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Abstract—We present an analytical, numerical, and experi-
mental study of the switching time and jitter of current-induced
polarization switching in vertical-cavity surface-emitting lasers
(VCSELSs) as an example of switching in a nonlinear system in
the presence of noise. Assuming that the switching is induced
by changes in the dichroism, the problem can be reduced to the
first-passage-time problem in gain-switched Class-A lasers. The
theoretical results show excellent agreement both with numerical
simulations based on the full-rate equations model and with
experiments performed on oxide-confined VCSELSs.

Index Terms—Noise, polarization effects, semiconductor lasers,
switching, vertical-cavity surface-emitting lasers (VCSELs).

1. INTRODUCTION

LTHOUGH vertical-cavity surface-emitting lasers (VC-
SELs) are nowadays employed in a wide variety of ap-
plications, not all their properties are completely understood.
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Polarization switching (PS) between the two orthogonal polar-
ization modes (PMs) when the injected current is changed has
been experimentally observed and studied for a decade now
[1]-[4]. While uncontrolled PS is highly undesirable in many
applications, controlled current-induced PS might be interesting
as an alternative switching mechanism [5], [6]. However, the dy-
namics of current driven PS in VCSELSs is still unclear. In this
paper, we investigate the PS dynamics in VCSELSs as an example
of switching in a nonlinear system in the presence of noise. Pre-
vious experimental studies have demonstrated that stochastic
effects are indeed important in PS, and manifest themselves
in, for example, spontaneous mode hopping [7], [8] or anoma-
lously large jitter in modulation experiments [9]. Besides, our
study also reveals some information about the origin of PS in
our oxide-confined VCSELs. The different mechanisms pro-
posed to explain PS in VCSELs can roughly be divided into
two categories: those invoking slow (lattice) thermal mecha-
nisms [1], [4], [10] and those relying on faster mechanisms [2],
[11]-[15]. PS of both thermal and nonthermal origin has been
demonstrated experimentally [9], [16] by measuring the polar-
ization modulation frequency response. Here, we study the step
response of PS of nonthermal origin in the time domain and de-
rive analytical expressions for the switching time and its vari-
ance, and compare these results with experiments on an oxide
confined VCSEL.

II. MODEL AND STOCHASTIC THEORY

The model we are using is a phenomenological one, where
PS is supposed to be caused by changes in the gain balance (or
dichroism) between the two PMs. The disadvantage of using
such an ad-hoc model is of course that the mechanism(s) un-
derlying the polarization selection remain somewhat hidden, al-
though at the end of this paper we will draw some conclusion
with respect to this mechanism(s). The main advantage of using
such an ad-hoc model is that it can be used whatever the mech-
anism(s) causing the changes in dichroism. We start from the
following stochastic rate equations:
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Here, E; , are the slowly varying amplitudes of the z(y) po-
larized electric fields, NV is the carrier number, [ is the injected
current, 7, ,, are the photon life times, while 7. is the carrier re-
laxation time. The gain due to stimulated emission in each of
the modes is described by G, = G, (N, P, P, I,T,...)
that are usually complicated functions of the variables /N and
P., = |E., ,|*, and that moreover depend on some of the pa-
rameters such as the current I and/or the temperature 7. Henry’s
a-factor describes phase-amplitude coupling in semiconductor
lasers, but plays no further role here. The factor 3* describes the
strength of the spontaneous emission noise. The spontaneous
emission noise is modeled through Langevin force terms &;(t),
that are zero-mean, delta-correlated, complex Gaussian white
noise terms

(Er)E () = orao(t —1'). 3)

Noise contributions originating from the carriers are neglected.
We now assume that the gain medium can be described ade-
quately by a gain linear in IV, but self- and cross-mode satu-
rating with increasing optical power (coefficients e and e., re-
spectively)

Gm,y = gz,y(N - Ntr)(l - est,y - ecRJ,x) (4)

where Vi, is the transparency carrier number and g,, ,, the gain
coefficients. Equations (1) and (2) are typical rate equations for a
standard two-mode semiconductor laser. In the specific case of a
VCSEL, they can be deduced from the spin flip model [17]. This
reduction [18] is valid for relatively large birefringence and spin
relaxation rate. The spin flips are then essentially contributing
to the cross-mode saturation terms e.. The effects of self-satu-
ration in the framework of the spin flip model have also been
considered [19]. Very recently, it was shown that the polariza-
tion-dependent saturation of the intersubband absorption also
contributes to an effective cross-mode saturation that is larger
than the self-saturation [20]. This is important here as we will
see that it is the diffrence between the self- and the cross-satu-
ration that will play a major role in the switching dynamics.
Equations (1)—(2) can be rewritten taking advantage of the al-
most perfect degeneracy of the two polarization modes [21]. We
introduce the dimensionless field amplitudes E, , and intensi-
ties pzy = |Ez y|?, the deviationn = p~'[g(N/Ny —1)—1] of
the carrier density from the clamped value, as well as the relative
linear dichroism between the two modes G = p~(gy — g)/ 9=
and the current reduced to threshold J = (I —Iiy,)/Iin, yielding

| .
Be = 5(1+ia)(n = espe — ecpy) Bs

+ /B (1) )
iy = L1+ ia)(n+ G — eapy — ecpa) By
+ /B (1) 6)
= %(J =Pz —Py) =1 — (N = €sPa — €cPy)Px
— (n+ G — espy — €cpa)py- (7

Here, time has been reduced to the carrier lifetime and p is the
ratio of the photon and the carrier lifetimes: p = 7. /7. = 1073,

The field amplitudes and the current have been reduced in such
a way that the lasing solutions are p,, = J and p, = (J + pG),
respectively (neglecting gain saturation and spontaneous emis-
sion noise, see [21] for the details). Also, the gain saturation
parameters have been rescaled: e; . o< pes .. A stability anal-
ysis of (5)—(7) reveals that polarization switching can happen
for certain parameter values [21]. We assume that the linear
dichroism G varies with current and changes sign. Then, po-
larization switching occurs at the current where G = 0, the sat-
uration parameters defining a bistable region around this point.
Polarization switching is also possible for a fixed value of the
linear dichroism G, but then the saturation coefficients need to
be taken asymmetric (i.e., €z, # €y.) [18]. The theory devel-
oped below can also be applied to this case. A straightforward
numerical simulation of a gain-induced switching event shows
the carrier density to be essentially clamped during a switch.
This observation points to a further simplification that can also
be understood mathematically as follows. The first term on the
right-hand side of (7) is dominating, so

This conservation law physically states that—on time scales
longer than the inverse of the relaxation oscillation fre-
quency—the two optical modes are anticorrelated. Several
authors have indeed reported anticorrelation at low frequencies
between the two polarization modes in a VCSEL [22]-[25].
The problem can now be further reduced into a single nonlinear
dynamical equation [8], [21]. If, for example, F, is lasing
(p, = J and p, < J), a switch-on of the ¥ mode will occur
as the current is changed across the switching point. Then, (5)
follows 7 = €5.J, and henceforth

R e

B, (G — A) + AIE,|” - BIE, "I, + /Bé, (1)

C))

with the nonlinear dichroism A = (e. — €5).J being a remnant
of the gain/loss nonlinearities. The coefficients of the nonlinear
terms A and B are given elsewhere [8], but do not matter for
the present purposes. The equivalent equation for the  mode is
obtained by changing the sign of GG. The sufficient condition to
have a (small) region of bistability around the switching current
defined by G(Jsw) = 0is A > 0.

Equation (9) is a class-A laser equation, valid on a time scale
larger than the inverse of the relaxation oscillation frequency. It
may come as a surprise that a class-A model can be applied to
VCSELs, that are, like all semiconductor lasers, class-B lasers.
However, we can note that, above laser threshold, the carrier
density is essentially clamped, so that the carrier dynamics can
be eliminated from the model. In fact, the conservation law (8) is
a direct consequence of the clamping of the carriers. Secondly,
as already stated, our model is only valid on time scales longer
than the inverse of the relaxation oscillation frequency. As we
will see, PS in VCSELs is a relatively slow phenomenon, hap-
pening on a time scale where the relaxation oscillations have
died down. We have already applied a reduced equation like (9)
to analyze the polarization mode hopping in VCSELs at con-
stant current, with good agreement between theory and experi-
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ment [8]. There, we also verified the reduction numerically: the
deviations between predictions for the average residence time
from the reduced model [one-dimensional (1-D)] and the full
model [three-dimensional (3-D)] never exceed 15%.

Calculating the switching time ¢* (i.e., the time in which p,,
crosses a reference intensity pg), is identical to the stochastic
problem of the first passage time (or escape time) in class-A lasers
[26], [27]. We briefly repeat the basic steps in the framework of
the quasi-deterministic theory. In order for the nonlasing y mode
to ignite and depart from the noise level, we suppose thatatt = 0
a current step is applied such that G — A changes from an initial
value (G; — A;) < Otoafinalvalue (G — Ay) > 0. We assume
that the dichroism GG changes instantaneously with current. The
linearized (9) (i.e., A = B = 0) admits solutions

1+«

E(t) = h(t) exp[ (10)

Here, h(t) is a Gaussian stochastic function with zero mean,
given by

h(t) = \/B/f(t') exp [—1 +2m(Gf - Af)t'] dt" + E(0).
1D

Equation (10) can be modulus squared and inverted to solve for
the passage time t*, defined as the time in which a reference
intensity value pg is crossed for the first time

t* = 1 ln( Po )
Gy — Ay |h(2)]?

One can see that the Gaussian distribution h(t) is acting as an
effective initial condition. The passage time statistics depends
on the covariance (|h(t)[?). Assuming that ¢t > (Gj — Ay) 1,
this covariance can be approximated by

20
(Gr— Ay

(12)

23
(Gi — A)

(W) = (Jh(o0)?) = ) +‘ e

Here, (|E(0)|?) has been replaced by the average value of the
intensity below the switching point |(28/(G; — A;))|, i.e., the
average intensity of the nonlasing mode. The passage time sta-
tistics can now be calculated by averaging t* over the Gaussian

distribution
1 [ hZ}
exp |[——| -

P(h) = (14)

m(h?) (h?)

The mean first passage time (¢*) and its variance (At*?) are
then readily obtained

oL (P
= @A) (1 <<h2>> “”) 13
woy Y1)

where U is the digamma function (¥ (1)=—0.577 and ¥’(1) =
1.64).
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Fig. 1. Average switching time (¢*) (upper figure) and its standard deviation
At* (lower figure) as a function of the current / (in milliampers). Theoretical
results (solid line) on the basis of (15) and (16) are compared with numerical
solutions of (5)—(7) (crosses) and experimental measurements (circles).
To calculate the theoretical curves, we use G = ¢(J/Js, — 1) with the
(reduced) parameters: ¢ = 0.880, J,, = 0.962,J; = 0.428 A, =
0,3 = 3.85 10~2. Experiments were performed with a 200-kHz square wave
modulation signal with a fixed lower current (I; = 0.4 mA) and a varying
upper current.

Both (¢*) and At* are inversely proportional to the dichroism
Gy — Ay, diverging when (Gy — Ay) — 0 as the final value of
the current moves closer to the switching point. The covariance
(h?) also varies with dichroism. Another result that obviously
can only be calculated by a stochastic analysis is the expression
for the standard deviation At* or jitter time. It is a known result
[26], [27] that At* does not depend on the noise strength (3, nor
on the reference level py.

In order to test all the approximations made in the analytical
treatment, we compare our theoretical results with numerics,
obtained by integrating the full set (5)—(7) for 10* realizations
of the noise term, and calculating the average switching time
and the standard deviation from the numerically obtained dis-
tribution of the switching times. This was implemented using
a object-oriented framework [28], [29] designed to facilitate
the collection of said statistics. The integration procedure used
was a stochastic second-order predictor-corrector method, often
called the Heun algorithm. A fixed timestep of 1072 ns was
used throughout. The overall agreement (see Fig. 1) between
theory (line) and numerical results (crosses) is found to be very
good for the standard deviation, while still good for the average
switching time. It should be noted that the agreement gets even
better as the spontaneous emission rate (3 decreases. For a noise
level of 3 = 1 10~* there was no noticable discrepancy be-
tween the theoretical and numerical results [28]. The very good
agreement gives further confidence in the reduction of the three
nonlinear differential equations to a single one, the linearization
and the stochastic analysis in the framework of the quasi-deter-
minisitc theory.
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Fig. 2. Scheme of the setup used in the experiments.

III. EXPERIMENT AND COMPARISON WITH THEORY

The experimental results are obtained on oxide-confined VC-
SELs with a circular surface relief structure for better single
mode operation [30]. Under the operating conditions (temper-
ature and strain) in the experiment, this VCSEL exhibits type I
PS (from higher to lower frequency with increasing current) at
a current of about 0.59 mA (threshold /;;, = 0.28 mA) in the
single fundamental mode regime. The splitting between the two
polarization modes is about 13 GHz. The relaxation oscillation
frequency around the PS current is of the order of 3 GHz.

In the experimental setup (see Fig. 2), the light emitted by
the laser is collimated with a lens and sent through a linear po-
larizer to select one of the two PMs. The polarization resolved
intensity impinges on 2-GHz bandwidth detector whose output
signal is visualised on an oscilloscope (bandwidth 6 GHz).
Unintentional feedback is avoided by slightly misaligning the
optical components. The bias current from the laser diode driver
(LDD) and the modulation signal form an arbitrary waveform
generator (AWG) are combined in a bias-T and, subsequently,
sent through the VCSEL. Furthermore, the temperature of the
VCSEL package is actively stabilized with a thermoelectric
cooler (TEC) up to a few milliKelvin. The measurements are
performed by applying a 200-kHz square wave modulation
across the PS point. The standard deviation (jitter) and the rise
time of the electrical input signal from the AWG were measured
to be 300 ps and 1 ns, respectively.

A typical measured histogram of the switching time distri-
bution is shown in Fig. 3 (upper figure). For comparison, a nu-
merical histogram is also shown (lower figure). To calculate the
average and the standard deviation from the measured distribu-
tions, the delay and finite rise time of the applied electrical signal
were corected for. The so-obtained averages and standard devi-
ations are shown by the circles in Fig. 1 as a function of the
(final) value of the input current. Let us first discuss the results
for the variance (lower curve), as theory predicts that it only de-
pends on the dichroism. We suppose that the linear dichroism
G is linear with current I (in milliampers) for the investigated
region close to the switching point where G goes through zero,

so (16) is equivalent to
Vv1.64

= VIADY =TTy

By fitting the theoretical curve to the experimental data, we
obtain ¢ = 3.1(3) GHz/mA and I,, = 0.55(1) mA. This
fitted value of the switching current corresponds rather well
with the approximate value deduced from the measurement of
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Fig. 3. Measured (upper figure) and numerically computed (lower figure)
histogram of the distribution of the switching times, for a value of the final
current of 0.734 mA. From these histograms we calculate the averages and
standard deviations that are depicted in Fig. 1.

Counts

the steady-state polarization resolved PI curve. The value of a
gives the slope of the effective dichroism (both linear and non-
linear) with the current, close to the PS current. Different phys-
ical mechanisms can contribute to a: spatial hole burning, spin
flip mechanisms, carrier heating, etc.

Now that the variance is fitted, we turn to the values of the
mean switching time. We expect that the measured values of the
switching times are less accurate than the ones of the variances,
as systematic measurement errors cancel out in the variances.
We keep the values of the two parameters estimated from the
variances fixed, and only fit the value of the noise strength (3 in
(15). So doing, a value of 3 = 3.8(3) 10~ can be deduced. One
can see (Fig. 1) that the theoretical curves and the experimental
data agree well. Again, the agreement is better for the standard
deviation than for the average switching time.

We have also performed measurements on a similar device of
the same manufacturer, but emitting at 970 nm and with a signif-
icantly larger bistable region around the PS current. The agree-
ment between theory and experiment in that case is qualitatively
the same as the one presented here. As for the fitted parameters,
the value of the spontaneous emission rate in that VCSEL is the
same as the one found here (within the experimental error), while
the value for the dichroism is higher: a = 18 GHz/mA. More de-
tails on these measurements will be reported elsewhere [31].

An alternative view of both the experimental and theoretical
results is presented in Fig. 4, allowing to check the validity of
the fittting and of the approximations made. We have plotted the
inverse of the average delay and the standard deviation as a func-
tion of the current, as (15) and (16) predict that the relationships
should be linear for the standard deviation, and nearly linear for
the average (supposing that the dichroism is linear with current
around the switching point). First of all, we note that the theo-
retical curve and the numerical results coincide perfectly for the
standard deviation. The small deviation between the numerical
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Fig. 4. Inverse of the average switching time and standard deviation versus the
current. Experimental data are shown by circles, numerical results by crosses
and theory by the solid curve.

simulations and theory for the average is due to the rather high
noise value. Indeed, for a lower noise value § = 1 104, the
theory is in nearly pefect agreement with simulations [28] (not
shown). Fig. 4 also shows a discrepancy between the experi-
mental points and the theoretical curve for larger values of the
current step. However, these deviations are at the limit of our ex-
perimental accuracy, given by the 300-ps jitter of our measure-
ment system. However, we cannot exclude that further physical
mechanisms play a role at this level.

All theoretical and numerical results, as well as the measure-
ments presented so far are done in the time domain. It is possible
to deduce a frequency response of the polarization switching
from our data: knowing the average and the standard deviation,
we define a time 7% = ¢* 4+ 3A¢*. Without going into detail
about the statistical properties of the distribution, we know that
a high percentage of the switches will happen within this con-
fidence interval (if the switching times would have a normal
distribution, the confidence percentage would be 99.5%). It is
then possible to define an effective frequency f* = 1/7* cor-
responding to a modulation which the system should be able to
follow (assuming the statistical properties of the down-switch
are similar). In Fig. 5, we have plotted this frequency and the
reciprocal amplitude of the current step, in a similar vein as was
done in [9]. So, here we now derive the PS frequency response
from the step response in time domain, whereas in [9], the fre-
quency response was measured directly for other types of de-
vices and for a lower frequency range.

As the shape of the response curve suggested a first order
response, we have fitted the experimental data with

(18)

D ey

1/amplitude (1/mA)

0.01 0.1 1

f (Ghz)

Fig. 5. Plot of the frequency f* at which 99.5% of the switches should be
successful for a certain amplitude. Experimental data are shown by circles,
numerical results by crosses, and theory by the solid curve. The dotted curve is
the response of a first order system given by (18), with fo = 57 MHz.

and found a good fit when the cutoff frequency fy is about 57
MHz. This cutoff frequency is in good agreement with a numer-
ical limit observed in simulations of weakly index-guiding, bire-
fringent VCSELSs including spatial hole burning effects [32];
however, we want to stress that in the theory presented here
no specific timescale of the gain has been taken into account,
henceforth, the calculated polarization response is not limited
by the material gain response time. It is instead the small rel-
ative gain/loss difference and the noise level that impose this
limit.

IV. CONCLUSION

We propose an analytical model to calculate the switching
time as well as its variance as stochastic effects are clearly im-
portant in current driven PS in VCSELs. The theory is based
on a rate equation approach where the clamping of the car-
riers allows reducing the equations to one single class-A type
laser equation. The reduction of PS in VCSELs to a class-A
laser gain switching problem is valid on a time scale slower
than the relaxation oscillations time period, and is possible due
to the clamping of the carriers above laser threshold. We can
then apply the well-known theory for the statistics of a class-A
laser switch-on, yielding analytical expressions for the average
switching time and the jitter. The analytical approach is verified
numerically, with very good agreement although small discrep-
ancies can be noted in the average switching time for higher
values of the spontaneous emission rate. Also, measurements
on oxide-confined VCSELs agree well with theory. So we can
conclude that PS in these VCSELs is indeed induced by the
dichroism between the PMs that varies with current. As to the
origin of this current-dependent dichroism, we can state that it
is definitely not thermal as was the case in other VCSELs [16].
In the thermal case, the dependence of the switching times and
their variance on current would be very different from the mea-
sured ones. Spatial hole burning [13] and carrier heating [14] are
possible mechanisms that are compatible with the experiments
reported here. In the frequency domain, the polarization mod-
ulation frequency response obtained from our measurements is
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seen to be well fitted by a first-order response with a cutoff fre-
quency of 57 MHz. This relatively low cutoff is imposed by
the small relative gain difference between the two polarization
modes. From our study, this is the main factor limiting the speed
of current driven polarization switching in VCSELs.
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