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SINGULAR LAGRANGIAN SYSTEMS AND VARIATIONAL
CONSTRAINED MECHANICS ON LIE ALGEBROIDS

D. IGLESIAS, J. C. MARRERO, D. MARTIN DE DIEGO, AND D. SOSA

ABSTRACT. The purpose of this paper is describe Lagrangian Mechanics for
constrained systems on Lie algebroids, a natural framework which covers a
wide range of situations (systems on Lie groups, quotients by the action of
a Lie group, standard tangent bundles...). In particular, we are interested in
two cases: singular Lagrangian systems and vakonomic mechanics (varia-
tional constrained mechanics). Several examples illustrate the interest of these
developments.
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1. INTRODUCTION

There is a vast literature around the Lagrangian formalism in mechanics justified
by the central role played by these systems in the foundations of modern mathema-
tics and physics. In some interesting systems some problems often arise due to their
singular nature that give rise to the presence of constraints manifesting that the
evolution problem is not well posed (internal constraints). Constraints can also
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manifest a priori restrictions on the states of the system which are often imposed
either by physical arguments or by external conditions (external constraints).
Both cases are of considerable importance.

Systems with internal constraints are quite interesting since many dynamical
systems are given in terms of non-symplectic forms instead of the more habitual
symplectic ones. The more frequent case appears in the Lagrangian formalism of
singular mechanical systems which are a commonplace in many physical theories
(as in Yang-Mills theories, gravitation, etc). Also, in systems that appears as a limit
(as in Chern-Simons lagrangians); for instance consider the following lagrangian

L= gmd) + eAi(a)d’ ~ V(0
in the limit m; — 0 for some 4. In other cases, it is necessary work with a new
singular lagrangian in a extended space since the original lagrangian is “ill defined”
(only locally defined on the original space), as it happens for the electron monopole
system (see [13]).

Another motivation for the present work is the study of lagrangian systems sub-
jected to external comstraints (holonomic and nonholonomic). These systems
have a wide application in many different areas: engineering, optimal control the-
ory, mathematical economics (growth economic theory), sub-Riemannian geometry,
motion of microorganisms, etc.

Constrained variational calculus have a rich geometric structure. Many of these
systems usually exhibit invariance under the action of a Lie group of symmetries
and they can be notably simplified using their symmetric properties by reducing
the degrees of freedom of the original system. In previous studies it is imposed a
separate study for each class of systems since the lack of a unified framework for
dealing simultaneously with all the systems.

Recent investigations have lead to a unifying geometric framework to covering
these plethora of particular situations. It is precisely the underlying structure of a
Lie algebroid on the phase space which allows a unified treatment. This idea was
first introduced by Weinstein [26] in order to define a Lagrangian formalism which
is general enough to account for the various types of systems. The geometry and
dynamics on Lie algebroids have been extensively studied during the past years. In
particular, in [20], E. Martinez developed a geometric formalism of mechanics on Lie
algebroids similar to Klein’s formalism of the ordinary Lagrangian mechanics and,
more recently, a description of the Hamiltonian dynamics on a Lie algebroid was
given in [16,21]. The key concept in this theory is the prolongation, T¥ E, of the Lie
algebroid over the fibred projection 7 (for the Lagrangian formalism) and the pro-
longation, T¥ E*, over the dual fibred projection 7* : E* — @ (for the Hamiltonian
formalism). See [16] for more details. Of course, when the Lie algebroid is E = T'Q
we obtain that TP E = T(T'Q) and T¥ E* = T(T*Q), recovering the classical case.
Another approach to the theory was discussed in [12]. The existence of symmetries
in these systems makes interesting to generalize the Gotay-Nester-Hinds algorithm
[11] to the case of Lie algebroids with a presymplectic section. These results are
easily extended to the case of implicit differential equations on Lie algebroids.

The second author and collaborators analyzed the case of nonholonomic me-
chanics on Lie algebroids [6]. Now, we also pretend to study singular Lagrangian
systems and vakonomic mechanics on Lie algebroids (obtained through the appli-
cation of a constrained variational principle).

The paper is organized as follows. In Section [2, we recall the notion of a Lie
algebroid and several aspects related with it. In particular, we describe the pro-
longation TFE of a Lie algebroid E over the projection 7 : £ — @ and how to
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use this construction to develop Lagrangian mechanics on a Lie algebroid E with
a Lagrangian function L : F — R, introducing several important objects, such as
the Lagrangian energy Ej and the Cartan 2-section wy. When the Lagrangian
function is regular (that is, wy, is nondegenerate), we have existence and unique-
ness of solutions for the Euler-Lagrange equations. However, if the Lagrangian is
singular (or degenerate) we cannot guarantee these results. Motivated by this fact,
in Section [ we introduce a constraint algorithm for presymplectic Lie algebroids
which generalizes the well-known Gotay-Nester-Hinds algorithm. In addition, we
show that a Lie algebroid morphism which relates two presymplectic Lie algebroids
induces a relation between the two associated constraint algorithms.

In Section @ we apply the results of Section [3] to singular Lagrangian systems
on Lie algebroids. More precisely, given a Lie algebroid 7 : E — @ and a singular
Lagrangian function L : E — R, we look for a solution X of the presymplectic
system (TP E, wy,, d"°EE 1) which is a SODE along the final constraint submanifold.
An example for an Atiyah algebroid illustrates our theory.

In Section B we develop a geometric description of vakonomic mechanics on Lie
algebroids. In this setting, given a Lie algebroid 7 : £ — @, we have a pair (L, M)
where L is a Lagrangian function on F and M C E is a constraint submanifold.
In Section 511 we deduce the vakonomic equations using our constraint algorithm
and study the particular case when it stops in the first step. In this situation,
if the restriction of the presymplectic 2-section to the final constraint algebroid
is symplectic, one can introduce the vakonomic bracket, which allows us to give
the evolution of the observables. On the other hand, it is well know that classical
vakonomic systems can be obtained from a constrained variational principle. This
can also be done for vakonomic systems on Lie algebroids, as it is shown in Section
In the particular case when we do not have constraints, our approach can be
seen as the Skinner-Rusk formulation of Lagrangian Mechanics on Lie algebroids.
This is explained in Section B3] where we also illustrate our results with several
interesting examples: If E is the standard Lie algebroid 77¢ : TQ — @, then we
recover some well-known results (see [7]) for vakonomic systems; in the case when
E = g, a real Lie algebra of finite dimension, we are able to model a certain class
of Optimal Control problems on Lie groups (see [I4] [I5]); for the Atiyah algebroid,
by means of the non-holonomic connection [2], it is obtained an adapted basis to
the constraint distribution and our results are related with the reduced Lagrangian
Optimization Theorems for Nonholonomic systems (see [I4]).

2. LIE ALGEBROIDS

Let E be a vector bundle of rank n over a manifold ) of dimension m and
7 : E — @Q be the vector bundle projection. Denote by I'(E) the C*°(Q)-module
of sections of 7 : E — Q. A Lie algebroid structure ([-,-],p) on E is a Lie
bracket [, ] on the space I'(E) and a bundle map p: E — T'Q, called the anchor
map, such that if we also denote by p : T'(F) — X(Q) the homomorphism of
C*(Q)-modules induced by the anchor map, then

[X, /Y] = FIX. Y]+ p(X)(f)Y,
for X, Y € T'(E) and f € C*°(Q). The triple (E, [,-], p) is called a Lie algebroid
over @ (see [1]).

If (E,[,-],p) is a Lie algebroid over @, then the anchor map p : I'(E) — X(Q)
is a homomorphism between the Lie algebras (I'(E), [-,-]) and (X(Q), [, *])-

Standard examples of Lie algebroids are real Lie algebras of finite dimension and
the tangent bundle T'Q of an arbitrary manifold Q.
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Another example of a Lie algebroid may be constructed as follows. Let 7 : P — Q
be a principal bundle with structural group G. Denote by ® : G x P — P the free
action of G on P and by T® : G x TP — TP the tangent action of G on T'P. Then,
one may counsider the quotient vector bundle 7p|G : TP/G — @ = P/G and the
sections of this vector bundle may be identified with the vector fields on P which
are invariant under the action ®. Using that every G-invariant vector field on P is
m-projectable and the fact that the standard Lie bracket on vector fields is closed
with respect to G-invariant vector fields, we can induce a Lie algebroid structure
on TP/G. The resultant Lie algebroid is called the Atiyah (gauge) algebroid
associated with the principal bundle 7 : P — Q (see [16] [18]).

If (E,[,],p) is a Lie algebroid, one may define the differential of E, d¥ :
['(APE*) — T(AFTLE*), as follows

k
dPpu(Xo, ..., Xp) = > (—1)'p(Xs)((Xo, ..., X, ..., X))
i=0
D (U u([X, XG0 Xos -, Xy X X,

i<j
for p € T(A*E*) and Xy, ..., X}, € ['(E). It follows that (d¥)? = 0. Moreover, if
X € T'(E), one may introduce, in a natural way, the Lie derivative with respect
to X, as the operator L : T(A*E*) — T'(AFE*) given by LE =ix odf +dF oix.

Note that if £ = TQ and X € I'(E) = %(Q) then d7? and Lg;Q are the usual
differential and the usual Lie derivative with respect to X, respectively.

If we take local coordinates (z%) on @ and a local basis {e4} of sections of E,
then we have the corresponding local coordinates (z°,y”) on E, where y“(e) is
the A-th coordinate of e € E in the given basis. Such coordinates determine local
functions p%, €45 on Q which contain the local information of the Lie algebroid
structure and, accordingly, they are called the structure functions of the Lie
algebroid. They are given by

.0
plea) = paz s and [ea,ep] = Cipec:
These functions should satisfy the relations
i 0rp ;0P

_ i eC
Pa O PB Oxd - pCeABa

; oeb
Z (pA 8BZC + GZFGEC) = 0)
‘ x
cyclic(A,B,C)
which are usually called the structure equations.
If f € C(Q), we have that
of
oz’
where {e“} is the dual basis of {e4}. On the other hand, if § € T'(E*) and § = §ce®
it follows that

asf = 2L e,

e , 1
dFe = ( 8; Pl — §9Aegc)eB AeC.
In particular,
, . 1
dfqt = pileA, dfet = —ie‘gceB AeC.

On the other hand, if (E, [, ],p) and (E',[-,-]’,p’) are Lie algebroids over Q
and @', respectively, then a morphism of vector bundles (F, f) from E to E’
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Q Q'
is a Lte algebroid morphism if
d((F, f)¢') = (F, /)" (@”'¢), for ¢’ € D(A*(E')"). (2.1)
Note that (F, f)*¢' is the section of the vector bundle A¥E* — Q defined by
(P f) @ )alar, . ax) = Sy (Flar), .., Fla)),
for z € Q and ay,...,a; € E,. We remark that (21]) holds if and only if

d®(g o [) = (F.f)"(d"g), forg € C=(@Q),
d¥((F, f)a’) = (F, f)*(da"), for o/ € T((E)").

If (F, f) is a Lie algebroid morphism, f is an injective immersion and Fig, :
E, — E}(w) is injective, for all z € @, then (E, [, ]g,pr) is said to be a Lie
subalgebroid of (E',[-, | g/, pE’)-

IfQ =Q and f =id: Q — Q then, it is easy prove that the pair (F,id) is a Lie
algebroid morphism if and only if

FIX,Y] = [FX,FY], p'(FX)=p(X),

for X,V € T'(E).
Let (E,[-, -], p) be a Lie algebroid over a manifold @ and E* be the dual bundle
to E. Then, E* admits a linear Poisson structure {-, -} g~, that is,
{- -} : CF(E") x CF(E") — C(EY)

is a R-bilinear map,

{F,G}g» = —{G,F}g~, (skew-symmetry),

{FF',G}g- = F{F',G}g~ + F'{F,G}g~, (the Leibniz rule),

{F, {G,H}E*}E* + {G, {HaF}E*}E*

+{H,{F,G}g-}g- =0, (the Jacobi identity),
for F, F',G,H € C*°(E*) and, in addition,

P, P’ linear functions on E* = {P, P'}g- is a linear function on E*.

If (2°) are local coordinates on an open subset U of Q, {e4} is a local basis of I'(E)
on U and F,G € C*(E*) then the local expression of the Poisson bracket of F' and
G is

(2.2)

O Opa ~ Opadai) PP Ops dpp”

- (OF 0G oF 0G oF 0G
(F.C}p- =pf4< —) G

where (2, pa) are the corresponding coordinates on E* (for more details, see [16]).
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2.1. The prolongation of a Lie algebroid over a fibration. Let (E, [, ], p)
be a Lie algebroid of rank n over a manifold @ of dimension m and 7 : P — @ be
a fibration, that is, a surjective submersion.

We consider the subset TP P of E x TP defined by T¥P = U ‘.Tf P, where
peP

(‘T;J)EP = {(b, v) € Eﬂ'(p) x TP | p(b) = (Tpﬂ—)(v)}

and T'w : TP — TQ is the tangent map to 7.
Denote by 7™ : TP P — P the map given by

77 (b,v) = Tp(v),

for (b,v) € TEP, 7p : TP — P being the canonical projection. Then, if m’ is the
dimension of P, one may prove that

dim‘J’fP:n—i—m'—m.

Thus, we conclude that TP is a vector bundle over P of rank n + m’' — m with
vector bundle projection 77 : TP — P.

A section X of 7™ : TEP — P is said to be projectable if there exists a section
X of 7: F — @ and a vector field U on P which is m-projectable to the vector field
p(X) and such that X (p) = (X (n(p)),U(p)), for all p € P. For such a projectable
section X, we will use the following notation X = (X, U). It is easy to prove that
one may choose a local basis of projectable sections of the space I'(T¥ P).

The vector bundle 7™ : TEP — P admits a Lie algebroid structure ([-,-]™, p™).
In fact,

[(X1,U1), (X2, U2)]" = ([X1, X2], [U1, U2]), p"(X1,Uh) = Un.

The Lie algebroid (T¥ P, [-,-]™, p™) is called the prolongation of E over © or the
E-tangent bundle to P. Note that if pr; : TP P — E is the canonical projection
on the first factor, then the pair (prq, ) is a morphism between the Lie algebroids

(TEP,[-,-]™, p™) and (E,[-,-],p) (for more details, see [16]).

Example 2.1. Let (E,[-,-],p) be a Lie algebroid of rank n over a manifold Q
of dimension m and 7 : E — @ be the vector bundle projection. Consider the
prolongation T E of E over T,

TEE = {(e,v) € EXTE|p(e) = (T7)(v)}.

TPE is a Lie algebroid over E of rank 2n with Lie algebroid structure ([-,-]7, p7).

If (z%) are local coordinates on an open subset U of @ and {es} is a basis of
sections of the vector bundle 771 (U) — U, then {X4,V} is a basis of sections of
the vector bundle (77)~'(r=Y(U)) — 7= 1(U), where 77 : TPE — E is the vector
bundle projection and

Xale) = (ealr(©). g )

0]
VA(e) = (Ovay—Ale)v

for e € 771(U). Here, p'y are the components of the anchor map with respect to
the basis {ea} and (2%,y*) are the local coordinates on E induced by the local
coordinates (z°) and the basis {e4}. Using the local basis {X4,V4}, one may
introduce, in a natural way, local coordinates (xi,yA;zA,vA) on TPE. On the
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other hand, we have that

T 7 8 T _ 8
P (xA) - pAaxi) 14 (VA) - ayAa
[Xa,X5]" = C$pXc,
[X4,VB]" = [Va,VB]" =0,

for all A and B, €9 being the structure functions of the Lie bracket [-,-] with
respect to the basis {ea}.

The vector subbundle (TP E)Y of TP E whose fibre at the point e € E is
(TEE)Y ={(0,v) € ExT.E/ (T.7)(v) = 0}
is called the vertical subbundle. Note that (TF¥E)Y is locally generated by the
sections {V4}.

Two canonical objects on TPE are the Euler section A and the vertical
endomorphism S. A is the section of TFE — E locally defined by

A=y, (2.3)

and S is the section of the vector bundle (TP B)® (TP E)* — E locally characterized
by the following conditions

SX4=Va, SV4=0, forall A (2.4)

Finally, a section ¢ of TPE — F is said to be a second order differential
equation (SODE) on F if S(§) = A or, alternatively, pri({(e)) = e, for alle € E
(for more details, see [16]).

Example 2.2. Let (E, [, ], p) be a Lie algebroid of rank n over a manifold @ of
dimension m and 7* : E* — @ be the vector bundle projection of the dual bundle
E* to E.

We consider the prolongation T7¥ E* of E over 7%,
TEE* = {(¢/,v) € ExTE*|p(e/) = (TT)(v)}.

TE E* is a Lie algebroid over E* of rank 2n with Lie algebroid structure ([-,-]7", p7").

If (2*) are local coordinates on an open subset U of @, {e} is a basis of sections
of the vector bundle 7=*(U) — U and {e“} is the dual basis of {e4}, then {Y4, P4}
is a basis of sections of the vector bundle (77 )1 ((7*)~(U)) — (7*)~}(U), where
77 TEE* — E* is the vector bundle projection and

0

13,4(6*) = (eA(T*(e*)),pz_axile*)a
0
rJ)A * _
©) = O )

for e* € (7*)~1(U). Here, (z°,pa) are the local coordinates on E* induced by the
local coordinates (2°) and the basis {e4} of I'(E*). Using the local basis {Ya, P4},
one may introduce, in a natural way, local coordinates (2%, pa; u?, qa) on TEE* If
w* is a point of (77 )~ 1((7*)~1(U)), then (z¢,pa) are the coordinates of the point
77 (w*) € (r*)"1(U) and

W' = utYa (T (W) + P (W),
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On the other hand, we have that

T* _ 7 i T Ay i
p (yA) = Pa 8(Ei, P (:P ) - apA,
[¥a,98]7 = €S3Yc,
[[yA,U)B]]T* _ |IfJ)A7U)B]]T* =0,

for all A and B. Thus, if {Y4,P4} is the dual basis of {Y, P4}, then
Of ya , OF

A@xl opa

dTEYC = —§GEBHMHB, AT Pe =0,

dTPE f =

—Pa,

for f € C>*(E*).
We may introduce a canonical section Ag of the vector bundle (T E*)* — E*
as follows. If e* € E* and (€, v) is a point of the fiber of T¥ E* over e*, then

Ag(e®)(é,v) = e*(é).
A is called the Liouville section of (TEE*)*.

Now, the canonical symplectic section g is the nondegenerate closed 2-
section defined by

Qp = —d7 E 2. (2.5)
In local coordinates,
A (2", pa) = pay™,

1
Qp =Y APa+ S€{ppcY* A YT,
(for more details, see [16]).

2.2. Lagrangian and Hamiltonian mechanics on Lie algebroids. Given a
Lagrangian function L € C°°(E) we define the Cartan 1-section 6, € T'((TEE)*),
the Cartan 2-section w; € T'(A?2(TEE)*) and the Lagrangian energy E; €
C™(FE) as

0, =S5*(d""PL), wp=-d" o, and Ep=L% FL-L.

If (2%, y4) are local fibred coordinates on E, (p%, €4 ) are the corresponding local
structure functions on F and {X 4,V 4} is the corresponding local basis of sections
of TEE then

0*L 1 L 0’L . oL
== XAAVB4 Pl : W+ =—=Cq5 | XAAXE (2.
wr 82/‘482/ (8 Za A axzaprA—’— 8 C AB> ) ( 6)
E — L. 2.
L = 3yAy ( 7)
From 23), @), (Z0) and 7), it follows that
iSXwL = —S*(inL), iAwL = —S*(dTEEEL), (2.8)

for X € T(TPE).
Now, a curve t — ¢(t) on E is a solution of the Euler-Lagrange equations for
L if
- ¢ is admissible (that is, p(c(t)) = m(t), where m = 7 o ¢) and
. E
- Qo) eeywr(c(t)) — d” FEL(c(t)) = 0, for all t.
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If c(t) = (2°(t),y(t)) then c is a solution of the Euler-Lagrange equations for L if
and only if

d/oLy OL . 5 0L
E(@)“Lay—ce‘“gy ~Pazs =0 (2.9)

Note that if F is the standard Lie algebroid T'Q then the above equations are
the classical Euler-Lagrange equations for L : TQ — R.

i i A
T =PaAY

On the other hand, the Lagrangian function L is said to be regular if wy, is a
symplectic section, that is, if wy is regular at every point as a bilinear form. In
such a case, there exists a unique solution &, verifying

ie,wp —d” FEL=0. (2.10)

In addition, using (28], it follows that ige, wr = iawy which implies that {;
is a SODE section. Thus, the integral curves of £;, (that is, the integral curves of
the vector field p™(£1,)) are solutions of the Euler-Lagrange equations for L. &, is
called the Fuler-Lagrange section associated with L.

From (26]), we deduce that the Lagrangian L is regular if and only if the matrix

0%L
w. = (7) is regular. Moreover, the local expression of &, is
(Wap) 3y 0P g p L
€L =y Xa+ f V4,

where the functions f4 satisfy the linear equations

L ., 0L , 5 0L o 5 . OL
8yBayAf + 8$iayApBy + 82/—06,432/ - pA% =0, for all A.
0%L

Another possibility is when the matrix (Wap) = ( ) is non regular. This

AyAoyB
type of lagrangians are called singular or degenera%e l%g'r‘angians. In such a
case, wy, is not symplectic and Equation (2I0) has no solution, in general, and even
if it exists it will not be unique. In the next section, we will extend the classical
Gotay-Nester-Hinds algorithm [I1] for presymplectic systems on Lie algebroids,
which in particular will be applied to the case of singular lagrangians in Section [l

For an arbitrary Lagrangian function L : E — R, we introduce the Legendre
transformation associated with L as the smooth map legy, : E — E* defined by

legr(e)(e') = Or(e)(2"),
for e,e’ € E,, where 2’ € TPE C E, x T.FE satisfies
pri(2') = ¢,
pr1 : TPE — E being the restriction to TPE of the canonical projection pri :
ExXTE — E. The map legy, : E — E* is well defined and its local expression is

legr(z', y?) = (2, aay—LA). (2.11)
The Legendre transformation induces a Lie algebroid morphism
Tlegr, : TPE — TEPE*
over legy, : E — E* given by
(Tlegr)(e,v) = (e, (Tlegr)(v)),
where Tlegr, : TE — TE* is the tangent map to legr, : F — E*.
We have that (see [16])

(Tlegr,legr)* (Ag) =0©r, (Tlegr,legr)* (Ng) = wr. (2.12)
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On the other hand, from (ZII), it follows that the Lagrangian function L is
regular if and only if legy, : E — E* is a local diffeomorphism.

Next, we will assume that L is hyperregular, that is, legr, : F — E* is a
global diffeomorphism. Then, the pair (Tlegy,legr) is a Lie algebroid isomorphism.
Moreover, we may consider the Hamiltonian function H : E* — R defined by

H=Fpo leg;1

and the Hamiltonian section &y € (TP E*) which is characterized by the con-
dition
ieyQp=d” 7 H.
The integral curves of the vector field p” (£y) on E* satisfy the Hamilton

equations for H

dat_  OH WA _ (5 1 eGped)

dt =Pa 3pA7 dt - PaA oz’ ABPC 8pB
forie{l,...,m}and A€ {1,...,n} (see [16]).

In addition, the Euler-Lagrange section £; associated with L and the Hamilto-
nian section {y are (Tlegy, legy,)-related, that is,

§molegr =Tlegro&y.

Thus, if v : I — FE is a solution of the Euler-Lagrange equations associated
with L, then u = legr oy : I — E* is a solution of the Hamilton equations for H
and, conversely, if p: I — E* is a solution of the Hamilton equations for H then
v = leg;1 o is a solution of the Euler-Lagrange equations for L (for more details,
see [16]).

3. CONSTRAINT ALGORITHM AND REDUCTION FOR PRESYMPLECTIC LIE
ALGEBROIDS

3.1. Constraint algorithm for presymplectic Lie algebroids. Let 7: ' — @
be a Lie algebroid and suppose that Q € T'(A2E*). Then, we can define the vector
bundle morphism b : E — E* (over the identity of @) as follows

ba(e) =i(e)Q(z), for ee€ E,.

Now, if x € @ and F,, is a subspace of F,, we may introduce the vector subspace
Fi- of E, given by

Ff ={e€ E,|Q)(e, ) =0,Vf € F,}.
Then, using a well-known result (see, for instance, [17]), we have that
dimF} = dimE, — dimF, + dim(E} N Fy). (3.1)
On the other hand, if by, = bo|g, it is easy to prove that
b, (Fz) € (F7)°, (3.2)

where (F;5)° is the annihilator of the subspace F;-. Moreover, using (B.1)), we
obtain that

dim(FF)° = dimF, — dim(E+ N F,) = dim(bg, (Fy)).
Thus, from (B2), we deduce that
b, (Fy) = (Fy)°. (3-3)



CONSTRAINED MECHANICS ON LIE ALGEBROIDS 11

Next, we will assume that Q is a presymplectic 2-section (d¥Q = 0) and that
a € T(E*) is a closed 1-section (d¥a = 0). Furthermore, we will assume that the
kernel of €2 is a vector subbundle of E.

The dynamics of the presymplectic system defined by (£2, «) is given by a section
X € T'(E) satisfying the dynamical equation
ixQ=a. (3.4)
In general, a section X satisfying ([84]) cannot be found in all points of E. First,
we look for the points where ([3.4) has sense. We define

Q1={zeQ|IecE,: i(e)Qx) =ax)} ={z€Q|alx) €bq,(Ex)}.
From (33)), it follows that
Qi ={recQla(x)(e)=0, foral ec KerQ(z)=E+}. (3.5)

If @1 is an embedded submanifold of @, then we deduce that there exists X :
@1 — E a section of 7 : E — @ along )1 such that [B4) holds. But p(X) is not,
in general, tangent to ;. Thus, we have that to restrict to By = p~}(T'Q1). We
remark that, provided that F; is a manifold and 71 = 7, : E1 — @1 is a vector
bundle, 71 : E; — @1 is a Lie subalgebroid of £ — Q.

Now, we must consider the subset QY2 of ()1 defined by
Q2 ={z € Q1]a(@) €ba,((E1)) =ba, (0 (ToQ1))}
— {z€Qila(@)(e) =0, forall e € (B1)F = (5~ (T2Qu)* ).

If Q2 is an embedded submanifold of @)1, then we deduce that there exists X :
Q2 — E; a section of 71 : F1 — @ along Q2 such that ([34) holds. However,
p(X) is not, in general, tangent to Q2. Therefore, we have that to restrict to
Ey = p~HTQ>). As above, if 75 = TE, © B2 — Q2 is a vector bundle, it follows
that 75 : Fs — Q9 is a Lie subalgebroid of 71 : F1 — Q1.

Consequently, if we repeat the process, we obtain a sequence of Lie subalgebroids
(by assumption):

oo Q1 — Q= ..o Q= Q1 — Qo=@

b T dm gn fer

”,‘—>Ek+1 —Fy —...—FE —F —FE=F

where
Qi1 ={z € Qx| a(z)(e) =0, for all e € (p~ (T Q)" } (3.6)
and
Bt =p (T Qps1)

If there exists k£ € N such that Qp = Qi41, then we say that the sequence
stabilizes. In such a case, there exists a well-defined (but non necessarily unique)
dynamics on the final constraint submanifold @y = Q. We write

Qs = Qry1 = Qx, Ef = Exy1 = Ep = p~ (TQx).

Then, 74 = 74 : By = B, — Q¢ = Qy is a Lie subalgebroid of 7: E — @ (the Lie
algebroid restriction of E to Ef). From the construction of the constraint algorithm,
we deduce that there exists a section X € I'(Ey), verifying (34). Moreover, if
X € I'(Ey) is a solution of the equation (34]), then every arbitrary solution is of
the form X’ = X +Y, where Y € I'(Ef) and Y (z) € ker Q(z), for all z € Qf. In
addition, if we denote by Q0 and a; the restriction of 2 and «, respectively, to the
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Lie algebroid £y — @y, we have that Q is a presymplectic 2-section and then
any X € I'(Ey) verifying Equation (34) also satisfies

ixQf = ay (3.7)
but, in principle, there are solutions of ([B.7) which are not solutions of (34 since
ker QN Ey C ker Q.

Remark 3.1. Note that one can generalize the previous procedure to the general
setting of implicit differential equations on a Lie algebroid. More precisely, let
7: E — @ be a Lie algebroid and S C E be a submanifold of E (not necessarily a
vector subbundle). Then, the corresponding sequence of submanifolds of E is

So =8
S1 =Sy N pfl (TT(S()))

Skr1 =Sk N p_l(TT(Sk))

In our case, Si = p~1(T'Qy) (equivalently, Qi = 7(Sk)). o

3.2. Reduction of presymplectic Lie algebroids. Let (E, [, ], p) and (E [, ],
p') be two Lie algebroids over @ and @', respectively. Suppose that Q € T'(A2E*)
(respectively, Q' € I'(A%(E’)*)) is a presymplectic 2-section on 7 : E — @ (respec-
tively, 7/ : B/ — Q') and that o € T'(E*) (respectively, o/ € T'((E')*)) is a closed
l-section on 7 : E — @ (respectively, 7/ : £ — @’). Then, we may consider the
corresponding dynamical equations
ixQ=a, XeT(E),
iX/QI = O/, X' e P(EI)

If we apply our constraint algorithm to the first problem, we will obtain a se-

quence of Lie subalgebroids of 7: £ — @

oo Qi1 — Q= ..o Q= Q1 — Qo=@

HE S SO T S

..o By —wEp —...—F —>F —Ey=F

In a similar way, if we apply our constraint algorithm to the second problem, we
will obtain a sequence of Lie subalgebroids of 7/ : B/ — Q'

<—>Q;€+1f—>Q;€(—>f—>Q’2(—>Q’1 —Qh = Q'

! ! ! / /)
TTk_H TTk TTQ TTl TTO =T

f—>Ellc+1f—>E;€(—>f—>Eé(—>Ei —FE,=F

On the other hand, it is clear that the restriction Qj (respectively, §},) of Q
(respectively, ') to the Lie subalgebroid 74, : E, — Qy (respectively, 75, : B} — Q%)
is a presymplectic section of 75, : By, — Qj (respectively, 7, : E;. — Q). Moreover,
if ay, (respectively, «,) is the restriction of « (respectively, ') to 7, : By — Qg
(respectively, 7}, : E}. — @Q}), we may consider the dynamical problem

iXka = o, X € F(Ek),
’

(vespectively, ix; ) = oy, X € I'(E})) on 7y : B, — Qy (vespectively, 77, : B} —

Q-
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Now, suppose that the pair (II, 7)

Q Q'

is a dynamical Lie algebroid epimorphism between E and E’. This means
that:

(i) The pair (II, 7) is a Lie algebroid morphism,
(ii) m: Q@ — Q' is a surjective submersion and Il|g, : £, — E;(gg) is a linear
epimorphism, for all x € @, and
(iii) (II,m)*QY = Q and (II, 7)*a’ = a.
Then, we will see that the Lie subalgebroids in the two above sequences are

related by dynamical Lie algebroid epimorphisms. First, we will prove the result
for k =1.

Lemma 3.2. If (II, 7) is a dynamical Lie algebroid epimorphism, we have that:
a) m(Q1) = Q1 and II(EY) = E1.
b) If z1 € Q1, then 7 (m(z1)) C Q1 and Ker(l|g, ) C (E1)s, -
c) Ifm : Q1 — Q) and I} : By — E| are the restrictions to Q1 and E;
of m:Q — Q and 11 : E — FE’, respectively, then the pair (111,71 ) is a
dynamical Lie algebroid epimorphism.

Proof. 1f x € Q then, using that (I, 7)*Q" = Q and the fact that Il g, : E, — E;(z
is a linear epimorphism, we deduce that

I(KerQ(z)) = KerQ' (m(z)). (3.8)

)

Thus, from B3), B8) and since (II, 7)*a/ = «, it follows that
m(Q1) € Q).
Conversely, if #; € Q) and z € 7~ 1(2}) then, using again (H), (B8) and the
fact that (IT, 7)*o’ = «, we obtain that € @1. This proves that
Q) Cm(Q1)
and the following result

xr1 € Ql = 7r_1(7r(x1)) - Ql. (39)

Now, we will see that m : Q1 — @ is a submersion.

In fact, if ;1 € Q1 and 2} = m1(z1) then there exist an open subset U’ of @,
x} € U’, and an smooth local section s’ : U’ — Q of the submersion 7 : Q — Q'
such that s'(z}]) = x1. Note that, using (39), we conclude that the restriction
sy of s’ to the open subset U] = U’ N Q] of Q) takes values in @);. Therefore,
sy U C QF — Q1 is a smooth map, sj(x}) = x1 and s} o m = Id. Consequently,
7 Q1 — @] is a submersion.

Next, we will prove that

H((El)ﬂh) = H(p_l(Tle)) = (p/)_l(Tﬂ(rl)Q/l) = (Ei)ﬂ'(m)a for x1 € Q1.
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Since
(p'ol)g,, = (Tmop)g,,, (3.10)
it follows that
I((B1)ay) S (BDr(ay)-

Conversely, suppose that ¢} € (E{)r@w) = (0')"(Tr(z,)@1)- Then, we can
choose e € E,, such that II(e) = ¢}. Thus, from ([BI0), we have that

(Tﬂ')(p(e)) € Tﬂ'(zl)Qi
Now, using that 7 : Q1 — Q) is a submersion, we deduce that there exists
v1 € T, Q1 such that
(T'm)(vr) = (Tm)(p(e)),
that is,
v = ple) € T, (77 (m(21))) € T, Q1
Therefore, p(e) € T,, Q1 and
ec pil(Tﬂth) = (El)ﬂh'
On the other hand, if e € Ker(H|Ezl ), then
0= H(e) € (Ei)ﬂ'(ﬂm)v
and, proceeding as above, we conclude that e € (Ey),,.
Finally, using that the pair (II, 7) is a dynamical Lie algebroid epimorphism, we
obtain that the pair (II;, 71) is also a dynamical Lie algebroid epimorphism.
([

Next, we will prove the following theorem.

Theorem 3.3. Let (II,w) be a dynamical Lie algebroid epimorphism between E
and E'. Then, we have that:
(i) m(Qr) = Q), and II(Ey) = Ej, for all k.
(ii) If zx € Qx, then 7 (m(zx)) C Qk and Ker(Hjg,, ) € (Ek)a,, for all k.
(iii) If mp : Qi — Q) and Il : Ey — E) are the restrictions to Qy and Ej,
of m:Q — Q and 11 : E — E’, respectively, then the pair (I, 7) is a
dynamical Lie algebroid epimorphism, for all k.

Proof. The result holds for kK = 0,1. Then, we will proceed by induction.

Assume that the result holds for k € {0,1,...,N}. Then, we will prove it for
k=N+1.

Note that if &k € {0,1,..., N} and z} € Qj, then, using the following facts

(Hvﬂ-)*Q/ =Q, H((Ek)zk) = (Ellc)ﬂ(wk) and H(Erk) =E,

m(zK)?
we obtain that
I((Br)z,) = (B (3.11)
Thus, proceeding as in the proof of Lemma [B.2] we deduce the result.
O

We remark that the behavior of the two constraint algorithms is the same. In
fact, if we obtain a final Lie subalgebroid 7y = 7 : By = E}, — Qf = Qy, for the first
problem (that is, if Qx = Qx1) then, from Theorem[3.3] it follows that @}, = @},
and we have a final Lie subalgebroid 7 = 7; : B, = Ej — Q) = @}, for the second
problem. Conversely, if the second constraint algorithm stops at a certain k (that
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is, Q) = Q).4,) then, using (3.6) and B.I1), we deduce that Qr = Qpy1, i.e., the
first constraint algorithm also stops at the level k.

Now, suppose that X : Qr — E} is a section of the Lie algebroid 7 : Er — Qp
such that

ixQ = Y,
and X is (I, m,)-projectable, i.e., there exists X’ € I'(E},) satisfying
X/ O T = Hk oX.
Then, using that (IT, 7)*Q’ = Q and that (I, 7)*o’ = a, we obtain that
ix Qg = afg;-
In others words, X’ is a solution (along Q%) of the second dynamical problem.
Conversely, if X’ € T'(E},) is a solution of the dynamical equation
. / o
ix g, =g
then we can choose X € I'(E}) such that
X/ O T = Hk oX
and, since (IT,7)*Q' = Q and (II, 7)*a’ = «, we conclude that

ixQq, = Q-

4. SINGULAR LAGRANGIAN SYSTEMS ON LIE ALGEBROIDS

Let L : E — R be a Lagrangian function on a Lie algebroid 7 : F — Q.

Denote by wy, and Ep the Cartan 2-section and the Lagrangian energy, respec-
tively, associated with L. Then, wy is not, in general, a symplectic section and,
thus, the dynamical equation

. E
IxXWr = drJ~ EE'L

has not, in general, solution. Moreover, if there exists a solution of the above
equation, it is not, in general, a second order differential equation and it is not, in
general, unique.

Note that the Legendre transformation legy, : E — E* associated with L is not,
in general, a local diffeomorphism.

Definition 4.1. The Lagrangian function L is said to be almost regular if the
following conditions hold:

i) The subset My = legr(E) of E* is an embedded submanifold of E*.
ii) The map leg1 : E — My induced by the Legendre transformation is a
submersion with connected fibres.

In what follows, we will assume that L is an almost regular Lagrangian.
Then, we may prove the following result.
Proposition 4.2. The Lagrangian energy Er is a basic function with respect to

the submersion legy : E — My, that is, there exists a Hamiltonian function H on
M such that

Holegi = Er.
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Proof. Suppose that e is a point of F and that (2%, y4) are fibred local coordinates
in an open subset of E which contains to e. Then, using (ZI1]), we deduce that
X = M2 e T,E is vertical with respect to the submersion leg; : £ — M if

oyA le
and only if
0%L
A _
W‘e = 0, for all B.
Thus, if X is vertical, from (Z7), it follows that
oL 0%L oL
X(Ep) === MyBle)——— —M=— =0.
(B1) oy . TX) oyAoyB |, Iy4 .
This ends the proof of the result. O

Now, since T"‘Ml : M1 — Q@ is a fibration, one may consider the prolongation
TE M, of the Lie algebroid 7 : E — @ over T‘*}Vh or, in other words, the F-tangent
bundle to Mj.

Then, the canonical symplectic section Qz on TP E* — E* induces a presym-
plectic section €23 on the Lie algebroid TEM, — M;. Moreover, the submersion
legy : F — M induces, in a natural way, a Lie algebroid epimorphism

Tlegy : TPE — TP M,y
over leg1). In addition, usin and Proposition 4.2, we obtain that
( g g
(Tlegr,legr)* () = wr, (Tlegy,legy)*(d” PEL) =d” M H.
Therefore, we have proved the following result.

Proposition 4.3. The pair (Tlegi,legr) is a dynamical Lie algebroid epimor-
phism between the presymplectic Lie algebroids (TP E,wr, dTEEEL) and (TE My, Q,
dTEMUE).

The following diagram illustrates the above situation.

Tlegy

JEE TEM,

> legy M,

T T|>§\41
Q

Now, we consider the following dynamical equations
ixw, =d” EFEp, with X € (TZE) (4.1)
and
E
iy =d” MH, with Y € T(TPM,). (4.2)

In general, a section X € I'(T¥E) (respectively, Y € I'(TFM,)) satisfying (@)
(respectively, (£2))) can not be found in all the points of E (respectively, My).
Thus, we must apply the general constraint algorithm developed in Section BTl for
an arbitrary presymplectic system.
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Assume that this algorithm stops at the level k for the first dynamical equation,
that is, there exists a Lie subalgebroid (T¥E) of TP E over a submanifold Ej of
E and a section X € I'((TPE);) such that

. E
(ZkaL)\Ek = (drJ~ EEL)|Ek.

Note that (T¥E), = (p7) Y (TE}y), where p™ : TP E — TE is the anchor map
of the Lie algebroid T¥ E — E. Moreover, using Proposition and the results of
Section B2 we deduce that the constraint algorithm also stops at the level k for
the second equation. In fact, we have that:

(i) legi(Ex) = M4 is a submanifold of M; and
(TP M)y = (Tleg)(TPE)) = (07 )™ (T M)

is a Lie algebroid over My, pT* : TEE* — TE* being the anchor map of
the Lie algebroid TP E* — E*.

(ii) If ex € Ej then legfl(legl(ek)) C Ey and Ker(Te,legr) C (‘J'gE)k Note
that, from (Z6]) and (ZTIT), it follows that

Ker(T.,legi1) = Kerwy(eg) N (‘J'i BV, (4.3)

(iii) If legrs1 : Ex — Myi1 and Legiy1 : (TEPE) — (TF M), are the restric-
tions to Ej and (TEE), of legy : E = Ey — M; and Tleg; : TFE —
T¥ M, respectively, then the pair (Legyy1,legri1) is a dynamical Lie al-
gebroid epimorphism.

(iv) If X3 € T((TPE);) is such that (iXkWL)|Ek = (dTEEELhEk and Xy, is
(Legit1,legii1)-projectable, i.e., there exists Y € T'((TF M)y) satisfying

Yk o l€9k+1 = Legkﬂ o Xk,
then
) E
(ZYk91>|Mk+l = (dT MIH)\MIC+1'

(v) If Y, € T((TPMy);) is a solution of the dynamical equation

. B
(Zykgl)\Mk+1 = (dT MIH)\MIC+1

then we can choose X € T'((TFE);) such that

. E
Yk (¢] legk_H = Legk+1 [¢] Xk and (ZXkWL)\Ek = (drJ~ EEL)\E,C.

Now, suppose that X € I'((TPE)y) is a solution of the dynamical equation

(ixwr)im = (A7 PEL) g,

and that X is (Legyy1,legri1)-projectable over Y € T'((TF My)y).
Then,

(v )ty = (A7 MH) (4.4)

The following diagram illustrates the above situation.
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TPE \ E = E,
(TEE), £ — g
Tlegr = Leg: L69k+1l legg11 legq
Y
(TE M)k My 11
TEM, M,

If p] : (T¥E), — TE}) is the anchor map of the Lie algebroid (TP E), — Ej
then the integral curves of the vector field pJ,(X) don’t satisfy, in general, the Euler-
Lagrange equations for L. The reason is that the section X is not, in general, a
SODE along the submanifold E}, of E. In other words, X doesn’t satisfy, in general,
the equation

SX =Ag,-

A solution for the above problem is given in the following theorems.
Theorem 4.4. (i) The subset SX of Ej, defined by
SX ={ec Ey/(SX)(e) = Ale)}

is a submanifold of Ey.

(i) There exists a Lie subalgebroid AX of (TEE), — Ej (over SX) such that if
Legax : AX — (TEMy)y, and leggx : SX — M1 are the restrictions of Legyi1 :
(TPE), — (TEMy)i and legryy : Er, — Myyq to AX and SX, respectively, then
the pair (Legax,legsx) is a Lie algebroid isomorphism.

Theorem 4.5. There is a unique section £€X € T'(AX) satisfying the following
conditions .
(igxwr)sx = (d7 PEL)sx, S(EYX) = Asx.

Theorem 4.6. If pyx : AX — T'SX is the anchor map of the Lie algebroid AX —
SX then the integral curves of the vector field p 4x (€X) on SX are solutions of the
Euler-Lagrange equations for L.

Proof of Theorem We consider the smooth map Wx : Ey, — E defined by
Wx (e) = pri(X(e)),

where pri : TPE — FE is the restriction to TP E of the canonical projection pry :
E x TE — E on the first factor.

Now, we will proceed in several steps.

First step: We will prove that
5% Nlegyti(legrsi(e)) = {Wx(e)}, for all e € Ey. (4.5)
If e € Ej, then, using (2.3), (206)), (Z7) and the fact that

(ixwr)m, = (@ PEL)g,,

we deduce that
(SX — A)(e) € Kerwy,(e).
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On the other hand, it is clear that
(SX — A)(e) € (TFR)Y.
Thus, from (£3), we obtain that
(SX — A)(e) € Ker(Telegr).
Therefore, if p™ : TP E — TE is the anchor map of the Lie algebroid T7¥ E, then
pT((SX — A)(e)) € Ker(Telegr) = Ker(Teleggi1)-

This implies that X* = p"(SX — Ag,) is a vector field on Ej which is vertical
with respect to the submersion legyy1 : Ep — M.

Suppose that the local expression of the section X is
X = XA, + VAV 4. (4.6)
Then,
9
oyA’
Moreover, since X is (Legyy1, legrt1)-projectable, the functions X4 are constant

on the fibres of legy 1. Consequently, if e = (2},y4!) € E, it follows that the
integral curve of X* over the point e is

s 0(s) = (ahy XA+ e~ (g — X4)).

SX —A=(XA—yMV, and X* = (X4 —y?) (4.7)

In particular,
o(s) = (zb, XA+ e *(yi — X4)) e legk_il(legkﬂ(e)), for all s € R,
which implies that
lim o(s) = (z§, X4) € legk_il(legkﬂ(e)).

Now, from (.0]), we have that
Wi (e) = pri(X(e)) = (s, X4). (48)
In addition, using (7)) and (&S]), one deduces that
X*(Wy(e)) = 0.
On the other hand, if ¢/ € SX N legkjl(legkﬂ(e)) then, it is clear that

7(e) = 7(¢’)
and, thus, ¢/ = (z},y*(¢')). Furthermore, since ¢’ € SX, we obtain that
0
_oyvx( — (YA _ A
0= X = (X~ g

which implies that '
e = (b, X4) = Wx(e).

Second step: We will prove that
SX = WX(M]C-‘:-l)v

where WX : Mygy1 — Ejg is a section of the submersion legx+1 @ Ex — Miq1.
Therefore, SX is a submanifold of Ej and dim S* = dim M.

In fact, suppose that e, e’ € E} and
legrti(e) = legria ().
Then,
Lege1(X () =Y (legta(e)) = Y (legta () = Legra (X ().
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Consequently,
Wx () = pri(X(e)) = pri(X(€')) = Wx (€).

So, we have that there exists a smooth map Wx : Mpy1 — Ej such that the
following diagram is commutative

Wx
Ey E},
legri1
Wx
My

Moreover, using (&3], we deduce that Wx : Myy1 — Ej is a section of the
submersion leggy1 : By — M1 and

S = Wy (Myy1).
Third step: We will prove the second part of the theorem.
The section Wx : Myg4+1 — FEj induces a map
TWx + (TPM)i = (07 ) (T M) — (TPE)i = (07) " (TEy)
in such a way that the pair (U’Wx, WX) is a Lie algebroid monomorphism. We will
denote by AX the image of (T¥ M), by the map TWx. Then, it is clear that AX is
a Lie subalgebroid (over S¥) and the pair (TWx, Wx) is an isomorphism between

the Lie algebroids AX — S¥ and (T¥ M), — Mj1. In fact, the inverse morphism
is the pair (Legax,leggx).

(]
Proof of Theorem [J-5, We consider the section £X € T'(AX) defined by
X =TWx oY oleggx.
Using (£4) and the fact that
Legx 0 &5 =Y oleggx, (4.9)

it follows that
(igxwr)sx = (d7 PBL)jsx.

Now, from (£9), we have that

X - X)(e) € Ker(Legi+1)|(77p), = Ker(Telegr), foralle e S,
which implies that (see (Z3)

(S6X)(e) = (SX)(e) = A(e), for all e € S¥.
Next, suppose that 7 is another section of the Lie algebroid AX — SX such that
(igwr)jsx = (d” PEL)gx, Sn=Agx.
Then, it is clear that
(n—£5)(e) € Kerwr(e) N (TEE)Y, for all e € S¥,

and, using ([£3), we deduce that

(n—&%)(e) € Ker(Toleg) = Ker(Legk+1)|(7rE),, forallec€ SX.

Thus,
Legax ((n—£&%)(e)) =0
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and, since Legyx : AX — (TP M)y, is a vector bundle isomorphism, we conclude
that

n=¢r.
O
Proof of Theorem [{.6, The section (¥ is a SODE along the submanifold S™.
Therefore, from (Z3) and (Z4), we have that the local expression of £ is
fX ZyBwax —l—fBVwa. (4.10)

On the other hand, using (Z6), [27), (£I0) and the fact that (icxwr)gx =
(d7 P EL) gx, it follows that

s 0L 5. 0L 0L . g

— — 4+ = — ply=— =0, forall A.
3 ayAayB+y pBamlayA—*'ayc ABY ~Pag or a

Now, the local expression of the vector field p4x (6X) on S¥ is

, 0 0
X\ _ i ,B B
pAX(g )_pBy 8(E1 +€ 8yB

Consequently, the integral curves of p4x (£¥) satisfy the following equations

L =0, forall¢and A,

dx? .4 dyOL oL .~ p i
( ) 8y—cABy _pAéxi

_ — _ —
at ~ PAY o G \GyA
which are the Euler-Lagrange equations for L.

O

Remark 4.7. If we apply the results obtained in this Section for the particular
case when the Lie algebroid E is T'Q, we recover the results proved in [9] [I0] for
standard singular Lagrangian systems. o

Example 4.8. To illustrate the theory we will consider a variation of an example
of singular lagrangian with symmetry. This example corresponds to a mechanical
model of field theories due to Capri and Kobayashi (see [4}, [5]).

Consider the lagrangian function

1 . . . .
L= 52 (x§+y§)+y2x2—x2y2—x%—y%—x%—y%.

The configuration space is Q = R* with local coordinates (1, y1,x2,ys2). Clearly,
the lagrangian is singular; in fact, since

wr, = madxa N\ dis + mgdyz A\ dyz + 2dy2 A dzs,
then

Keer:span{ 0 9 9 8}.

da1’ dyr’ din” i
The system is invariant by the S* action
St x @ — @
(o, (1,11, 22,Y2)) +— (21,Y1, T2 cOS — Yo sin a, o sin a + Yo cOS @)
Note that the action of S on the open subset @ = R? x (R? — {(0,0)}) is free and
then we may consider the reduced space Q/S! and the Atiyah algebroid 7¢|S? :

TQ/S' — Q/S*. Taking polar coordinates zo = pcosf and yo = psinf, we have
that the canonical projection 7 : Q — M = Q/S* is given by

71—(xlaylap7 9) = (xlaylap)'
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It is clear that the Atiyah algebroid is isomorphic to the vector bundle TM xR —
M.

On the other hand, a local basis of S'-invariant vector fields on @ is {8%1 o_ 0

9 a_y1’ a_p’
%}. These vector fields induce a local basis of sections {eq, ez, €3, €0} of the Atiyah
algebroid g[St : TQ/S' — M = Q/S*. Moreover, if ([-,-], p) is the Lie algebroid
structure on g[S : TQ/S* — M = Q/S', it follows that [e;, e;] = 0, for all i and
7, and

0 0 1o}
pler) = 8—331’ plez) = a_yl’ ples) = 8_p’ pleo) = 0.

Now, if (z1,y1,p, 21,91, p,7) are the local coordinates on TQ/S* induced by the

local basis {eq, ea,e3,€ep}, then the reduced lagrangian is

1
L= gma (5% + (pr)?) + pr —af =y = p*.

Thus, the Euler-Lagrange equations for [ are:

maep — (mar +2)pr+2p = 0,
mgrpz + p2 = constant,

g = 0,

1. = 0.

The local basis {e1, e, e3,e0} of I'(T'Q/S!) induces a local basis
{X1, Xo, X3, Xo, V1, V2, V3, Vo }

of I‘((J'TQ/S1 (TQ/SY)). The presymplectic 2-section w; is written as

wp = maX3 AV +map?X® AVO — p(mar + 2)X3 A X°.
The energy function is

E, = %mg (P> + (pr)?) + 27 + 45 + p?
and
dTTQ/SlTQ/SlEl = mopV? + p2marV0 + (mapr? + 2p)X3 + 22, X + 2y, X2,

Thus ker w; = {X1,X2,V1,Vs2} and the primary constraint submanifold £} C E =
Ey is determined by the vanishing of the constraints functions: xz; = 0, y; = 0.
Now ((pTQ|S1)*1(TE1))J- = kerwy, and therefore £y = E;.

Any solution X € (TP E); of the dynamical equation

1
(ixwi)|p, = (d('TTQ/S TQ/SlEl)\El (4.11)

is of the form:
(mar +2) — 2pV ~ 2p(mor +1)
mao 3 map

XZpX3+TXQ+fV1+§V2+

VOa

where f and § are arbitrary functions on Fj.

The Legendre transformation leg; is in this particular case:
legl(xlv Y1, P; j:lv yla pa T) = (xla Y1, p; 0) 07 mea mszr + pQ)

Therefore, the submanifold M; = leg,(TQ/S') of T*Q/S* is defined the constraints
Pz, = 0 and py, = 0 where we choose coordinates (z1,y1, p; Days Pyi»> Pp, Pr) OL

T*Q/S".
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In the induced coordinates (z1,y1, p; pp, pr) on My, the hamiltonian h : My — R
is:
Ly

232 2 2 2
2mg PP 2m2p2(pr p7)° + a1 +yp +p

h@1, Y1, pipps Pr) =
Applying the constraint algorithm to the presymplectic Lie algebroid (T My, Q,
47" M h) we deduce that the final constraint submanifold Ms is determined by

My = {(1,Y1, p; Pp, Pr) € My | 21 = 0,91 = 0}
where there exists a well defined solution of

(iy) i, = (d('TEMthMz-

Now, we return to the lagrangian picture and we study the SODE problem.
Observe first that all the solutions X of Equation (@ITl) are (Legs, legs)-projectable.
Now, if we additionally impose the condition SX = A|g,, that is,

V3 +1Vo =11V1 + 91 Vo + pV3 + 1V
along E7, we obtain that the submanifold SX CE,is uniquely defined as
S¥ ={(0,0,p;0,0,p,7) € TQ/S"},
and, therefore, the section ¢¥X is the SODE defined by:

(mar +2) —2p 2p(maor + 1)
T e - 2 T

¢ = ps15x +rXojsx +
ma map

V0|SX.

5. VAKONOMIC MECHANICS ON LIE ALGEBROIDS

5.1. Vakonomic equations and vakonomic bracket. Let 7 : E — @ be a
Lie algebroid of rank n over a manifold @ of dimension m and L : E — R be a
Lagrangian function on E. Moreover, let M C E be an embedded submanifold of
dimension n + m — m such that 7y = Tiv M — @ is a surjective submersion.

Now, suppose that e is a point of M, mp(e) = z € Q, that (2) are local
coordinates on an open subset U of @, x € U, and that {e4} is a local basis of
I'(E) on U. Denote by (z,y*) the corresponding local coordinates for E on the
open subset 7-1(U). Assume that

M7 (U) = {@"y*) e 71 (U) |92, y?) =0, a =1,...,m}
where ®% are the local independent constraint functions for the submanifold M.
The rank of the (m x (n + m))-matrix
(8@“ 8@“)
Ozt OyA

is maximun, that is, m. On the other hand, since 7 : M — @ is a submersion,
we deduce that there exists v; € T.M such that (T'7ar)(v;) = %‘I, for all ¢ €
{1,...,m}. Thus,

9 A

V; = - 4
8!El|e

0
YA .
which implies that

0P« 4 007
0x’ |e - oy |

, forae{l,...,m}and i€ {1,...,m}.

Therefore, the rank of the matrix

(57 ).
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is m. We will suppose, without the loss of generality, that the (m x m)-matrix
(37,)
oyB e/ a=1,..m;B=1,...,m
is regular. Then, we will use the following notation
vt ="y,

forl<A<n,1<a<mandm+1<a<n.

Now, using the implicit function theorem, we obtain that there exist an open
subset V of 771(U), an open subset W C R™*"~™ and smooth real functions

W —-=R, a=1,...,m,
such that
MOV ={('y* eV |y =0 y?), a=1,...,m}

Consequently, (2%, y®) are local coordinates on M. We will denote by L the restric-
tion of L to M.

Now, we will develop a geometric description of vakonomic mechanics on Lie
algebroids, naturally generalizing the previous results of the third author and colla-
borators [7]. Moreover, for the case M = E we also generalize the formulation given
by Skinner and Rusk [24] 25] for singular lagrangians to general Lie algebroids.

Consider the Whitney sum of E* and F, E* @ E, and the canonical projections
pr1: E*®E — E* and pre : E* & F — E. Now, let Wy be the submanifold
Wy = prgl(M) = E” X M and the restrictions m1 = priy, and m = prajy, .
Also denote by v : Wy — @ the canonical projection. The following diagrams
illustrate the situation

E*0E E*xo M

prl/ \pl"2 71—1/ \71—2
B E E* M
Next, we consider the prolongation of the Lie algebroid E over 7* : E* — @ (res-
pectively, v : Wy — Q). We will denote this Lie algebroid by T7¥E* (respectively,
TEWy). Moreover, we can prolong 71 : Wy — E* to a morphism of Lie algebroids
Ty : TEWy — TEE* defined by Tmy = (Id, T'my).
If (z°, pa) are the local coordinates on E* associated with the local basis {e} of

I'(E), then (2, pa,y?) are local coordinates for W and we may consider the local
basis {Ya, P4, V,} of T(TPW,) defined by

* 3 _ @ 9
Yale*,e) = (eA(?’pAaxﬂe*’O)’
(‘PA *7 2 = 07 a. 70 )

@0 = Og 0
19)

Va(e*,e) = (0,0,— ),

@0 = 00.55)

where (e*,¢) € Wy and v(e*,é) = z. If ([-,-]”, p¥) is the Lie algebroid structure on
TEW,, we have that

[Ya,Y5]" = C45Yc,
and the rest of the fundamental Lie brackets are zero. Moreover,

v _ ii v A_i v _i
p (yA)_pAam,Lﬂ 4 ((‘P )_8pA7 P (Va)_aya'
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The Pontryagin Hamiltonian Hyy, is a function in Wy = E* xg M given by
H, (", ¢) = (¢, &) — L(#),
or, in local coordinates,
Hw, (2", pa,y") = pay® + pa ¥ (2, y*) — L(z',y"). (5.1)

Moreover, one can consider the presymplectic 2-section Q¢ = (Tm1,m)*Qp,
where Qg is the canonical symplectic section on T” E* defined in Equation (Z.3).
In local coordinates,

1
Q =Y APa+ 5 CappcYt A YT (5.2)
Therefore, we have the triple (TZW,, Qo, a7 Wo Hyy,) as a presymplectic hamil-
tonian system.

Definition 5.1. The vakonomic problem on Lie algebroids is find the solutions for
the equation

ixQ = d” "o Hyy,, (5.3)

that is, to solve the constraint algorithm for (TEWy, Qo, dTEWOHWO).

In local coordinates, we have that

v oL
Po ozt ozt

v ol
oy° oy°

47" Hy, = ( )PYA + TP, + 4 Py + (pa + Pa yve.

If we apply the constraint algorithm,
Wy = {w e E* xq M|d” o Hy, (w)(Y) =0, VY € Ker Qq(w)}.
Since Ker Qg = span{V,}, we get that W; is locally characterized by the equations
o 0L

Pa = dTEWOHWo(Va) = Pa +paa—ya - a—ya =0,
or
oL oV
Pa = By —paa—ya, m+1<a<n.

Let us also look for the expression of X satisfying Eq. (B3]). A direct computation
shows that

oL oWy
)pix —y?CE pp — VCE pp|PA + TV,

X =y"Ya+ Y, + [(£ ~Pay

Therefore, the vakonomic equations are

' =y, + U0y,

, oL oWl . L 8B
Pa = (81‘1 — DB oxt )pa_y GaapB_\Ij eaﬁPB?

d (oL oV oL oV . B

= ~ Pa = (2= —pa——)p. —yC —UCE pp.
dt <aya b aya> (axz Pa g )”a Y aPB aaPB

Remark 5.2. We note that the vakonomic equations can be obtained following
a constrained variational principle. Below, we will show this variational way of
obtaining these equations (see Subsection [5.2)). o
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Of course, we know that there exist sections X of T¥W, along W, satisfying
(53), but they may not be sections of (p¥)~'(TWy) = TEW,, in general. Then,
following the procedure detailed in Section [B] we obtain a sequence of embedded
submanifolds

oo Wi = Wy — L= W = Wy — Wy = E* xg M.

If the algorithm stabilizes, then we find a final constraint submanifold W on which
at least a section X € I'(T¥W;) verifies

(ixQ = d” " Huw,)w, -

As in [7], we analyze the case when Wy = W;. Consider the restriction €y of Qg
to ‘IEW1

Proposition 5.3. Q; is a symplectic section of the Lie algebroid TEW, if and only
if for any system of coordinates (z*,pa,y®) on Wy we have that

%L 92y« o
det <8yaayb " Pa 5ya5yb> # 0, for all point in W;.

Proof. 1t is clear that dTEWlQl =0.

On the other hand, if w € W; then, since the elements (d7" Wog,)(w) are inde-
pendent in (TEW,)*, we have that

(TEWL)® =< (a7 "o 00) (w) >

(note that dim (TEW7)° = n —m). Moreover, using a well-known result (see, for
instance, [I7]), we deduce that

dim (TEW,) L% = dim (TEW,) — dim (TEW,) +dim (KerQo(w)NTEWY). (5.4)

Now, suppose that {2 is a nondegenerate 2-section on TEW; — Wj. Then, it is
clear that
KerQo(w) N TEW, = {0}.

va)(w)(Vp(w)) is regular, that is,
0?L 0*
det | =——%— —pa(W)7—F— 0
‘ <3y“3yb w ) ooy |w> 7
Conversely, assume that the matrix (d(‘TEWO ©0a)(w)(Vp(w)) is regular, then
KerQo(w) N TEW, = {0}.
This implies that (see (&.4))
dim (TEW)H% = dim (TEW,) — dim (TEWY) = dim (KerQo(w)).
Therefore, since KerQo(w) C (TEW;)L$% it follows that
KerQo(w) = (TEW,)+ %,

Thus, the matrix (d”" "o

and, consequently,
(ToWh) N (TEWh) % = {0},

that is, € (w) is a nondegenerate 2-section. O

In what follows, we will use the following notation
oL e

dyeoyd Pa By’ for all a and b.

:Rab =



CONSTRAINED MECHANICS ON LIE ALGEBROIDS 27

Remark 5.4. Suppose that the submanifold M is a real vector subbundle D (over
Q) of E (note that 7p = 7p : D — M is a surjective submersion). Then, we may

consider local coordinates (z¢) on an open subset U of Q and a local basis {e, €4}
of I'(E) on U such that {e,} is a local basis of I'(D). Thus, if (z¢,y%,y*) are the
corresponding local coordinates on 7~1(U), we have that

5 (U) = D (U) = {(ah, g™, y") € 77Uy = 0},

In other words, the local function ¥® is the zero function, for all «. Therefore, in
this case,

L
- Oyeoyt’
We remark that the condition

2L
det (m) 70

implies that the corresponding nonholonomic problem determined by the pair (L, D)
has a unique solution (see [@]). o

ab for all @ and b.

Remark 5.5. We remark that the condition det (R,5) # 0 implies that the matrix

Oyb
duce that (2%, pa,y®) are local coordinates for Wy on an open subset Ag C Wy in
such a way that there exist an open subset W C R™*" and smooth real functions

0
( @a> is regular. Thus, using the implicit theorem function, we de-
a,b=m+1,....n

MG:W—MR, a=m+1,...,n,
such that
Wi N Ay ={(2,pa,y*) € Ao/y" = p*(2*,pa), a=m+1,...,n}. (5.5)
Therefore, a local basis of I'(T¥W) is given by

; ope op*
{Ya1=Ya+ pA@VG)WVl?UDiA = (P4 + opa Va)w, }-

This implies that

{Yar, P1, (Vo) jwr }

is a local basis of ['(T{j, Wp). Note that, from (B.5), it follows that (z‘,pa) are
local coordinates on Wy. Moreover, if v1 : Wi — @ is the canonical projection and
([, -]+, p**) is the Lie algebroid structure on TEW; — Wi, we have that

[Ya1, Y] = CSpYen
and the rest of the fundamental Lie brackets are zero. In addition,

21 _ ii v (pA _i
P (da1) = Pag s P (Tl)—apA-

Now, we will prove the following result.

Theorem 5.6. If Q; is a symplectic 2-section on the Lie algebroid TEW, — W,
then there exists a unique section & of TEW, — Wi whose integral curves are
solutions of the vakonomic equations for the system (L, M). In fact, if Hw, is the
restriction to Wi of the Pontryagin Hamiltonian Hw,, then & is the Hamiltonian
section of Hyy, with respect to the symplectic section Q1, that is,

i, =d” " Hyy,
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Proof. We have that (see (0.1))

(@ ) (9) = (V) ) = (
Therefore, from ([.2)), it follows that

(Q0)jws (€1, (Va)jwy) = (@7 Hy, ) (Va)jw, = 0.
This implies that

; TEW,

ig, (Qo)jwy = (d° " Hw, )jw,
and, consequently, the integral curves of £; are solutions of the vakonomic equations
for the system (L, M).

Moreover, if & € T(TEW;) is another solution of the equation
; TEW,
ig; (Q0)w, = (&7 " Hwy)w,
then it is also a solution of the equation
iy =d7 " Hy,
which implies that £ = &;. d
Suppose that (z,pa) are local coordinates on W; as in Remark and that

{Ya1,P{} is the corresponding local basis of T'(T?W;). Then, if {Y4}, P41} is the
dual basis of {Ya1,P{}, we have that (see (5.2)))

1
Q =Y A Par + 5CHppcYt A YT (5.7)
On the other hand, from (56, it follows that
. OHyy OHywy

d‘TEWlH — 7 - 1 A 1 U) .
Therefore,

81;[1/{/'1 C aHW 1 8-I;IVV A

= — (€ L y L) P4
& oo Ya1 — (Cappc - + P4 i )P

Note that

OHw, ( 0 ou® 0o > OHw, < 0 ou® 9 >
— = -+ ——)(Hw, : =((+ Hyy,
oxt (axz oxt aya)( o) Wy Opa Opa Opa aya)( o) W

which implies that
€1 (mjva) = :ua(xjva)léal + \Ila(mja ,ua(mjapB))léal
— (€Y pon® (27, pB) + C oy ¥ (2, u* (27, pp))
iy o oL
Pa\Pa—7— ) — a5 . )
AN 02 (i o (@9 pe)) 0T (29,0 (2 ,ps)

))Pi.

Now, we will introduce the following definition.
Definition 5.7. The vakonomic system (L, M) on the Lie algebroid T : E — Q is
said to be regular if Q is a symplectic 2-section of the Lie algebroid TPW, — W.

Suppose that (L, M) is a regular vakonomic system and that Fy; € C°(Wh).
Then, the Hamiltonian section of F; with respect to €27 is the section 3—(%1 of
the Lie algebroid TEW, — W, which is characterized by the equation

i(HIHQ, =dT "W Ry,
Note that & = 33, .
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Using the Hamiltonian sections, one may introduce a bracket of functions {-, -}( LM):
C>(W1) x C*(W1) — C*> (W) as follows

{F1, G} = Q3G HG) = 7 (HG)(F),
for F1,Gy € C°°(W7). The bracket {-,-}z ar) is called the vakonomic bracket
associated with the system (L, M).

Theorem 5.8. The vakonomic bracket {-, -}(L’M) associated with a reqular vako-
nomic system is a Poisson bracket on W1. Moreover, if Fy € C*° (W) then the
temporal evolution of Fy, Fi, is given by

Fy = {F\,Hw, } (.0

Proof. Let bg, : TFW; — (TPW7)* be the musical isomorphism induced by €
which is defined by

le (Xl) = i(Xl)Ql(wl), for X; € ‘Iﬁlwl and wy, € Wh.

Then, we may introduce the section A; of the vector bundle A2TEW, — W, as
follows

Ai(aq, ) = Ql(bgll oy, béll o), fora, B € D(TEWY)*.
If [-,-]** is the Schouten-Nijenhuis bracket associated with the Lie algebroid T¥W;
— Wi then, using that dTEWlﬂl = 0, one may prove that
[A1, A ] =0.

Thus, A; is a triangular matrix, the pair (TEW, (TEW;)*) is a triangular Lie
bialgebroid in the sense of Mackenzie and Xu (see Section 4 in [19]) and {-, -}z, )
is a Poisson bracket on W (see Proposition 3.6 in [19]).

On the other hand, if F; € C*°(W;) and p* is the anchor map of the Lie
algebroid TEW, — Wi then
By = p" (€)(Fy) = p" (33, ) (F1) = (d W R (3G, ).
Therefore,
Fy={F, Hw, }(L,m)-
O

Suppose that (x%,p4) are local coordinates on Wj as in Remark and that
{Ya1,P{} is the corresponding local basis of T'(T#W;). If Fy € C> (W) then, from
B0, it follows that

; OF1

oF,
A7 = L 5P
Pia B Y1 + opa Al-
Consequently, using (5.7)), we deduce that
ol 8F1 8F1 i 8F1

= eC — )P4
A apAy — (CappcH— o5 + P4 axl) 1

This implies that
oF) 0G4 B oF) 0G, c 0F; 0G,
Y ABPC 7 — Opa apB'

Fi,G o' :
{F1,. Gt = ((%cl Opa  Opa 07
Now, we consider the linear Poisson structure

{ ) : CF(E") x C*(EY) — C=(E7)
on E* induced by the Lie algebroid structure on E and the canonical symplectic
structure Qp on TFE* (see Section [2).
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Corollary 5.9. If (L, M) is a regular vakonomic system on a Lie algebroid E then
the restriction (771)|W1 W1 — E* of mp : Wy — E* to Wy is a local Poisson
isomorphism. Moreover, if T(m1)w, : TEW, — TPE* is the corresponding prolon-
gation then the pair (T(m1)|w,, (71)jw,) is a local symplectomorphism between the
symplectic Lie algebroids (TEW1,Q1) and (TPE*,QE).

Proof. From Remark 5.3 we obtain that (m1)w, : W1 — E* is a local diffeomor-
phism. Furthermore, using (22)) and (5.8)), we deduce that

{F o (m)jw,, G o (m1)jw, }z.an) = {F, Gye= o (1) 1wy,

for F,G € C*°(E*). This proves the first part of the corollary. The second part
follows from the first one and using the fact that (T(m)jw,, (71)|w,) Qe = Q. O

Remark 5.10. If (m1);w, : W1 — E* is a global diffeomorphism then we may
consider the real function H on E* defined by

H = HW1 o (7‘(1)'—“}-1.
In addition, if ﬂ{gE € I'(TEE*) is the Hamiltonian section of H with respect to the
symplectic section Qp then & and HP” are (T(m1)jwy, (1) |w, )-related, that is,

T(m)w, © & = HEE o (m1)jw, -

<&

5.2. The variational point of view. As it is well known, the dynamics in a
vakonomic system is obtained through the application of a constrained variational
principle [I]. More precisely, let @ be the configuration manifold, L : TQ — R
be the Lagrangian function and M C T'Q be the constraint submanifold. Then,
one can consider the set of twice differentiable curves which connect two arbitrary
points x,y € Q as

C*(z,y) = {a: [to,t1] — Q| ais C?, a(ty) = x and a(t1) = y}.

This is a smooth manifold of infinite dimension and, given a € €?(x,y), the tangent
space of C?(z,y) is described as

T,C*(z,y) ={X: [to,t1] = TQ| X is C', X(t) € Toy@, X (to)= 0 and X (t;) = 0}.

The elements of T,,C%(z,y) can be seen as the infinitesimal variations of the curve
a. Next, one can introduce the action functional 65 : €?(z,y) — R defined by
a — 65(a) = [M L(a(t))dt. Thus, the associated vakonomic problem (Q, L, M)

to ~
consists of extremizing the functional §.S restricted to the subset C2(z,y), which is
given by

éz(x,y) ={a € C*(x,y)|a(t) € Mawy =M N Tél(a(t)), Vit € lto, t1]}s

that is, a € €2(z,y) is a solution of the vakonomic system if a is a critical point of
58‘@2(“/). In the particular case when we do not have constraints, i.e. M = TQ,
then we recover the variational way to obtain Euler-Lagrange equations.

Now, consider a Lie algebroid 7 : E — @ and L : E — R a Lagrangian function
on it. In [23] it is shown how to obtain the Euler-Lagrange equations (on the Lie
algebroid) from a variational point of view. Let us recall some aspects related with
this formulation. First, the set of F-paths is defined by

Adm([to,t1], E) = {a: [to,t1] = E|poa = %(TO a)}.
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This set is a Banach submanifold of the set of C' paths in E whose base path is
C?. Two E-paths ag and a; are said to be E-homotopic if there exists a morphism
of Lie algebroids

O:TIxTJ — E,

where I = [0,1], J = [to, t1], a(s,t) = ®(0¢|(s,)) and b(s,t) = ®(s|(s,1)), such that
a(0,t) = ap(t), b(s,tp) =0,
a(l,t) = a1(t), b(s,t1) = 0.

E-homotopy classes induce a second differentiable Banach manifold structure on
Adm([to,t1], E). The set of E-admissible paths with this second manifold structure
will be denoted by P([to, 1], E). In addition, at each E-admissible curve a, the
tangent space is given in terms of the so-called complete lifts of sections. In fact,

Ta?([to,tl], E) = {’I]c S Taﬂdm([to,tl], E) | n(to) =0 and n(tl) = 0}

(for more details, see [3} 23]). We recall that if {e4} is a local basis for E and 7 is
a time-dependent section locally given by

n=n"ea
then 7°, the complete lift of 7, is the vector field on E given by

9 - onC B}
c __ A i Y 7 _ LAEC B
N =n"pag s+ e 5 — 1 Caply 3,0

With the second manifold structure that it is introduced on the space of E-paths,
it is possible to formulate the variational principle in a standard way. Let us fix
two points z,y € M and consider the set P([to, 1], E)Y of E-paths with fixed base
endpoints equal to z and y, that is,

P(lto, t1], E)Y = {a € P([to, t1], E) | T(a(ty)) =2 and 7(a(t;))=y}.

In this setting, for the action functional §S : P([to,?1], E) — R given by

t1

5S(a) = / Lia(t))dt,
to

the critical points of §S on P([to,?1], E)Y are the curves a € P([to,t1], F)Y which

satisfy Euler-Lagrange equations (Z9)) (see [23]).

Now, let (L, M) be a vakonomic system on the Lie algebroid 7 : E — Q. We will
denote by P([tg,t1], M)¥ the set of E-paths in M with fixed base endpoints equal
to x and y

P([to, t1], M)Y = {a € P([to, t1], E)Y | a(t) € M, Vt € [to, t1]}.

We are going to consider infinitesimal variations (that is, complete lifts °) tangent
to the constraint submanifold M. We are going to assume that there exist enough
infinitesimal variations (that is, we are studying the so-called normal solutions of
the vakonomic problem). Since M is locally given by y® — U%(z¢,y*) = 0, we
deduce that the allowed infinitesimal variations must satisfy

n°(y* — v(z",y*) =0, nlte) =0, n(t1)=0.
Note that if a € P([to,t1], M)¥ then
n°(y* — (2", y*)) ca=0
if and only if
) L 5 400

= : ey  —C%ayPnA. .
g =Pttt g +CBay"n g BAY N (5.9)
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Let us look for the critical points of the action functional 6.5 : P([to, t1], E)Y — R
6S : ?([to,tl],E)y — R

x

a(t) — /tlL(a(t))dt.

0

If we consider our infinitesimal variations then,

i /hLmanm-/haLc+_Mlc+§£5wac+§£amacﬁ
dSIs:O to s - to 83:1'771' 8y~ana 82/0‘ ozt ; 8y0‘ 8ya Na

/fl oL o, OL oo
= ) a2 aa
w 0T Oyt .
_/tlaL ipoy L o OL e,
- to 8(Ei Pa77 8(Ei pan ayana
Let p, be the solution of the differential equations
, oL v’
Pa = (

)p& —y*Clps — Ve,

ozt PP oy
where ~
oL ove
= =— — Pa——- 5.10
Po= g ~Paga (5.10)
Using Eq. (59), we get that
d( a) _ . a + e’
dt Pam = Pall Pah)
7 aallla d77a ove a B Aaqla o B_a
= Paldll 57 +pa%6—y“ +DPalBay N ay° —DalpuY N
8‘Z’ i, Q a, o «
o el = Y0 Coapy = 0" VICspy.

If we use this equality, we deduce that

d t1 t1 8.i i oL . .
£| O/t L(as(t)dt = /t (3xipa77 + ayang—i—y 7 Ggapb+77 \I;ﬁegﬁpb
S= 0 o
A\ A d ore o
—paptn® , 9 Z e aed B oa
Papall 5 i + dt (p Oy )77 Patpal 1 By

_ ed B 58\1/& a , B, a d
PaClBgyY N Dy +PalBhy7n" )dl.

Finally, using Eq. (&I0) and the fact that
d d
ng = o+ (G?fan“yb + Chan Y + Chn w7 + Gﬁan“‘l’ﬁ),
we obtain that

; / ’ Las(t))dt =

ds|s=0 J;,

[1 [(gf —pa%)pé - %(ggﬁ —pa%) —y"Clpn — \If"‘@fapB}n“dt-

Since the variations n® are free, we conclude that the equations are

' =y, + U0y,

. _(éE_ ovr
P = oz’ pﬁ@xi

d { oL ove oL vy .
< ) = ( - )p?z - ybefpr - \IjaeaBapB7

)p?; —y*Clps — ¥PClps,

dt \ dy® P oy ot P
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with p, = ggﬁl — Do %‘Iy’: , that is, we obtain the vakonomic equations for the vako-

nomic system (L, M) on the Lie algebroid 7 : E — Q.

5.3. Examples.

5.3.1. Skinner-Rusk formalism on Lie algebroids. Suppose that 7: E — @Q is a Lie
algebroid, L : F — R is a Lagrangian function and M = F, that is, we do not have
constraints. Then,

Wo=E*"®FE
and the Pontryagin Hamiltonian Hy, : E* @ E — R is locally given by
HWO (J)i,pA, yA) = yApA - L(mia yA)
Let us apply the constraint algorithm. First, if £ is the presymplectic section on
Woy given by Qo = (Tpry, pry)*Qg then, since Ker Qo = span{V}, the primary
constraint submanifold W7 is locally characterized by
oL
= —, 5.11
PA= 53 (5.11)
which are the definition of the momenta. W is isomorphic to F and the vakonomic
equations reduce to

i =yAply,
4Oy Ol e 012)
dt \ 9y A —PAaxi ABY PcC-

Using (5110, it follows that Equations (512]) are just the Euler-Lagrange equations
for L (see (2.9)). We remark that if E = T'Q, this procedure is the Skinner-Rusk
formulation of Lagrangian Mechanics (see [24, 25]). On the other hand, using
Proposition [1.3] we deduce that the vakonomic system is regular if and only if the
Lagrangian function L is regular.

5.3.2. The tangent bundle. Let E be the standard Lie algebroid 7rq : TQ — @,
M C TQ be the constraint submanifold such that rpqar : M — @ is a surjective
submersion and L : TQQ — R be a standard Lagrangian function. Suppose that
(g4, ¢*) = (¢*, 4%, ¢*) are local fibred coordinates on T'Q and that the submanifold
M is locally described by equations of the form

q* = T*(¢*,4").

As we know, the local structure functions of the Lie algebroid mr¢g : T'Q — Q with
respect to the local coordinates (¢4, ¢*) are

pR =068 and c§5=0.

Thus, if we apply the results of Sectionsb.Iland B2 to this particular case we recover
the geometric formulation of vakonomic mechanics developed in [7]. In particular,
the vakonomic equations reduce to

§" =,
) o = el (Gr) - 5]

o
pa—aqa pﬂaqa-
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5.3.3. Lie algebras. Let g be a real Lie algebra of dimension n. Then, g is a Lie
algebroid over a single point.

Now, suppose that € is an affine subspace of g modelled over the vector space

C' of dimension n — m and that ey € €, ¢y # 0. We consider a basis {e4} =
{€q,€0,€a} = {€q,ea} of g such that {e,} is a basis of C' and

lea,en] = CS gec.
Denote by (y¢, 9%, y%) = (y,y%) the linear coordinates on g induced by the basis
{ea,€0,€a} = {€a,ea}. Then, € is given by the equations

=1, y*=0.
Next, assume that L : g — R is a Lagrangian function and denote by L : ¢ — R
the restriction of L to €. Then, a curve

ot (" (1),y° (), 5" (1) = (¥ (¢), 1,0,...,0)
in € is a solution of the vakonomic equations for the constrained system (L, €) if
and only if

d (0L oL
2 (52) = — = (e + €5o) — pa(y"Cl, + C).
dt \oy® oy°
of (5.13)
Pa = =5 ("€ + €Go) = P(y"€0, + Cao):
Now, we consider the curve v in g* whose components with respect to the dual
basis {e} are i
_oL
0y ey’

that is, v is the sum of the curve % and the curve

t— At) eC°
whose components are \(t) = (0,pn(t)). Here, C° C g* is the annihilator of the

subspace C. Then, a direct computation, using (5.13]), proves that v satisfies the
Euler-Poincaré equations

v(t) (1)),

d (0L oL
4= )\) = ad? (— )\).
dt(@y + 4o Jy +

This result is just the “Optimization Theorem for Nomnholonomic Systems
on Lie groups’ which was proved in [I4] (see Theorem 5.1 in [I4]).

5.3.4. The Atiyah algebroid. Let w: P — @ be a principal bundle with structural
group G. The dimension of P (respectively, Q) is n (respectively, m).

As in [14], we will suppose that D is a G-invariant distribution such that
T,P=D,+V,mr, forallpeP,
where V' is the vertical bundle to the principal bundle projection 7.

We also suppose that L : TP — R is a G-invariant Lagrangian function. Then,
using a G-invariant Riemannian metric g (if L is the kinetic energy of a G-invariant
Riemannian metric h then one may use the metric h), one may construct the
nonholonomic connection as follows (see [2]).

We will assume that the space
Sp=D,NV,m

has constant dimension r, for all p € P. Under this condition, the horizontal
space of the nonholonomic connection at the point p is S;- N D,, where S;- is the
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orthogonal complement of S, with respect to the scalar product g,. We will denote
by w™ : TP — g the corresponding Lie algebra-valued 1-form.

Now, we counsider the Atiyah algebroid 7p|G : TP/G — @Q = P/G associated
with the principal bundle 7 : P — @ = P/G. Note that the space of orbits D/G
of the action of G on D is a vector subbundle (over @) of the Atiyah algebroid.

Next, we will obtain a local basis of T'(T'P/G) adapted to the vector subbundle
D/G.

For this purpose, we choose a local trivialization of the principal bundle 7 : P —
Q = P/G to be U x G, where U is an open subset of Q. Let e be the identity
element of G and assume that there are local coordinates (z*) on U. If (%)h is
the horizontal lift of the vector field % on U then ( a(zi )" is a G-invariant vector
field and {(%)h}izlw,m is a local basis of S+ N D.

On the other hand, we consider a family of smooth maps

éa:U—g, A=1,...,n—m,

such that, for every ¢ € U, {€4(¢)} is a basis of g and {€,(¢) }a=1,..» is a basis of
the vector space

g(q’e) = {5 €g | gP((Le) € D(q,e)}'
Here, £p is the infinitesimal generator of the free action of G on P associated with
feg
Now, we introduce the vertical vector fields on U x G given by
Va: UxG — TUxG)=2TUXxTG
—
(¢.9) — é€ala)(g)

-
€4(q) is the left-invariant vector field on G induced by the element é4(q) of g.
Then, it is clear that

9 \n 9 \n
a 5 V == — Va, Va
{(8331) ) A} {(8331) ) }
is a local basis of G-invariant vector fields on P and
9 \n
"V,
(5" V)

is a local basis of the space of sections of the vector subbundle D — P. Thus, we
have the corresponding local basis of sections

{eiseal ={ei eareat
of the Atiyah algebroid 7p|G : TP/G — @Q = P/G which is adapted to the vector
subbundle D/G — Q = P/G.

Denote by (2%, 4%, y%,y*) the local coordinates on TP/G induced by the basis
{€iseq,ea}. Then D/G is locally characterized by the equations

y* =0.
On the other hand, if
0
WM () = I'#(q)ealq),
dép o\ = = _ oC >
e Xis(@)éc(a), [€alq),ép(q)] = Cipéc(q),

for all ¢ € U, it follows that

[eiaej] = BicjeCa [eiaeB] = MicBeC7 [6A7eB] = egBeC7
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where
ore  or¢
c _ 91 J ApBeC A C A C
0T ol on + 7T Cas + T x54 — ' Xias
#?B = XiCB - Ff‘egB-
Moreover, if p : TP/G — TQ is the anchor map of the Atiyah algebroid 7p|G :
TP/G — @ = P/G, we have that

plei) = 55, plea) =0.

Since the Lagrangian function L is G-invariant, it induces a Lagrangian function
[l : TP/G — R on the Atiyah algebroid. Furthermore, if [ : D/G — R is the
restriction to D/G of I, we deduce that a curve

ot (2'(t), (1), y (1), y* (1)) = (2'(t), 2 (1), y"(t), 0)

in D/G is a solution of the vakonomic equations for the constrained system (I, D/G)
if and only if

d ol ol , ol ,

() = (@B 4l — (@B + 4P u ),
dt(axl) ot (33 ij +y :uzb) ay“ (33 ij +y :uzb)p )
d . ol e Lol N

E(a—ya) = (mJ/'Lja - ybeab) ayc + (mjluja - ybeab)paa

. .5 ol .5 a

Pa = (x M?a - ybega)a_yb + (x Miﬁa -y ega)pﬁ'

We invite the reader to compare this result with “the reduced Lagrangian Op-
timization Theorem for Nonholonomic systems” in [14] (see Theorem 4.1 in
[14]).

5.3.5. Optimal Control on Lie algebroids as vakonomic systems. . (See [8,22]). Let
7: E — @Q be a Lie algebroid and C' be a manifold fibred over the state manifold
m: C — Q. We also consider a section ¢ : C — E along 7 and an index function
l:C—R.

We first construct the prolongation 77 : TEC — C of the Lie algebroid 7 : E — Q
over the smooth map 7 : C' — @, that is

TEC = {(e, X,) € Erpy x TpC| ple) = Tm(Xp)}
Moreover, we have the constraint submanifold M characterized by
M = {(e,X,) € T/C|o(p) = e}

and the lagrangian function L : T¥C — R given by L =l o 77",

This is the vakonomic system associated with the optimal control system.

Example 5.11. If £ = TQ is the tangent bundle of the state space @, it is not
difficult to show that the prolongation of TQ along 7 : C' — @ is just the tangent
bundle T'C. Under this isomorphism, the constraint submanifold is

M={XeTC|Tr(X)=0o(rc(X))}.

Thus, we recover the construction in [§], Section 4.
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6. CONCLUSIONS AND FUTURE WORK

We have developed a general geometrical setting for constrained mechanical sys-

tems in the context of Lie algebroids. We list the main results obtained in this
paper:

e We develop a constraint algorithm for presymplectic Lie algebroids and
discuss the reduction of presymplectic Lie algebroids.

e For a singular Lagrangian function on a Lie algebroid, we look for solu-
tions of the corresponding dynamical equation, applying the previously
introduced constraint algorithm. In addition, we find the submanifolds
where the solution is a SODE (a second order differential equation). The
theory is illustrated with an example.

e We study vakonomic mechanics on Lie algebroids. As for singular La-
grangian systems, we deduce the vakonomic equations by means of a cons-
traint algorithm. We define the vakonomic bracket in this setting. Fur-
thermore, the variational point of view is discussed. We remark that we
just look for the so-called normal solutions. We postpone for a future work
a detailed variational analysis of vakonomic mechanics on Lie algebroids,
including abnormal solutions... We will illustrate our theory with several
examples related with Optimal Control Theory.
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