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SOME APPLICATIONS OF SEMI-DISCRETE VARIATIONAL
INTEGRATORS TO CLASSICAL FIELD THEORIES

M. DE LEON, JUAN C. MARRERO, AND DAVID MARTIN DE DIEGO

ABSTRACT. We develop a semi-discrete version of discrete variational mechanics with applica-
tions to numerical integration of classical field theories. The geometric preservation properties
are studied.

1. INTRODUCTION

The calculus of variations is a fundamental tool in the description and understanding of Clas-
sical Mechanics and it is an area of active research. Omne part of this activity was dedicated
to uncover the geometrical structures behind such formalisms. Many physical systems not only
evolve in time, as in Classical Mechanics, but also posses a continuous spatial structure. This is
the setting of Classical Field Theories in both the Lagrangian and Hamiltonian formalisms [2] 3].

One traditional way to analyze these problems has been to pass to the Hamiltonian formalism
(or Lagrangian formalism) using a space-time decomposition of the parameter space, and then
applying classical Dirac’s theory of constraints (in the singular case, which is typical in field
theories). In this way, we obtain a well-posed system of equations of motion that can be even-
tually integrated or numerically simulated. It is clear that using this space-time decomposition
we broke the original covariance of the theory and perhaps some geometrical structure is lost,
but the treatment of the equations is, in many aspects, more easy and some of the geometri-
cal structure is still preserved. Moreover, for numerical simulation of the equations of motion,
after the space-time decomposition, we eventually obtain a Hamiltonian system and symplectic
integration methods may be useful to solve numerically the initial problem.

In this sense, it may be useful to introduce geometric integrators, that is, numerical schemes
which preserve some of the extra features of geometric nature of the dynamical systems. Usually,
these integrators can run, in simulations, for long time with lower spurious effects (for instance,
bad energy behavior for conservative systems) than the traditional ones [6l [17].

A particular case of geometric integrators are variational integrators. These integrators have
their roots in the optimal control literature in the 1960’s and they enter in the “geometric
differential arena” after the pioneering work of Veselov [19] and Moser and Veselov [15], [19]. In
these papers, there appears the discrete action sum, discrete Euler-Lagrange equations, discrete
Noether theorem... These integrators have been adapted for Field Theories[7, 10]. All these
integrators have demonstrated exceptionally good longtime behavior.

In this paper, we will develop the theory of semi-discrete variational integrators for Classical
Field Theories. The basic idea is to consider an spatial truncation that reduces the partial differ-
ential equations derived from the Euler-Lagrange equations to a system of ordinary differential
equations [8, [I6]. The main objective of the paper is to study the geometric properties after this
spatial truncation: preservation of forms, energy preservation and momentum preservation.

Key words and phrases. Discrete mechanics, Classical Field theories, nonlinear wave equation, Lagrangian
Mechanics, Hamiltonian Mechanics.
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2. DISCRETE VARIATIONAL CALCULUS

First, we will recall discrete variational calculus, following the approach in [I2] and references
therein. A discrete Lagrangian is a map Lg : @ X @ — R, which may be considered as an
approximation of a continuous Lagrangian L : TQ) — R. Define the action sum Sg: Q¥ — R
corresponding to the Lagrangian Ly by

=

Sa(go, - an) =Y _ La(qe-1,qx) ,
k=1

where g, € Q for 0 < k < N.

Observe that for any covector a € T(*zl_m)(Q X @), we have the decomposition o« = a1 + as
where «; € T, Q, thus,

dLq(qo0,q1) = D1La(qo,q1) + D2La(qo0,q1) -

The discrete variational principle states that the solutions of the discrete system determined
by Lg must extremize the action sum given fixed points gp and gy. Extremizing Sy over gy,
1 <k <N —1, we obtain the following system of difference equations

(2.1) D1La(qk, qk+1) + DaLa(gr—1,qx) =0 .

These equations are usually called the discrete Euler-Lagrange equations. Under some regularity
hypothesis (the matrix (D12L4(qk, qx+1)) is regular), it is possible to define a (local) discrete flow

T:QxQ— QxQ,by Y(qr-1,qr) = (qk, qr+1) from Equations (2.1
Define the discrete Legendre transformations associated to Lg by

FL;: QxQ — T7Q

(QO7Q1) — (QOa_DlLd(QOaQI)) )
FL; D QxQ — T*Q

(%7‘]1) U (Q17D2Ld(QO7Q1)) )

and the 2-form wg = (FL})*wq = (FL;)*wq, where wg is the canonical symplectic form on 7%Q).
The discrete algorithm determined by Y preserves the symplectic form wy, i.e., T*wg = wy. More-
over, if the discrete Lagrangian is invariant under the diagonal action of a Lie group G, then the
discrete momentum map Jq : @xQ — g* defined by (Ja(qr, qk+1),&) = (D2La(qk, @k+1),Q (qk+1))
is preserved by the discrete flow. Therefore, these integrators are symplectic-momentum preserv-
ing integrators. Here, {o denotes the fundamental vector field determined by & € g, where g the
Lie algebra of G.

3. VARIATIONAL CALCULUS IN CLASSICAL FIELD THEORIES

Consider a locally trivial fibration 7 : ¥ — X, where Y is an (m + n + 1)-dimensional
manifold and X is the parameter space usually equipped with a global decomposition in space
and time, that is, X = R x P, dim P = n. We shall also fix a volume form on X, that will be
denoted by 1. We can choose fibred coordinates (z*,y) in Y, so that w(z#,y") = (z#), where
(x#) = (2%, 2, ..., 2") and 2" = t represents the time evolution. Assume that the volume form
isn=dz°A...Adx"™. Here,0 < pu,v,..<nand 1 <47, .. <m. We shall also use the following
useful notation d"z# 1= 19/9,u7.

The first order jet prolongation J 7 is the manifold of classes jl¢ of sections ¢ of 7 (whose set
will be denoted by I'()) around a point - of X which have the same Taylor expansion up to order
one. J'm can be viewed as the generalization of the phase space of the velocities for Classical
Mechanics. Therefore, J ', which we shall denote by Z, is an (n+1+4m+ (n+ 1)m)-dimensional
manifold. If we have adapted coordinates (z*,y) in Y, then we have induced coordinates in Z,
given by

(Iu7yz7zf1‘) = (t’xl’ .. ')In7yi7zz’zi7 c '7Z;L:7.)'
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Suppose that we are given a function L : Z — R of class C? in its (n + 1 +m + (n + 1)m)-
arguments. Let Gx be a compact (n+ 1)-dimensional submanifold on X. We can thus construct
the following functional

In(¢) = /G L(z", y' (z), yz(:v)) dz® AL A dz

for all section ¢ € I'(w), where ¢(z) = (a#,y(z), yL(:E))

Definition 3.1. A section ¢ € I'(7) is a solution of the variational problem determined by L if
and only if ¢ is a critical point of Jr,.

Extremizing the functional J; we obtain the Euler-lagrange equations:

oL d oL ;
T T - = 0, 0<i:<m
gyt dxr \ 0z},
Now, denote by p!' := g ZLZ and by p:=L — zzﬁf , then for a given Lagrangian function L and
a volume form 7 we can construct the Poincaré-Cartan (n + 1)-form
. 0L oL |,
0, = (L -2 —.)d"Jrlzzr + —dy* ANd"zH
"0z, 0z},
= (pda + pfdy’) Ad"a"
From this form, we can also define the Poincaré-Cartan (n + 2)-form as Q1 := —dOp. In
induced coordinates is expressed as follows
Qp = —(dpAdat +dpt Ndy') Ad "

(From these equations it is easy to derive an intrinsic version of Fuler-Lagrange equa-
tions. In fact, a section ¢ € I'(7) is an extremal of Jr, if and only if

(7'0) (1) =0
for every vector field £ on Z.

We refer the reader to reference [2] for more details and a complete derivation of the equations
and the geometric framework for classical field theories.

4. MOTIVATING EXAMPLE: THE NONLINEAR WAVE EQUATION

Consider the nonlinear wave equation given by
(4.1) g = 0,0 (uz) — f'(u)
where u : U C R? — R and o, f are smooth functions. If o(u,;) = u2/2 then we obtain the
semi-linear wave equation.

Equation (41]) corresponds to the Euler-Lagrange equation for the lagrangian function

L(u,ut,um) = %U? - U(Um) - f(u)

Observe that, in this particular case, the Lagrangian does not depend on the parameter space
X=RxR.

Now, replace the z-derivative in the Lagrangian by a simple difference (for simplicity, we will
work with a uniform grid of N + 1 points, h = L/N) as follows:

Laa(uo, u, (uo):, (u1)e) = % (M)Q . (ul ;u0> L ($>

In this case, the Lagrangian is a function Lgq : TR X TR ~ T(R x R) — R. This spatial-
discretization is useful, since as we will show in the next section, applying a suitable variational
principle we obtain a semi-discretization of Equation (4.1), replacing the partial differential equa-
tion by a system of ordinary differential equations. After this step, the equations of motion can
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be integrated in time or numerically integrated using, for instance, a symplectic method as the
symplectic Euler scheme.

In the next sections, we will show that with these semi-discretizations some of the geometric
properties are preserved.

5. SEMI-DISCRETE VARIATIONAL CALCULUS

Given a smooth manifold @ consider the following sets

expom = {p:{0, . N} x[0,7]— Q| y(k,) € C2([0,7)) for all k
and the curves t — y(0,¢) and t — y(N,t) are fixed},
Cvior = {v:{0, . N} x 0,71 — Q| y(k, ) € C*(0,T))

and the values y(k,0) and y(k,T) are fixed for all k} .

The choice of one of these sets depends of the different boundary conditions of the initial problem.
Of course, another boundary conditions can be analyzed considering suitable adaptations of both
situations.

Now, let L:TQ x TQ ~T(Q x Q) — R be a Lagrangian function. If (vg,v1) € T4, Q x Tg, @
then, as in Section 2] we have that

dL(vg,v1) = (D1L)(vo,v1) 4 (DaL)(vo, v1),
with (D1 L)(vo,v1) € T} (TQ) and (D2L)(vo,v1) € T7 (TQ).

On the other hand, if (¢f) (respectively, (¢i)) are local coordinates on an open subset Up
(respectively, (U1)) of @ such that gy € Uy (respectively, g1 € Uy), then we may consider the
corresponding local coordinates (gj, ¢4, ¢4, %) on TQ x TQ and it follows that

~ oL oL

DiL(vg,v1) = Z( - + =
=990 | (vo,01) 945 | (v9,01)

dqé(v07 Ul) dqa(/lmu Ul))u

. oL , oL 9
Dy L(vo,v1) = (F dqy (vo,v1) + P dgy (vo, v1)).
im1 Y9 |(vo,01) 91 |(vo,v1)
Moreover, we will use the following notation
"\ 0L ;
DlL('UQ,'Ul) = Zaql qu(U07U1)7
i=1 = 10 |(vo,v1)
"\ 0L y
DQL(Uo,Ul) = Z_l dqé(vo,vl),
— 0
i=1 ~ 10](vo,v1)
"\ OL :
D3L(vo,v1) = 90l dqy (vo,v1),
im1 991 |(vo,01)
"\ 0L y
D4L('U0,'U1) = - dqzl(’Uo,’Ul).

= 941 (vo,01)

Note that Dy L(vg,v1) and D3L(vg,v1) may be considered as 1-forms on @ at the points go
and ¢, respectively. In fact,

vo \t - a_L 7 _ V. U
((r@)%) (i:1 aq6|(vo,v1)d%(q0)) D4 L(vg,v1),
(2L dgi(@) = DsLwwn),

= 9491 (v 00)

where ((7q)2°)" : Ty Q — Ty (TQ) (respectively, ((1q)¥")" : T Q — T (TQ)) is the dual map
of the linear epimorphism (79)%° : Ty, (T'Q) — T4, @ (respectively, (19)?! : Ty, (TQ) — T4, Q). In
addition, using the canonical identification between the vector spaces T, @ and ker(1g)Y° =<
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8.1_ > (respectively, Ty, Q and ker(rq)* = 81
8(]0 ‘UO 8 1 I'Ul

(respectively, DyL(vg,v1)) may be considered as the 1-form on @ at the point gy (respectively,
q)

>) we have that the 1-form Do L(vg,v1)

oL

= 045 (v ,00)

dqli (q1)).

dag(qo)

oL
= 04 (wo,mn)

(respectively,

5.1. Variational calculus on Cy |g 7]. Define the semi-discrete action 8sqL : Cn o1 — R
as follows

Ssalw() = fy [N Lk, ),k +1,0))] e
- fo[ U L(y(kt), gk, t), y(k +1,8), 9k + 1,)| dt .

Definition 5.1. An element y € GN7[07T] is a solution of the semi-discrete variational problem
determined by L if and only if it is a critical point of the Lagrangian system defined by Sg4L.

Therefore, a solution y of the semi-discrete variational problem extremizes 8.y L among all the
possible variations of y, where a variation of y is a smooth curve s € (—¢,¢) — ys € Cn[0,7]
with yo = y. Denote by

dys
Syr(t) = Is (k,t) o

where we use the notation yi(t) = y(k,t). Observe that ys(0,t) = yo(t) and ys(N,t) = yn(¢) for
all s. We will also use the following notation

DiL1y(t) = (DiL)(ye(t), ur(t), yr1(t), 1 (1)) ,
DL jiy(t) = (DL (yr(t), i), yrs1(t), a1 (£))
forie{1,...,4} and j € {1,2}.

Extremizing the semi-discrete action function among all the possible variations, we find that

T
50/0
7T N-1

:/0 Z |:D3L(k 1,k) )6yk()+D4L(k71,k)(t)%5yk(t)

N—-1

Z L(ys(k, t)vys(kv t)vys(k +1, t)vys(k +1,1))
k=0

a
ds ls=0

d

(SuaL(vs)) = - a

d
+D1 Lk g1y (1) 0y (t) + D2L(k,k+l)(t)a5yk(t)] dt

T
-
N—-1 T
+ (DaL(—1,k)(t) + DaLp k1) (t)) 6yk(t)‘0
k=1

N-1 d

> <D3L(k—1,k) (t) + D1Lp sy () — = (DaL (1, (t) + D2L(k,k+l)(t))) 5yk(t)‘| dt
k=1

Therefore, the semi-discrete Euler-Lagrange equations are:

d
DsLe—1,1)(t) + D1Lgpn)(t) — = (DaLe—1,4)(t) + DaLpqr)(t) = 0, 1<k<N-1

(5.1) DyLk—1,%)(0) + D2 Ly 141)(0)
DyLp—1,1)(T) + D2L(y 41y (T) =

The first equations represent a system of second order differential equations of the form:

F(yr—1(t), Yk (), Y1 (8); Jr—1(2), U (1), U1 (8); Gr—1(2), U (), k41 (£)) = 0
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When the matrix (D24L(;—1,5)(t)) is regular then we may locally write these equations as

(5.2) Urr1(t) = Gyr—1(t), yr(t), Yra1 (8); Ue—1(8), Ur (), Yrr1(1); Jr—1(t), Jx (L))

Then, for enough small T', the semi-discrete flow Y:

T: QOTIx T — QT x QO.T]
We-10); 9% ())  — (Wr(), yrt1 ()

is well-defined (since Equations (5.2) appear as a system of explicit differential equations) , where
(k—1(-), Y& (), Yr+1(:)) satisfies Equations (5.1I) and

QUM = {z:[0,T) - @/ € C*([0,T))}.
5.1.1. Symplecticity. Define the Poincaré-Cartan 1-forms O, 62‘ € AN (QI%TT x QIOT) as follows
OL(X().Y() = —Ji (DiLwn®X®)dt
- —k(D@Ol)X@+Dﬂ@@®X®)ﬁ

= - foT (D1Lo1)(t) — 4 (D2Lo,1)(t))) X (t) dt — DzL(o,l)(t)X(t)‘T

OLX(O.Y() = fy (DeLon(®¥ (>) di

= Jo (DsLony®Y (1) + DiLioy (Y (1)) dt

0

= Jy (DsLoay(t) = % (DaLo1)(1))) Y () dt + D4L<0,1>(t)Y(f)‘OT

Then, we have

GI(X()v Y()) - GZ(X()v Y()) =d l/o L(yO(t)7 Yo(t), y1(t), 1 (t)) dt] (X()v Y())

Therefore, there exists a well-defined 2-form 7,
Qp =dO; =doef
As a consequence of Equations (5.1) we deduce that T*©, = @JLF and
T QL =Qp

5.1.2. Legendre transformations. Define the semi-discrete Legendre transformations as

Leg; : Q[O>T]><Q[0>T] N T*Q[O,T]
(o() () — Legr(wo()m()): T,,0Q°T — R
X() — ©5(X(),0)
and
Legz: Q[0=T]><Q[07T] . T*Q[O=T]
(o) () — Legf(o()m(): T, QT — R
Y() — ©5(0,Y())

Denote by ©¢ and €2 the Liouville 1-form and the canonical symplectic 2-form, respectively, on
T*Q%T] defined by

. 5 - 5 T . 5
Oq(a( )X () = al)((rqum)«(X()) =[5 a((rq)«(X(t))) dt
Qo = dOg
where 7 : T*Q — @ and g1 : T*Q0TI — QIO are the canonical projections. Then, it is

easy to prove that

(Leg;)*©q =0, , (Leg;)"©qg = GJLF, (Legy )" Qo = Q.
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5.1.3. Momentum mapping. Suppose that the Lagrangian is invariant by a Lie group of symme-
tries, that is, if ¢ : G X Q — Q is the action of a Lie group then

L(Tydg(vq), Ty dg(vy)) = L(vg, vy ), Yvg, vy € TQ, .4 €Q

Infinitesimally, this condition means that

§T(QxQ) (vg,vg ) (L) = (€rq(vg) +&rq(vy)) (L) =0, VEcg
where ¢ is the infinitesimal generator of the lifted action ¢7 : G x TQ — T'Q. In particular,

(€1 (yr—1(1), yr—1(t)) + &rq(yr(t), yx(t))) (L) =0

or, in other words,
d
DiLg—1,1)(1)€Q (yr-1(t)) + DaLi—1,1)(t) 7 (€ (yr-1(1)))

DL ) (D€ (1) + DLy iy (1) 5 (Eay(1))) =

where £q is the infinitesimal generator of the action ¢ corresponding to & (note that &rg is the
complete lift of £g). Therefore

D3L—1,5)(t)Eq (yk(t)) + D1L—1,5)(t)éq (yr—1(t))

—% (DL (1,1 () E@(yn(t)) — % (DaL (1,1 (1)) £ (yr—1(1))
+% [DaLk—1,1)(t)€q (k1)) + DaL(—1 1) () (ye—1(t))] =0

Subtracting first expression in (5.I) applied to {7(gx¢q) and the above equation we deduce that

Dy Ly (D) — % (DaLsn (1) €aun(®))

ot
= DiLg—1,1)t)éq(yr—1(t)) — % (D2Lk—1,1) (1)) &@(yr—1(1))
+% [DaL—1,6))&Q (k1)) + D2L—1 1) (£)éq (yr—1(£))] -

Therefore, integrating and using the two last equations in (51I) we obtain the following preser-
vation law

T d T

/0 [DIL(kl,k)(t) - (D2Lk—1,1) (f))} £o(yr—1(t)) dt + DaLx_1 g (f)§Q(yk—1(t))‘0
T

= /0 [DIL(k,kJrl)(t) - % (D2L(k,k+l)(t))] $o(yk(t)) dt + D2L(k,k+1)(t)§Q(yk(t))‘oT

Note that this equation may be written as
O (r—1()yk () (€@ o Yr-1,8Q o yx) = OL (Yr (), yk+1(-))(§Q © Yk> €q © Yrt1)-

5.1.4. The nonlinear wave equation. First point of view. The semi-discrete Euler-Lagrange equa-
tions for the Lagrangian:

Lsa(uo, ut, (uo)t, (u1)e) = % (M>2 . (Ul ;Uo> ¢ (ul —;—u0>

are:

4 h h h

1 , Uk + Uk—1
2 al 2

(ub—1)et + 2(up)ee + (upr1)ee 1 {U, (Uk-i-l - Uk) S (uk — U1 ﬂ

Ug4+1 + Uk

)+ (== )]_0, 1<k<N-1
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with boundary conditions

uo(t) and wuq(t) fixed
(5.3) (wk—1)(0) + 2(ug)e(0) + (uk+1):(0) =0
(5.4) (ur—1)e(T) + 2(ur)e(T) + (urg2)e(T) =

5.2. Variational calculus on EN7[07T]. Instead of the set of functions Cy,[o,7) we consider the
set Cn [0,7] where now the values at time 0 and T' are fixed. As in the previous case, we have the
semi-discrete action SgqL : Cy o1 — R:

N-1

- T
Sde(y('a )) = /0 [Z L(y(kvt)a y(kvt)v y(k +1, t)vy(k + 17t))

k=0

dt .

Definition 5.2. A function y € éN,[O,T] is a solution of the semi-discrete variational problem

determined by L if and only if it is a critical point of the Lagrangian system defined by gde.

d T
S s:O‘/O

(Baaltws)) = =

Therefore

d

N—-1
e ZL<y5<k,t>,y‘s<k,t>,ys<k+1,t>,ys<k+Lt))] dt
5= k=0

7T N-1 d
-/ X D1t (O9910) + D1 (8 0010
d
+D1 Lk g1y (1) 0y (t) + D2L(k,k+l)(t)a5yk(t)] dt
T d
+/ [DIL 0.1)(£)dyo (t )+D2L(o,1)(t)a5yo(t)} dt
0

T
d
+/ [D3L(N1,N)(t)6yN(t)+D4L(N1,N)(t)a(syN(t):| dt
0

N-1

T d
5/lg:@mm1@@+D¢wmmw—$um@1M@+Dﬁwﬂmm)@m)ﬁ
0

k=1
r d
+/O [D1L(o,1)(t) 7 (D2L(o,1)(t))] dyo(t) dt

T d
+/0 [DSL(N—I,N)(t) pr (DaLin—1,nm(t ))} Syn (t)dt

Therefore, the semi-discrete Euler-Lagrange equations are:

d
D3L—1,1)(t) + D1 L(gps1)(t) — pn (DsLj—1,5)(t) + DoLpppy(t)) = 0, 1<k<N-1
d
(5.5) D1 Lq1(t) — % (D2Loy(t)) = 0
d
D3Ln—_1,n)(t) — P (DsLin—1,my(t)) = 0
These are precisely the Euler-Lagrange equations
OL _d (9L o og<k<n
Yk O

for the Lagrangian L : (TQ)N*+! ~ TQN+! — R defined by
N-1

z(y07 -y YN, (yO)h ) (yN)t) = L(yku (yk)tu Yk+1, (yk+l)t)7
k=0
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where (TQ)N*! stands for the Cartesian Product of N + 1 copies of T'Q.
We define

e The Poincaré Cartan 1-form ©; € AY(TQNT1):
N-1

©7 = Da2L o 1)dyo + Z [DaLj—1k) + DaLg py1)] dyr + DaL(n_1,n)dyn
k=1

e The Poincaré-Cartan 2-form Q; = dO;.
e The energy function
N—-1

E; = DLy (yo): + Z [DaL(—1,k) + DLk 41y (We)t + DaL(n—1,5)(yn)e — L
k=1

We say that the system is regular if and only if the 2-form €27 is a symplectic 2-form. Locally the
L
(r)0 (1)

In such a case, there exists a unique vector field &; € X(T(Q)™ ') such that

(5.6) iELQE = dEi

regularity is equivalent to the non-singularity of the Hessian matrix ( ) 0<kI<N.

Moreover, the integral curves of £; are the tangent lifts of the solutions of the semi-discrete Euler
Lagrange equations (G5.5l).

In many situations, the 2-form Q; is not symplectic. Then, (5.6) has no solution, in general,
and even if it exists it will not be unique. Let by : TQN T — T*QN*! be the map defined by
b; (X) =ixQj. It may happen that Q; is not surjective. We denote by ker Q; the kernel of b;,
ie., kerby = ker Q.

In [4, 5], Gotay and Nester have developed a constraint algorithm for presymplectic systems
which is an intrinsic version of the classical Dirac-Bergmann algorithm . They consider the set of
points P, of P, = TQN*! where (5.6) has a solution and suppose that this set P» is a submanifold
of P;. Nevertheless, these solutions on P, may not be tangent to P,. Then, we have to restrict
P, to a submanifold where the solutions of (5.6]) are tangent to P». Proceeding further we obtain
a sequence of submanifolds:

s Py — = Py — P =TQN !,

Alternatively, these constraint submanifolds may be described as follows:
Pi={pe P /dE;(p)(v) =0, Vo e TPt },
where
T,PEt, ={ve TP / Qs (x)(u,v) =0, Yu € T,Pi_y }.

We call P, the secondary constraint submanifold, Ps; the tertiary constraint submani-
fold, and, in general, P; is the i-ary constraint submanifold.

If the algorithm stabilizes, i.e. there exists a positive integer k € N such that Py = P41 and
dim Py # 0, then we have a final constraint submanifold Py = P, on which exists a vector
field X such that

(5.7) (iXQE = dEf,)/P

If £ is a solution of (5.7)) then every arbitrary solution on Py is of the form ¢ = £ +Y, where
Y € (kerQ; NTPy).

Another interesting aspect of this theory is that, in any case, regular or singular, since the

Lagrangian L is autonomous, then £(E};) = 0 for any solution of Equation (5.7)). In particular,
for &5, we have that

d
dt

N—-1
DsLo,1)90 + Z DyLk—1%) + D2L(e 1)) 9k + DaL(n—1,xIn — L| =0
k=1
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and the energy E; is a constant of the motion.

5.2.1. Legendre transformation. Define the semi-discrete Legendre transformation as
FL: TN — TrQNH!
(Yo, YNs (Yo)ts - (Yn)e) +— (Yoo YNi PO, - PN)
where
po = Da2L1), Pk = DaL_1k) + DaL(g p11)s--- PN = Dal(n_1,N)
If Agn+1 and wgn+1 are the Liouville 1-form and the canonical symplectic 2-form on T*QN+!

then ~ 5
FL*/\QN+1 = ®Z7 FL*WQN+1 = QZ
Moreover, if the Legendre transformation FL is a global diffeomorphism, we will say that the
Lagrangian L is hyperregular. In this case it is well defined the function H = E; o (FL)~!.
Therefore, we have a Hamiltonian representation of the equations of motion (5.5):
iXH WQN+1 = dH

or, in coordinates,
OH OH
Ji = , Pi=—F55, 0<i<N
TR oy’ '
Obviously, {; and Xy are F L-related, i.e. (IFE)*& = Xyg.

If the lagrangian Lis singular, FL is not a diffeomorphism. However, we may assume that Lis
almost regular, i.c., M; = FL(TQN*) is a submanifold of T*QN*! and, FL is a submersion
onto M; with connected fibers. The submanifold M; will be called the primary constraint
submanifold.

Since the Lagrangian is almost regular, the energy Ej is constant along the fibers of FL.
Therefore, E; projects onto a function Hjys, on My:

Hy, (FL(p)) = E;(p) ,Vp € TQV .

If we denote by iy, @ Mp — T*QN T the embedding of M; into T*Q™N ', then we obtain a
presymplectic system (M, (ins, )*won+1,dHpy, ). If we now apply the constraint algorithm to it,
we shall obtain the following sequence of constraint submanifolds:

= My — - — My — My,
as in the Lagrangian side. Denote by My the final constraint submanifold (if it exists) for this
presymplectic system. In My there exists at least a vector field X € X(Mjy) such that
(ix (a0 ] = dHs)

The Legendre map restricts to each submanifold P;, ¢ > 1, of TQN*! and then we obtain a
family of surjective submersions (FL); : P, — M, which relates the constraint submanifolds P;
and M;, in particular, Py and Mjy.

5.2.2. Momentum preservation. Suppose, as in Subsection [(.1.3 that the Lagrangian L is invari-
ant by a Lie group of symmetries. Infinitesimally, this conditions implies that

5TQN+1('UZI07"'7UQN)(L):Oa Vng
In such a case, applying the classical Noether theorem, we deduce that the function F : TQN+! —
R defined by
F - 9Z(§TQN+1)
is a constant of the motion. Explicitly,
F(yo,90,---,yn,9n) = DaLo1yéq (yo)
N—1

+ Z [DaLk—1,1) + DaLkrt1)] §o(yk) + DaLn—1,mE0(yn)
k=1
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5.2.3. The nonlinear wave equation. Second point of view. Consider the semidiscrete Lagrangian

L“W““h@@“Wﬂﬁ—%(@QZ;@Q§2—U(“ﬁjm>_f(ﬁ%;@>

for the nonlinear wave equation. Then the Euler-Lagrange equations are:

@ 30t () - ¢ |7 (P5)] + 5 —o
(ub—1)et + 2(u)er + (up+1)ee 1 {0/ (Uk+1 - Uk) S (uk — Up—1 ﬂ

() 4 h h h

+%f¢&%ﬁiﬁ+fﬂﬁ%3ﬁﬂza 1<k<N-1
1 1 —UN— 1 -
(c) 1 ((un)ee + (un—1)ee) + - |:o'/ (%)] + §f/(W) —0.

The Lagrangian Lis

N 2
L(uo, ..., un; (uo)t, - - -, Z l (W)
-1

and the Poincaré-Cartan 1-form is

N-1

1

GZ = Z[((uo)t+ u1 duo—l—z uk 1 t+2 uk)t—i—(ukﬂ) )duk

k=1

+ ((un—1)t + (un)s dUN}

In this case the Poincaré Cartan 2-form €0; = —dO; is degenerate with
N o XN
_ )k
kerQZ—span{kZO — a—,zo }

and, therefore, it is necessary to implement the constraint algorithm. We will study in a future
paper the constraint algorithm for this and other examples.

6. CONCLUSIONS AND OUTLOOK

In this paper we have elucidated the geometrical framework for semi-discrete Mechanics, an
useful tool for numerical simulation of Classical Field theories. For simplicity, we only have
studied the case of the lagrangian Ly : TQ X TQ ~ T(Q x Q) — R but also it is possible
to consider extensions of this theory to the case of Lagrangians Lsg : PG — R where P7G
is the prolongation of a Lie groupoid G = M over the fibration 7 : AG — R, AG being the
Lie algebroid associated to the Lie groupoid G (see [9] for more details). This extension may be
useful for generating numerical schemes for Field Theories modeled on Lie algebroids (see [I4]).

Moreover, the semi-discrete lagrangian Lgq : TQ x TQQ — R is adapted for field theories
whose lagrangian L : Z — R does not depend on the base variables (the base space is assumed
bi-dimensional) , that is, L = L(y’,z},). Suppose, for simplicity, that the parameter space is
X =R x P, with P=R? and Y = X x R, and the continuous Lagrangian is of the form

1,2
L= L(tax » & 7yaztazmlazm2)
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Introduce the following natural semi-discretization of L

(Lsd) (ke ez (& Yer e2) (05 Yhoa +1,002) (05 Y ot 1) (03 U k) () Dk 41,82 () Dy ke 1) (£))
y(kl,kz) (t) + y(ktl-‘rl,kg) (t) + y(kl,kg-‘rl)(t)
3 )
ks ) () + ki +1,k2) () + Pea ko) ) Ya1,82) () = Yo ko) () Yioa o+ 1) () — y(kl,kz)(t))
3 ’ hq ’ ha
based on a triangularization of the space Z x Z. Then we need to extremize a functional of the
type

= L(tv klhlv thQa

T
8sqL = / [ > (Lsd) (k1 k2) (b Yk ka) ()5 Yha +1.02) (D) Yy k1) ():
O " (k1 k2)€{0,...N—1}x{0,...N—1}

Yk ko) )5 Uiy +1,k2) ()5 Yo kot1) (1)) | dE

Observe that (Lga)(k, k) € C*(R x TR?) and then new tools must be used as, for instance,
cosymplectic geometry and suitable adaptations of the results about Discrete Field Theories (see,
for instance, [I3] [18]). Also extensions for the case of a non-uniform grid may be considered and
in a future paper will be discussed. The generalization of this theory to the case of constrained
multisymplectic field theories, as for instance in the case of incompressibility constraints in fluids
[11], may be obtained using and adaptation of constrained discrete variational calculus (see [I],
for instance).
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