlp/+1 of wijr
such that their exterior product is proportional to w;c,ij,ij/ (and, consequently, it
is equal to w;c,ij,ij/)'

Proof. Put w; = +u;u; and uy = Fusuy. It is clear that w; and uy are two
distinct imaginary units of Q. Therefore if @;;(uiy, ui,) = (g, wui,) # 0
then u; = *uj,ui, and uy # Fui ui,, i.e. @i (i, ui,) = 0. So precisely two
terms of @; , contain 7 and z}, as a factor. Therefore there exists precisely two
terms of @;;, such that their exterior product with z} A} is not zero. Since
the form w; ; contains four terms, the number of linearly independent terms of
w;; A @, is at most eight.

Assume that the product of the terms zj Az and x} Az} of the forms
w;; and w;, respectively, is not trivial, i.e. {i9,41} N {jo,j1} = (). The forms

w@;; and @};, contain a unique term with the factor z} . As we show above, in
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the form o}, the second factor of this term is not equal to ;. Assume that
this factor is equal to z7,, k = 0,1. Then @, (ui,, uj,) # 0, L.e. us, = fupug,.
But u;, = fupu;,, i.e. {iog, i1} N{jo, j1} # 0. This contradicts our non-triviality

assumption. We can proceed similarly in the case of the factor z7, . O

Lemma 2.5. For arbitrary distinct elements i, j,j € {0,...,7} and for0 <4’ <
7, the expression WO (u;, wiry uj,uj) =274
most 2* - 8 non-zero terms.

vese Ao (wiswirsug, ugr) contains at

Proof. By the previous lemma, each term of @;; Aw;;, is the exterior product of

a uniquely defined pair of terms of the forms ng and w} j+- On the other hand,
this term of w@}; Aww;;, determines a unique complementary factor in x5 A+ - - Az}
which belongs to @;,; A @ ;. If such a factor exists, then i’ ¢ {j,j'} and by

the previous lemma this factor is the exterior product of a uniquely defined pair

of terms of the forms w;,; and w@;, ;. Since the number of terms of @j; A @],
equals at most 8 and due to the skew-symmetry of the 2-forms, the Lemma
follows. (]

Suppose that i,5,7 € {0,...,7} and ', 4,5 € {0,...,7} are two triples
containing three distinct elements. Due to the skew-symmetry of the 2-forms,
one has WO (u;, wir; uj, ujr) = Z[U]ESé Ay (s, wir; uj, ujr), where S§ = Sg/S” and
the subgroup S’ C Sg is generated by the 4 transpositions (0, 1), (2,3), (4,5),
and (6,7). By Lemma 2.5 this sum contains at most 8 non-zero terms. Let us
describe these terms. To this end, using (2.8) we can rewrite the expression for
Ay (v, 05w, w') as

_E(U) <’UJ1'0’U, ui1w> <’UJ1'2’U, uisw/> <’UJ1'4’U/, ui5w> <uiﬁv/a ui7w/>a

as y = —uy for all of the seven imaginary units and the elements v, v', w, w’
occur in this expression twice. Let v € B and a € B*. Applying the same
arguments as in the proof of Lemma 2.3, we obtain that if au = —ua then

(uga)u = (—ugu)a. But au # —wua if and only if « = tu or a = tug or
u = tug. In all these cases (uga)u = (uru)a. Since (au, bu) = (a,b), we obtain
the following expression for A, (v, v';w, w’):

—5(0)<(ui0u)fu, (uilu)w><(ui2 u)v, (uigu)w/><(ui4u)fu/, (wig u)w><(ui6u)fu/, (ui7u)w/>
(the elements v, v’, w,w’ occur in this expression twice).

Suppose now that A, (u;, ui;us,u;7) # 0 for some o € Sg. Right multi-
plication by u determines the permutation o* of the set B: uxu = e, o (uz)
(e4 = +1). This permutation is even since if u # ug then u? = —ug and "
is a product of four independent transpositions. The sequence (e ,..., €. )
contains an even number of —1. One can easily verify this fact for v = w
using (2.13) and for the other imaginary units u; using an automorphism & for
which ®(u1) = u;:

D(up)®(ur) = ey, 0% (up) - wr = ey e, 0 (0% (ur),

Bujur) = Bl 0™ (up)) = £t e, 100 (0 ().
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Taking into account that HZ:O er = HZ:O E;{r)“l(uk)’ we have

7 7 7
up uy _ uy
[Ie = [T = Ik
k=0 k=0 k=0

Thus Aq (u;, wir; uj, wjr) = Agure (s, Uir; uj, wjr) for all of the eight even permu-
tations o+, k = 0,...,7. It only remains to be proved that the permutations
o"*o determine distinct classes in the quotient group Sg.

Suppose that c%*o = o¥ro - s for some element s € S§ and k # p. Tak-
ing into account that o“rg“* = o"ko"r = "¢, where u, € B and uq =
turu, = Fupup, we can assume that w, = uo and o(wy) = ug. But for
u € B we have {ftugu, tu;,u} = {fug,tu; } if and only if u € {ug,u;, }.
Since Ay (ui, wir;uj,uj) # 0, we have w;, = w and w;; = Fupu,,, where
u; = Fuu; and upy = Fu;uy. Taking into account that w; # wuy, we obtain
that w;, # tuju, = tu;, w4y, i.e. up = ug, a contradiction. Thus the permuta-
tions o%*o determine 8 distinct classes in S§. So if the sequences (i, 7,5’) and
(i, 7,7") contain 3 distinct elements then WO(i,4'; 4, 5") = 84, (wi, uir;uj, ujr),
where o € Sg is an arbitrary permutation such that A, (u;, wir; uj, u;r) # 0. Us-
ing now the relations (2.13), we can describe such permutations for the following
sequences (i,7'; 4, 7'):

(0,0;1,2): o=1(0,1,4,6,2,3,5,7), (o) =—1
(0,1;2,3): 0 =1(0,2,4,7,5,6,1,3), e(0) =1
(0,1;2,4): o=1(0,2,1,5,4,7,3,6), (o) =1.

For all these cases A, (u;, uir; uj, u;) = —1. Thus, if the sequences ¢, 7, j' and
i, 4,7 or the sequences 4,4, j and 4,4, j' from the set {0,...,7} contain three
distinct elements (i.e. a sequence ij,4j’,4'j,7'j’ generates either a rectangle or
an interval) then W0(i,4’; j, j') = —8. We also proved that WO(i,i;j,7) = —24
forall0<i# 75 < 7.

Let ﬁ/, ﬁ; and ﬁ:l be sets defined for the index set {0,...,7} as D, Do and
D, were defined for the index set {0,...,8}. Then ﬁ; C Dy and ﬁ:l C Dy.
Taking into account that #(Dj) = (8:7)(6-2)/2 and # (D)) = (8-7)(6-5)/4 (for
each pair ij € D' there exist 65 ordered pairs i’y € D' such that {i,73n{¢,j'} =
), from (2.6) it follows that

O3(Xo,..., X7) = —24(8-7) — 8(8-7-12) — 8(8- 7-30) = —14 - 1440,

hence 2§ is not trivial.

We must finally prove that the canonical 8-form on any Spin(9)-manifold
(M6 g,1%), given in the statement, is globally defined. In other words, we
must prove that the definition of the form Qf is independent of the choice of the
basis {I;} of the space V? = 12(p), p € M, satisfying the relations (2.3). Indeed,
given one such basis {I;}, any other basis {I}} is obtained as I; = > ;s ml I,
for i = 0,...,8, and (m!) € SO(9). From this fact it follows in particular
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that the Spin(9)-groups associated with these two bases coincide. But as we
remarked above, 7(Spin(9)) = SO(9) = SO(V?), i.e. there exists some element
s € Spin(9) such that sl;s™! = I7, for all j = 0,...,8. Now since the group
Spin(9) preserves the scalar product g, = (-,+) on T,M = 0? and the form Qf
is Spin(9)-invariant, the form Q2 does not depend on the chosen basis {I;}.

2.3 Some Corollaries to Theorem 1.1

We can get some consequences of the proof of Theorem 1.1. By (2.5) with
ij = i'j’ € Af, the 4-form > o<ij<s@ij A @i on the space T,M = 07 is
invariant with respect to the action of each of the subgroups M}, generating
the Lie group Spin(9). It is Spin(9)-invariant hence trivial ([13, Sect. 5]) so it
defines a global (trivial) 4-form on M. We thus obtain the next corollary to
Theorem 1.1.

Corollary 2.6. The 4-form Zogiqgswij Awij = 0, vanishes, i.e. we have

> {wi (X, Y)wii (2, W) — wii (X, Z)wii (Y, W)
D i (Y, Z)wig (X, W)} =0,
or, equivalently,

(2.14) S Y w(XY)W(;2)=0, XY,ZWeX(M).
Xyz _“—~
0<i<j<8
Moreover, since the 8-form (3 «; ;< @ij A @ij) A (o< jrcs @irjr N @irjr)
vanishes, we can rewrite the expression of the canonical form as

Corollary 2.7.
s 1
0° = —— E (wij /\wi/j/ —wi/j/\wij/)/\(wij/\wi/j/ — Wyj /\wij/).
0<4,j<8
0<i’,5'<8

Furthermore, given a triple ¢jq, we denote by z/j\q the new triple obtained by
replacing the element & (if it occurs in ijg) by ! and the element [ (if it occurs
in ijq) by k. It is easy to verify that for the restriction &;;4 = 0;j4|TpM, one
has

6ijq; if {k,l}ﬂ{l,j, q}zwa
(M) o1 = Tijq: it {k,1} C {i,j,q},
kT4 = cog 2t - Gijq +sin2t o, if {k, 1} N{i,j q} = {k},
COS2t'5’ijq_Sin2t'5’{j\qa if {k,l}ﬂ{l,j, q}: {l}a

and, consequently, the 4-form Zogz‘,j,qgs Gijq N Gijq on the space T,M = 0? is
invariant with respect to the action of each of the subgroups M}, generating the
Lie group Spin(9). It is Spin(9)-invariant and, consequently, it is also trivial ([13,
Sect. 5]), so we obtain
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Corollary 2.8. The 4-form ZO<i<j<k<8 Oijk N\ 045k, vanishes, i.e. we have
X X

> Aoin(XYV)our(Z, W) = 0iu(X, Z)oir(Y, W)
0<i<j<k<8 os(Y, D)X, W)} _0

Remark 2.9. Using the method of the proof of Theorem 1.1 one could obtain
the expression for the canonical form Q® in terms of the 2-forms 0;;,. But since
the proof is technically more complicated, we state it as the next

Conjecture. The canonical 8-form Q% on the Spin(9)-manifold (M, g, v?)
is given by

ngl N Giirt N Gt N Gt
1 Tigp /N Tigp' N Titj'p I\ Ot jrp! -
0<4,7<8 0<p,p'<8
0<i’,j'<8

3 Spin(9)-structures as G-structures defined by
a tensor

The concept of G-structure defined (or characterized) by a tensor is well known
(see Bernard [8, pp. 210-212], Fujimoto [17, p. 24], Marin and de Leén [24, p.
377], and Salamon [28, p. 11]; cf. also [28, pp. 127, 175]). We now focus our
attention to the case where G = Spin(9).

We would like to remark firstly that in this case the tensor used to define a
Spin(9)-structure will never be a stable tensor (cf. Friedrich [14, p. 2], [16, p. 2]).
A tensor on R™ is said to be stable if its orbit under the action of GL(n, R) is an
open subset (see Hitchin [21, p. 2], Witt [32, §§3.2]). These special structures
play an interesting role in the theory of G-structures. But for G = Spin(9) a
simple computation of dimensions shows that the interior of any orbit on the
space of 8-forms is void.

On the other hand, Friedrich’s local bases {w;;, oi;x} of A2M given in Sec-
tion 1 are related to the decomposition of A%(Ag), which we now recall (cf. e.g.
Adams [3, Th. 4.6, (ii)]). Let A" denote the representation arising from the rth
exterior power representation of SO(9) via the homomorphism 7: Spin(9) —
SO(9). Then one has Ag ® Ag = Zi:o A". Moreover, as Ag is self-dual, we
have the decomposition of Ag ® Ag 2 A ® Ag = gl(R, 16) into symmetric and
skew-symmetric components,

(3.1) S2(Ag) =A@ N @A, A%(Ag) = N3 A3,

where \? is the center of gl(16,R).

We have proved in Theorem 1.1 that Q3 is Spin(9)-invariant and non-trivial.
We now prove that p(Spin(9)) C GL(16, R) is actually the stabilizer group of Q3
in the group GL(16,R), showing that this group is no bigger than p(Spin(9)).

We have
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Theorem 3.1. The stabilizer group of the canonical 8-form Q2§ on R®, under
the natural action of the group GL(16,R), is the Lie group p(Spin(9)).

Proof. To simplify notation in this proof, we will write simply Spin(9) and
spin(9) instead of p(Spin(9)) and p.(spin(9)), respectively. Let G be the stabi-
lizer group of 2§ and g its Lie algebra.

As spin(9) is a subalgebra of gl(16, R), the adjoint representation of gl(16, R)
induces the representation of spin(9) on gl(16,R). The set {I;,. ;.,0 < i1 <
-+« < i, < 8} is a basis of the spin(9)-invariant subspace A" of gl(16,R) in (3.1),
forr =1,...,4, respectively. Moreover, all the operators in each A" are traceless
(for example, 21;,45i5i, = [Liy, Ligigis])- As the submodules in (3.1) are mutually
not isomorphic, if g # spin(9), then X" C g for some 0 < r < 4. We know that
50(16) = A\? @ A% and spin(9) = A\? and it is clear that \° ¢ g.

Suppose then that A\! C g. Then the one-parameter subgroup

M} = cosht -1+ sinht - Iy C GL(16,R)

generated by the vector Is € gl(16,R), would be a subgroup of G. It is easy to
verify (see the proof of (2.4)) that for any 0 <14 < j <8,

(Mg)*wu _ { le’ ) B lf 8 6 {Za]}a

cosh2t - w;; +sinh 2t - 6455, if 7,5 < 8.
Let V C 0? be (as in the proof of Theorem 1.1) the subspace with basis X; =
(u3,0), ¢ = 0,...,7. Then by (2.7), we have w;3|V = 0. Further, 7,;3|V =
—w;;|V, because by (2.3) one has Igv = —v for all v € V. Now taking into
account the expression for the 8-form Qf, we obtain that

(MY QG)V = Y (cosh 2t —sinh 2t)* (i A wije A wirj Aewiro)|V,

0<i,j <7
0’ j'<7

ie. ((ME)*Q8)|V = (cosh 2t — sinh 2¢)*Q8|V. Thus A! ¢ g, because Q5|V # 0.

The form f is not SO(16)-invariant. In the opposite case, it would de-
termine a non-trivial SO(17)-invariant harmonic differential 8-form on the 16-
dimensional sphere S'¢, but since H%(S'¢ R) = 0, we would get a contradiction.
Hence \* ¢ g.

So if g # spin(9) then g = A\* @ spin(9). It is clear that [A*, \Y] C s0(16)
and, consequently, the subspace A* @ spin(9) is a Lie algebra if and only if
[)‘4a )‘4] - 5pin(9)' But since [Ik]ilizia’IkIjljzja] = _[Iilizia’jjljzjs] for any 4-
element subsets {k,i1,42,i3} and {k,j1,jo,j3} of the set {0,...,8}, we have
(A3, A3] C [A*, M]. As the homogeneous space SO(16)/Spin(9) is not a symme-
tric space (cf. Helgason [20, p. 518)]), i.e. [A\3, \3] ¢ spin(9) = A2, we obtain that
(A%, A1) & spin(9), that is, g = spin(9).

It only remains to be proved that the group G is connected. To this end,
similarly to Brown and Gray in [13, Prop. 5.3], we shall find the normalizer
(containing G) of the group Spin(9) in GL(16,R). Suppose that A € GL(16,R)

15



normalizes Spin(9). Since Spin(9) has no outer automorphisms there exists
an element B € Spin(9) such that AB™! is in the centralizer in GL(16,R) of
Spin(9). The complexification of the 16-dimensional representation of Spin(9)
is irreducible so AB~! is a scalar operator tI, t € R. But the operator tB
preserves the 8-form if and only if ¥ = 1. Since by definition Spin(9) contains
L1115 = —1I, we have G = Spin(9). This completes the proof. O

As a consequence of Theorem 3.1 we have

Corollary 3.2. A reduction of the structure group of the bundle of oriented
orthonormal frames of a connected, oriented 16-dimensional Riemannian ma-
nifold M to Spin(9) is characterized by a parallel 8-form Q8 which is linearly
equivalent at each point p € M to the Spin(9)-invariant 8-form Qf on RS,

Proof. According to [13, Props. 5.2, 5.4, 5.5] we must only prove that 2§ is
Spin(9)-invariant but not SO(16)-invariant. We have proved the first fact in
Theorem 1.1 and the second one in the proof of Theorem 3.1. O

4 The curvature tensor of the Cayley planes

We now apply our previous conclusions to obtain an expression of the curvature
tensor of the Cayley planes in terms of the nine local symmetric involutions
involved and then to relate it to the well-known expression in terms of triality
given by Brown and Gray [13], to the one in terms of the brackets of the Lie
algebra f4 of Fy, furnished by Brada and Pécaut-Tison [11, 12], and also to the
expression given in [26].

First recall ([4, 13]) that the curvature tensor R of a non-flat Spin(9)-
manifold is a non-zero multiple of the curvature tensor R°P(?) of QP(2). Fur-
ther, as duality reverses curvature, in the next formulas we can take a constant
¢ € R\{0}, being understood that ¢ > 0 (resp. ¢ < 0) in the compact (resp.
noncompact) case.

Then we have

Proposition 4.1. The curvature tensor Rxy Z of the Cayley planes is given
by
(4.1) RxyZ = —z S wy(X\Y);Z, ce R0}

0<i<j<8

Proof. The form A}, ;wi; ® I;j, A € R, is a p.(spin(9))-valued 2-form. More-
over, the necessary algebraic conditions are clearly satisfied by A, _ Wi Wwij,
except for the Bianchi identity, but this is immediate from equation (2.14).

As the curvature tensor is a non-zero multiple of ROF(?) | it only rests to find
the coefficient of the right-hand side of (4.1). To compute the sectional curvature
we take two orthonormal vectors v = (21, z2), w = (y1,y2) € S*® C T,M = 0?.
Now, the map (v,w) — —A Zoginggwfj(v,w) is easily seen from (2.4) to be
invariant under each endomorphism M},, hence under Spin(9). Consider then
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the orthonormal basis e; = (uop,0),..., es = (u7,0),e9 = (0,up), ...,€16 =
(0,u7) of O* = T,M. As Spin(9) acts transitively on S5, there exists an
element of Spin(9) mapping v to (ug, 0) and w to a vector w’ = ZZ:O (1o (ur, 0)+
ve(0,uy)) with g9 = 0. So for certain A € R\{0}, as a computation using (2.2)
and (2.3) shows, we have for Ryypw = g(Rywv, w) that

7
vavw =-A Z <(u050)51ij(,uk(uk;0)+Vk(05uk))>2 = _)‘(32/1% + 1)
oS

In fact, the operator I;; acts on the basis {(ux,0), (0,ux),k = 0,...,7} as a
permutation (up to sign) and for each vector (ug,0), k > 1, there exist precisely
four different pairs {u;,u;} for which w;(ujux) = (wju;)up = uo and for each

vector (0,ug), k = 0 there exists a unique pair {u;, ug} for which w;ug £ wo

(i = k in this case), where £ means “equal up to sign.”
Taking A = —7, we see that the absolute value of the sectional curvature
belongs to [|c|/4, |c|]. O

Brown and Gray give in [13, (6.12)] an explicit expression for the curvature
tensor Rxy Z of OP(2).

Letting R'6 = 02, according to Lemma 3.1 and formulas (4.1), (4.2), and
(6.2) in their paper, and only changing some notations, Brown and Gray’s for-
mula for the curvature tensor can be written as Rxy Z = Sxy Z — Sy x Z, where

c
(4.2) SxyZ = —1(4<y1, 21)w1 + (2192)T2 + (21Y2) 22,

Aya, 22)x2 + T1(y122) + 21 (y122))

for X = (1,22), Y = (y1,%2), Z = (21, 22) € Q2.

They also comment that an expression ‘similar’ to the well-known ones for
the spaces of constant either holomorphic or quaternionic sectional curvature
cannot be given, because, differently to U(n) and Sp(n)Sp(1), the group Spin(9)
has not proper normal subgroups.

However, in [26, Prop. 4] a simple expression for either ROP(2) or ROH() has
been given in terms of the nine local symmetric operators. We can write it as
nyZ = S;(YZ - SQ,XZ, where

g€ o
(4.3) Sy Z = —% (390, 2)X + Oggg(m 2)1X),

respectively.
This expression, in terms of the octonion algebra has the following form
(see [26, Prop. 4,(15)]) for X = (z1,22), Y = (y1,2) and Z = (21, 22),

C
(4.4) Sy Z = _Z((fblgl)zl + (21y2)22 + (2191) 71 + (2192) T2,

z1(y122) + 22(Yox2) + 2(Y222) + Z1(y122)).
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Using the well-known octonion identities (z,y) = (Z,7) and 2(z,y)a =
(az)y + (ay)z and their conjugated 2(z,y)a = y(ZTa) + x(ya) for arbitrary
x,y,a € O (see [27, Lect. 15, (1)]), we obtain that

Ayr, z1)x1 — Ax1, z21)11 = (2101 +y121) 21 + (X101) 71 + (21210
— (z1Z1 +x1Z20) — (1Z1)z1 — (y121) 21

= (2191 — niZ1)21 + (211)z1 — (21%1) Y1,
and

A(y2, zo) T2 — 4{xa, 22)y2 = T2(J222 + Zay2) + 22(F222) + Y2 (Z222)
— Y2(Tazo + 22x2) — 22(T2y2) — x2(Z2y2)

= 22(Jox2 — Tay2) + x2(Yo22) — y2(T222),

i.e. the expressions Sxy Z — Sy xZ and S’y Z — Sy v Z coincide.

Brada and Pécaut-Tison’s [12] expression for the curvature tensor in terms
of a “cross product,” coincides with Brown and Gray’s expression up to a factor
—c/4 (cf. Remark in [12, p. 145], given without proof). To prove that both
expressions coincide it suffices to use the property (a,b,c) = —(a,b, c) of the
associator of a, b, ¢ € O, and four different expressions for 2(z, y)a given above.

Then we have

Proposition 4.2. The curvature tensor of the Cayley planes is given by either
the expression (4.1) or any of those obtained using (4.2), (4.3), or (4.4).
Moreover, one has

1
(4.5) RxyZ=¢ > LiRxyI;Z.
0<j<8

Proof. Since the equivalence of the expressions (4.3) and (4.4) was proved in
[26] and the equivalence of the curvature tensors defined by (4.2) and (4.4) was
established above, only the equivalence of the curvature tensor defined by either
(4.3) or (4.4) with the curvature tensor (4.1) remains to be proved. We now
prove this in two ways.

We know that the operator Rxy is a linear combination of the operators
Iy, 0 < k < 1 < 8, as the isotropy representation spin(9) — End(7,M) is
the 16-dimensional spin representation of spin(9). Since for any fixed pair kl,
0 <k#1<8, by (2.1) one has 20<j<8 ;I 1 I; = 511, we get the formula
(4.5).

On account of (4.3) and (4.5) we then obtain that

5RxyZ= Y LRxyL;Z
0<j<8

= ‘Z (3 S {o@Y. 2) ;X — (X, Z);Y } + 9{g(Y. Z2)X — g(X, 2)Y }
0<j<8
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+2 Y {g(X,IijZ)L-jY—g(Y,IijZ)Iin}).
0<i<j<8

Again using (4.3) we then have

C
RxyZ = 1 Z (g(Y; IijZ)Iin - g(X, IijZ)Iin)’
0<i<j<8

hence by virtue of Corollary 2.6 we deduce that

RxyZ = —i S X LY 2,
0<i<j<8
i.e. formula (4.1).
We can also prove the equivalence of the curvature tensor (4.1) and that
defined by (4.3) considering for any vector fields X,Y and the basis of 2-forms
{wij, i1} being as in Section 1, Friedrich’s expression [15, Lemma 3.2]

(4.6) BX°AY = Y wy(X,Ywii+ Y oir(X, Yo,
0<i<j<8 0<i<j<k<8

where X and Y denote the differential 1-forms metrically dual to X and Y,
respectively. From (4.6), as a simple computation shows, we obtain the formula
(4.7

)
8 (LX) ALY) =5 > wii(X,Y)wiy =3 > 0in(X, V)0
0<I<8 0<i<j<8 0<i<j<k<8

From equations (4.6) and (4.7) one easily concludes. O

We omit for the sake of brevity the discussions corresponding to the three
next questions.

Remark 4.3. Another (longer but equivalent) expression in terms of the oper-
ators I; for the curvature tensor of the Cayley planes has been given in [25,
(4.18)].

Remark 4.4. Hangan gave in [18, pp. 68-69] another expression for the curvature
tensor of OP(2), this space viewed as a differentiable manifold with three charts
as in Besse [9, p. 91]. The relation of his expression with those given above
remains as an open problem.

Remark 4.5. The canonical metric on the open unit ball model of OP(2), with
B? = {(u,v) € 0% : |u]* + |v|* < 1}

has been recently found by Held, Stavrov and Van Koten in [19, Sect. 8]. It is

given by

¢ |dul*(1 = [v|*) + |dv[2(1 — |u]?) + 2 Re(uv(dv du))

4 (1 = [uf? = [of2)*

, ¢<0.

It would be interesting to relate their expression to the results of the present
paper. This also remains as an open problem.
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Appendix A

We now give some comments on Brada and Pécaut-Tison’s expression of the
canonical 8-form, showing that their 8-form w (see [11, Def. 5.2] or [12, Def.
5.2]) is not Spin(9)-invariant, and describing some crucial gaps in their proof.

To define this form w they identify the space RS with the space 02 and
consider the cross product u x v = Im(vu) = 3(vu — @) of two elements
u,v € Q@ and the “cross product” of two vectors U, V € 0? as

(48) UxV = Uy X U1 + ug X Va2, where U = (ul,u2),V = ('Ul,'UQ).

So the octonion U x V' = Im(v1 1) + Im(T2uz) is pure imaginary. By Definition
5.2 in [11, 12] the 8-form w is given (up to a non-zero factor) by

w(Uy, Uy, ..., =277 Z Us(1) X Us(2))(Us(3) X Us(a))]

(49) o€ S,
) '[(Ua(5> X Uy(6)) (Un(ry X Up(s))]-

Putting
CL:U1><U2, bZUgXU4, C:U5XU6, d:U7XU8,
as in [12] we obtain that

24[(ab)(cd) + (ab)(dc) + (ba)(cd) + (ba)(dc)
+ (cd)(ab) + (cd)(ba) + (de)(ab) + (de)(ba)]
= 2”Re[(ab)(cd) + (ab)(de) + (ba)(cd) + (ba)(dc)]
= 2°Re[(ab + ba)(cd + dc)]
= 27 Re(ab) Re(cd),

because all the elements a,b,c,d are pure imaginary, so that, for example,
(ab)(cd) = (dc)(ba) and ab = ba. Remark also that in [12, p. 150] there is
a misprint in this formula (i.e. the last expression in [12] is said to be equal to
27 Re[(ab)(cd)]). Taking into account that by definition the cross product in O

and, consequently, the “cross product” (4.8) in Q? is skew-symmetric, we obtain
that

w(Ul, Us, ..., Ug) = Z E(O’) Re[(UU(l) X UU(Q))(UU(‘,_),) X UU(4))]
oeSE
P Re[(Uss) X Us(6))(Us(r) X Uss))]-

where S§ = {0 € Ss: (2 — 1) < 0(2i),0(1) < (3),0(5) < a(7),0(1) < o(5)}.
It is easy to verify that #(S3) = 8!/27 = 35-9 and o(1) = 1 (its lowest number)
for arbitrary o € S3.

To prove that this form w is not Spin(9)-invariant it is sufficient to show that
for the operator Izg (which is an element of the Lie algebra p, (spin(9)) C s0(16))
and some vectors Uy, ...Us € 02 the following expression

(4.10)

(4.11) w(I78U1,Us, ..., Us) +w(Uy, I78Us, ..., Us) + - - -+ w(Uy, Us, . . ., IrsUs)
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does not vanish.

Put U; = (0,up) and Uz = (uo,0),...,Us = (us,0). We will show that in
this case the first term T3 in (4.11) equals 63 and that |T;| < 9 for each other
term T;, ¢ = 2,...,8. Since we have exactly 7 terms T; with |T;| < 9, the sum
of all these eight terms is necessarily non-zero if, for example, the eighth term
Ty > 8.

Consider the first term 77 = w(I7sU1, Us, ..., Us) in the sum (4.11). By (2.3)
I78(0,u9) = (u7,0). Since the product of any pair of elements of the basis
B = {uo,...,ur} is an imaginary unit (up to a sign), then each of the 35 -9
terms in the expression (4.10) for w(I7gUy, Us, ..., Us) is given by

(4.12) e(f)e(o") Re[(tor(1)lior(0)) (Uor (3) o (2))] Re[(Uo (5)Tor (a)) (Uor (1) o (6) )]

where f is the unique bijection such that 0/ = fooof~! and ¢’ is a permutation
of the set {0,...,7} with its natural ordering. Here (f)e(0’) = (o) and
e(f) = —1 because f(1) = 7 and f(i) = ¢ — 2 for ¢ > 2. Since the product of
all the elements of the basis B is a real number +1 (see (4.13) below), then the
term (4.12) is non-zero iff its first factor of the form Re[ - ] is non-zero. That is, we
have 7 possibilities for a choice of the first pair {¢’(0),¢’(1)} because ¢’'(0) =7
(o(1) = 1) and 3 possibilities for a choice of the second pair {¢'(2),0’(3)} such
that ue/(2)Us(3) = FUer(0)Uer(1)- Thus the number of non-zero terms (4.12)
equals 63 because o (5) is the lowest number of the set {o(5),...,0(8)} and then
for a choice of o(6) one has 3 possibilities. Remark that each such a term equals
41 and that at least one of them is positive. This positive term corresponds
to the even permutation o = (1,2,3,8,4,5,6,7) with ¢/ = (7,0,1,6,2,3,4,5)
because by (2.13)

Re[(ugiir) (ugt1 )] Re[(usiia) (ustia)] = (—=1)* Re[(1 - ke)(je - )] Re[(k - j)(ie - e)]
(4.13) = Re|(ke)(ke)] Re[(—i)(—i)] = 1.

Now we will prove that all the non-zero terms (4.12) coincide for any o’ € Sg.
Taking into account the symmetries of the expression (4.12) we can suppose
that ¢/(0) = 0. Since all the elements of the imaginary units set B = B\ ug
anticommute and @ = —u for such a unit, we can rewrite the expression (4.12)
in the following form (up to a factor £(f))

P(0') = e(0’) Re[(uotor (1)) (o (2)tor (3))] Re[(Uor (4)Uor (5)) (Uor (6) U0 (7)),

where o’ € Sg, 0/(0) = 0. As we remarked above, this expression is not zero iff
its first factor Re[-] is not zero. In this case the algebra generated by the three
imaginary units uq(1), Ug/(2), Ug(3) 18 isomorphic to the quaternion algebra H.
In particular, the imaginary unit wus/(4) is orthogonal to these three vectors
and g/ (3) = €12Ugr(1)Uor(2)- Therefore ([27, Lect. 15, Lemma 1]) there exists an
automorphism @ of @ such that ®(ugs (1)) = u1, P(ugr(2)) = u2, and P(ugr(4)) =
ug. Then ®(uqr(3)) = €12us. It is easy to see that ® preserves the set B°uU

(=B°) and, consequently, ®(uy) = g o® (uy), where e = £1 and ¢® is some
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permutation in Sg preserving ug, and HZ:O er -e(o®) =1 (see the proof of
Lemma 2.2). Thus

e(0”) [(uotor (1)) (Uor (2)or (3))] - [(Uor (ay o (5)) (Uor (6) o (7))]
= e(0")[(uour) (uzu3)] - [(uatigr (5)) (Ugr (6)Usr (7))

where 0" = 0%0’ € Sg, because £(0") = e(0')e(a?) = e(0') HZ:O €2 . Note

also that o”/(j) = j if j = 0,1,2,3,4 and o”(j) € {5,6,7} for j = 5,6, 7. Since
all the expressions in square brackets are real and i-j-k = —1, we have

P(0') = —e(0") - [(uatigr(5)) (Uor (6)Uor (7))]-

But ugr4yiy = usyua, © = 1,2,3, where ¢ is some permutation in S3. It is
clear that e(¢”) = €(d). Since (q1€)(g2€) = —g2q1 by (2.13), we obtain that

(o) = —e(0)(—us(1)) (s 3)Us(2)) = €(F)Us(1)Us(2)Us(3)-

Since the imaginary units u1, ug, ug anticommute, then the non-zero value ¢(c’)
=1i-j-k = —1is independent of ¢’ € Sg and, consequently, w(IzsU1,Us, ..., Us)
= 63. Remark here that the value Ty = w(I7sU1,Us,...,Us) is calculated
in [12, p. 150] but with a mistake. By their calculations T = 35 -9 because the
calculations are based on the SO(8) C Spin(9) invariance of the form w given
by (4.9). But as we will prove this form is not Spin(9)-invariant.

Consider now the ith term T; = w(Uy, ..., I7sU;,...), 2 < i < 8, in (4.11).
By (2.3) for 0 < k < 6, one has Izg(uk, 0) = (0, £uy/) with 1 < &' < 7. Since the
“cross product” (x,0) x (0,y) = 0 for any z,y € O and o(1) = 1, Uy = (0, up),
then each non-zero term in the expression (4.10) for w(Uy,...,IzsU;,...) is
determined by o € S5 such that o(2) = 4. This term is given by the following
expression

(4.14)  ¢(0) = (o) Re[(Fugi—2)uo) (Up(2)lp(1))] Re[(tpa)lips)) (Up6)tp())],

where the six-point set {¢(1), ..., »(6)} coincides with the set {0,1,...,6}\{i—
2}. If the term (4.14) is non-zero then the first factor of the form Re[-] in (4.14)
is non-zero. That is, we have at most 3 possibilities for a choice of the second
pair {¢(1), ¢(2)} because if ¢(0) # 0 then uy(2)lp(1) = Fu—2y C B°U(—=BY).
Thus the number of non-zero terms (4.14) equals at most 9 because o(5) is the
lowest number of the set {¢(5),...,0(8)} and then for a choice of o(6) one has
3 possibilities. Remark that each such a non-zero term equals +1.

Now to prove the non-invariance of the form w it is sufficient to find one
positive term in the expression for Tg. This positive term corresponds to the
even permutation o = (1,8,2,3,4,5,6,7) because, by (2.13),

Re[(Uy x I7;8Ug) (U x Us)] - Re[(Uy x Us)(Ug x Uz)]
= Rel((0,u0) x (0, uguz))((uo,0) x (u1,0))]
-Re[((uz2,0) x (us, 0))((us, 0) x (us,0))]
= Re[(urue - uo) (u1to)] Re[(ustiz) (ustq))
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= Re|(ke - je)i] Re[(kj)(ie - )] = 1.

Thus the 8-form w proposed in [11] and [12] is not Spin(9)-invariant.

Remark 4.6. Using the method described above one can show that only 75 = —9
and that all the other terms T; = 9 for ¢ = 3,...,8. Thus the expression (4.11)
equals 108.

Note also that the proof of the invariance of the form w in [12] contains some
gaps.

First of all this proof is based on the wrong proposition [12, Prop. 5]. The
proof of this proposition relies in turn on the fact that the orthogonal trans-
formations T,: O — O, x +— axa, of the space O, where a € ImQ, a? = —1,
are pure imaginary octonions of length 1, generate a group Gr isomorphic to
SO(8) (cf. [12, p.151]). But this is impossible because T, (ug) = —ug so that for
any g € Gp we have g(ug) = fug. Thus Gr is locally isomorphic to SO(7) so
that G % SO(8).

Moreover, Prop. 5 in [12] asserts that the group G* generated by certain
one-parameter subgroup and by the orthogonal transformations 7, : 0% — 02,
(21, 22) — (ary,x2a), where a € ImQ, a? = —1, are pure imaginary octonions
of length 1, is isomorphic to the group Spin(9). Now remark that by (4.10) their
8-form is w = W’ AW/, i.e. it is the square of the 4-form w’ given by

W (U1, Uz, Us, Us) = Y e(0) Re[(Ua(1) X Uo(2))(Ua(z) X Usa))]-
g€ESy

In [12, p. 152] it is proved that this 4-form «’ is G*-invariant. But we know
(Brown and Gray [13, Sect. 4.5]) that such a non-zero Spin(9)-invariant 4-form
cannot exist, so that G* % Spin(9).

Appendix B

We now comment on Abe and Matsubara’s expression of Q. Remark first of
all that using some computer calculations we can obtain the expression for our
Spin(9)-invariant 8-form in some natural basis of Q2. This expression contains
702 terms.

Abe and Matsubara attempted to describe this 702-terms expression for
Q% in their paper [2] (see also the short announce by Abe [1]). The form Q8
is exhibited there as a sum of eight 8-forms Qf,...,Q§. The combinatorial
descriptions of these forms given in [2] are based on certain two 7 x 8 integer-
valued matrices. But the combinatorial definitions of these eight 8-forms contain
some mistakes, for example the definition of the form Qf (see [2, p. 8]) is not
correct. Moreover, the papers [1] and [2] contain different expressions for the
aforementioned form QF. The expression given in [1] contains at most 7-7-4 =
196 terms (in some canonical basis) though it is asserted in [2, p.12] that Qf
contains 336 terms. Therefore we can not compare Abe-Matsubara’s formula
and our formula for the canonical form Q8.
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