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Abstract

The mass matrix forms of quarks and leptons are discussed in theory with permutation

flavor symmetry. The structure of scalar potential is analyzed in case that electroweak

doublet Higgs fields have non-trivial flavor symmetry charges. We find that realistic forms

of mass matrices are obtained dynamically in the vacuum of the theory, where some

of Higgs bosons have vanishing expectation values which lead to vanishing elements in

quark and lepton mass matrices. Mass textures are realized in the true vacuum and their

positions are controlled by flavor symmetry. An interesting point is that, due to the flavor

group structure, the up and down quark mass matrices are automatically made different

in the vacuum, which lead to non-vanishing generation mixing. It is also discussed that

flavor symmetry is needed to be broken in order not to have too light scalars. The lower

bounds of Higgs masses are derived from the experimental data of flavor-changing rare

processes such as the neutral K meson mixing.
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1 Introduction

Flavor symmetry is expected to be a clue to understand the masses and mixing angles of

quarks and leptons. It reduces the number of free parameters in Yukawa couplings, and some

testable predictions of masses and mixing angles generally follow. The discrete non-Abelian

symmetries contain the symmetry groups Sn, the dihedral groups Dn, the binary dihedral

(quaternion) groups Qn and the tetrahedral groups An. Some predictive models with discrete

flavor symmetries have been explored by many authors [1]-[8].

The simplest discrete non-Abelian group is S3. The Higgs sector has a rich structure in

theory with the S3 flavor symmetry, e.g. there are two possibilities that SU(2) doublet Higgs

fields have trivial and non-trivial flavor symmetry charges. The former case has been discussed

intensively in the literature (see for example Ref. [2]). The latter case is also expected to have

characteristic phenomenology where Yukawa couplings of quarks and leptons are described by

renormalizable operators.

In this paper, we discuss the mass matrix forms of quarks and leptons in the case that

SU(2) doublet Higgs fields have non-trivial S3 flavor charges. We perform the analysis of Higgs

potential at the electroweak scale and examine whether some of Higgs bosons have vanishing

expectation values. In this case, vanishing elements (texture zeros) of fermion mass matrices

are obtained dynamically in the vacuum of the theory, and their positions are controlled by

flavor symmetry. Such zeros in the mass matrices have often been assumed by hand [9]-[17],

unlike our scheme. An interesting point of the scheme is that, due to the S3 group structure,

the up and down quark mass matrices automatically have different forms at the vacuum, which

lead to non-vanishing generation mixing. The suppression of flavor-changing neutral currents

(FCNC) mediated by multiple Higgs fields will also be discussed.

This paper is organized as follows. In Section 2, we present some fundamentals of the S3

group and the S3 symmetry invariant form of Yukawa couplings (mass matrices) in the super-

symmetric case. In Sections 3 and 4, the symmetry-invariant Higgs potential is constructed

and its structure is analyzed, especially focusing on the conditions for vanishing vacuum expec-
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1S 1A 2

1S 1S 1A 2

1A 1A 1S 2

2 2 2 2 + 1A + 1S

Table 1: S3 tensor products.

tation values (VEVs). In Section 5, we show that fermion mass matrices favored by the recent

experimental data are highly limited in our S3 framework. In Sections 6 and 7, several other

phenomenological issues, i.e. the Higgs spectrum with flavor symmetry breaking effects and

tree-level FCNC processes, are investigated. Section 8 is devoted to summarizing our results.

2 S3 invariant mass matrix

In this section, the S3-invariant forms of mass matrices are presented. For more details of the

S3 group structure and symmetry-invariant forms, see, for example, Ref. [2]. The S3 group has

three irreducible representations; two singlets and one doublet, which we denote throughout

this paper as 1S (singlet), 1A (pseudo singlet) and 2 (doublet), respectively. The decomposition

of tensor products is shown in Table 1. A non-trivial product is 2× 2 = 2 + 1A + 1S. For two

doublets ψ = (ψ1, ψ2)
T and φ = (φ1, φ2)

T , that is explicitly given by

ψ × φ =

(

ψ†
1φ2

ψ†
2φ1

)

2

+ (ψ†
1φ1 − ψ†

2φ2)1A
+ (ψ†

1φ1 + ψ†
2φ2)1S

, (2.1)

where the suffixes in the right hand side of the equation denote S3 representations. Another

form of product is written by using ψC ≡ (ψ∗
2, ψ

∗
1)

T which behaves as a doublet. The tensor

product of ψC with another doublet φ becomes

ψC × φ =

(

ψ2φ2

ψ1φ1

)

2

+ (ψ1φ2 − ψ2φ1)1A
+ (ψ1φ2 + ψ2φ1)1S

. (2.2)

Since this latter form of product does not contain any complex conjugates, it is useful for de-

scribing, e.g. Majorana masses for neutrinos and holomorphic terms in supersymmetric theory.

It is mentioned that the two types of S3 invariants given above correspond to two invariant

tensors of SU(2), which contains S3 as a subgroup.
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Let us discuss quark/lepton mass matrices, where both left-handed and right-handed fermions

transform under a single S3 symmetry. We suppose that two of three generations belong to

S3 doublets and the others are singlets. In this paper, we consider supersymmetric theory and

then matter superfields of first two generations ΨL1,2
and ΨR1,2

are treated as S3 doublets, into

which left and right-handed fermions are embedded as ψL1,2
and ψ c

R1,2
, respectively. As for

SU(2) weak doublet Higgses, all three types of S3 irreducible representations are introduced; a

doublet (H1, H2)
T , a pseudo singlet HA and a singlet HS for each of up and down type Higgs

sector. It is found from the tensor product (2.2) that the most general supersymmetric Yukawa

(mass) terms are written as

Wy = ΨLi (MD)ij ΨRj , (2.3)

MD =





aH1 bHS + cHA dH2

bHS − cHA aH2 dH1

eH2 eH1 fHS



 , (2.4)

where a, b, · · · , f are independent Yukawa coupling constants.

It is noticed that, if some of Higgs bosons have vanishing expectation values in the vacuum

of the theory, corresponding mass matrix elements vanish and then mass (not Yukawa) texture

is realized. That is the scheme we adopt in this paper for quark/lepton mass matrices. A non-

trivial issue is whether such VEVs are obtained in the electroweak symmetry breaking vacuum.

Therefore the Higgs potential should be carefully examined.

Finally, the S3-invariant bare Majorana mass for matter superfield Ψi (i = 1, 2, 3) is given

by

Wm = Ψi (MR)ij Ψj , (2.5)

MR =





M1

M1

M2



 . (2.6)
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3 S3 Higgs scalar potential

Let us consider supersymmetric theory with S3 flavor symmetry and introduce the following

Higgs superfields:







ĤuS, ĤdS : S3 singlets

ĤuA, ĤdA : S3 pseudo singlets

(Ĥu1, Ĥu2), (Ĥd1, Ĥd2) : S3 doublets

.

The symmetry-invariant supersymmetric Lagrangian is

L =

∫

d2θd2θ̄ K +

(∫

d2θ W + h.c.

)

, (3.1)

K =
∑

α=S,A,1,2

(

Ĥ†
uαe

GuĤuα + Ĥ†
dαe

GdĤdα

)

, (3.2)

W = µSĤuSǫĤdS + µAĤuAǫĤdA + µD

(

Ĥu1ǫĤd2 + Ĥu2ǫĤd1

)

, (3.3)

where Gu,d ≡ ±1
2
gY V̂Y + g2V̂2 with the electroweak vector superfields V̂Y and V̂2, and gY and

g2 are the corresponding gauge coupling constants. The mass parameters µS,A,D are generally

complex and ǫ is the antisymmetric tensor for SU(2) weak indices (ǫ12 = 1). The Higgs scalar

potential is then given by

V = Vsusy + Vsoft , (3.4)

Vsusy =
1

2
D2

Y +
1

2

∑

a=1,2,3

(Da)2

+ |µS|2
(

H†
uSHuS +H†

dSHdS

)

+ |µA|2
(

H†
uAHuA +H†

dAHdA

)

+ |µD|2
(

H†
u1Hu1 +H†

d1Hd1 +H†
u2Hu2 +H†

d2Hd2

)

, (3.5)

Vsoft = m2
uSH

†
uSHuS +m2

dSH
†
dSHdS + (bSHuSǫHdS + h.c.)

+m2
uAH

†
uAHuA +m2

dAH
†
dAHdA + (bAHuAǫHdA + h.c.)

+m2
uD(H†

u1Hu1 +H†
u2Hu2) +m2

dD(H†
d1Hd1 +H†

d2Hd2)

+ [bD (Hu1ǫHd2 +Hu2ǫHd1) + h.c.] , (3.6)
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where bx, mux and mdx (x = S,A,D) are the holomorphic and non-holomorphic mass parame-

ters of supersymmetry breaking, respectively. The D terms are explicitly given by

DY = −1

2
gY

(

H†
uSHuS −H†

dSHdS +H†
uAHuA −H†

dAHdA

+ H†
u1Hu1 −H†

d1Hd1 +H†
u2Hu2 −H†

d2Hd2

)

, (3.7)

Da = −g2

(

H†
uST

aHuS +H†
dST

aHdS +H†
uAT

aHuA +H†
dAT

aHdA

+ H†
u1T

aHu1 +H†
d1T

aHd1 +H†
u2T

aHu2 +H†
d2T

aHd2

)

, (3.8)

with T a (a = 1, 2, 3) is the SU(2) weak generators. It should be noted that Vsoft is introduced as

the most general supersymmetry-breaking Higgs soft terms compatible with the S3 symmetry.

We here mention a possibility of spontaneous breakdown of CP symmetry. The following

terms in Vsoft which contain complex couplings could be sources of CP violation:

bSHuSǫHdS + bAHuAǫHdA + bD (Hu1ǫHd2 +Hu2ǫHd1) + h.c. . (3.9)

Analyzing the stationary conditions for the Higgs potential, it is understood that the phases of

Higgs VEVs should satisfy θuα + θdα = 0 (α = S,A, 1, 2) where θuα(dα) are the up(down)-type

Higgs phases. While these phases do not directly appear in the Higgs scalar potential at the

vacuum, they cannot be removed in general by field redefinitions unlike in the minimal super-

symmetric standard model (MSSM). Therefore there is a possibility of causing spontaneous CP

breakdown by taking account of complex phases of Higgs VEVs in Higgs-mediated processes.

4 Analysis of Higgs scalar potential

Hereafter we assume that the charged Higgs fields do not develop nonzero VEVs so as to make

the U(1)EM symmetry remains intact after the electroweak symmetry breaking. The S3 Higgs
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scalar potential we analyze thus becomes

V =
(

|µS|2 +m2
uS

)

v2
uS +

(

|µS|2 +m2
dS

)

v2
dS − 2bSvuSvdS

+
(

|µA|2 +m2
uA

)

v2
uA +

(

|µA|2 +m2
dA

)

v2
dA − 2bAvuAvdA

+
(

|µD|2 +m2
uD

) (

v2
u1 + v2

u2

)

+
(

|µD|2 +m2
dD

) (

v2
d1 + v2

d2

)

−2bD (vu1vd2 + vu2vd1) +
g2

Y + g2
2

8
X2, (4.1)

X ≡ v2
uS − v2

dS + v2
uA − v2

dA + v2
u1 − v2

d1 + v2
u2 − v2

d2, (4.2)

where vx are the absolute values of Higgs scalars:

vuS =
∣

∣

〈

H0
uS

〉∣

∣ , vuA =
∣

∣

〈

H0
uA

〉∣

∣ , vu1 =
∣

∣

〈

H0
u1

〉∣

∣ , vu2 =
∣

∣

〈

H0
u2

〉∣

∣ ,

vdS =
∣

∣

〈

H0
dS

〉∣

∣ , vdA =
∣

∣

〈

H0
dA

〉∣

∣ , vd1 =
∣

∣

〈

H0
d1

〉∣

∣ , vd2 =
∣

∣

〈

H0
d2

〉∣

∣ , (4.3)

and the parameters bS,A,D have been chosen to be real positive by field redefinitions. Notice

that the scalar potential (4.1) is invariant under the label-exchanging transformations, 1 ↔ 2,

S ↔ A and/or u↔ d.

First we discuss the instability of scalar potential at the origin of field space. The poten-

tial parameters have to satisfy at least one of the following conditions in order to break the

electroweak gauge symmetry:

b2S > (|µS|2 +m2
uS)(|µS|2 +m2

dS) , (4.4)

b2A > (|µA|2 +m2
uA)(|µA|2 +m2

dA) , (4.5)

b2D > (|µD|2 +m2
uD)(|µD|2 +m2

dD) . (4.6)

Then the equations of motion become

(|µS|2 +m2
uS)vuS = bSvdS −X ′vuS , (|µS|2 +m2

dS)vdS = bSvuS +X ′vdS , (4.7)

(|µA|2 +m2
uA)vuA = bAvdA −X ′vuA , (|µA|2 +m2

dA)vdA = bAvuA +X ′vdA , (4.8)

(|µD|2 +m2
uD)vu1 = bDvd2 −X ′vu1 , (|µD|2 +m2

dD)vd2 = bDvu1 +X ′vd2 , (4.9)

(|µD|2 +m2
uD)vu2 = bDvd1 −X ′vu2 , (|µD|2 +m2

dD)vd1 = bDvu2 + A′vd1 , (4.10)
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where X ′ =
g2

Y +g2

2

4
X. These equations (4.7)-(4.10) depend respectively on vuS(dS), vuA(dA), vu1(d2)

and vu2(d1), except in the X ′ parts. The Z boson mass is given by

m2
Z =

1

2
(g2

Y + g2
2)

(

v2
uS + v2

dS + v2
uA + v2

dA + v2
u1 + v2

d1 + v2
u2 + v2

d2

)

. (4.11)

In addition, substituting (4.7)-(4.10) for the scalar potential, we find the depth of the potential

at the minimum:

Vmin = −g
2
Y + g2

2

8
X2 ≤ 0 . (4.12)

This expression also holds in the case of S3 symmetry breaking model discussed in later section.

Next we study the possibility of having vanishing VEVs in the minimum of the potential.

In general, (4.7)-(4.10) are the coupled equations through the X parts. We separate these

equations into three parts for the singlet (4.7), the pseudo singlet (4.8), and the doublet (4.9)

and (4.10). As for the singlet and pseudo singlet parts, each coefficients of X ′ in (4.7) and (4.8)

are vu(d)S and vu(d)A, respectively. Therefore vanishing VEVs makes the equations trivial within

each sector. There is however a bit difference in the S3 doublet part [Eqs. (4.9) and (4.10)], that

is, they cannot be separated from each other. These equations have not only a relation through

the X part but also a common parameter bD which originates from the symmetry invariance.

4.1 S3 singlet Higgses

First let us examine the vanishing VEVs of S3 singlet Higgs fields. In this case, we take the

other Higgs VEVs arbitrary. The analysis is the same for pseudo singlet Higgs fields. There

are two possible patterns of zero VEVs; one is that both of the up and down-type Higgs VEVs

are zero and another is that only one of them is zero.

• vuS = vdS = 0

This solution always exists. Though such a solution does not make sense in models with

one pair of Higgs doublets like the MSSM, it is possible in the present case as long as

some of instability conditions for other Higgs parts are satisfied.
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• vuS = 0, vdS 6= 0 or vdS = 0, vuS 6= 0

It is found that the parameter condition bS = 0 is necessary for this solution. For example,

if one supposes vuS = 0 and vdS 6= 0, the stationary conditions mean

bS = 0 and |µS|2 +m2
dS − g2

Y + g2
2

4

(

−v2
dS +X0

)

= 0, (4.13)

where we have defined X0 = X|vuS=vdS=0. Therefore as long as the parameter bS is

nonzero, the solution with one of VEVs being zero does not exist. It is noted that the

condition bS = 0 is difficult to be satisfied exactly at any scale, and hence such a type of

solution may not be realistic.

4.2 S3 doublet Higgses

Including S3 doublet Higgs fields makes the theory complex but is promising. Unlike the case

of S3 singlet Higgses, all the four VEVs, vu1, vu2, vd1 and vd2 should be simultaneously taken

into account because bD is a common parameter as we mentioned above. In the analysis, we

take the singlet Higgs VEVs, vuS, vdS , vuA and vdA, to be arbitrary. It is important to notice

that the stationary conditions for S3 doublet Higgses are described (except in the X parts) by

two pairs of VEVs: Eq. (4.9) for (vu1, vd2) and Eq. (4.10) for (vu2, vd1). It can be seen from

the result in the previous section that the existence of VEV pairs means that the VEV forms

such as vu1 = 0 and vd2 6= 0 are not allowed, i.e. only one VEV in each pair does not develop a

nonzero VEV unless an unlikely condition bD = 0 is satisfied.

There are 16 (= 24) patterns for the 4 VEVs of S3 doublets. Among them, only 7 patterns

are theoretically independent due to the label-exchanging invariances of the potential: 1 ↔ 2

and u ↔ d, mentioned before. For example, in the case that vu1 = vd2 = 0 and vu2, vd1 6= 0,

the equations of motion give

2|µD|2 +m2
uD +m2

dD = bD

(

vu2

vd1
+
vd1

vu2

)

. (4.14)

A similar form of vacuum equation is obtained for a theoretically equivalent case that vu2 =

vd1 = 0 and vu1, vd2 6= 0 by use of label exchanges. Therefore it is enough to consider either

9



vu1 vu2 vd1 vd2 conditions

0 0 0 0
0 0 60 0 bD = 0
0 60 60 0
0 0 60 60 bD = 0

0 60 0 60 bD = 0, 2 |µD|2 +m2
uD +m2

dD = 0

60 60 0 60 bD = 0, 2 |µD|2 +m2
uD +m2

dD = 0
60 60 60 60

Table 2: All representative VEV patterns of the S3 doublet Higgs fields. The blank entries
denote no needs of parameter conditions.

vu1 vu2 vd1 vd2

0 0 0 0
0 60 60 0
60 0 0 60
60 60 60 60

Table 3: All VEV patterns of the S3 doublet Higgs fields without parameter conditions.

of these patterns. All 7 possible patterns obtained from the potential analysis are shown

in Table 2. It is noted that the parameter conditions given in Table 2, i.e. bD = 0 and

2|µD|2 + m2
uD + m2

dD = 0, are unlikely to be satisfied exactly, because these relations are not

protected by symmetry arguments and generally unstable against quantum corrections (though

there are some models for a vanishing b parameter at a given scale [18]). Therefore in this paper

we do not consider the solutions with non-trivial parameter conditions. In the end, we have

found the relevant vacuum solutions without parameter conditions, which are presented in

Table 3.

To summarize the results in Section 4, we have found all possible minima of the scalar

potential for S3 singlet and doublet Higgs fields (Table 4). These solutions do not require any

exact tuning of Lagrangian parameters for electroweak symmetry breaking and are physically

available. The potential depth at each minimum is controlled by Higgs mass parameters in the

Lagrangian, and any of the VEV patterns in Table 4 can be made the global vacuum of the

theory, as seen in Eq. (4.12).
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vuS vdS vuA vdA vu1 vu2 vd1 vd2

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0
0 0 0 0 0 0
0 0 0 0
0 0 0 0
0 0

0 0 0 0 0 0
0 0 0 0
0 0 0 0
0 0

0 0 0 0
0 0

0 0

Table 4: All possible minima of the scalar potential for S3 singlet and doublet Higgs fields
without tuning of Lagrangian parameters for electroweak symmetry breaking. The blank entries
denote non-vanishing VEVs.

5 Quark and lepton mass textures

As a phenomenological application of the vacuum analysis performed in the previous section,

we study in this section the mass matrix forms of quarks and leptons derived from S3 flavor

symmetry. Let us consider a supersymmetric theory with three-generation quark and lepton

superfields in addition to the Higgs content previously analyzed. The three generations belong

to a reducible 3 representation of S3, that is, two of three generations behave as a doublet and

the other is a singlet or a pseudo singlet. When the first two generation superfields consist of

S3 doublets, the most general form of mass matrix is given by (2.4) with non-vanishing Higgs

VEVs.

A usual approach often seen in the literature to obtain realistic forms of mass matrices

is to control coupling constants of effective Yukawa operators with additional symmetries or

to adjust coupling constants by hand so that the experimental data is reproduced. Unlike

these approaches, our strategy in this paper is to dynamically realize mass matrix forms (mass

11



textures) in the vacuum of the theory. That is, as discussed in the previous section, some of

Higgs VEVs vanish at the minimum of scalar potential, which in turn lead to texture (zero)

forms of quark/lepton mass matrices. The available candidates of vacua are listed in Table 4.

One can see from the table that the VEV structures of up and down-type Higgs fields are not

parallel and rather different due to the group properties of S3 flavor symmetry. This fact is

favorable in light of the experimental data of fermion masses and mixing angles, which data is

well known to show that the up and down quark sectors would have highly different generation

structures.

In the following, we assume as an example that the S3 representations of three-generation

matter fields are 2 + 1S. If one adopts 1A instead of 1S, phenomenological results are changed

according to Eq. (2.2). Examining the vacuum patterns in Table 4, we find that the following

case with four zero VEVs leads to the simplest texture (i.e. the maximal number of zero matrix

elements) with non-trivial flavor mixing:

vu1 = vd2 = vuS = vdS = 0, vu2, vd1, vuA, vdA 6= 0. (5.1)

The VEV pattern obtained by interchanging the labels 1 ↔ 2 is also the case. That can be

covered by exhausting the generation label exchanges of matter fields, and therefore we safely

focus on the vacuum (5.1) and examine all types of S3 charge assignments of matter fields. In

what follows, we use the notation that Qi, ui, di, Li, ei, and νi (i = 1, 2, 3) are the superfields

of left-handed quarks, right-handed up quarks, right-handed down quarks, left-handed leptons,

right-handed charged leptons and right-handed neutrinos, respectively.

5.1 Quark mass textures

When the first and second generation quarks behave as S3 doublets, the up and down quark

mass textures in the vacuum (5.1) are read from the generic form of mass matrix (2.4):

Mu =





βvuA γvu2

−βvuA αvu2

δvu2



 , Md =





ᾱvd1 β̄vdA

−β̄vdA γ̄vd1

δ̄vd1



 , (5.2)
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where the blank entries mean zeros, and α, β, · · · , γ̄ and δ̄ are the Yukawa coupling constants.

In this flavor basis, the above matrices appear not to lead to appropriate mass hierarchies and

generation mixing. We have exhausted the S3 charge assignments of matter fields and found

that only the following 4 cases are almost consistent with the current experimental data of

fermion masses and mixing angles.

5.1.1 (Q2,Q1) + Q3, (u3,u2) + u1, (d2,d3) + d1

The title of this subsection means the S3 charge assignment that the second and first generations

of left-handed quark superfields consist of a doublet and the third one Q3 is a singlet, and

similarly for ui and di. In this case, the quark mass matrices are given by

Mu =





bu −cu
du cu

iu



 , Md =





ad −bd
ed bd

id



 . (5.3)

In the first order approximation, they predict the quark mass eigenvalues and mixing angles

mu = − budu

cu
, mc = cu , mt = iu , (5.4)

md = ad , ms = ed , mb = id , (5.5)

Vus = − bu

cu
− bd

ed
, Vcb = bd

id
, Vub = cu

iu
− bubd

cuid
, (5.6)

which lead to a relation among the observables:

Vub −
mc

mt
= Vcb

(

Vus +
mb

ms
Vcb

)

. (5.7)

Such parameter-independent relation may be useful to examine whether the model can well

describe the observations. If one evaluates the relation (5.7) with respect to the mixing matrix

element Vcb, one third of the observed value is reproduced, which implies a necessity of some

modification of the mass matrix forms.
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5.1.2 (Q3,Q2) + Q1, (u1,u2) + u3, (d3,d2) + d1

In the second case, (Q3, Q2), (u1, u2) and (d3, d2) are the S3 doublets. The mass matrices then

take the forms:

Mu =





au

−du eu

du iu



 , Md =





bd
dd −fd

fd id



 . (5.8)

The flavor charge assignments of Qi and di are the same, which leads to a generation-symmetric

texture form like the Fritzsch ansatz [9] for the down quark mass matrix. Also such charge

assignment might be relevant to the flipped SU(5) unified models [19]. The prediction for the

quark mass eigenvalues and mixing angles is given by

mu = aueu√
d2

u+e2
u

, mc,=
√

d2
u + e2u , mt = iu , (5.9)

md = − bdddid
f2

d

, ms =
f2

d

id
, mb = id , (5.10)

Vus = bdid
f2

d

, Vcb = −fd

id
, Vub = bdfd

i2
d

, (5.11)

in the first order approximation. It is noted that the leading contributions to the mixing angles

mainly come from the down quark sector, and then satisfy the following two relations among

the observables:

|Vub| = |Vus|
(

ms

mb

)3/2

, |Vcb| =

√

ms

mb
. (5.12)

These do not so largely deviate from the experimental data, but predict a bit large (small)

value for the mixing matrix element Vcb (for the mass eigenvalue ms).

5.1.3 (Q2,Q3) + Q1, (u2,u3) + u1, (d2,d1) + d3

The third pattern is the case that (Q2, Q3), (u2, u3) and (d2, d1) are the S3 doublets, which lead

to the mass textures:

Mu =





bu
du fu

−fu iu



 , Md =





ad

dd ed

−dd id



 . (5.13)
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This type of charge assignment is compatible with SU(5) grand unification [20]. The masses

and mixing angles are determined in the first order as

mu = − buduiu
f2

u
, mc = f2

u

iu
, mt = iu , (5.14)

md = aded√
d2

d
+e2

d

, ms =
√

d2
d + e2d , mb = id , (5.15)

Vus = − buiu
f2

u
, Vcb = −fu

iu
, Vub = bu

fu
. (5.16)

It is noted that the leading contributions to the mixing angles mainly come from the up quark

sector, and then satisfy the following two relations among the observables:

|Vcb| =

√

mc

mt
, |VusVcb| = |Vub| , (5.17)

with which we would have some discrepancy between the prediction and the experimental data.

5.1.4 (Q2,Q3) + Q1, (u2,u3) + u1, (d1,d2) + d3

The last case is the S3 charges; (Q2, Q3), (u2, u3) and (d1, d2) are the doublets, which assignment

is also consistent with SU(5) unification. Note that this type of assignment differs from the

third case above, only for the doublet constitution of right-handed down quarks in the first and

second generations. Therefore the third and this fourth cases are physically equivalent if all

parameter spaces were taken into account. That is, these two cases correspond to two separate

parameter regions in a single theory, both of which regions are phenomenologically viable. The

mass texture forms now become

Mu =





bu
du fu

−fu iu



 , Md =





bd
dd ed

−ed id



 , (5.18)

which give the masses and mixing angles in the first order approximation:

mu = − buduiu
f2

u
, mc = f2

u

iu
, mt = iu , (5.19)

md = − bddd

ed
, ms = ed , mb = id , (5.20)

Vus = − buiu
f2

u
+ bd

ed
, Vcb = −fu

iu
, Vub = bu

fu
. (5.21)
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There are 8 free parameters for 9 observables, and we have one predictive relation

|Vcb| =

√

mc

mt
. (5.22)

This relation is known to well fit the experimentally observed values and has already been

discussed in other theoretical frameworks [16, 21]. However the precise numerical estima-

tion indicates that the equation (5.22) is not exactly satisfied with the observational data:

|Vcb| = 0.039 − 0.044 and
√

mc/mt = 0.057 − 0.064 [22]. Some remedies can easily be found.

The discrepancy is removed with radiative corrections, for instance, the renormalization-group

effects on masses and mixing angles. A naive and probable source of such effects is the large

top-quark Yukawa coupling. (The strong gauge coupling does not affect mass ratios and gen-

eration mixing due to its flavor universality.) For example, in the MSSM we obtain the

renormalization-group equation

d ln
(

|Vcb|
/√

mc/mt

)

d lnµ
=

1

32π2

(

y2
t − y2

b

)

. (5.23)

where µ is the renormalization scale and yt, yb are the top and bottom Yukawa couplings, re-

spectively. The positive coefficient of the top-Yukawa contribution implies that the discrepancy

is indeed reduced in lower energy regime. It is however noted that in the present model the

flavor symmetry is supposed to be broken at low energy such as the electroweak scale and hence

the scale dependence might not be enough to make the relation (5.22) fulfilled.

Another possible source of radiative corrections comes from supersymmetry-breaking pa-

rameters. The scalar fermions propagate in the loops and the chirality is flipped via holomorphic

or non-holomorphic couplings of scalar quarks. In both of these cases, the corrections do not

change zero structure of mass textures but could modify nonzero matrix elements, depending

on supersymmetry-breaking mass parameters of scalar quarks. For example, if the (Mu)23,32

elements receive such corrections, the relation (5.22) is modified and the theory would become

viable in light of the current experimental data. We leave a detailed study of model dependence

on supersymmetry-breaking parameters of matter fields to future investigations.
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In the present analysis, we have neglected CP-violating phases. All the mass matrix elements

in this subsection can be taken to be real by quark phase redefinitions. This fact implies that

the mass matrices are diagonalized by real orthogonal matrices up to overall phase rotations.

In this case the observable CP phase is induced by the presence of different phase rotations

between the up and down left-handed quarks. This is the case for the quark mass matrices in

this subsection. The prediction of quark sector CP violation is consistent with the experimental

data as long as the mixing angles are properly reproduced.

5.2 Lepton mass textures

Under the standard model gauge symmetry, the flavor charge assignment and Yukawa couplings

of the lepton sector are free from those of the quark sector. One could explore the patterns

of S3 charges for lepton fields, just as in the previous analysis for the quark sector, so that

various phenomenological constraints are satisfied. However an attractive way to determine

lepton flavor charges is to promote the theory to be embedded into grand unification, where

lepton and quark multiplets are unified and have the same flavor charges. Along this line of

thought, the cases 2, 3, and 4 in the previous section are the candidates to be considered. It is

however easily found that the cases 2 and 3 are not reconciled with the experimental data of

lepton sector, even if one includes additional Higgs fields in higher-dimensional representations

of unified gauge symmetry. Thus we find the unique solution, the case 4 (in Section 5.1.4), for

S3 flavor charges of lepton fields which would be compatible both with unification hypothesis

and the observed data. It may be interesting to remind that, only from the analysis of quark

sector performed in the previous sections, the case 4 has been phenomenologically singled out.

Let us first consider the charged lepton sector. We assume here SU(5) grand unification

because the quark flavor charges in the case 4 are consistent with it. The left-handed charged

leptons Li are combined with the right-handed down quarks into unified gauge multiplets (anti

quintuplets), and therefore (L1, L2) consists of an S3 doublet and L3 a singlet. Similarly, (e2, e3)

transforms as an S3 doublet and e1 as a singlet. The charged lepton mass matrix Me is given
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by the transpose of that of down quarks Md in (5.18) and becomes at low energy

Me ≃ r







dd 3ed

bd −3ed

id






, (5.24)

where we have included a group-theoretical factor ‘−3’ [23] in front of the element ed. Such

a factor originates from a Yukawa coupling to higher-dimensional Higgs field [e.g. 45-plet of

SU(5)] 1 and is known to make the mass eigenvalues of charged leptons well fitted to the

observed values if one takes account of renormalization-group effects on the down quark Yukawa

couplings from the strong SU(3) gauge sector [that has been effectively included as the factor

r in (5.24)]. The mass matrices Md (5.18) and Me (5.24) are found to satisfy the relations

3me

md
=

mµ

3ms
=

mτ

mb
, (5.25)

which lead to a better explanation for the mass eigenvalues than that without the group-

theoretical factor. We have found that all the other patterns to include factors −3 are not

consistent with the observation. Therefore the charged lepton mass texture (5.24) is the unique

simplest solution with our vacuum aligned scheme in SU(5) grand unification with S3 flavor

symmetry.

The mixing matrix which rotates the left-handed charged leptons to diagonalize Me is

Ue =







1 dd

3ed

3ed

id

− dd

3ed
1 −dd

id

−3ed

id
0 1






, (5.26)

in the first order approximation. It is found from this expression that |(Ue)13| = mµ/mτ ≃ 1/17

and |(Ue)23| = |(Ue)12(Ue)13| ≪ mµ/mτ . In particular, the latter means that the observed

large lepton mixing between the second and third generations must come from the neutrino

sector. As for (Ue)12, a naive upper bound is obtained from the experimental upper bound on

the 1-3 lepton mixing Ve3; |(Ue)12| <
√

2(Ve3)max, where Vαi (α = e, µ, τ and i = 1, 2, 3) is

the observable lepton mixing matrix [24]. Interestingly, a lower bound on the charged lepton

1The representation of Higgs fields under unified gauge symmetry is independent of the potential analysis at

the electroweak scale given in the previous section.
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contribution to the 1-2 lepton mixing |(Ue)12| can be expressed in terms of the observables by

imagining that there should not be any fine tuning of parameters in reproducing Vus in (5.21).

That gives |(Ue)12| > 3(me/mµ)/Vus ∼ 1/16.

We introduce the three generation right-handed neutrinos and utilize the seesaw mecha-

nism [25] to obtain tiny neutrino masses. The neutrino Dirac mass texture Mν in the vacuum

of theory and the right-handed neutrino bare Majorana mass matrix MR are respectively read

from the flavor symmetry invariance and given by

Mν =





bν cν
−bν eν

gν



 , MR =





M1

M1

M2



 . (5.27)

Here we have taken the S3 charge of right-handed neutrinos as (ν1, ν2) + ν3, that is, the first

two generations make a doublet. It is however noticed that the charge assignment of νi (equiv-

alently the label changing effect of νi) is completely irrelevant to low-energy physics and the

generation structure of light neutrino mass matrix is determined only by the flavor charge of

left-handed leptons Li. After integrating out heavy modes, the light neutrino mass matrix

ML = −MνM
−1
R MT

ν becomes

ML =
b2ν
M1







−z 1 −x
1 2y −xy
−x −xy 0






, (5.28)

x =
gν

bν
, y =

eν

bν
, z =

c2ν
b2ν

M1

M2
. (5.29)

Taking into account that the charged lepton sector has small generation mixing, it is found

that this form of neutrino mass matrix is suitable for large generation mixing with the inverted

mass hierarchy of light neutrinos: m2 ≃ m1 ≫ m3. The 2-3 large lepton mixing is controlled

by x ∼ O(1). The observed mass squared differences imply the traceless condition 2y ≃ z

(|y|, |z| ≪ 1). In the limit y, z → 0, the 1-2 and 2-3 neutrino generation mixings are maximal

(θν
12 = θν

23 = π/4) and the 1-3 angle becomes zero (θν
13 = 0). Including finite effects of y and z,

we obtain the first order expressions:

tan2 θν
12 = 1 − 2y + z√

1 + x2
, tan θν

23 = x , tan θν
13 =

−xy√
1 + x2

, (5.30)
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m1 =
b2ν
M2

(√
1 + x2 − y +

z

2

)

, m2 =
b2ν
M2

(√
1 + x2 + y − z

2

)

, m3 = 0 . (5.31)

If the small mixing contributions from Me are neglected, there is a prediction which relates the

observables in neutrino oscillation experiments:

2 tan θν
13

tan θν
23

+ tan θν
12 − 1 =

m2
2 −m2

1

4(m2
2 −m2

3)
. (5.32)

This is certainly consistent with the current experimental data. Finally, including the charged

lepton contribution (5.26), we obtain

Ve2 = sin θν
12 − (Ue)12 cos θν

12 cos θν
23 + (Ue)13 cos θν

12 sin θν
23 , (5.33)

Vµ3 = sin θν
23 , (5.34)

Ve3 = sin θν
13 − (Ue)12 sin θν

23 − (Ue)13 cos θν
23 , (5.35)

where θν
13 ≪ 1 has been used. It is found that Ve3 has a lower bound; |Ve3| ≥ 0.04, which is

derived by taking account of the experimental data, Ve2, Vµ3, ∆m2
12 and ∆m2

23 [22] with the

relation (5.32) and the constraints on (Ue)12,13 discussed above. That will be tested in future

experiments such as the double Chooz [26].

In Section 5, we have shown that our scheme for generating zero texture forms with vacuum

alignment is applied to mass matrices of quarks and leptons. Exhausting the patterns of matter

flavor charges, we have found the highly limited numbers of charge assignments are phenomeno-

logically viable. In particular, our scheme is also consistent with SU(5) grand unification, and

the uniquely determined matter flavor charges predict typical low-energy phenomenology such

as the relations among the observables, independently of model parameters.

6 Higgs mass spectrum and S3 breaking terms

The analysis in the previous section has shown that the vacuum (5.1) is phenomenologically

interesting if applied to the quark and lepton mass textures. However the model has a problem

that some massless bosons generally appear at any vacuum where more than one sets of Higgs
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HuS HdS HuA HdA Hu1 Hu2 Hd1 Hd2

U(1)X +1 −1 0 0 +1 0 0 −1
U(1)Y +1 −1 +1 −1 +1 +1 −1 −1

Table 5: The U(1) symmetries of the Higgs scalar potential with the S3 breaking terms (6.1).

bosons have non-vanishing VEVs. This general feature comes from the fact that the Higgs

scalar potential given in Section 3 has an enhanced global symmetry SU(2)×U(1)2 and leads to

massless Nambu-Goldstone bosons in the electroweak broken phases. It is therefore reasonable

to (softly) break the flavor symmetry within the scalar potential so as not to enhance the

global symmetry. In this paper we introduce supersymmetry-breaking soft terms which violate

S3 flavor symmetry. We find that the following simple set of breaking terms is appropriate for

the present purpose:

V 6S3
= bSDHuSHd2 + b′SDHu1HdS + bADHuAHd1 + b′ADHu2HdA + h.c. , (6.1)

There are several reasons why these terms are chosen: (i) The global symmetry of total Higgs

potential is broken down to U(1)X under which HuS and Hu1 (HdS and Hd2) are positively

(negatively) charged. Note that, combined with the U(1)Y hypercharge symmetry, U(1)X is

converted to another global U(1) where HuA and Hd1 (HdA and Hu2) are positively (negatively)

charged (see Table 5). As discussed in Section 4.2, there are four sets of up and down type Higgs

fields in the original potential without flavor-breaking terms, which potential therefore has four

U(1) invariances. Each set of (Hu, Hd) are vector-like fields under these U(1)s. Including the

soft terms (6.1) economically breaks two of them, and hence U(1)X,Y in Table 5 remain intact.

It is important to notice that, in the electroweak broken vacuum (5.1), U(1)X is unbroken

and the Nambu-Goldstone boson of U(1)Y is partly absorbed by the massive gauge boson Z

and becomes unphysical. Therefore no physical Nambu-Goldstone fields are associated with

symmetry breaking. We numerically checked by examining the neutral Higgs mass matrix that

there appear no massless scalar bosons. (ii) The second reason is that, when including the

breaking terms (6.1), the stationary conditions can still be solved without imposing any tuning

of model parameters. (iii) Flavor breaking effects in supersymmetry-breaking holomorphic mass
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terms do not propagate to other sectors. Such a favorable property for the model simplicity

does not hold in cases that flavor symmetry violation resides in other supersymmetry-breaking

sectors.

The model also predicts a light Higgs boson exactly parallel to the MSSM case. In order to

find an approximate form of the Higgs mass spectrum, we take a simplifying assumption:

|µx|2 +m2
ux = |µx|2 +m2

dx ≡ m̄2, bx ≡ b̄, (x = S,A,D) (6.2)

bSD = b′SD = bAD = b′AD ≡ b̄′ , (6.3)

with a hierarchy m̄2, |b̄|, |b̄′| ≫ v2 ≡ v2
u2 + v2

d1 + v2
uA + v2

dA. In this case, we can analytically

write down the mass matrices of Higgs fields. In particular, for the real parts of neutral Higgs

bosons, the mass matrix is given by

M2
H =

h0
u1

h0
u2

h0
uA

h0
uS

h0
d2

h0
d1

h0
dA

h0
dS



























m̄2 −b̄ −b̄′
b̄ vd1

vu2
+ b̄′ vdA

vu2
−b̄ −b̄′

b̄ vdA

vuA
+ b̄′ vd1

vuA
−b̄′ −b̄

m̄2 −b̄′ −b̄
−b̄ −b̄′ m̄2

−b̄ −b̄′ b̄ vu2

vd1

+ b̄′ vuA

vd1

−b̄′ −b̄ b̄vuA

vdA
+ b̄′ vu2

vdA

−b̄′ −b̄ m̄2



























,

(6.4)

where h0
x (x = u1, u2, · · · ) are the neutral components of Higgs bosons. Diagonalizing this

matrix, we obtain the neutral Higgs masses squared:

{M2
h0 , M2

H0

1

, M2
H0

2

, M2
H0

3

, M2
H0

4

} = {O(v2), m̄2−b̄−b̄′, m̄2+b̄−b̄′, m̄2−b̄+b̄′, m̄2+b̄+b̄′}, (6.5)

and the other three mass eigenvalues squared are written in rather complicated expressions,

but of the order of O(m̄2, b̄, b̄′). We therefore have a light mode with a weak scale mass O(v)

and its eigenfunction is explicitly given by

h0 =
1

v

(

vuAh
0
uA + vdAh

0
dA + vu2h

0
u2 + vd1h

0
d1

)

. (6.6)

This light Higgs mode receives a sizable radiative correction from large top Yukawa coupling

similar to the MSSM, and would be made heavy enough to satisfy the lower bound from the

LEP experiment [22].
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0( H2
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0, H4

0 )

Figure 1: A Higgs-mediated tree-level FCNC process for the K meson system.

7 Tree-level FCNC

Since there are multiple electroweak doublet Higgses which couple to matter fields, flavor-

changing processes are mediated at classical level by these Higgs fields. In the previous section,

we show that all but one Higgs bosons have masses of the order of supersymmetry-breaking

parameters. Therefore the experimental (un)observations of FCNC rare events would lead to a

bound on the supersymmetry breaking scale. Among various experimental constraints, we find

the most important constraint comes from the neutral K meson mixing, which gives a lower

bound on heavy Higgs masses being larger than a few TeV.

The down quark mass matrix in Eq. (5.18) is diagonalized as

U †
LMdUR =





md

ms

mb



 , (7.1)

UL ≃







1 bd

ed
0

− bd

ed
1 −eddd

i2
d

− bddd

i2
d

eddd

i2
d

1






, UR ≃







1 dd

ed
−ed

id

−dd

ed
1 0

ed

id

dd

id
1






. (7.2)

Here and hereafter in this section, we simply take bd ≃ dd. The other parameters are fixed by

the mass eigenvalues. Tree-level FCNC is mediated by Higgs fields like the diagram shown in

Fig. 1. For the heavy mass eigenstates H0
i (i = 1, 2, 3, 4), the tree-level KL-KS mass difference

∆mtree
K is given by the matrix element of the effective Hamiltonian between K mesons [27],
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which is analytically evaluated from the above mixing matrices in the present case as

∆mtree
K = 2 Re

〈

K0
∣

∣Heff

∣

∣K̄0
〉

∼ m2
bmKf

2
K

6v2
d1M

2
H

[

(

mK

ms +md

)2 (

ms

mb

)2

− η2

{

(

mK

ms +md

)2

+
1

2

} ]

, (7.3)

where mK and fK are the mass and decay constant of K meson and MH is an average of the

Higgs masses, 1/M2
H = 1

4

(

1/M2
H0

1

+ 1/M2
H0

2

+ 1/M2
H0

3

+ 1/M2
H0

4

)

. The parameter η contains the

down-type quark Yukawa couplings which do not contribute to mass terms and explicitly given

by

η =
(yS

d )22bdvd1

m2
b

− (yS
d )13ddvd1

msmb

, (7.4)

where yS
d denotes the matrix of Yukawa coupling of down-type quarks to the S3 singlet Higgs

boson. The S3 singlet Higgs HS has a vanishing VEV in the present vacuum, and therefore η

is regarded as a free parameter. For example, η = 0 if one does not include HS in the theory.

The other Higgs fields also contribute to the K meson mixing in a similar order.

In order to estimate the bound on supersymmetry breaking scale, we calculate the ratio

of the exact numerical value ∆mtree
K to the standard contribution ∆mSM

K . In Fig. 2, we show

the ratio versus the averaged Higgs mass MH for the cases of η = 0 and η = 0.03 as typical

values. It is found from the figure that heavy Higgs masses, in turn the supersymmetry breaking

masses, are bounded from below so as to suppress the extra Higgs contribution compared with

the standard model one, which bound is roughly given by

MH ≥
{

3.8 TeV (η = 0)

1.4 TeV (η = 0.03)
, (7.5)

where we have used the experimental data mK = 490 MeV, fK = 160 MeV and taken vd1 =

100 GeV as a typical electroweak scale. Other flavor-changing rare processes are also suppressed

for such heavy Higgs fields of few TeVs. For example, the µ → e+ γ process is given in terms

of extra Higgs masses and lepton Yukawa couplings [28]. The branching ratio is found to be

suppressed enough under the constraint of eq.(7.5).
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Figure 2: ∆mtree
K /∆mSM

K as the function of Higgs mass parameter MH . The solid and dashed
lines correspond to η = 0 and 0.03, respectively.

8 Summary

In this paper we have discussed the structure of Higgs potential and fermion mass matrices in

supersymmetric models with S3 flavor symmetry. The electroweak doublet Higgs fields belong

to non-trivial representations of the flavor symmetry and lead to restricted forms of vacuum

structure. We have examined possible zero elements (textures) of quark and lepton mass

matrices. Our approach to have mass textures is rather different from previous ones in a sense

that flavor symmetry does not forbid coupling constants of (effective) Yukawa operators, but

leads to mass texture zeros by ensuring some of Higgs fields have vanishing expectation values

in the vacuum of the theory. The vanishing mass matrix elements are obtained dynamically in

the vacuum without any exact tuning of model parameters, and their positions are controlled

by flavor symmetry. An interesting point is that, due to the flavor group structure, the up

and down quark mass matrices are automatically made different, which lead to non-vanishing

generation mixing. We have exhausted the patterns of flavor symmetry charges of matter fields

and found that the simplest, viable forms of mass matrices including the neutrino sector are

uniquely determined. In particular the lepton mixing Ve3 is predicted within the range that

will be tested in near future experiments.

We have also discussed the physical mass spectrum of Higgs bosons and its phenomeno-
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logical implication. The flavor symmetry is softly broken by a certain class of holomorphic

supersymmetry-breaking mass terms of Higgs bosons. That neither destabilizes the desired

vacuum nor introduces any fine tuning of coupling constants. Given these flavor breaking

terms, it is found that all Higgs bosons, except for the lightest one, can be made heavier than

a few TeV enough to satisfy the experimental bounds such as that from the neutral K meson

mixing. Detail phenomenological analyses including CP violation and FCNC will be presented

elsewhere.
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