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Abstract. We develop a semi-discrete version of discrete variational mechanics with applica-
tions to numerical integration of classical field theories. The geometric preservation properties
are studied.

1. Introduction

The calculus of variations is a fundamental tool in the description and understanding of Clas-
sical Mechanics and it is an area of active research. One part of this activity was dedicated
to uncover the geometrical structures behind such formalisms. Many physical systems not only
evolve in time, as in Classical Mechanics, but also posses a continuous spatial structure. This is
the setting of Classical Field Theories in both the Lagrangian and Hamiltonian formalisms [2, 3].

One traditional way to analyze these problems has been to pass to the Hamiltonian formalism
(or Lagrangian formalism) using a space-time decomposition of the parameter space, and then
applying classical Dirac’s theory of constraints (in the singular case, which is typical in field
theories). In this way, we obtain a well-posed system of equations of motion that can be even-
tually integrated or numerically simulated. It is clear that using this space-time decomposition
we broke the original covariance of the theory and perhaps some geometrical structure is lost,
but the treatment of the equations is, in many aspects, more easy and some of the geometri-
cal structure is still preserved. Moreover, for numerical simulation of the equations of motion,
after the space-time decomposition, we eventually obtain a Hamiltonian system and symplectic
integration methods may be useful to solve numerically the initial problem.

In this sense, it may be useful to introduce geometric integrators, that is, numerical schemes
which preserve some of the extra features of geometric nature of the dynamical systems. Usually,
these integrators can run, in simulations, for long time with lower spurious effects (for instance,
bad energy behavior for conservative systems) than the traditional ones [6, 17].

A particular case of geometric integrators are variational integrators. These integrators have
their roots in the optimal control literature in the 1960’s and they enter in the “geometric
differential arena” after the pioneering work of Veselov [19] and Moser and Veselov [15, 19]. In
these papers, there appears the discrete action sum, discrete Euler-Lagrange equations, discrete
Noether theorem... These integrators have been adapted for Field Theories[7, 10]. All these
integrators have demonstrated exceptionally good longtime behavior.

In this paper, we will develop the theory of semi-discrete variational integrators for Classical
Field Theories. The basic idea is to consider an spatial truncation that reduces the partial differ-
ential equations derived from the Euler-Lagrange equations to a system of ordinary differential
equations [8, 16]. The main objective of the paper is to study the geometric properties after this
spatial truncation: preservation of forms, energy preservation and momentum preservation.

Key words and phrases. Discrete mechanics, Classical Field theories, nonlinear wave equation, Lagrangian
Mechanics, Hamiltonian Mechanics.

This work has been partially supported by MICYT (Spain) Grants BMF 2003-01319, MTM 2004-7832 and
S-0505/ESP/0158 of the CAM.

1

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Digital.CSIC

https://core.ac.uk/display/36014559?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
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2. Discrete variational calculus

First, we will recall discrete variational calculus, following the approach in [12] and references
therein. A discrete Lagrangian is a map Ld : Q × Q → R, which may be considered as an
approximation of a continuous Lagrangian L : TQ → R. Define the action sum Sd : QN+1 → R

corresponding to the Lagrangian Ld by

Sd(q0, . . . , qN) =

N∑

k=1

Ld(qk−1, qk) ,

where qk ∈ Q for 0 ≤ k ≤ N .

Observe that for any covector α ∈ T ∗
(x1,x2)

(Q × Q), we have the decomposition α = α1 + α2

where αi ∈ T ∗
xi

Q, thus,

dLd(q0, q1) = D1Ld(q0, q1) + D2Ld(q0, q1) .

The discrete variational principle states that the solutions of the discrete system determined
by Ld must extremize the action sum given fixed points q0 and qN . Extremizing Sd over qk,
1 ≤ k ≤ N − 1, we obtain the following system of difference equations

(2.1) D1Ld(qk, qk+1) + D2Ld(qk−1, qk) = 0 .

These equations are usually called the discrete Euler-Lagrange equations. Under some regularity
hypothesis (the matrix (D12Ld(qk, qk+1)) is regular), it is possible to define a (local) discrete flow
Υ : Q × Q −→ Q × Q, by Υ(qk−1, qk) = (qk, qk+1) from Equations (2.1).

Define the discrete Legendre transformations associated to Ld by

FL−
d : Q × Q −→ T ∗Q

(q0, q1) 7−→ (q0,−D1Ld(q0, q1)) ,
FL+

d : Q × Q −→ T ∗Q
(q0, q1) 7−→ (q1, D2Ld(q0, q1)) ,

and the 2-form ωd = (FL+
d )∗ωQ = (FL−

d )∗ωQ, where ωQ is the canonical symplectic form on T ∗Q.
The discrete algorithm determined by Υ preserves the symplectic form ωd, i.e., Υ∗ωd = ωd. More-
over, if the discrete Lagrangian is invariant under the diagonal action of a Lie group G, then the
discrete momentum map Jd : Q×Q → g∗ defined by 〈Jd(qk, qk+1), ξ〉 = 〈D2Ld(qk, qk+1), ξQ(qk+1)〉
is preserved by the discrete flow. Therefore, these integrators are symplectic-momentum preserv-
ing integrators. Here, ξQ denotes the fundamental vector field determined by ξ ∈ g, where g the
Lie algebra of G.

3. Variational Calculus in Classical Field Theories

Consider a locally trivial fibration π : Y −→ X , where Y is an (m + n + 1)-dimensional
manifold and X is the parameter space usually equipped with a global decomposition in space
and time, that is, X = R × P , dimP = n. We shall also fix a volume form on X , that will be
denoted by η. We can choose fibred coordinates (xµ, yi) in Y , so that π(xµ, yi) = (xµ), where
(xµ) = (x0, x1, . . . , xn) and x0 ≡ t represents the time evolution. Assume that the volume form
is η = dx0 ∧ . . .∧ dxn. Here, 0 ≤ µ, ν, ... ≤ n and 1 ≤ i, j, ... ≤ m. We shall also use the following
useful notation dnxµ := ι∂/∂xµη.

The first order jet prolongation J1π is the manifold of classes j1
xφ of sections φ of π (whose set

will be denoted by Γ(π)) around a point x of X which have the same Taylor expansion up to order
one. J1π can be viewed as the generalization of the phase space of the velocities for Classical
Mechanics. Therefore, J1π, which we shall denote by Z, is an (n+1+m+(n+1)m)-dimensional
manifold. If we have adapted coordinates (xµ, yi) in Y , then we have induced coordinates in Z,
given by

(xµ, yi, zi
µ) = (t, x1, . . . , xn, yi, zi

t, z
i
1, . . . , z

i
n).
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Suppose that we are given a function L : Z −→ R of class C2 in its (n + 1 + m + (n + 1)m)-
arguments. Let GX be a compact (n+1)-dimensional submanifold on X . We can thus construct
the following functional

JL(φ) =

∫

GX

L(xµ, yi(x), yi
µ(x)) dx0 ∧ . . . ∧ dxn

for all section φ ∈ Γ(π), where φ(x) = (xµ, yi(x), yi
µ(x))

Definition 3.1. A section φ ∈ Γ(π) is a solution of the variational problem determined by L if

and only if φ is a critical point of JL.

Extremizing the functional JL we obtain the Euler-lagrange equations:

∂L

∂yi
−

d

dxµ

(
∂L

∂zi
µ

)
= 0, 0 ≤ i ≤ m

Now, denote by p̂µ
i := ∂L

∂zi
µ

and by p̂ := L − zi
µp̂µ

i , then for a given Lagrangian function L and

a volume form η we can construct the Poincaré-Cartan (n + 1)-form

ΘL =
(
L − zi

µ

∂L

∂zi
µ

)
dn+1x +

∂L

∂zi
µ

dyi ∧ dnxµ

= (p̂dxµ + p̂µ
i dyi) ∧ dnxµ

From this form, we can also define the Poincaré-Cartan (n + 2)-form as ΩL := −dΘL. In
induced coordinates is expressed as follows

ΩL = −(dp̂ ∧ dxµ + dp̂µ
i ∧ dyi) ∧ dnxµ

¿From these equations it is easy to derive an intrinsic version of Euler-Lagrange equa-

tions. In fact, a section φ ∈ Γ(π) is an extremal of JL if and only if

(j1φ)∗(ιξΩL) = 0

for every vector field ξ on Z.

We refer the reader to reference [2] for more details and a complete derivation of the equations
and the geometric framework for classical field theories.

4. Motivating Example: The nonlinear wave equation

Consider the nonlinear wave equation given by

(4.1) utt = δxσ′(ux) − f ′(u)

where u : U ⊂ R
2 → R and σ, f are smooth functions. If σ(ux) = u2

x/2 then we obtain the
semi-linear wave equation.

Equation (4.1) corresponds to the Euler-Lagrange equation for the lagrangian function

L(u, ut, ux) =
1

2
u2

t − σ(ux) − f(u)

Observe that, in this particular case, the Lagrangian does not depend on the parameter space
X = R × R.

Now, replace the x-derivative in the Lagrangian by a simple difference (for simplicity, we will
work with a uniform grid of N + 1 points, h = L/N) as follows:

Lsd(u0, u1, (u0)t, (u1)t) =
1

2

(
(u0)t + (u1)t

2

)2

− σ

(
u1 − u0

h

)
− f

(
u1 + u0

2

)

In this case, the Lagrangian is a function Lsd : TR × TR ≃ T (R × R) −→ R. This spatial-
discretization is useful, since as we will show in the next section, applying a suitable variational
principle we obtain a semi-discretization of Equation (4.1), replacing the partial differential equa-
tion by a system of ordinary differential equations. After this step, the equations of motion can
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be integrated in time or numerically integrated using, for instance, a symplectic method as the
symplectic Euler scheme.

In the next sections, we will show that with these semi-discretizations some of the geometric
properties are preserved.

5. Semi-discrete variational calculus

Given a smooth manifold Q consider the following sets

CN,[0,T ] =
{

y : {0, . . . , N} × [0, T ] −→ Q
∣∣∣ y(k, ·) ∈ C2([0, T ]) for all k

and the curves t → y(0, t) and t → y(N, t) are fixed} ,

C̃N,[0,T ] =
{

y : {0, . . . , N} × [0, T ] −→ Q
∣∣∣ y(k, ·) ∈ C2([0, T ])

and the values y(k, 0) and y(k, T ) are fixed for all k} .

The choice of one of these sets depends of the different boundary conditions of the initial problem.
Of course, another boundary conditions can be analyzed considering suitable adaptations of both
situations.

Now, let L : TQ × TQ ≃ T (Q × Q) → R be a Lagrangian function. If (v0, v1) ∈ Tq0Q × Tq1Q
then, as in Section 2, we have that

dL(v0, v1) = (D̃1L)(v0, v1) + (D̃2L)(v0, v1),

with (D̃1L)(v0, v1) ∈ T ∗
v0

(TQ) and (D̃2L)(v0, v1) ∈ T ∗
v1

(TQ).

On the other hand, if (qi
0) (respectively, (qi

1)) are local coordinates on an open subset U0

(respectively, (U1)) of Q such that q0 ∈ U0 (respectively, q1 ∈ U1), then we may consider the
corresponding local coordinates (qi

0, q̇
i
0, q

i
1, q̇

i
1) on TQ × TQ and it follows that

D̃1L(v0, v1) =

n∑

i=1

(
∂L

∂qi
0 |(v0,v1)

dqi
0(v0, v1) +

∂L

∂q̇i
0 |(v0,v1)

dq̇i
0(v0, v1)),

D̃2L(v0, v1) =

n∑

i=1

(
∂L

∂qi
1 |(v0,v1)

dqi
1(v0, v1) +

∂L

∂q̇i
1 |(v0,v1)

dq̇i
1(v0, v1)).

Moreover, we will use the following notation

D1L(v0, v1) =

n∑

i=1

∂L

∂qi
0 |(v0,v1)

dqi
0(v0, v1),

D2L(v0, v1) =
n∑

i=1

∂L

∂q̇i
0 |(v0,v1)

dq̇i
0(v0, v1),

D3L(v0, v1) =

n∑

i=1

∂L

∂qi
1 |(v0,v1)

dqi
1(v0, v1),

D4L(v0, v1) =

n∑

i=1

∂L

∂q̇i
1 |(v0,v1)

dq̇i
1(v0, v1).

Note that D1L(v0, v1) and D3L(v0, v1) may be considered as 1-forms on Q at the points q0

and q1, respectively. In fact,

((τQ)v0
∗ )t(

n∑

i=1

∂L

∂qi
0 |(v0,v1)

dqi
0(q0)) = D1L(v0, v1),

((τQ)v1
∗ )t(

n∑

i=1

∂L

∂qi
1 |(v0,v1)

dqi
1(q1)) = D3L(v0, v1),

where ((τQ)v0
∗ )t : T ∗

q0
Q → T ∗

v0
(TQ) (respectively, ((τQ)v1

∗ )t : T ∗
q1

Q → T ∗
v1

(TQ)) is the dual map
of the linear epimorphism (τQ)v0

∗ : Tv0(TQ) → Tq0Q (respectively, (τQ)v1
∗ : Tv1(TQ) → Tq1Q). In

addition, using the canonical identification between the vector spaces Tq0Q and ker(τQ)v0
∗ =<



SEMI-DISCRETE VARIATIONAL MECHANICS 5

∂

∂q̇i
0 |v0

> (respectively, Tq1Q and ker(τQ)v1
∗ =<

∂

∂q̇i
1 |v1

>) we have that the 1-form D2L(v0, v1)

(respectively, D4L(v0, v1)) may be considered as the 1-form on Q at the point q0 (respectively,
q1)

n∑

i=1

∂L

∂q̇i
0 |(v0,v1)

dqi
0(q0)

(respectively,
n∑

i=1

∂L

∂q̇i
1 |(v0,v1)

dqi
1(q1)).

5.1. Variational calculus on CN,[0,T ]. Define the semi-discrete action SsdL : CN,[0,T ] −→ R

as follows

SsdL(y(·, ·)) =
∫ T

0

[∑N−1
k=0 L(ẏ(k, t), ẏ(k + 1, t))

]
dt

=
∫ T

0

[∑N−1
k=0 L(y(k, t), ẏ(k, t), y(k + 1, t), ẏ(k + 1, t))

]
dt .

Definition 5.1. An element y ∈ CN,[0,T ] is a solution of the semi-discrete variational problem

determined by L if and only if it is a critical point of the Lagrangian system defined by SsdL.

Therefore, a solution y of the semi-discrete variational problem extremizes SsdL among all the
possible variations of y, where a variation of y is a smooth curve s ∈ (−ǫ, ǫ) −→ ys ∈ CN,[0,T ]

with y0 = y. Denote by

δyk(t) =
dys

ds
(k, t)

∣∣∣
s=0

where we use the notation yk(t) = y(k, t). Observe that ys(0, t) = y0(t) and ys(N, t) = yN (t) for
all s. We will also use the following notation

DiL(k,k+1)(t) = (DiL)(yk(t), ẏk(t), yk+1(t), ẏk+1(t)) ,

D̃jL(k,k+1)(t) = (D̃jL)(yk(t), ẏk(t), yk+1(t), ẏk+1(t))

for i ∈ {1, . . . , 4} and j ∈ {1, 2}.

Extremizing the semi-discrete action function among all the possible variations, we find that

d

ds

∣∣∣
s=0

(SsdL(ys)) =
d

ds

∣∣∣
s=0

∫ T

0

[
N−1∑

k=0

L(ys(k, t), ẏs(k, t), ys(k + 1, t), ẏs(k + 1, t))

]
dt

=

∫ T

0

N−1∑

k=1

[
D3L(k−1,k)(t)δyk(t) + D4L(k−1,k)(t)

d

dt
δyk(t)

+D1L(k,k+1)(t)δyk(t) + D2L(k,k+1)(t)
d

dt
δyk(t)

]
dt

=

∫ T

0

[
N−1∑

k=1

(
D3L(k−1,k)(t) + D1L(k,k+1)(t) −

d

dt

(
D4L(k−1,k)(t) + D2L(k,k+1)(t)

))
δyk(t)

]
dt

+
N−1∑

k=1

(
D4L(k−1,k)(t) + D2L(k,k+1)(t)

)
δyk(t)

∣∣∣
T

0
.

Therefore, the semi-discrete Euler-Lagrange equations are:

D3L(k−1,k)(t) + D1L(k,k+1)(t) −
d

dt

(
D4L(k−1,k)(t) + D2L(k,k+1)(t)

)
= 0, 1 ≤ k ≤ N − 1

D4L(k−1,k)(0) + D2L(k,k+1)(0) = 0(5.1)

D4L(k−1,k)(T ) + D2L(k,k+1)(T ) = 0

The first equations represent a system of second order differential equations of the form:

F (yk−1(t), yk(t), yk+1(t); ẏk−1(t), ẏk(t), ẏk+1(t); ÿk−1(t), ÿk(t), ÿk+1(t)) = 0
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When the matrix (D24L(j−1,j)(t)) is regular then we may locally write these equations as

(5.2) ÿk+1(t) = G(yk−1(t), yk(t), yk+1(t); ẏk−1(t), ẏk(t), ẏk+1(t); ÿk−1(t), ÿk(t))

Then, for enough small T , the semi-discrete flow Υ:

Υ : Q[0,T ] × Q[0,T ] −→ Q[0,T ] × Q[0,T ]

(yk−1(·), yk(·)) 7−→ (yk(·), yk+1(·))

is well-defined (since Equations (5.2) appear as a system of explicit differential equations) , where
(yk−1(·), yk(·), yk+1(·)) satisfies Equations (5.1) and

Q[0,T ] = {z : [0, T ] → Q/z ∈ C2([0, T ])}.

5.1.1. Symplecticity. Define the Poincaré-Cartan 1-forms Θ−
L , Θ+

L ∈ Λ1(Q[0,T ]×Q[0,T ]) as follows

Θ−
L(X(·), Y (·)) = −

∫ T

0

(
D̃1L(0,1)(t)Ẋ(t)

)
dt

= −
∫ T

0

(
D1L(0,1)(t)X(t) + D2L(0,1)(t)Ẋ(t)

)
dt

= −
∫ T

0

(
D1L(0,1)(t) −

d
dt

(
D2L(0,1)(t)

))
X(t) dt − D2L(0,1)(t)X(t)

∣∣∣
T

0

Θ+
L(X(·), Y (·)) =

∫ T

0

(
D̃2L(0,1)(t)Ẏ (t)

)
dt

=
∫ T

0

(
D3L(0,1)(t)Y (t) + D4L(0,1)(t)Ẏ (t)

)
dt

=
∫ T

0

(
D3L(0,1)(t) −

d
dt

(
D4L(0,1)(t)

))
Y (t) dt + D4L(0,1)(t)Y (t)

∣∣∣
T

0

Then, we have

Θ+
L(X(·), Y (·)) − Θ−

L (X(·), Y (·)) = d

[∫ T

0

L(y0(t), ẏ0(t), y1(t), ẏ1(t)) dt

]
(X(·), Y (·))

Therefore, there exists a well-defined 2-form ΩL

ΩL = dΘ−
L = dΘ+

L

As a consequence of Equations (5.1) we deduce that Υ∗Θ−
L = Θ+

L and

Υ∗ΩL = ΩL

5.1.2. Legendre transformations. Define the semi-discrete Legendre transformations as

Leg−L : Q[0,T ] × Q[0,T ] −→ T ∗Q[0,T ]

(y0(·), y1(·)) 7−→ Leg−L (y0(·), y1(·)) : Ty0(·)Q
[0,T ] −→ R

X(·) 7−→ Θ−
L(X(·),0)

and

Leg+
L : Q[0,T ] × Q[0,T ] −→ T ∗Q[0,T ]

(y0(·), y1(·)) 7−→ Leg+
L(y0(·), y1(·)) : Ty1(·)Q

[0,T ] −→ R

Y (·) 7−→ Θ+
L(0, Y (·))

Denote by ΘQ and ΩQ the Liouville 1-form and the canonical symplectic 2-form, respectively, on

T ∗Q[0,T ] defined by

ΘQ(α̃(·))(X̃(·)) = α̃(·)((τQ[0,T ])∗(X̃(·))) =
∫ T

0
α̃((τQ)∗(X̃(t))) dt

ΩQ = dΘQ

where τQ : T ∗Q −→ Q and τQ[0,T ] : T ∗Q[0,T ] → Q[0,T ] are the canonical projections. Then, it is
easy to prove that

(Leg−L )∗ΘQ = Θ−
L , (Leg−L )∗ΘQ = Θ+

L , (Leg−L )∗ΩQ = ΩL.
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5.1.3. Momentum mapping. Suppose that the Lagrangian is invariant by a Lie group of symme-
tries, that is, if φ : G × Q → Q is the action of a Lie group then

L(Tqφg(vq), Tq′φg(vq′ )) = L(vq, vq′), ∀vq, vq′ ∈ TQ, q, q′ ∈ Q

Infinitesimally, this condition means that

ξT (Q×Q)(vq , vq′)(L) = (ξTQ(vq) + ξTQ(vq′ )) (L) = 0, ∀ξ ∈ g

where ξTQ is the infinitesimal generator of the lifted action φT : G × TQ → TQ. In particular,

(ξTQ(yk−1(t), ẏk−1(t)) + ξTQ(yk(t), ẏk(t))) (L) = 0

or, in other words,

D1L(k−1,k)(t)ξQ(yk−1(t)) + D2L(k−1,k)(t)
d

dt
(ξQ(yk−1(t)))

+D3L(k−1,k)(t)ξQ(yk(t)) + D4L(k−1,k)(t)
d

dt
(ξQ(yk(t))) = 0,

where ξQ is the infinitesimal generator of the action φ corresponding to ξ (note that ξTQ is the
complete lift of ξQ). Therefore

D3L(k−1,k)(t)ξQ(yk(t)) + D1L(k−1,k)(t)ξQ(yk−1(t))

−
d

dt

(
D4L(k−1,k)(t)

)
ξQ(yk(t)) −

d

dt

(
D2L(k−1,k)(t)

)
ξQ(yk−1(t))

+
d

dt

[
D4L(k−1,k)(t)ξQ(yk(t)) + D2L(k−1,k)(t)ξQ(yk−1(t))

]
= 0

Subtracting first expression in (5.1) applied to ξT (Q×Q) and the above equation we deduce that

D1L(k,k+1)(t)ξQ(yk(t)) −
d

dt

(
D2L(k,k+1)(t)

)
ξQ(yk(t))

= D1L(k−1,k)(t)ξQ(yk−1(t)) −
d

dt

(
D2L(k−1,k)(t)

)
ξQ(yk−1(t))

+
d

dt

[
D4L(k−1,k)(t)ξQ(yk(t)) + D2L(k−1,k)(t)ξQ(yk−1(t))

]
.

Therefore, integrating and using the two last equations in (5.1) we obtain the following preser-
vation law

∫ T

0

[
D1L(k−1,k)(t) −

d

dt

(
D2L(k−1,k)(t)

)]
ξQ(yk−1(t)) dt + D2L(k−1,k)(t)ξQ(yk−1(t))

∣∣∣
T

0

=

∫ T

0

[
D1L(k,k+1)(t) −

d

dt

(
D2L(k,k+1)(t)

)]
ξQ(yk(t)) dt + D2L(k,k+1)(t)ξQ(yk(t))

∣∣∣
T

0
.

Note that this equation may be written as

Θ−
L (yk−1(·), yk(·))(ξQ ◦ yk−1, ξQ ◦ yk) = Θ−

L (yk(·), yk+1(·))(ξQ ◦ yk, ξQ ◦ yk+1).

5.1.4. The nonlinear wave equation. First point of view. The semi-discrete Euler-Lagrange equa-
tions for the Lagrangian:

Lsd(u0, u1, (u0)t, (u1)t) =
1

2

(
(u0)t + (u1)t

2

)2

− σ

(
u1 − u0

h

)
− f

(
u1 + u0

2

)

are:

(uk−1)tt + 2(uk)tt + (uk+1)tt

4
−

1

h

[
σ′

(
uk+1 − uk

h

)
− σ′

(
uk − uk−1

h

)]

−
1

2

[
f ′(

uk + uk−1

2
) + f ′(

uk+1 + uk

2
)

]
= 0, 1 ≤ k ≤ N − 1
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with boundary conditions

u0(t) and u1(t) fixed

(uk−1)t(0) + 2(uk)t(0) + (uk+1)t(0) = 0(5.3)

(uk−1)t(T ) + 2(uk)t(T ) + (uk+1)t(T ) = 0(5.4)

5.2. Variational calculus on C̃N,[0,T ]. Instead of the set of functions CN,[0,T ] we consider the

set C̃N,[0,T ] where now the values at time 0 and T are fixed. As in the previous case, we have the

semi-discrete action S̃sdL : C̃N,[0,T ] −→ R:

S̃sdL(y(·, ·)) =

∫ T

0

[
N−1∑

k=0

L(y(k, t), ẏ(k, t), y(k + 1, t), ẏ(k + 1, t))

]
dt .

Definition 5.2. A function y ∈ C̃N,[0,T ] is a solution of the semi-discrete variational problem

determined by L if and only if it is a critical point of the Lagrangian system defined by S̃sdL.

Therefore

d

ds

∣∣∣
s=0

(
S̃sdL(ys)

)
=

d

ds

∣∣∣
s=0

∫ T

0

[
N−1∑

k=0

L(ys(k, t), ẏs(k, t), ys(k + 1, t), ẏs(k + 1, t))

]
dt

=

∫ T

0

N−1∑

k=1

[
D3L(k−1,k)(t)δyk(t) + D4L(k−1,k)(t)

d

dt
δyk(t)

+D1L(k,k+1)(t)δyk(t) + D2L(k,k+1)(t)
d

dt
δyk(t)

]
dt

+

∫ T

0

[
D1L(0,1)(t)δy0(t) + D2L(0,1)(t)

d

dt
δy0(t)

]
dt

+

∫ T

0

[
D3L(N−1,N)(t)δyN (t) + D4L(N−1,N)(t)

d

dt
δyN(t)

]
dt

=

∫ T

0

[
N−1∑

k=1

(
D3L(k−1,k)(t) + D1L(k,k+1)(t) −

d

dt

(
D4L(k−1,k)(t) + D2L(k,k+1)(t)

))
δyk(t)

]
dt

+

∫ T

0

[
D1L(0,1)(t) −

d

dt

(
D2L(0,1)(t)

)]
δy0(t) dt

+

∫ T

0

[
D3L(N−1,N)(t) −

d

dt

(
D4L(N−1,N)(t)

)]
δyN (t) dt .

Therefore, the semi-discrete Euler-Lagrange equations are:

D3L(k−1,k)(t) + D1L(k,k+1)(t) −
d

dt

(
D4L(k−1,k)(t) + D2L(k,k+1)(t)

)
= 0, 1 ≤ k ≤ N − 1

D1L(0,1)(t) −
d

dt

(
D2L(0,1)(t)

)
= 0(5.5)

D3L(N−1,N)(t) −
d

dt

(
D4L(N−1,N)(t)

)
= 0

These are precisely the Euler-Lagrange equations

∂L̃

∂yk
−

d

dt

(
∂L̃

∂ẏk

)
= 0, 0 ≤ k ≤ N

for the Lagrangian L̃ : (TQ)N+1 ≃ TQN+1 −→ R defined by

L̃(y0, . . . , yN , (y0)t, . . . , (yN )t) =

N−1∑

k=0

L(yk, (yk)t, yk+1, (yk+1)t),
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where (TQ)N+1 stands for the Cartesian Product of N + 1 copies of TQ.

We define

• The Poincaré Cartan 1-form ΘL̃ ∈ Λ1(TQN+1):

ΘL̃ = D2L(0,1)dy0 +

N−1∑

k=1

[
D4L(k−1,k) + D2L(k,k+1)

]
dyk + D4L(N−1,N)dyN

• The Poincaré-Cartan 2-form ΩL̃ = dΘL̃.
• The energy function

EL̃ = D2L(0,1)(y0)t +

N−1∑

k=1

[
D4L(k−1,k) + D2L(k,k+1)

]
(yk)t + D4L(N−1,N)(yN )t − L̃

We say that the system is regular if and only if the 2-form ΩL̃ is a symplectic 2-form. Locally the

regularity is equivalent to the non-singularity of the Hessian matrix

(
∂2L̃

∂(yk)t∂(yl)t

)
0 ≤ k, l ≤ N .

In such a case, there exists a unique vector field ξL̃ ∈ X(T (Q)N+1) such that

(5.6) iξL̃
ΩL̃ = dEL̃

Moreover, the integral curves of ξL̃ are the tangent lifts of the solutions of the semi-discrete Euler
Lagrange equations (5.5).

In many situations, the 2-form ΩL̃ is not symplectic. Then, (5.6) has no solution, in general,
and even if it exists it will not be unique. Let bL̃ : TQN+1 −→ T ∗QN+1 be the map defined by
bL̃(X) = iXΩL̃. It may happen that ΩL̃ is not surjective. We denote by kerΩL̃ the kernel of bL̃,
i.e., ker bL̃ = kerΩL̃.

In [4, 5], Gotay and Nester have developed a constraint algorithm for presymplectic systems
which is an intrinsic version of the classical Dirac-Bergmann algorithm . They consider the set of
points P2 of P1 = TQN+1 where (5.6) has a solution and suppose that this set P2 is a submanifold
of P1. Nevertheless, these solutions on P2 may not be tangent to P2. Then, we have to restrict
P2 to a submanifold where the solutions of (5.6) are tangent to P2. Proceeding further we obtain
a sequence of submanifolds:

· · · → Pk → · · · → P2 → P1 = TQN+1 .

Alternatively, these constraint submanifolds may be described as follows:

Pi = {p ∈ Pi−1 / dEL̃(p)(v) = 0 , ∀v ∈ TpP
⊥
i−1 } ,

where

TpP
⊥
i−1 = {v ∈ TpP1 / ΩL̃(x)(u, v) = 0 , ∀u ∈ TpPi−1 } .

We call P2 the secondary constraint submanifold, P3 the tertiary constraint submani-

fold, and, in general, Pi is the i-ary constraint submanifold.

If the algorithm stabilizes, i.e. there exists a positive integer k ∈ N such that Pk = Pk+1 and
dimPk 6= 0, then we have a final constraint submanifold Pf = Pk, on which exists a vector
field X such that

(5.7) (iXΩL̃ = dEL̃)/Pf
.

If ξ is a solution of (5.7) then every arbitrary solution on Pf is of the form ξ′ = ξ + Y , where
Y ∈ (kerΩL̃ ∩ TPf).

Another interesting aspect of this theory is that, in any case, regular or singular, since the
Lagrangian L̃ is autonomous, then ξ(EL̃) = 0 for any solution of Equation (5.7). In particular,
for ξL̃, we have that

d

dt

[
D2L(0,1)ẏ0 +

N−1∑

k=1

[
D4L(k−1,k) + D2L(k,k+1)

]
ẏk + D4L(N−1,N)ẏN − L̃

]
= 0
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and the energy EL̃ is a constant of the motion.

5.2.1. Legendre transformation. Define the semi-discrete Legendre transformation as

FL̃ : TQN+1 −→ T ∗QN+1

(y0, . . . , yN , (y0)t, . . . , (yN )t) 7−→ (y0, . . . , yN ; p0, . . . , pN )

where
p0 = D2L(0,1), . . . , pk = D4L(k−1,k) + D2L(k,k+1), . . . , pN = D4L(N−1,N)

If λQN+1 and ωQN+1 are the Liouville 1-form and the canonical symplectic 2-form on T ∗QN+1

then
FL̃∗λQN+1 = ΘeL, FL̃∗ωQN+1 = ΩeL

Moreover, if the Legendre transformation FL̃ is a global diffeomorphism, we will say that the
Lagrangian L̃ is hyperregular. In this case it is well defined the function H = EL̃ ◦ (FL̃)−1.

Therefore, we have a Hamiltonian representation of the equations of motion (5.5):

iXH
ωQN+1 = dH

or, in coordinates,

ẏi =
∂H

∂pi
, ṗi = −

∂H

∂yi
, 0 ≤ i ≤ N

Obviously, ξL̃ and XH are FL̃-related, i.e. (FL̃)∗ξL̃ = XH .

If the lagrangian L̃ is singular, FL̃ is not a diffeomorphism. However, we may assume that L̃ is
almost regular, i.e., M1 = FL̃(TQN+1) is a submanifold of T ∗QN+1 and, FL̃ is a submersion
onto M1 with connected fibers. The submanifold M1 will be called the primary constraint

submanifold.

Since the Lagrangian is almost regular, the energy EL̃ is constant along the fibers of FL̃.
Therefore, EL̃ projects onto a function HM1 on M1:

HM1(FL̃(p)) = EL̃(p) , ∀p ∈ TQN+1 .

If we denote by iM1 : M1 −→ T ∗QN+1 the embedding of M1 into T ∗QN+1, then we obtain a
presymplectic system (M1, (iM1)

∗ωQN+1 , dHM1). If we now apply the constraint algorithm to it,
we shall obtain the following sequence of constraint submanifolds:

· · · → Mk → · · · → M2 → M1 ,

as in the Lagrangian side. Denote by Mf the final constraint submanifold (if it exists) for this
presymplectic system. In Mf there exists at least a vector field X ∈ X(Mf) such that

(
iX
[
(iM1)

∗ωQN+1

]
= dHM1

)
/Mf

The Legendre map restricts to each submanifold Pi, i ≥ 1, of TQN+1 and then we obtain a
family of surjective submersions (FL̃)i : Pi −→ Mi which relates the constraint submanifolds Pi

and Mi, in particular, Pf and Mf .

5.2.2. Momentum preservation. Suppose, as in Subsection 5.1.3, that the Lagrangian L is invari-
ant by a Lie group of symmetries. Infinitesimally, this conditions implies that

ξTQN+1(vq0 , . . . , vqN
)(L̃) = 0, ∀ξ ∈ g

In such a case, applying the classical Noether theorem, we deduce that the function F : TQN+1 −→
R defined by

F = ΘL̃(ξTQN+1)

is a constant of the motion. Explicitly,

F (y0, ẏ0, . . . , yN , ẏN ) = D2L(0,1)ξQ(y0)

+
N−1∑

k=1

[
D4L(k−1,k) + D2L(k,k+1)

]
ξQ(yk) + D4L(N−1,N)ξQ(yN )
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5.2.3. The nonlinear wave equation. Second point of view. Consider the semidiscrete Lagrangian

Lsd(u0, u1, (u0)t, (u1)t) =
1

2

(
(u0)t + (u1)t

2

)2

− σ

(
u1 − u0

h

)
− f

(
u1 + u0

2

)

for the nonlinear wave equation. Then the Euler-Lagrange equations are:

(a)
1

4
((u0)tt + (u1)tt) −

1

h

[
σ′

(
u1 − u0

h

)]
+

1

2
f ′(

u0 + u1

2
) = 0

(b)
(uk−1)tt + 2(uk)tt + (uk+1)tt

4
−

1

h

[
σ′

(
uk+1 − uk

h

)
− σ′

(
uk − uk−1

h

)]

+
1

2

[
f ′(

uk + uk−1

2
) + f ′(

uk+1 + uk

2
)

]
= 0, 1 ≤ k ≤ N − 1

(c)
1

4
((uN )tt + (uN−1)tt) +

1

h

[
σ′

(
uN − uN−1

h

)]
+

1

2
f ′(

uN−1 + uN

2
) = 0.

The Lagrangian L̃ is

L̃(u0, . . . , uN ; (u0)t, . . . , (uN )t) =

N∑

k=1

[
1

2

(
(uk−1)t + (uk)t

2

)2

−σ

(
uk − uk−1

h

)
− f

(
uk + uk−1

2

)]

and the Poincaré-Cartan 1-form is

ΘL̃ =
1

4

[
((u0)t + (u1)t) du0 +

N−1∑

k=1

((uk−1)t + 2(uk)t + (uk+1)t) duk

+ ((uN−1)t + (uN )t) duN

]

In this case the Poincaré Cartan 2-form ΩL̃ = −dΘL̃ is degenerate with

kerΩL̃ = span

{
N∑

k=0

(−1)k ∂

∂uk
,

N∑

k=0

(−1)k ∂

∂(uk)t

}

and, therefore, it is necessary to implement the constraint algorithm. We will study in a future
paper the constraint algorithm for this and other examples.

6. Conclusions and outlook

In this paper we have elucidated the geometrical framework for semi-discrete Mechanics, an
useful tool for numerical simulation of Classical Field theories. For simplicity, we only have
studied the case of the lagrangian Lsd : TQ × TQ ≃ T (Q × Q) −→ R but also it is possible
to consider extensions of this theory to the case of Lagrangians Lsd : PτG −→ R where PτG
is the prolongation of a Lie groupoid G ⇉ M over the fibration τ : AG −→ R, AG being the
Lie algebroid associated to the Lie groupoid G (see [9] for more details). This extension may be
useful for generating numerical schemes for Field Theories modeled on Lie algebroids (see [14]).

Moreover, the semi-discrete lagrangian Lsd : TQ × TQ −→ R is adapted for field theories
whose lagrangian L : Z −→ R does not depend on the base variables (the base space is assumed
bi-dimensional) , that is, L = L(yi, zi

µ). Suppose, for simplicity, that the parameter space is

X = R × P , with P = R
2 and Y = X × R, and the continuous Lagrangian is of the form

L = L(t, x1, x2, y, zt, zx1 , zx2)
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Introduce the following natural semi-discretization of L

(Lsd)(k1,k2)(t, y(k1,k2)(t), y(k1+1,k2)(t), y(k1,k2+1)(t); ẏ(k1,k2)(t), ẏ(k1+1,k2)(t), ẏ(k1,k2+1)(t))

= L(t, k1h1, k2h2,
y(k1,k2)(t) + y(k1+1,k2)(t) + y(k1,k2+1)(t)

3
,

ẏ(k1,k2)(t) + ẏ(k1+1,k2)(t) + ẏ(k1,k2+1)(t)

3
,
y(k1+1,k2)(t) − y(k1,k2)(t)

h1
,
y(k1,k2+1)(t) − y(k1,k2)(t)

h2
)

based on a triangularization of the space Z × Z. Then we need to extremize a functional of the
type

SsdL =

∫ T

0

[ ∑

(k1,k2)∈{0,...,N−1}×{0,...,N−1}

(Lsd)(k1,k2)(t, y(k1,k2)(t), y(k1+1,k2)(t), y(k1,k2+1)(t);

ẏ(k1,k2)(t), ẏ(k1+1,k2)(t), ẏ(k1,k2+1)(t))
]
dt

Observe that (Lsd)(k1,k2) ∈ C2(R × TR
3) and then new tools must be used as, for instance,

cosymplectic geometry and suitable adaptations of the results about Discrete Field Theories (see,
for instance, [13, 18]). Also extensions for the case of a non-uniform grid may be considered and
in a future paper will be discussed. The generalization of this theory to the case of constrained
multisymplectic field theories, as for instance in the case of incompressibility constraints in fluids
[11], may be obtained using and adaptation of constrained discrete variational calculus (see [1],
for instance).
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