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Abstract. A k-symplectic framework for classical field theories subject to
nonholonomic constraints is presented. If the constrained problem is regular
one can construct a projection operator such that the solutions of the con-
strained problem are obtained by projecting the solutions of the free problem.
Symmetries for the nonholonomic system are introduced and we show that
for every such symmetry, there exist a nonholonomic momentum equation.
The proposed formalism permits to introduce in a simple way many tools of
nonholonomic mechanics to nonholonomic field theories.
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1. Introduction

During the past decades, much effort has been devoted to the differential geo-
metric treatment of mechanical systems subject to nonholonomic constraints. To
a large extent the growing interest in this field has been stimulated by its close
connection to problems in control theory (see, for instance, [7, 10]). In the litera-
ture, one can distinguish mainly two different approaches in the study of systems

Key words and phrases. Nonholonomic constraints, classical field theories, k-symplectic for-
malism, nonholonomic momentum map.
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subjected to a nonholonomic constraints. The first one, commonly called nonholo-

nomic mechanics, is based on the d’Alembert’s principle. This principle specifies
from the constraints a subbundle of the tangent bundle, representing the admissible
infinitesimal virtual displacements. The second one is a constrained variational ap-
proach called vakonomic mechanics [2]. As is well know, the dynamical equations
generated by both approaches are in general not equivalent [11].

In this paper we will study an extension of nonholonomic mechanics to classical
field theories with external constraints. Nonholonomically constrained field theories
have already been studied in the literature. The mathematical framework for a
nonholonomic field theory that has been proposed in [6] involves, among others, a
generalization of d’Alembert’s principle and of the so-called Chetaev rule that is
commonly used in nonholonomic mechanics to characterize the bundle of constraint
forms representing the admissible reaction forces. The constrained field equations
for classical field theories, are then derived in a finite-dimensional multisymplectic
setting. In [42] the authors continue and extend the work described in [6].

The multisymplectic formalism, was developed by Tulczyjews school in Warsaw
(see, for instance, [21]), and independently by Garćıa and Pérez-Rendón [13, 14]
and Goldschmidt and Sternberg [16]. This approach was revised, between others,
by Martin [30, 31] and Gotay et al [17] and, more recently, by Cantrijn et al [9] (see
also [25] and references therein).

An alternative way to derive certain types of the field equations is to use the
k-symplectic formalism. The k-symplectic formalism is the generalization to field
theories of the standard symplectic formalism in Mechanics, which is the geomet-
ric framework for describing autonomous dynamical systems. In this sense, the
k-symplectic formalism is used to give a geometric description of certain kinds of
field theories: in a local description, those theories whose Lagrangian does not de-
pend on the base coordinates, denoted by (t1, . . . , tk) (in many of the cases defining
the space-time coordinates); that is, the k-symplectic formalism is only valid for
Lagrangians L(qi, viA) and Hamiltonians H(qi, pAi ) that depend on the field coordi-
nates qi and on the partial derivatives of the field viA, or the corresponding moment
pAi . A more general approach has been given in [29] using the k-cosymplectic for-
malism.

Günther’s paper [19] gave a geometric Hamiltonian formalism for field theories.
The crucial device is the introduction of a vector-valued generalization of a sym-
plectic form, called a polysymplectic form. One of the advantages of this formalism
is that one only needs the tangent and cotangent bundle of a manifold to develop it.
In [34] Günther’s formalism has been revised and clarified. It has been shown that
the polysymplectic structures used by Günther to develop his formalism could be
replaced by the k-symplectic structures defined by Awane [3, 4]. So this formalism
is also called k-symplectic formalism (see also [26, 27, 28, 29]).

Let us remark here that the polysymplectic formalism developed by Sardanashvily
[15, 39, 40], based on a vector-valued form defined on some associated fiber bundle,
is a different description of classical field theories of first order than the polysym-
plectic (or k-symplectic) formalism proposed by Günther (see also [20] for more
details). We must also remark that the soldering form on the linear frames bundle
is a polysymplectic form, and its study and applications to field theory, constitute
the n-symplectic geometry developed by L. K. Norris in [32, 35, 36, 37, 38].

The purpose of this paper is to give a k-symplectic setting for first-order classical
field theories subject to nonholonomic constraints. In the k-symplectic setting
we will construct, under an appropriate additional condition, a kind of projection
operator that maps solutions of the free problem into solutions of the constrained
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problem. Nonholonomic symmetries are introduced and we show that for every
such symmetry, there exist a nonholonomic momentum equation which reduces to
a conservation law when the constraints are absent.

We analyze some particular cases, for instance, the case of a constraint subman-
ifold M obtained as k-copies of a distribution D in Q has special interest. In this
particular case, we construct a distribution H on T 1

kQ = TQ⊕ k. . . ⊕TQ (i.e. the
Whitney sum of k copies of TQ) along M such that for each wq ∈ M, Hwq

is

a k-symplectic subspace of the k-symplectic vector space (Twq
(T 1
kQ), ω1

L(wq), . . . ,

ωkL(wq);V (wq)) where (ω1
L, . . . , ω

k
L;V ) is the k-symplectic structure obtained from

L. Thus if we restrict the k-symplectic structure of T 1
kQ to H , the equations of

the constrained problem take the usual form for a free problem at each fibre of H .
This procedure extends that by Bates and Sniatycki [5] for the linear case.

The scheme of the paper is as follows. In Section 2 we recall some basic ele-
ments from the k-symplectic approach to (unconstrained) Lagrangian classical field
theories. In Section 3 we discuss the construction of a nonholonomic model for first-
order Lagrangian Classical field theories with external constraints and we obtain
the corresponding nonholonomic field equations. Next, in Section 4 we construct,
under an appropriate additional condition, a projection operator which maps so-
lutions of the free problem into solutions of the constrained problem. In Section
5 we derive the nonholonomic momentum equation. In Section 6 we analyze some
particular cases and in Section 7 we briefly analyze the Hamiltonian case. Finally
in Section 8 we conclude with some general comments.

All manifolds are real, paracompact, connected and C∞. All maps are C∞. Sum
over crossed repeated indices is understood.

2. k-symplectic Lagrangian field theory

2.1. Geometric elements.

2.1.1. The tangent bundle of k1-velocities of a manifold. Let τQ : TQ → Q be the

tangent bundle of Q. Let us denote by T 1
kQ the Whitney sum TQ⊕ k. . . ⊕TQ of k

copies of TQ, with projection τ : T 1
kQ→ Q, τ(v1q, . . . , vkq) = q, where vAq ∈ TqQ,

1 ≤ A ≤ k.

T 1
kQ can be identified with the manifold J1

0 (Rk, Q) of the k1-velocities of Q, that
is, 1-jets of maps σ : R

k → Q with source at 0 ∈ R
k, say

J1
0 (Rk, Q) ≡ TQ⊕ k. . . ⊕TQ
j10,qσ ≡ (v1q, . . . , vkq)

where q = σ(0), and vAq = σ∗(0)(
∂

∂tA

∣∣∣
0
). T 1

kQ is called the tangent bundle of

k1-velocities of Q (see [33]).

If (qi) are local coordinates on U ⊆ Q then the induced local coordinates (qi, vi),
1 ≤ i ≤ n, on TU = τ−1

Q (U) are given by

qi(vq) = qi(q), vi(vq) = vq(qi)

and the induced local coordinates (qi, viA), 1 ≤ i ≤ n, 1 ≤ A ≤ k, on T 1
kU = τ−1(U)

are given by

qi(v1q, . . . , vkq) = qi(q), viA(v1q, . . . , vkq) = vAq(qi) .
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A. Vertical lifts of vector fields from Q to T 1
kQ.

Definition 2.1. For a vector Xq ∈ TqQ, and for A = 1, . . . , k, we define its vertical
A-lift (Xq)VA as the local vector field on the fiber τ−1(q) ⊂ T 1

kQ given by

(Xq)VA(wq) =
d

ds
(v1q, . . . , vA−1q, vAq + sXq, vA+1q, . . . , vkq)

∣∣∣
s=0

for all points wq = (v1q, . . . , vkq) ∈ τ−1(q) ⊂ T 1
kQ.

In local coordinates, if Xq = ai
∂

∂qi

∣∣∣
q

then

(Xq)VA(wq) = ai
∂

∂viA

∣∣∣
wq

. (2.1)

If X is a vector field on Q then we define its vertical A-lift to T 1
kQ, 1 ≤ A ≤ k,

as the vector field XVA given by

XVA(wq) = (X i(q)
∂

∂qi

∣∣∣
q
)VA(wq) = X i(q)

∂

∂viA

∣∣∣
wq

= (X i ◦ τ)(wq)
∂

∂viA

∣∣∣
wq

,

then

XVA = (X i ◦ τ)
∂

∂viA

where X = X i ∂

∂qi
.

B. Complete lift of vector fields from Q to T 1
kQ.

Let Φ : Q→ Q be a differentiable map then the induced map T 1
kΦ : T 1

kQ→ T 1
kQ

defined by T 1
kΦ(j10σ) = j10(Φ ◦ σ) is called the canonical prolongation of Φ and, it

is also given by

T 1
kΦ(v1q, . . . , vkq) = (Φ∗(q)(v1q), . . . ,Φ∗(q)(vkq)) ,

where v1q, . . . , vkq ∈ TqQ, q ∈ Q.

If Z is a vector field on Q, with local 1-parametric group of transformations hs :
Q→ Q then the local 1-parametric group of transformations T 1

k (hs) : T 1
kQ→ T 1

kQ
which is the flow of the vector field ZC on T 1

kQ, called the complete lift of Z. Its
local expression is

ZC = Zi
∂

∂qi
+ vjA

∂Zk

∂qj
∂

∂vkA
, (2.2)

where Z = Zi
∂

∂qi
.

C. Canonical k-tangent structure.

The canonical k-tangent structure on T 1
kQ is the set (S1, . . . , Sk) of tensor fields

of type (1, 1) defined by

SA(wq)(Zwq
) = (τ∗(wq)(Zwq

))VA(wq), for all Zwq
∈ Twq

(T 1
kQ), wq ∈ T 1

kQ,

for each A = 1, . . . , k.

From (2.1) we have in local coordinates

SA =
∂

∂viA
⊗ dqi (2.3)
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The tensors SA can be regarded as the (0, . . . , 0,
A
1, 0, . . . , 0)-lift of the identity tensor

on Q to T 1
kQ defined in Morimoto [33].

In the case k = 1, S1 is the well-known canonical tangent structure (also called
vertical endomorphism) of the tangent bundle (see [12, 18, 22]).

D. Canonical vector fields.

Let us denote by ∆ the canonical vector field (Liouville vector field) of the
vector bundle τ : T 1

kQ → Q. This vector field ∆ is the infinitesimal generator of
the following flow

ψ : R × T 1
kQ −→ T 1

kQ , ψ(s, v1q, . . . , vkq) = (esv1q, . . . , e
svkq) ,

and in local coordinates it has the form

∆ =

n∑

i=1

k∑

B=1

viB
∂

∂viB
.

∆ is a sum of vector fields ∆1 + . . . + ∆k, where each ∆A is the infinitesimal
generator of the following flow ψA : R × T 1

kQ −→ T 1
kQ:

ψA(s, v1q, . . . , vkq) = (v1q, . . . , vA−1q
, es vAq, vA+1q, . . . , vkq)

and in local coordinates each △A has the form

∆A =
n∑

i=1

viA
∂

∂viA
1 ≤ A ≤ k . (2.4)

2.1.2. Second-order partial differential equations in T 1
kQ.

k-vector fields and integral sections.

Let M be an arbitrary smooth manifold.

Definition 2.2. A section X : M −→ T 1
kM of the projection τ will be called a

k-vector field on M .

Since T 1
kM is the Whitney sum TM⊕ k. . . ⊕TM of k copies of TM , we deduce

that to give a k-vector field X is equivalent to give a family of k vector fields
X1, . . . , Xk on M defined by projection onto each factor. For this reason we will
denote a k-vector field by (X1, . . . , Xk).

Definition 2.3. An integral section of the k-vector field X = (X1, . . . , Xk), passing
through a point q ∈M , is a map ψ : U0 ⊂ R

k →M , defined on some neighborhood
U0 of 0 ∈ R

k, such that

ψ(0) = q, ψ∗(t)

(
∂

∂tA

∣∣∣
t

)
= XA(ψ(t)) , for t ∈ U0, 1 ≤ A ≤ k

or, what is equivalent, ψ satisfies that X ◦ ψ = ψ(1), where ψ(1) is the first prolon-
gation of ψ to T 1

kM defined by

ψ(1) : U0 ⊂ R
k −→ T 1

kM

t −→ ψ(1)(t) = j10ψt ≡

(
ψ∗(t)

(
∂

∂t1

∣∣∣
t

)
, . . . , ψ∗(t)

(
∂

∂tk

∣∣∣
t

))
.

A k-vector field X = (X1, . . . , Xk) on M is integrable if there is an integral section
passing through every point of M .
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In local coordinates, we have

ψ(1)(t1, . . . , tk) =

(
ψi(t1, . . . , tk),

∂ψi

∂tA
(t1, . . . , tk)

)
, 1 ≤ A ≤ k, 1 ≤ i ≤ n , (2.5)

and ψ is an integral section of (X1, . . . , Xk) if and only if the following equations
holds:

∂ψi

∂tA
= (XA)i ◦ ψ 1 ≤ A ≤ k, 1 ≤ i ≤ n .

In the k-symplectic formalism, the solutions of the field equations are described as
integral sections of some k-vector fields. Observe that, in case k = 1, the definition
of integral section coincides with the usual definition of integral curve of a vector
field.

Second-order partial differential equations in T 1
kQ.

The aim of this subsection is to characterize the integrable k-vector fields on
T 1
kQ whose integral sections are first prolongations φ(1) of maps φ : R

k → Q.

Definition 2.4. A k-vector field ξ = (ξ1, . . . , ξk) on T 1
kQ, is called a second order

partial differential equation (sopde) if it is a section of the vector bundle T 1
k τ :

T 1
k (T 1

kQ) → T 1
kQ; that is,

T 1
k τ ◦ (ξ1, . . . , ξk) = IdT 1

k
Q ,

or equivalently

τ∗(wq)(ξA(wq)) = vAq
for all A = 1, . . . , k,

where wq = (v1q
, . . . , vkq) ∈ T 1

kQ.

In the case k = 1, this is just the definition of a second order differential equation
(sode).

From a direct computation in local coordinates we obtain that the local expres-
sion of a sopde ξ = (ξ1, . . . , ξk) is

ξA(qi, viA) = viA
∂

∂qi
+ (ξA)iB

∂

∂viB
, 1 ≤ A ≤ k , (2.6)

where (ξA)iB are functions on T 1
kQ.

If ψ : R
k → T 1

kQ is an integral section of ξ = (ξ1, . . . , ξk), locally given by
ψ(t) = (ψi(t), ψiB(t)), then from Definition 2.3 and (2.6) we deduce

∂ψi

∂tA

∣∣∣
t

= ψiA(t) ,
∂ψiB
∂tA

∣∣∣
t

= (ξA)iB(ψ(t)) . (2.7)

From (2.5) and (2.7) we obtain the following proposition.

Proposition 2.5. Let ξ = (ξ1, . . . , ξk) be an integrable sopde. If ψ is an integral
section of ξ then ψ = φ(1), where φ(1) is the first prolongation of the map φ = τ ◦ψ :

R
k ψ
→ T 1

kQ
τ
→ Q, and φ is solution to the system of second order partial differential

equations

∂2φi

∂tA∂tB
(t) = (ξA)iB(φi(t),

∂φi

∂tC
(t)) 1 ≤ i ≤ n ; 1 ≤ A,B ≤ k. (2.8)

Conversely, if φ : R
k → Q is any map satisfying (2.8) then φ(1) is an integral

section of ξ = (ξ1, . . . , ξk).
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From (2.8) we deduce that if ξ is an integrable sopde then (ξA)iB = (ξB)iA for
all A,B = 1, . . . , k.

The following characterization of the sopde’s, using the canonical k-tangent
structure of T 1

kQ, can be obtained from (2.3), (2.4) and (2.6).

Proposition 2.6. A k-vector field ξ = (ξ1, . . . , ξk) on T 1
kQ is a sopde if, and only

if, SA(ξA) = ∆A, for all A = 1 . . . , k.

(Proof ) This is a direct consequence of the local expressions (2.3), (2.4) and
(2.6) of SA, ∆A and ξA, respectively.

2.2. Lagrangian formalism: k-symplectic Lagrangian systems. Consider a
Lagrangian function L : T 1

kQ→ R. We now define the action integral

J(φ) =

∫

U0

(L ◦ φ(1))(t)dkt ,

where dkt = dt1∧ . . .∧dtk is a volume form on R
k, φ : U0 ⊂ R

k → Q is a map, with
compact support, defined on an open set U0 and φ(1) : U0 ⊂ R

k → T 1
kQ denotes

the first prolongation of φ. A map φ is called an extremal for the above action if

d

ds
J(τs ◦ φ)

∣∣∣
s=0

= 0

for every flow τs on Q such that τs(q) = q for all q in the boundary of φ(U0). Since
such a flow τs is generated by a vector field Z ∈ X(Q) vanishing on the boundary
of φ(U0), then we conclude that φ is an extremal if and only if

∫

U0

(
(LZcL) ◦ φ(1)

)
(t)dkt = 0 ,

for all Z satisfying the above conditions, where Zc is the complete lift of Z to T 1
kQ.

Putting Z = Zi
∂

∂qi
, taking into account the expression (2.2) for the complete lift

Zc and integrating by parts we deduce that φ(t) = (φi(t)) is an extremal of J if
and only if

∫

U0

[
k∑

A=1

∂

∂tA

∣∣∣
t

(
∂L

∂viA

∣∣∣
φ(1)(t)

)
−
∂L

∂qi

∣∣∣
φ(1)(t)

]
Zidkt = 0 ,

for all values of Zi. Thus, φ will be an extremal of J if and only if

k∑

A=1

∂

∂tA

∣∣∣
t

(
∂L

∂viA

∣∣∣
φ(1)(t)

)
=
∂L

∂qi

∣∣∣
φ(1)(t)

. (2.9)

The equations (2.9) are called the Euler-Lagrange equations for L.

We will now give a geometric version of the above equations.

We introduce a family of 1-forms θAL on T 1
kQ, 1 ≤ A ≤ k, using the k-tangent

structure, as follows
θAL = dL ◦ SA 1 ≤ A ≤ k ,

which are locally given by

θAL =
∂L

∂viA
dqi .

If we denote by ωAL = −dθAL , in local coordinates we have

ωAL = dqi ∧ d

(
∂L

∂viA

)
=

∂2L

∂qj∂viA
dqi ∧ dqj +

∂2L

∂vjB∂v
i
A

dqi ∧ dvjB . (2.10)
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Definition 2.7. The Lagrangian L : T 1
kQ −→ R is said to be regular if, and only

if, the matrix

(
∂2L

∂viA∂v
j
B

)
is not singular.

Remark 2.8. Let us observe that L regular if and only if (ω1
L, . . . , ω

k
L) is a polysym-

pletic form and (ω1
L, . . . , ω

k
L;V = Ker τ∗), is a k-symplectic structure (see [34]) (See

appendix for the introduction of some basic concepts on k-symplectic vector spaces).
⋄

Since (T 1
kQ,ω

1
L, . . . , ω

k
L;V ) is a k-symplectic manifold (see Appendix), we can

define the vector bundle morphism,

Ω♯L : T 1
k (T 1

kQ) −→ T ∗(T 1
kQ)

X = (X1, . . . , Xk) 7→ Ω♯L(X1, . . . , Xk) = trace(ıXB
ωAL ) =

k∑

A=1

ıXA
ωAL .

We now denote by XkL(T 1
kQ) the set of k-vector fields ξL = (ξ1L, . . . , ξ

k
L) on T 1

kQ
which are solutions to the equation

Ω♯L(ξ1L, . . . , ξ
k
L) = dEL , (2.11)

where EL = ∆(L) − L. The family (T 1
kQ,ω

A
L , EL) is called a k-symplectic La-

grangian system. If each ξAL is locally given by

ξAL = (ξAL )i
∂

∂qi
+ (ξAL )iB

∂

∂viB
,

then (ξ1L, . . . , ξ
k
L) is a solution to (2.11) if, and only if, (ξAL )i and (ξAL )iB satisfy the

system of equations
(

∂2L

∂qi∂vjA
−

∂2L

∂qj∂viA

)
(ξAL )j −

∂2L

∂viA∂v
j
B

(ξAL )jB = vjA
∂2L

∂qi∂vjA
−
∂L

∂qi
,

∂2L

∂vjB∂v
i
A

(ξAL )i =
∂2L

∂vjB∂v
i
A

viA .

If the Lagrangian is regular, the above equations are equivalent to the equations

∂2L

∂qj∂viA
vjA +

∂2L

∂viA∂v
j
B

(ξAL )jB =
∂L

∂qi
, 1 ≤ i ≤ n, 1 ≤ A ≤ k, (2.12)

and

(ξAL )i = viA . (2.13)

Thus, if L is a regular Lagrangian, we deduce:

• If ξL = (ξ1L, . . . , ξ
k
L) is solution of (2.11), then it is a sopde, (see (2.13)).

• There are solutions of (2.11) in a neighborhood of each point of T 1
kQ and,

using a partition of unity, global solutions to (2.11).
• Since ξL = (ξ1L, . . . , ξ

k
L) is a sopde, from Proposition 2.5 we know that if

it is integrable then its integral sections are first prolongation φ(1) : R
k →

T 1
kQ of maps φ : R

k → Q, and from (2.12) we deduce that φ is solution of
the Euler-Lagrange equations (2.9).

So, equations (2.11) can be considered as a geometric version of the
Euler-Lagrange field equations.

• The equation (2.11) in the case k = 1 is ıξωL = dEL, that is the dynamical
equation of the Lagrangian formalism in Mechanics.
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Along this paper the family (T 1
kQ,ω

A
L , EL) will be called a k-symplectic La-

grangian system.

3. Nonholonomic Lagrangian Classical field theory

We now bring constraints into the picture. Suppose we have a Lagrangian k-
symplectic system on T 1

kQ, with a regular Lagrangian L. Let M →֒ T 1
kQ be a

submanifold of T 1
kQ of codimension m, representing some external constraints im-

posed on the system. Although one can consider more general situations, for the
sake of clarity we will confine ourselves to the case that M projects onto the whole
of Q, i.e. τ(M) = Q and, the restriction τ |M : M → Q of τ to M is a (not necessarily
affine) fibre bundle.

Since M is a submanifold of T 1
kQ, one may always find a covering U of M con-

sisting in open subsets U of T 1
kQ, with M ∩ U 6= ∅, such that on each U ∈ U there

exist m functionally independent smooth functions Φα that locally determine M,
i.e.

M ∩ U = {wq = (v1q
, . . . , vkq) ∈ T 1

kQ| Φα(wq) = 0 for 1 ≤ α ≤ m} .

The assumption that τ |M is a fibre bundle implies, in particular, that the matrix
(∂Φα/∂v

i
A)(wq) has maximal rank m at each point wq ∈ M ∩ U .

3.1. The bundle of constraint forms. We now introduce a special subbundle F
of rank m of the bundle of R

k-valued 1-forms on T 1
kQ defined along the constraint

submanifold M. The elements η of F are R
k-valued 1-forms defined along M which

are semi-basic, i.e. η vanishes on the τ -vertical vector fields.

The bundle F is locally generated by m independent R
k-valued 1-forms ηα that

locally read

ηα = (η1
α, . . . , η

k
α) = (η1

α idq
i, . . . , ηkα idq

i) , (3.1)

for some smooth functions ηAα i on M ⊂ T 1
kQ. The independence of the forms ηα

clearly implies that the m × kn-matrix whose elements are the functions ηAα i, has
constant maximal rank m (let us observe that m is exactly the codimension of M).
F is called the bundle of constraints forms.

Remark 3.1. One interesting case is when F is determined by M through ap-
plication of a “Chetaev principle”. If the constraint submanifold is giving by the
vanishing of m functionally independent functions Φα on T 1

kQ, F is generated by
the following R

k-valued forms:

ηα = (S1∗(dΦα), . . . , Sk
∗

(dΦα)) = (
∂Φα
∂vi1

dqi, . . . ,
∂Φα
∂vik

dqi) .

⋄

3.2. The constraint distribution. In the sequel, we will show that the constraint
bundle F gives rise to a distribution S along M, called the constraint distribution.
As above, take F generated by m R

k-valued 1-forms ηα = (η1
α, . . . , η

k
α) of the form

(3.1).

Firstly we introduce the following vector bundle morphisms

Ω♭L : T (T 1
kQ) −→ (T 1

k )∗(T 1
kQ)

X 7→ Ω♭L(X) = (ıXω
1
L, . . . , ıXω

k
L) ,

where for an arbitrary manifoldM we denote by (T 1
k )∗M the Whitney sum T ∗M⊕ k. . .

⊕T ∗M of k-copies of T ∗M .
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For each α , (α = 1, . . . , k), let Zα ∈ X(T 1
kQ) be the unique local vector field on

T 1
kQ defined by

τ∗(Zα) = 0 and Ω♭L(Zα) = − ηα . (3.2)

If we write

Zα = (Zα)j
∂

∂qj
+ (Zα)jB

∂

∂vjB
we deduce from (2.10) and (3.2) that

(Zα)i = 0 , (Zα)jB
∂2L

∂vjB∂v
i
A

= ηAα i ,

which determines the (Zα)jB uniquely, since L is supposed to be regular.

One obtains that:

Zα = W ij
AB η

A
α i

∂

∂vjB
,

where (W ij
AB) denotes the inverse matrix of the Hessian matrix

(
∂2L

∂viA∂v
j
B

)
.

The independence of the vector fields Zα is consequence of the independence of
the 1-forms ηα. Thus the vector fields Zα span a m-dimensional distribution S,
which we will called the constraint distribution. This distribution S will be used in
Section 4.

3.3. The nonholonomic field equations. Summarizing, we are looking for a
nonholonomic field theory built on the following objects:

(i) a regular Lagrangian L;
(ii) a constraint submanifold M →֒ T 1

kQ which can be locally represented by
equations of the form Φα(qi, viA) = 0 for α = 1, . . . ,m, where the matrix
(∂Φα/∂v

i
A) has maximal rank m;

(iii) a bundle F of constraint forms and an induced constraint distribution
S, both defined along M, where F is generated by the m independent
semibasic R

k-valued 1-forms (3.1).

To complete our model for nonholonomic field theory, we now have to specify
the field equations. We will now introduce the definition of a solution of the non-
holonomic constrained problem using a generalization of d’Alembert’s principle.

3.3.1. The d’Alembert’s principle. Proceeding as in the case of unconstrained field
theories, we introduce the following definition:

Definition 3.2. A map φ : U0 ⊂ R
k → Q defined on an open set U0 ⊂ Q with

compact support, is a solution of the constrained problem under consideration if
φ(1)(U0) ⊂ M and ∫

U0

(
(LZcL) ◦ φ(1)

)
(t)dkt = 0 ,

for each vector field Z on Q that vanish on the boundary of φ(U0) and such that

ıZcη = 0 (3.3)

for all η of the bundle F of constraint forms.

Putting Z = Zi
∂

∂qi
and taking into account the expression (2.2) for the complete

lift Zc, it is easily seen that the condition (3.3) translates into

ηAα iZ
i = 0 , 1 ≤ α ≤ m, 1 ≤ A ≤ k ,
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where ηAα i are the coefficients of the constraint forms introduced in (3.1).

One can verify that φ(t) = (φi(t)) is a solution of the constrained problem if
and only if

∫

U0

[
k∑

A=1

∂

∂tA

∣∣∣
t

(
∂L

∂viA

∣∣∣
φ(1)(t)

)
−
∂L

∂qi

∣∣∣
φ(1)(t)

]
Zidkt = 0 ,

for all values of Zi satisfying (3.3).

Therefore, a solution φ would satisfy the following system of partial differential
equations:

∂L

∂qi

∣∣∣
φ(1)(t)

−
k∑

A=1

∂

∂tA

∣∣∣
t

(
∂L

∂viA

∣∣∣
φ(1)(t)

)
= λαA η

A
α i(φ

(1)(t)) (i = 1, . . . , n) ,

(3.4)

Φα(φ(1)(t)) = 0 (α = 1, . . . ,m) .

As usual, the (a priori) unknown functions λαA play the role “Lagrange multipliers”.
The equations (3.4) are called the nonholonomic Lagrangian field equations for the
constrained problem (compare with [42]).

3.3.2. Geometric description of the nonholonomic Lagrangian field equations. Con-
sider the following system of equations:

Ω♯L(X1, . . . , Xk) − dEL ∈
〈
ηBα
〉
, XA ∈ TM, 1 ≤ A ≤ k (3.5)

along M.

One obtains

Proposition 3.3. Let X = (X1, . . . , Xk) be an integrable k-vector field solution of
(3.5). We have

(i) X = (X1, . . . , Xk) is a sopde.
(ii) If φ(1) = (φi(t), ∂φi/∂tA) is an integral section of X then φ is solution of

the nonholonomic Lagrangian field equations (3.4).

(Proof ) Let X = (X1, . . . , Xk) be an integrable k-vector field solution of (3.5).
Taking into account that ηBα = ηBα idq

i , (see (3.1)) one obtains that the equation
(3.5) can be written as follow:

k∑

A=1

ıXA
ωAL − dEL = λαB ηBα i dq

i (3.6)

where EL = ∆L− L.

If each XA is locally given by

XA = (XA)i
∂

∂qi
+ (XA)iB

∂

∂viB
,

then (X1, . . . , Xk) is a solution to (3.6) if and only if (XA)i and (XA)iB satisfy the
system of equations

(
∂2L

∂qi∂vjA
−

∂2L

∂qj∂viA

)
((XA)j − vjA)

−

(
∂2L

∂qj∂viA
(XA)j +

∂2L

∂vjB∂v
i
A

(XA)jB −
∂L

∂qi

)
= λαB ηBα i ,

∂2L

∂vjB∂v
i
A

((XA)i − viA) = 0 .
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If the Lagrangian is regular, then (XA)j = vjA, that is (X1, . . . , Xk) is a SOPDE,
and the above equations are equivalent to the equations

∂2L

∂qj∂viA
vjA +

∂2L

∂viA∂v
j
B

(XA)jB −
∂L

∂qi
= −λαB ηBα i (i = 1, . . . , n)

(3.7)

(XA)i = viA (A = 1, . . . , k) .

We will now prove (ii).

Let φ(1) = (φi(t), ∂φi/∂tA) be an integral section of (X1, . . . , Xk) passing through
a point wq ∈ M, that is,

φ(1)(0) = wq ∈ M , vjA ◦ φ(1) =
∂φj

∂tA
, (XA)jB ◦ φ(1) =

∂2φj

∂tA∂tB
. (3.8)

Substituting (3.8) in the first group of equations (3.7) we obtain the equations

k∑

A=1

∂

∂tA

∣∣∣
t

(
∂L

∂viA

∣∣∣
φ(1)(t)

)
−
∂L

∂qi

∣∣∣
φ(1)(t)

= −λαB ηBα i(φ
(1)(t)) (i = 1, . . . , n) ,

which are the first group of equations in (3.4).

Finally, from (3.8) and since XA

∣∣
M

∈ TM we have

0 = XA(Φα) = viA
∂Φα
∂qi

+ (XA)jB
∂Φα

∂vjB
=
∂φi

∂tA
∂Φα
∂qi

+
∂2φj

∂tA∂tB
∂Φα

∂vjB
=
∂(Φα ◦ φ(1))

∂tA

∣∣∣
t

then Φα◦φ(1) is a constant function and since φ(1)(0) ∈ M one obtains Φα(φ(1)(0)) =
0 and thus Φα(φ(1)(t)) = 0, that is, the second group of the equations in (3.4).
Therefore, we conclude that φ is solution to the equation (3.4).

4. The nonholonomic projector

The purpose of the present section is to show that for a nonholonomic first-order
field theory in the sense described above, one can construct, under an appropriate
additional condition, a projection operator which maps solutions of the equation
(2.11) for the unconstrained Lagrangian problem into solutions of the nonholonomic
equations (3.5).

Given a constrained problem with regular Lagrangian L, constraint manifold
M ⊂ T 1

kQ and constraint distribution S, we now impose the following compatibility
condition: for each wq ∈ M

Twq
M ∩ S(wq) = {0} . (4.1)

If M is locally given by m equations Φα(qi, viA) = 0 and, if S is locally generated
by the vector fields Zα (see Subsection 3.2), a straightforward computation shows
that the compatibility condition is satisfied if and only if

det(Zα(Φβ)(wq)) 6= 0 ,

at each point wq ∈ M. Indeed, take v ∈ Twq
M ∩ S(wq). Then v = vαZα(wq), for

some coefficients vα. On the other hand, 0 = v(Φβ) = vαZα(Φβ)(wq). Hence, if the
matrix (Zα(Φβ)(wq)) is regular, we may conclude that v = 0 and the compatibility
condition holds. The converse is similar: let us suppose that the compatibility
condition holds. If the matrix (Zα(Φβ)(wq)) is not regular, then there exist some
vector v = vαZα(wq) 6= 0 such that v(Φβ) = 0 and thus v ∈ Twq

M ∩ S(wq);
therefore we conclude that if the compatibility condition holds, then the matrix
(Zα(Φβ)(wq)) is regular.
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We now have the following result.

Proposition 4.1. If the compatibility condition (4.1) holds, then at each point
wq ∈ M we have the decomposition

Twq
(T 1
kQ) = Twq

M ⊕ S(wq) .

(Proof ) The proof immediately follows from (4.1) and a simple counting of di-
mensions:

dim Twq
M ⊕ S(wq) = dimTwq

M + dim S(wq)

= (n+ nk −m) +m = n+ nk = dimTwq
(T 1
kQ) .

We now introduce the following notation: TM(T 1
kQ) denotes the restriction of

T (T 1
kQ) to the submanifold of T 1

kQ, M.

The direct decomposition of TM(T 1
kQ) determines two complementary projection

operators P and Q:

P : TM(T 1
kQ) → TM , Q = I − P : TM(T 1

kQ) → S ,

where I is the identity on TM(T 1
kQ). The projectors P and Q are respectively

written as follows:

P = I − CαβZα ⊗ dΦβ , Q = CαβZα ⊗ dΦβ ,

where (Cαβ) is the inverse of the matrix (Cαβ : = Zα(Φβ)).

The direct sum decomposition of TM(T 1
kQ) determines the following decompo-

sition of T 1
k (T 1

kQ) along M:

T 1
k (T 1

kQ) = T 1
kM ⊕ S

where for each wq ∈ M, Swq
is given by

Swq
= S(wq)⊕ k. . . ⊕S(wq) .

If S is locally generated by the vector fields Zα, then

{(Zα, 0, . . . , 0), (0, Zα, 0, . . . , 0), . . . , (0, . . . , 0, Zα), (α = 1, . . . ,m)}

is a local basis of S.

The direct sum decomposition of T 1
k (T 1

kQ) along M determines two complemen-
tary projection operators P and Q:

P : (T 1
k )M(T 1

kQ) → T 1
kM , Q : (T 1

k )M(T 1
kQ) → S ,

given by P(X1wq
, . . . , Xkwq

) = (P (X1wq
), . . . , P (Xkwq

)) and Q = I−P, where I is

the identity on (T 1
k )M(T 1

kQ). Here (T 1
k )M(T 1

kQ) denotes the restriction of T 1
k (T 1

kQ)
to the constraint submanifold M.

Proposition 4.2. Let ξL = (ξ1L, . . . , ξ
k
L) be a solution of the free Lagrangian prob-

lem, i.e., ξL is solution to the equation (2.11), then ξL,M = P(ξL

∣∣∣
M

) is a solution

to the constraint Lagrangian problem.

(Proof ) By definition of P, we know that P
(
ξL

∣∣∣
M

)
=
(
P (ξ1L

∣∣∣
M

), . . . , P (ξkL

∣∣∣
M

)
)

with P (ξAL

∣∣∣
M

) ∈ TM. Therefore
(
P (ξ1L

∣∣∣
M

), . . . , P (ξkL

∣∣∣
M

)
)

is a solution to (3.5) if

and only if Ω♯L

(
P (ξ1L

∣∣∣
M

), . . . , P (ξkL

∣∣∣
M

)
)
− dEL ∈ 〈ηAα 〉.



14 M. DE LEÓN, D. MARTÍN DE DIEGO, M. SALGADO, AND S. VILARIÑO

We have

Ω♯L

(
P (ξ1L

∣∣∣
M

), . . . , P (ξkL

∣∣∣
M

)
)
− dEL

= Ω♯L

(
ξ1L

∣∣∣
M

−Q(ξ1L

∣∣∣
M

), . . . , ξkL

∣∣∣
M

−Q(ξkL

∣∣∣
M

)
)
− dEL

= −
k∑

A=1

iλαA Zα
ωAL = −

k∑

A=1

λαAiZαω
A
L =

k∑

A=1

λαAη
A
α ∈ 〈ηAα 〉 .

Thus we conclude that ξL,M =
(
P (ξ1L

∣∣∣
M

), . . . ,P(ξkL

∣∣∣
M

)
)

is a solution to (3.5).

Remark 4.3. In the particular case k = 1 we recover the results in [23] ⋄

5. The nonholonomic momentum equation

In this section, we derive the nonholonomic momentum equation, the nonholo-
nomic counterpart to the well-know Noether theorem. More precisely, we prove
that for every nonholonomic Lagrangian symmetry there exists a certain partial
differential equation which is satisfied by the solutions of the constrained problem,
reducing to a conservation law when the constraints are absent.

Let G be a Lie group and g its Lie algebra. Consider an action Φ: G×Q→ Q.
The Lie group G acts on T 1

kQ by prolongation of Φ, i.e.

T 1
kΦg(v1q

, . . . , vkq) = ((TqΦg)(v1q
), . . . , (TqΦg)(vkq)) .

Definition 5.1.

(i) We say that the Lagrangian L is invariant under the group action if L is
invariant under the induced action of G on T 1

kQ.
(ii) We say that the Lagrangian L is infinitesimally invariant if for any Lie

algebra element ξ ∈ g we have ξCQ(L) = 0, where for a vector field X on Q,

XC denotes the complete lift of X of Q to T 1
kQ and ξQ is the fundamental

vector field defined by

ξQ(q) =
d

ds
Φ(exp(sξ),q)

∣∣
s=0

q ∈ Q .

When ξCQ(L) = 0, then ξQ will be called an infinitesimal Lagrangian sym-
metry.

Let us now assume that G leaves invariant L, M and F :

L ◦ T 1
kΦg = L, T 1

kΦg(M) ⊂ M and (T 1
kΦg)

∗(F ) ⊂ F

for all g ∈ G.

We consider the vector bundle gF over Q, defined as follows: denote by gF (q)
the linear subspace of g consisting of all ξ ∈ g such that

ξCQ(wq)⌋F = 0 for all wq ∈ M ∩ τ−1(q) .

We assume that the disjoint union of all gF (q), for all q ∈ Q can be given the
structure of a vector bundle gF over Q.

To any section ξ̃ of gF , one can associate a vector field ξ̃Q on Q according to the
following definition:

ξ̃Q(q) : = [ξ̃(q)]Q(q) . (5.1)
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Definition 5.2. For each A, the Ath-component of the nonholonomic momentum

map (Jnh)A is the map (Jnh)A : M → (Sec(gF ))∗ constructed as follows: let ξ̃ be
any section of gF , then we define (Jnh)A

eξ
along M as

(Jnh)Aeξ = ıeξC
Q

θAL , (5.2)

where ξ̃Q is the vector field associated to ξ̃ according to (5.1).

Remark 5.3. In the particular case k = 1, corresponding to the Classical Mechan-
ics, the above definition coincides with the definition of nonholonomic momentum
map introduced by Marsden et al in [8]. ⋄

Remark 5.4. The map (Jnh)Aξ is the nonholonomic version of the Ath-component

Ĵ(0, . . . ,
A

ξ, . . . , 0) = θAL (ξT 1
k
Q), of the momentum map on the polysymplectic man-

ifolds T 1
kQ defined in [34] when we consider the polysymplectic structure given by

ωAL = −dθAL , 1 ≤ A ≤ k. ⋄

The relevant role of the nonholonomic momentum map lies in the nonholonomic
momentum equation.

Definition 5.5.

(i) A nonholonomic Lagrangian symmetry is a section ξ̃ of gF such that

ξ̃CQ(L) = 0.

(ii) A horizontal nonholonomic symmetry is a constant section of gF .

Theorem 5.6. If φ : U0 ⊂ R
k → Q is a solution of the nonholonomic field equa-

tions, then for any nonholonomic Lagrangian symmetry ξ̃ the associated compo-
nents of the momentum map (Jnh)A

eξ
(A = 1, . . . , k) satisfies the following nonholo-

nomic momentum equation:

k∑

A=1

d

dtA

(
(Jnh)Aeξ(φ(t))

)
=

k∑

A=1

(Jnh)Ad

dtA
eξ(φ(t))

.

along M.

(Proof )

0 = ξ̃CQ(L) = ξ̃iQ
∂L

∂qi
+ vjA

∂ξ̃iQ
∂qj

∂L

∂viA
.

From (3.4) and taking into account that ξ̃Q(φ(t)) ∈ gF one obtains that the
above identity is equivalent to

0 = ξ̃iQ
d

dtA

(
∂L

∂viA

)
+ vjA

∂ξ̃iQ
∂qj

∂L

∂viA
=

d

dtA

(
ξ̃iQ

∂L

∂viA

)
−

(
d

dtA
ξ̃

)i

Q

∂L

∂viA
, (5.3)

where the latter equality is consequence of

d

dtA
(ξ̃iQ) =

∂

∂tA
(ξ̃iQ(φ(t))) =

∂

∂tA

(
d

ds

∣∣∣
s=0

exp(sξ̃(φ(t))) · φ(t)

)

=
d

ds

∣∣∣
s=0

exp(s
∂

∂tA
ξ̃(φ(t))) · φ(t) +

∂ξ̃iQ
∂qj

vjA =
∂ξ̃iQ
∂qj

vjA +

(
d

dtA
ξ̃

)i

Q

.

Finally, from (5.2) and (5.3) one obtains

k∑

A=1

d

dtA

(
(Jnh)Aeξ(φ(t))

)
=

k∑

A=1

(Jnh)Ad

dtA
eξ(φ(t))

.
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Corollary 5.7. If ξ̃ is a horizontal nonholonomic symmetry, then the following
conservation laws holds:

k∑

A=1

d

dtA

(
(Jnh)Aeξ(φ(t))

)
= 0 .

Remark 5.8. If we rewrite this section in the particular case k = 1 we reobtain
the Section 4.2 in [8]. ⋄

6. Particular cases

6.1. Holonomic constraints.

A distribution D on Q of codimension m induces an submanifold M →֒ T 1
kQ

defined as follows: (v1q, . . . , vkq) is an element of M if vAq ∈ D(q) for each A (A =

1, . . . , k). In coordinates, if the annihilator D0 is spanned by the 1-forms ϕα =
ϕαidq

i (α = 1, . . . ,m), then M is the set of solutions to the mk equations ΦAα =
ϕαiv

i
A = 0.

If D is integrable, the constraints induced by D are said to be holonomic: in
this case, φ(1) takes values in M if and only if φ takes values in a fixed leaf of the
foliation induced by D, and we conclude that the constraints can be integrated to
constraints on Q.

6.2. Linear constraints induced by distributions on Q.

The constrained problem: Let D1, . . . , Dk be k distributions on Q and we consider
the constraint submanifold M = D1 ⊕ . . .⊕Dk of T 1

kQ

If we will assume, for each A (A = 1, . . . , k), that DA is defined by the vanishing
of mA functionally independent functions ϕαA

on Q, then proceeding as above we
obtain that the constraint submanifold is given by the vanishing of m = m1 + . . .+
mk independent functions ΦAαA

where

ΦAαA
(v1q

, . . . , vkq) = τ∗ϕαA
(vAq

) = (ϕαA
)iv

i
A .

For the bundle F of constraints forms we take the bundle along M, generated
by the m R

k-valued 1-forms

ηAαA
= (S1∗(dΦAαA

), . . . , Sk
∗

(dΦAαA
)) = (0,

A

. . . , τ∗ϕαA
, . . . , 0) .

Nonholonomic field equations: In this particular case, a straightforward computa-
tion shows that the equations (3.4) become:




k∑

A=1

∂

∂tA

∣∣∣
t

(
∂L

∂viA

∣∣∣
φ(1)(t)

)
−
∂L

∂qi

∣∣∣
φ(1)(t)

= λαA (ϕαA
)i(φ(t)) (i = 1, . . . , n) ,

ΦAαA
(φ(1)(t)) = 0 (αA = 1, . . . ,mA , A = 1, . . . , k) .

The constraint submanifold M = D⊕ k. . . ⊕D. Let D be a distribution on Q. The
particular case D1 = . . . = Dk = D has special interest. As above, if we assume
that D to be defined by the vanishing of m functionally independent functions ϕα
on Q, then the constraint submanifold M = D⊕ k. . . ⊕D is given by the constraint
functions

ΦAα (v1q
, . . . , vkq) = (ϕα)i v

i
A = 0 .
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We will denote by Dv the distribution on T 1
kQ defined by (Dv)0 = 〈τ∗ϕα〉 (see

[24, 23] for the case k = 1). Next, we will prove the following two results (see
Appendix for technical definitions).

Lemma 6.1. Dv
wq

is k-coisotropic in (Twq
(T 1
kQ), ω1

L(wq), . . . , ωkL(wq), V (wq)) for

all wq ∈ M, i.e. (Dv)⊥wq
⊂ Dv

wq
.

(Proof ) In fact, since (Dv)0 is locally generated by semi-basic 1-forms, we deduce
that

(Dv)⊥wq
= S(wq) ⊂ Vwq

(T 1
kQ) ⊂ Dv

wq

for all wq ∈ M, where (Dv)⊥wq
= {Uwq

∈ T 1
kQ : ωAL (Uwq

,Wwq
) = 0, ∀ Wwq

∈

Dv
wq

} denotes the k-symplectic orthogonal of Dv
wq

and Vwq
(T 1
kQ) the vertical dis-

tribution of T 1
kQ at the point wq.

Proposition 6.2. The following properties are equivalent:

(i) The compatibility condition holds, that is, TM ∩ S = {0}.
(ii) The distribution H = TM∩Dv along M is k-symplectic in the k-symplectic

vector bundle (T (T 1
kQ), ω1

L, . . . , ω
k
L, V )

(Proof ) If TM ∩ S = {0} then

TM ∩ S = TM ∩ (Dv)⊥ = 0

and

Twq
(T 1
kQ) = Twq

M ⊕ (Dv)⊥wq
∀wq ∈ M .

Hence from Lemma 6.1 we obtain

(Dv)wq
= (Twq

M ∩ (Dv)wq
) ⊕ (Dv)⊥wq

= Hwq
⊕ (Dv)⊥wq

= Hwq
⊕ S(wq) .

Therefore, from a straightforward computation, we obtains thatHwq
∩H⊥

wq
= {0}

or, equivalently, that Hwq
is a k-symplectic vector subspace of (Twq

(T 1
kQ), ω1

L(wq),

. . . , ωkL(wq), Vwq
).

Conversely, assume that for each wq ∈ M, Hwq
is a k-symplectic subspace in

(Twq
(T 1
kQ), ω1

L(wq), . . . , ωkL(wq), Vwq
), that is Hwq

∩H⊥
wq

= {0}. Take

Z ∈ Twq
M ∩ S(wq) = Twq

M ∩ (Dv)⊥wq
⊂ Twq

M ∩ (Dv)wq
= Hwq

.

Since ωAL (wq)(Z, Y ) = 0 for all A (A = 1, . . . , k) and for all Y ∈ Hwq
, we conclude

that Z ∈ H⊥
wq

. Thus Z ∈ Hwq
∩H⊥

wq
= {0} and therefore Z = 0.

Consider now, the restrictions ωAH and dHEL to H of ωAL and dEL, respectively.
Since Hwq

is k-symplectic for each wq ∈ M, there exist a solution on H of the
equation

k∑

A=1

ıXA
ωAH = dHEL . (6.1)

The above equation may be considered as the k-symplectic version of the char-
acterization of nonholonomic mechanics in the case of linear constraints given by
[5].

Proposition 6.3. If ξL,M is a solution to the constrained problem, i.e. ξL,M =
(ξ1L,M, . . . , ξ

k
L,M) satisfies (3.5), if and only if ξL,M is solution of the equation (6.1).
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(Proof ) ξL,M is solution of (3.5) then ξL,M is a sopde and ξAL,M ∈ Twq
M.

On the other hand, since ξL,M is a sopde we have

τ∗ϕα(ξAL,M) = (ϕα)iv
i
A = 0 ,

along M, and thus ξAL,M ∈ (Dv)wq
. Therefore ξAL,M ∈ H and ξL,M is trivially a

solution of equation (6.1). Conversely, if (X1, . . . , Xk) is solution of the equation
(6.1) then for each A (A = 1, . . . , k), XA ∈ H ⊂ TM and it is evident that
(X1, . . . , Xk) is solution of (3.5).

6.3. Linear constraints.

In the local picture, L is subjected to linear constraints defined by m local
functions Φα : T 1

kQ→ R of the form

Φα(v1q
, . . . , vkq) = Φα(qi, viA) =

k∑

B=1

(µBα )i(q) viB =

k∑

B=1

µBα (vBq
) ,

where µBα be mk 1-forms on Q, 1 ≤ α ≤ m, 1 ≤ B ≤ k, locally given by µBα =
(µBα )i dq

i.

We consider the constraint submanifold

M = {wq = (v1q
, . . . , vkq) ∈ T 1

kQ : Φα(wq) = 0 ∀α}

of dimension nk −m.

We now denote by D the distribution on Q given by D0 = 〈µBα 〉 .

Proposition 6.4. Let L be a regular Lagrangian and X = (X1, . . . , Xk) is an
integrable k-vector field which is a solution of

k∑

A=1

iXA
ωAL − dEL ∈ (DV )0 , XA

∣∣
M

∈ TM (6.2)

where (DV )0 =< τ∗µBα >. We have

i) X = (X1, . . . , Xk) is a sopde.

ii) If φ(1) = (φi(t), ∂φi/∂tA) is an integral section of X, then φ satisfy the
equations (3.4).

(Proof ) Let us observe that ηAα = SA
∗
(dΦα) =

∂Φα
∂viA

dqi = (µAα )idq
i = τ∗µAα and

thus, in this particular case, (DV )0 = 〈ηAα 〉.

Therefore, the equations (6.2) are equivalent to equations (3.5) for the case of
linear constraints.

6.4. Constraints defined by connections

Suppose that Q is a fibred manifold over a manifold M , say, ρ : Q → M is a
surjective submersion. Assume that a connection Γ in ρ : Q → M is given such
that

TQ = H ⊕ V ρ ,

where V ρ = kerTρ. We take fibred coordinates (qa, qα), 1 ≤ a ≤ n−m, 1 ≤ α ≤
m, n = dim Q. The horizontal distribution is locally spanned by the local vector
fields

Ha = (
∂

∂qa
)H =

∂

∂qa
− Γαa (qb, qβ)

∂

∂qα
,
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where Y H stands for the horizontal lift to Q of a vector field Y on M , and Γαa (qb, qβ)
are the Christoffel symbols of Γ. Thus, we obtain a local basis of vector fields on
Q,

{Ha, Vα =
∂

∂qα
} .

Its dual basis of 1-forms is

{ηa = dqa , ηα = Γαa dq
a + dqα} .

We deduce that H0 is locally spanned by the 1-forms {ηα}.

In this situation we have

T 1
kQ = H⊕ k. . . ⊕H ⊕ V ρ k. . . ⊕V ρ ,

and for each vector vA, 1 ≤ A ≤ k we can write

vA = vaA
∂

∂qa
+ vαA

∂

∂qα
= vaA(

∂

∂qa
− Γαa

∂

∂qα
) + (vaAΓαa + vαA)

∂

∂qα
= vHA + vVA

We define

M = H⊕ k. . . ⊕H ⊂ T 1
kQ ;

then wq = (v1q
, . . . , vkq) ∈ M if and only if vAq

∈ H for all A = 1, . . . , k, which
means that

vαA = −vaAΓαa for all A = 1, . . . , k

Thus,

M = {wq ∈ T 1
kQ : vαA = −vaAΓαa , 1 ≤ A ≤ k}

= {wq ∈ T 1
kQ : ϕα(vAq

) = 0, 1 ≤ A ≤ k} .

With the 1-forms ϕα = Γαa dq
a + dqα on Q we shall consider the 1-forms τ∗ϕα

on T 1
kQ. We now consider the equations

Ω♯L(X1, . . . , Xk) − dEL ∈ 〈τ∗ϕα〉

XA

∣∣
M

∈ TM , 1 ≤ A ≤ k .
(6.3)

As in the above example, in this particular situation, these equations are equiv-
alent to equations (3.5).

We write the first equation in (6.3) as follows

k∑

A=1

iXA
ωAL − dEL =

m∑

α=1

λα τ∗ϕα

and each XA as

XA = (XA)a
∂

∂qa
+ (XA)α

∂

∂qα
+ (XA)aB

∂

∂vaB
+XA)αB

∂

∂vαB
.

From (6.3) we deduce the three following identities:

vbA
∂2L

∂qb∂vaA
+vβA

∂2L

∂qβ∂vaA
+(XA)bB

∂2L

∂vbB∂v
a
A

+(XA)βB
∂2L

∂vβB∂v
a
A

−
∂L

∂qa
= −λβΓ

β
a (6.4)

vbA
∂2L

∂qb∂vαA
+vβA

∂2L

∂qβ∂vαA
+(XA)bB

∂2L

∂vbB∂v
α
A

+(XA)βB
∂2L

∂vβB∂v
α
A

−
∂L

∂qα
= −λβΓ

β
α (6.5)

(XA)a = vaA , (XA)α = vαA (6.6)
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If ψ : U0 ⊂ R
k → T 1

kQ, ψ(t) = (ψa(t), ψα(t), ψaA(t), ψαA(t)), is an integral section
of X = (X1, . . . , Xk), then from (6.4), (6.5) and (6.6) we deduce that ψ is solution
to the equations





vaA(ψ(t)) =
∂ψa

∂tA

∣∣∣
t

; vαA(ψ(t)) =
∂ψα

∂tA

∣∣∣
t

k∑

A=1

∂

∂tA

(
∂L

∂vaA

∣∣∣
ψ(t)

)
−

∂L

∂qa

∣∣∣
ψ(t)

= −λα Γαa

k∑

A=1

∂

∂tA

(
∂L

∂vαA

∣∣∣
ψ(t)

)
−

∂L

∂qα

∣∣∣
ψ(t)

= −λα

or, in other words,




vaA(ψ(t)) =
∂ψa

∂tA
, vαA(ψ(t)) =

∂ψα

∂tA

k∑

A=1

∂

∂tA

(
∂L

∂vaA

∣∣∣
ψ(t)

− Γαa
∂L

∂vαA

∣∣∣
ψ(t)

)
−

(
∂L

∂qa

∣∣∣
ψ(t)

− Γαa
∂L

∂qα

∣∣∣
ψ(t)

)
= −

dΓαA
dt

∂L

∂vαA

∣∣∣
ψ(t)

These equations are the nonholonomic Euler-Lagrange equations (3.4) for this
particular case.

6.5. The nonholonomic Cosserat rod

The nonholonomic Cosserat rod is an example of a nonholonomic field theory
studied in [41] (see also [43]). It describes the motion of a rod which is constrained
to roll without sliding on a horizontal surface.

A Cosserat rod can be visualized as specified by a curve s→ r(t) in R
3, called the

centerline, to which is attached a frame {d1(s),d2(s),d3(s)} called director frame.
We consider an inextensible Cosserat rod of lenght l. If we denote the centerline
at time t as s→ r(t, s), inextensibility allows us to assume that the parameter s is
the arc length. The description of the Cosserat rod can be see in [41].

The nonholonomic second-order model. The model described in [41] fits into the
multisymplectic framework developed on J1π, where we have a fiber bundle π :
Y → X , where usually X plays the role of the space-time and the sections of this
fiber bundle are the fields of the theory. In this particular case the base space
X is R × [0, l] (time and space), with coordinates (t, s) and the total space Y is
X × R

2 × S
1, with fibre coordinates (x, y, θ). In this model, the fields are the

coordinates of the centerline (x(t, s), y(t, s)) and the torsion angle θ(t, s)

Its Lagrangian is given by

L =
ρ

2
(ẋ2 + ẏ2) +

α

2
θ̇2 −

1

2
(β(θ′)2 +Kk2) ,

where k = (x′′)2 + (y′′)2, while the constraints are given by

ẋ+Rθ̇y′ = 0 and ẏ −Rθ̇x′ = 0 .

Here ρ, α, β, K and R are real parameters and ẋ = ∂x/∂t, x′∂x/∂s (analogous for
y and θ). This model is a mathematical simplification of the real physical problem.

We now modify this model, by a lowering process to obtain a first-order La-
grangian: we introduce new variables z = x′ and v = y′ and obtain the modified
Lagrangian

L =
ρ

2
(ẋ2 + ẏ2) +

α

2
θ̇2 −

1

2
(β(θ′)2 +K((z′)2 + (v′)2)) + λ(z − x′) + µ(v − y′) ,
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where λ and µ are Lagrange multiplier associated to the constraint z = x′ and
v = y′. This Lagrangian can be thought as a mapping defined on T 1

2Q where
Q = R

2 × S
1 ×R

4 ≡ R
7, and if we rewrite this with the notation introduced in the

section 1 we obtain a k-symplectic model where the Lagrangian L : T 1
2Q → R is

given by

L =
ρ

2
((v1

1)2+(v2
1)

2)+
α

2
(v3

1)2−
β

2
(v3

2)2−
K

2
((v4

2)2+(v5
2)

2)+q6(q4−v1
2)+q

7(q5−v2
2)

subject to constraints

v1
1 +Rv3

1v
2
2 = 0 and v2

1 −Rv3
1v

1
2 = 0 . (6.7)

In this case the bundle of reaction forces F is generated by the following forms:

η1 = (dq1 +Rv2
2dq

3, 0) and η2 = (dq2 −Rv1
2dq

3, 0) .

The nonholonomic fields equations associated to L are given by




ρ
∂2φ1

∂t1∂t1

∣∣∣
t
−
∂φ6

∂t2

∣∣∣
t

= λ

ρ
∂2φ2

∂t1∂t1

∣∣∣
t
−
∂φ7

∂t2

∣∣∣
t

= µ

α
∂2φ3

∂t1∂t1

∣∣∣
t
− β

∂2φ3

∂t2∂t2

∣∣∣
t

= R

(
λ
∂φ3

∂t1

∣∣∣
t
− µ

∂φ3

∂t2

∣∣∣
t

)

K
∂2φ4

∂t2∂t2

∣∣∣
t
+ φ6(t) = 0

K
∂2φ5

∂t2∂t2

∣∣∣
t
+ φ7(t) = 0

φ4(t) −
∂φ1

∂t2

∣∣∣
t

= 0

φ5(t) −
∂φ2

∂t2

∣∣∣
t

= 0 ,

(6.8)

where λ and µ are Lagrange multipliers associated with the nonholonomic con-
straints, t = (t1, t2) = (t, s) are the coordinates time and space and the field
φ : U0 ⊂ R

2 → R
7 are the coordinates of the centerline (φ1(t), φ2(t)) and the tor-

sion angle φ3(t). As one can see in the equation (6.8) the components φi, i ≥ 4 are
determined by (φ1, φ2, φ3). These equations are supplemented by the constraint
equations (6.7).

Consider the action of R
2 × S

1 on Q according to the following definition: for
each (a, b, θ) ∈ R

2×S
1 we consider the map Φ(a,b,θ)(q

1, . . . , q7) = (q1+a, q2+b, q3+

θ, q4, . . . , q7).

It is easy to see that the following vector field annihilates F along M:

ξ̃ = −Rv2
2

∂

∂q1
+Rv1

2

∂

∂q2
+

∂

∂q3
.

This generalized vector field corresponds with the section ξ̃ = (−Rv2
2 , Rv

1
2 , 1) of

τ∗gF .

As ξ̃(L) = 0 the Theorem 5.6 can be applied and the nonholonomic momentum
equation (see [43]) hence becomes

R

(
ρ
∂2φ1

∂t1∂t1
−
∂φ6

∂t2

)
∂φ2

∂t2
−R

(
ρ
∂2φ2

∂t1∂t1
−
∂φ7

∂t2

)
∂φ1

∂t2
= α

∂2φ3

∂t1∂t1
− β

∂2φ3

∂t2∂t2
.



22 M. DE LEÓN, D. MARTÍN DE DIEGO, M. SALGADO, AND S. VILARIÑO

This nonholonomic conservation law can also be derived from the nonholonomic
equations substituting the two first equation in (6.8) into the three equation. Un-
fortunately, the knowledge of this nonholonomic conservation law does not help us
in solving the field equations.

Remark 6.5. Rewriting the nonholonomic momentum equation in the notation
used in the description of the second order model, we obtain the nonholonomic
momentum equation for spacial symmetries given in [43] into the multisymplectic
setting. ⋄

7. Non-holonomic Hamiltonian field theory

We now turn to the Hamiltonian description of the nonholonomic system on the
bundle of k1-covelocities (T 1

k )∗Q of Q.

The Legendre map FL : T 1
kQ → (T 1

k )∗Q is defined (see [19, 29]) as follows: if
(v1q

, . . . , vkq) ∈ (T 1
k )qQ,

[FL(v1q
, . . . , vkq)]A(uq) =

d

ds

∣∣∣
s=0

L(v1q
, . . . , vAq

+ suq, . . . , vkq) ,

for each A = 1, . . . , k and uq ∈ TqQ. Locally FL is given by

FL(qi, viA) = (qi,
∂L

∂viA
) .

Assuming the regularity of the Lagrangian, we have that the Lagrangian and
Hamiltonian formulations are locally equivalent. If we suppose that the Lagrangian
L is hyperregular, the Legendre transformation is a global diffeomorphism.

The constraint function on (T 1
k )∗Q becomes Ψα = Φα ◦ FL−1 : (T 1

k )∗Q → R,
that is,

Ψα(qi, pAi ) = Φα(qi,
∂H

∂pAi
) ,

where the Hamiltonian function H : (T 1
k )∗Q → R is defined by H = EL ◦ FL−1.

Since locally FL−1(qi, pAi ) = (qi,
∂H

∂pAi
), then

H = viA ◦ FL−1 pAi − L ◦ FL−1 .

Thus, from (3.4), one obtains

∂H

∂pAi
= viA ◦ FL−1

∂H

∂qi
= −

∂L

∂qi
◦ FL−1 = −λαC

∂Ψα

∂pBk
Hki
BC −

k∑

A=1

∂

∂tA

(
∂L

∂viA
◦ FL−1

)
,

where Hki
BC are the components of the inverse of the matrix (HBC

ik ) = (∂2H/∂pBi ∂p
C
k ).

Note that

∂Ψα

∂pBk
Hki
BC =

∂ϕα
∂viC

◦ FL−1 .
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Therefore, the non-holonomic Hamiltonian equations on (T 1
k )∗Q can be written

as follows





∂H

∂pAi

∣∣∣
ψ(t)

=
∂ψi

∂tA

∣∣∣
t
,

∂H

∂qi

∣∣∣
ψ(t)

= −λαC
∂Ψα

∂pBk

∣∣∣
ψ(t)

Hki
BC(ψ(t)) −

k∑

A=1

∂ψAi
∂tA

∣∣∣
t

0 = Ψα(ψi(t), ψAi (t))

where ψ : U ⊂ R
k → (T 1

k )∗Q is locally given by ψ(t) = (ψi(t), ψAi (t)).

Next we will give a geometrical description of these equations.

Let M ⊂ (T 1
k )∗Q be the image of the constraint submanifold M under the

Legendre map and let F the bundle locally generated by the independent R
k-valued

1-form

η̃α = FL∗ηα, 1 ≤ α ≤ m.

Thus, the “Hamilton equations” for the nonholonomic problem can be rewritten
in intrinsic form as

k∑

A=1

iXA
ωA − dH ∈ 〈η̃Aα 〉 , XA

∣∣
M

∈ TM ,

where η̃Aα = FL∗ηAα .

8. Conclusions

We have studied various aspects of first-order classical field theories subject
to nonholonomic constraints in the k-symplectic framework. The study is very
similar to the case of particle mechanics (see [24]) and, also, the results are quite
similar to those obtained in the multisymplectic framework (see [42]) but the k-
symplectic approach seems simpler in many applications. We have shown that
in the k-symplectic approach, the solutions to the equations for the constrained
problem can be obtained by a projection of the solution to the equations for the
unconstrained Lagrangian problem.

We analyze the particular case of a constraint submanifold M which we obtain
as k-copies of a distribution on the configuration space Q. In this particular case,
we construct a distribution H on T 1

kQ along M which is a k-symplectic subspace
in (T (T 1

kQ), ω1
L, . . . , ω

k
L;V ) where (ω1

L, . . . , ω
k
L;V ) is the k-symplectic structure ob-

tained from L. Finally, the nonholonomic momentum map is defined in a similar
way than in classical mechanics. The applicability of the theory is shown in some
examples and particular cases.

Appendix: k-symplectic vector spaces

Let U be a vector space of dimension n(k+1), V a subspace of U of codimension
n and ω1, . . . , ωk, k 2-forms on U . For each A (A = 1, . . . , k), ker ωA denotes the
subspace associated to ωA given by

ker ωA = {u ∈ U/ωA(u, v) = 0 ∀ v ∈ U} .

Definition 8.1. (ω1, . . . , ωk;V ) is a k-symplectic structure on U if

ωA|V×V = 0 ,
k⋂

A=1

ker ωA = 0 .
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We say that (U, ω1, . . . , ωk;V ) is a k-symplectic vector space.

Let W be a liner subspace of U . The k-symplectic orthogonal of W is the linear
subspace of U defined by

W⊥ = {u ∈ U/ ωA(u,w) = 0 for all w ∈ W,A = 1, . . . , k} .

Proposition 8.2. The k-symplectic orthogonal satisfies

(i) A ⊂ B ⇒ B⊥ ⊂ A⊥.
(ii) W ⊂ (W⊥)⊥.

Remark 8.3. Unlike what happens in the symplectic vector spaces, in our context
in general dimW + dimW⊥ 6= dimU . In fact, considering for instance, the real
space R

3 equipped with the 2-symplectic structure defined by:

ω1 = e1 ∧ e3 ω2 = e2 ∧ e3 V = ker e3

where {e1, e2, e3} is the dual basis of the canonical basis {e1, e2, e3} of U = R
3.

We consider W = span {e3}, the 2-symplectic orthogonal of W is W⊥ = span{e3}.
In this case, dimW + dimW⊥ = 2 6= dim R

3. ⋄

We can now introduce the following special types of subspaces of a k-symplectic
vector space, generalizing the corresponding notions from symplectic geometry.

Definition 8.4. Let (U, ω1, . . . , ωk;V ) be a k-symplectic vector space and W a
linear subspace of U .

• W is called isotropic if W ⊂W⊥.
• W is coisotropic if W⊥ ⊂W .
• W is Lagrangian if W = W⊥.
• W is k-symplectic if W ∩W⊥ = 0.

Proposition 8.5. For every vector subspace W of U the following properties are
equivalent:

(i) W is an isotropic subspace.
(ii) ωA(u, v) = 0 (A = 1, . . . , k) for all u, v ∈W .

(Proof ) Let us suppose that W is isotropic, then W ⊂W⊥. Therefore if u, v ∈
W then ωA(u, v) = 0 since u ∈ W⊥.

Conversely, u ∈W , then for each v ∈ W , ωA(u, v) = 0 (A = 1, . . . , k). Therefore
u ∈W⊥. Thus we can conclude that W ⊂W⊥.

Proposition 8.6. Let (U, ω1, . . . , ωk;V ) be a k-symplectic vector space and W a
linear subspace of U . W is a k-symplectic subspace if and only if W with the
restriction of the k-symplectic structure of U to W is a k-symplectic vector space.

(Proof ) Let us suppose that W is a k-symplectic subspace of (U, ω1, . . . , ωk;V ).
Consider the restriction ωAW to W of the 2-forms ωA, we will now prove that
(W,ω1

W , . . . , ω
k
W , V ∩W ) is a k-symplectic vector space.

Given u, v ∈ V ∩W one obtains

ωAW (u, v) = ωA|V×V (u, v) = 0 (A = 1, . . . , k) .

On the other hand, if u ∈ ∩ kerωAW then ωA(u, v) = 0 (A = 1, . . . , k) for all v ∈
W , then u ∈ W⊥. Therefore, since u ∈W ∩W⊥ = {0} we deduce ∩ kerωAW = {0}.

Conversely, if u ∈W ∩W⊥ then u ∈ W⊥, that is ωA(u, v) = 0 (A = 1, . . . , k) for
all v ∈W . Since u ∈ W we obtain that u ∈ ∩ kerωAW = {0} an therefore u = 0.
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Definition 8.7. (Awane [3]) A k-symplectic structure on a manifold M of dimen-
sion N = n+ kn is a family (ωA, V ; 1 ≤ A ≤ k), where each ωA is a closed 2-form
and V is an integrable nk-dimensional distribution on M such that

(i) ωA|V×V = 0, (ii) ∩kA=1 kerωA = {0} .

Then (M,ωA, V ) is called a k-symplectic manifold.

Let us observe that if (M,ω1, . . . , ωk, V ) is a k-symplectic manifold, then for
each x ∈M , we have that (ω1

x, . . . , ω
k
x, Vx) is a k-symplectic structure on the vector

space TxM .
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123, 28006 Madrid, Spain

E-mail address: mdeleon@imaff.cfmac.csic.es

D. Mart́ın de Diego: Instituto de Ciencias Matemáticas (CSIC-UAM-UC3M-UCM),
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