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DISCRETE NONHOLONOMIC LAGRANGIAN SYSTEMS ON LIE
GROUPOIDS

DAVID IGLESIAS, JUAN C. MARRERO, DAVID MARTIN DE DIEGO,
AND EDUARDO MARTINEZ

ABSTRACT. This paper studies the construction of geometric integrators for
nonholonomic systems. We derive the nonholonomic discrete Euler-Lagrange
equations in a setting which permits to deduce geometric integrators for con-
tinuous nonholonomic systems (reduced or not). The formalism is given in
terms of Lie groupoids, specifying a discrete Lagrangian and a constraint sub-
manifold on it. Additionally, it is necessary to fix a vector subbundle of the Lie
algebroid associated to the Lie groupoid. We also discuss the existence of non-
holonomic evolution operators in terms of the discrete nonholonomic Legendre
transformations and in terms of adequate decompositions of the prolongation
of the Lie groupoid. The characterization of the reversibility of the evolution
operator and the discrete nonholonomic momentum equation are also consid-
ered. Finally, we illustrate with several classical examples the wide range of
application of the theory (the discrete nonholonomic constrained particle, the
Suslov system, the Chaplygin sleigh, the Veselova system, the rolling ball on
a rotating table and the two wheeled planar mobile robot).
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1. INTRODUCTION

In the paper of Moser and Veselov [40] dedicated to the complete integrability
of certain dynamical systems, the authors proposed a discretization of the tangent
bundle T'Q of a configuration space @) replacing it by the product Q) x @, approx-
imating a tangent vector on @ by a pair of ‘close’ points (go,q1). In this sense,
the continuous Lagrangian function L : TQ) — R is replaced by a discretization
Lg: @Q x @ — R. Then, applying a suitable variational principle, it is possible to
derive the discrete equations of motion. In the regular case, one obtains an evolu-
tion operator, a map which assigns to each pair (gx—1,qx) a pair (g, gx+1), sharing
many properties with the continuous system, in particular, symplecticity, momen-
tum conservation and a good energy behavior. We refer to [32] for an excellent
review in discrete Mechanics (on @ x @) and its numerical implementation.

On the other hand, in [40, 44], the authors also considered discrete Lagrangians
defined on a Lie group G where the evolution operator is given by a diffeomorphism
of G.

All the above examples led to A. Weinstein [45] to study discrete mechanics on
Lie groupoids. A Lie groupoid is a geometric structure that includes as particular
examples the case of cartesian products @ x () as well as Lie groups and other
examples as Atiyah or action Lie groupoids [26]. In a recent paper [27], we studied
discrete Lagrangian and Hamiltonian Mechanics on Lie groupoids, deriving from
a variational principle the discrete Euler-Lagrange equations. We also introduced
a symplectic 2-section (which is preserved by the Lagrange evolution operator)
and defined the Hamiltonian evolution operator, in terms of the discrete Legendre
transformations, which is a symplectic map with respect to the canonical symplectic
2-section on the prolongation of the dual of the Lie algebroid of the given groupoid.
These techniques include as particular cases the classical discrete Euler-Lagrange
equations, the discrete Euler-Poincaré equations (see [5] [6 29] [30]) and the discrete
Lagrange-Poincaré equations. In fact, the results in [27] may be applied in the
construction of geometric integrators for continuous Lagrangian systems which are
invariant under the action of a symmetry Lie group (see also [I8] for the particular
case when the symmetry Lie group is abelian).

From the perspective of geometric integration, there are a great interest in intro-
ducing new geometric techniques for developing numerical integrators since stan-
dard methods often introduce some spurious effects like dissipation in conservative
systems [16] [42]. The case of dynamical systems subjected to constraints is also
of considerable interest. In particular, the case of holonomic constraints is well
established in the literature of geometric integration, for instance, in simulation of
molecular dynamics where the constraints may be molecular bond lengths or angles
and also in multibody dynamics (see [16] 20] and references therein).



DISCRETE NONHOLONOMIC MECHANICS 3

By contrast, the construction of geometric integrators for the case of nonholo-
nomic constraints is less well understood. This type of constraints appears, for
instance, in mechanical models of convex rigid bodies rolling without sliding on a
surface [41]. The study of systems with nonholonomic constraints goes back to the
XIX century. The equations of motion were obtained applying either D’Alembert’s
principle of virtual work or Gauss principle of least constraint. Recently, many
authors have shown a new interest in that theory and also in its relation to the
new developments in control theory and robotics using geometric techniques (see,
for instance, [2, Bl 4, 8, 19, 221 24]).

Geometrically, nonholonomic constraints are globally described by a submanifold
M of the velocity phase space T'Q. If M is a vector subbundle of T'Q), we are dealing
with the case of linear constraints and, in the case M is an affine subbundle, we are in
the case of affine constraints. Lagrange-D’Alembert’s or Chetaev’s principles allow
us to determine the set of possible values of the constraint forces only from the set
of admissible kinematic states, that is, from the constraint manifold M determined
by the vanishing of the nonholonomic constraints ¢®. Therefore, assuming that the
dynamical properties of the system are mathematically described by a Lagrangian
function L : TQ) — R and by a constraint submanifold M, the equations of motion,
following Chetaev’s principle, are

d (0L\ OL] _,
i () -] o=

. 0o* .
where dq* denotes the virtual displacements verifying a(gi 0g* = 0. By using the
Lagrange multiplier rule, we obtain that
d L L - i
d (oL oL _ 5 9¢" (1.1)
dt \ 0¢* oq’ ol

with the condition ¢(t) € M, A\, being the Lagrange multipliers to be determined.
Recently, J. Cortés et al [9] (see also [111 [38], [39]) proposed a unified framework for
nonholonomic systems in the Lie algebroid setting that we will use along this paper
generalizing some previous work for free Lagrangian mechanics on Lie algebroids
(see, for instance, [23], B3] B34] 35]).

The construction of geometric integrators for Equations (1.1]) is very recent. In
fact, in [37] appears as an open problem:

...The problem for the more general class of non-holonomic con-
straints is still open, as is the question of the correct analogue
of symplectic integration for non-holonomically constrained La-
grangian systems...

Numerical integrators derived from discrete variational principles have proved their
adaptability to many situations: collisions, classical field theory, external forces...[28]
32] and it also seems very adequate for nonholonomic systems, since nonholonomic
equations of motion come from Hoélder’s variational principle which is not a stan-
dard variational principle [I], but admits an adequate discretization. This is the
procedure introduced by J. Cortés and S. Martinez [8, [I0] and followed by other
authors [12] [14], (15, B6] extending, moreover, the results to nonholonomic systems
defined on Lie groups (see also [25] for a different approach using generating func-
tions).

In this paper, we tackle the problem from the unifying point of view of Lie
groupoids (see [9] for the continuous case). This technique permits to recover all
the previous methods in the literature [10] [14] [36] and consider new cases of great
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importance in nonholonomic dynamics. For instance, using action Lie groupoids,
we may discretize LR-nonholonomic systems such as the Veselova system or us-
ing Atiyah Lie groupoids we find discrete versions for the reduced equations of
nonholonomic systems with symmetry.

The paper is structured as follows. In section 2 we review some basic results on
Lie algebroids and Lie groupoids. In particular, we describe the prolongation of a
Lie groupoid [43], which has a double structure of Lie groupoid and Lie algebroid.
Then, we briefly expose the geometric structure of discrete unconstrained mechanics
on Lie groupoids: Poincaré-Cartan sections, Legendre transformations... The main
results of the paper appear in section 3, where the geometric structure of discrete
nonholonomic systems on Lie groupoids is considered. In particular, given a discrete
Lagrangian Ly : I' — R on a Lie groupoid I', a constraint distribution D, in the
Lie algebroid Er of I and a discrete constraint submanifold M. in I', we obtain
the nonholonomic discrete Euler-Lagrange equations from a discrete Generalized
Holder’s principle (see section 3.1). In addition, we characterize the regularity of the
nonholonomic system in terms of the nonholonomic Legendre transformations and
decompositions of the prolongation of the Lie groupoid. In the case when the system
is regular, we can define the nonholonomic evolution operator. An interesting
situation, studied in in Section 3.4, is that of reversible discrete nonholonomic
Lagrangian systems, where the Lagrangian and the discrete constraint submanifold
are invariants with respect to the inversion of the Lie groupoid. The particular
example of reversible systems in the pair groupoid @ x @ was first studied in [36].
We also define the discrete nonholonomic momentum map. In order to give an
idea of the breadth and flexibility of the proposed formalism, several examples are
discussed, including their regularity and their reversibility:

- Discrete holonomic Lagrangian systems on a Lie groupoid, which are a
generalization of the Shake algorithm for holonomic systems [16] 20, [32];

- Discrete nonholonomic systems on the pair groupoid, recovering the equa-
tions first considered in [10]. An explicit example of this situation is the
discrete nonholonomic constrained particle.

- Discrete nonholonomic systems on Lie groups, where the equations that
are obtained are the so-called discrete Euler-Poincaré-Suslov equations (see
[14]). We remark that, although our equations coincide with those in [14],
the technique developed in this paper is different to the one in that paper.
Two explicit examples which we describe here are the Suslov system and
the Chaplygin sleigh.

- Discrete nonholonomic Lagrangian systems on an action Lie groupoid.
This example is quite interesting since it allows us to discretize a well-
known nonholonomic LR~system: the Veselova system (see [44]; see also
[13]). For this example, we obtain a discrete system that is not reversible
and we show that the system is regular in a neighborhood around the
manifold of units.

- Discrete nonholonomic Lagrangian systems on an Atiyah Lie groupoid.
With this example, we are able to discretize reduced systems, in particular,
we concentrate on the example of the discretization of the equations of
motion of a rolling ball without sliding on a rotating table with constant
angular velocity.

- Discrete Chaplygin systems, which are regular systems (Lg, M., D.) on
the Lie groupoid I' = M, for which (a,f8) oin, : M. — M x M is
a diffeomorphism and poip, : D, — TM is an isomorphism of vector
bundles, («, 3) being the source and target of the Lie groupoid I" and p
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being the anchor map of the Lie algebroid Er. This example includes a
discretization of the two wheeled planar mobile robot.

We conclude our paper with future lines of work.

2. DISCRETE UNCONSTRAINED LAGRANGIAN SYSTEMS ON LIE GROUPOIDS

2.1. Lie algebroids. A Lie algebroid E over a manifold M is a real vector bundle
7 : E — M together with a Lie bracket [-, -] on the space Sec(7) of the global cross
sections of 7 : F — M and a bundle map p : F — TM, called the anchor
map, such that if we also denote by p : Sec(t) — X(M) the homomorphism of
C°° (M )-modules induced by the anchor map then

[X, £Y] = FIX, Y] + p(X) ()Y, (2.1)
for X,Y € Sec(r) and f € C°°(M) (see [26]).

If (E,[-,-],p) is a Lie algebroid over M then the anchor map p : Sec(r) —
X(M) is a homomorphism between the Lie algebras (Sec(7), [, -]) and (X(M), [-,]).
Moreover, one may define the differential d of E as follows:

k

d,u(Xo, s ’Xk) = Z(il)lp(Xl)(:u’(XOv cee ,Xia cee 7Xk))

i=0
+ Z(_1)1+Ju([[xla Xj]]7X07 s aXi7 s 7Xj7 s 7Xk1)a

i<j
for u € Sec(AFr*) and X,..., X} € Sec(7). d is a cohomology operator, that is,
d? = 0. In particular, if f : M — R is a real smooth function then df (X) = p(X)f,

for X € Sec(r).

Trivial examples of Lie algebroids are a real Lie algebra of finite dimension (in
this case, the base space is a single point) and the tangent bundle of a manifold M.
On the other hand, let (E, [, -], p) be a Lie algebroid of rank n over a manifold
M of dimension m and 7 : P — M be a fibration. We consider the subset of ExT P

TEP = {(a,v) € Ex TP | (Tm)(v) = pla) },
where T'r : TP — TM is the tangent map to 7. Denote by 77 : TEP — P the
map given by 7™(a,v) = 7p(v), 7p : TP — P being the canonical projection. If
dimP = p, one may prove that T¥P is a vector bundle over P of rank n +p — m
with vector bundle projection 7™ : TP — P.

A section X of 7™ : TEP — P is said to be projectable if there exists a section X
of 7: E — M and a vector field U € X(P) which is m-projectable to the vector field
p(X) and such that X (p) = (X (n(p)), U(p)), for all p € P. For such a projectable
section X, we will use the following notation X = (X, U). It is easy to prove that
one may choose a local basis of projectable sections of the space Sec(r7).

The vector bundle 7™ : T¥ P — P admits a Lie algebroid structure ([-,-]™, p™).
Indeed, if (X,U) and (Y, V) are projectable sections then
(X, 0), Y,V = (X, Y],[U,V]), p"(X,U)=U.
(TEP,[-,-]™, p™) is the E-tangent bundle to P or the prolongation of E
over the fibration w: P — M (for more details, see [23]).

Now, let (E, [, ],p) (resp., (E',[-,-]’,p")) be a Lie algebroid over a manifold M
(resp., M') and suppose that U : F — E’ is a vector bundle morphism over the map
Uy : M — M’. Then, the pair (¥, ¥y) is said to be a Lie algebroid morphism if

d(0, Wo)*¢') = (U, Vo)*(d'¢'), for all ¢’ € Sec(A*(7')*) and for all k, (2.3)
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where d (resp., d’) is the differential of the Lie algebroid E (resp., E') (see [23]). In
the particular case when M = M’ and Wy = Id then (2.3)) holds if and only if

[ToX, UoVY] =V[X,Y], p(¥X)=p(X), forX,Y € Sec(r).

2.2. Lie groupoids. A Lie groupoid over a differentiable manifold M is a differ-
entiable manifold I' together with the following structural maps:

e A pair of submersions o : I' — M, the source, and 3 : I' — M, the
target. The maps a and 3 define the set of composable pairs

Ly ={(9,h) e GxG | Bg)=alh)}.
o A multiplication m : I's — T', to be denoted simply by m(g,h) = gh,
such that
— a(gh) = a(g) and 5(gh) = B(h).
— g(hk) = (gh)k.
e An identity section ¢ : M — IT" such that
— e(a(g))g = g and ge(B(g)) = 9.
e An inversion map i:I' — I', to be simply denoted by i(g) = g~
that
— g g =¢€(B(g)) and gg~" = €(a(g)).
A Lie groupoid I" over a set M will be simply denoted by the symbol I' = M.
On the other hand, if ¢ € T' then the left-translation by g and the right-
translation by g are the diffeomorphisms

lg:a”(B(g)) — aalg)) 5 h—ly(h)=gh,
rg: B alg)) — B7H(B(g)) 1 h—rg(h) = hg.

Note that I;! = I, and 7, ' = r,-1.

L such

A vector field X on T is said to be left-invariant (resp., Tight-invariant) if
it is tangent to the fibers of « (resp., ) and X (gh) = (Thly)(Xp) (vesp., X(gh) =
(Tyrn)(X(g))), for (g,h) € I's.

Now, we will recall the definition of the Lie algebroid associated with T'.

We consider the vector bundle 7 : Er — M, whose fiber at a point z € M is
(BEr)e = Veaya = Ker(T ). It is easy to prove that there exists a bijection
between the space Sec(7) and the set of left-invariant (resp., right-invariant) vector
fields on T'. If X is a section of 7 : Epr — M, the corresponding left-invariant (resp.,

right-invariant) vector field on I" will be denoted X (resp., )_()), where

X(9) = (Tupiola) (X (B(9))), (2.4)

¥ .

X(g) = _(Te(a(g))Tg)((Ts(a(g))z)(X(a(g))»a (2.5)
for g € T'. Using the above facts, we may introduce a Lie algebroid structure
([-,-], p) on Er, which is defined by

X YT=[X,Y], p(X)(@) = (T B)(X (2)), (26)
for X,Y € Sec(r) and = € M. Note that
[X.Y]=-[X.,Y], [X.Y]=o0, (2.7)

(for more details, see [T}, 26]).
Given two Lie groupoids T' = M and IV = M’ a morphism of Lie groupoids
is a smooth map ® : I' — I such that

(9,h) € Ty = (®(g), ®(h)) € (I')2
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and
®(gh) = 2(g9)@(h).

A morphism of Lie groupoids ® : I' — I" induces a smooth map ®y : M — M’ in
such a way that

o/ od=8joq, Fo®=>yo0B, Poec=¢cod,
a, ( and € (resp., o', 5" and €’) being the source, the target and the identity section
of T (resp., TV).

Suppose that (®, ®¢) is a morphism between the Lie groupoids T' = M and IV =
M’ and that 7 : Ep — M (resp., 7’ : Epv — M) is the Lie algebroid of T' (resp.,
I''). Then, if x € M we may consider the linear map E,(®) : (Er): — (Er)ay ()
defined by

Ex(‘b)(ve(m)) = (Te(m)q))(ve(gj)), for Ve(z) S (Ep)x (2.8)
In fact, we have that the pair (E(®), ®y) is a morphism between the Lie algebroids
7:Ep — M and 7" : Epy — M/ (see [20]).

Trivial examples of Lie groupoids are Lie groups and the pair or banal groupoid

M x M, M being an arbitrary smooth manifold. The Lie algebroid of a Lie group

T" is just the Lie algebra g of I". On the other hand, the Lie algebroid of the pair
(or banal) groupoid M x M is the tangent bundle TM to M.

Apart from the Lie algebroid Er associated with a Lie groupoid I' = M, other
interesting Lie algebroids associated with I' are the following ones:

e The Er- tangent bundle to Ef:
Let TP E¥ be the Ep-tangent bundle to Ejf:, that is,

T ER = { (02, Xx,) € (Br)e X Ty, Ef | (T, 7)(X1,) = (Te()8)(ve) }

for T, € (E})., with z € M. As we know, T¥T E¥ is a Lie algebroid over Ef.

We may introduce the canonical section © of the vector bundle (TFr Ef)* — Ef
as follows:

G(TI)(CLM XTI) = Tx(am)7

for T, € (Ef)s and (az, Xv,) € ‘J’?ZEI’Q O is called the Liouville section as-
soctated with Er. Moreover, we define the canonical symplectic section )
associated with Er by 0 = —dO, where d is the differential on the Lie algebroid
TEr B — B Tt is easy to prove that € is nondegenerate and closed, that is, it is
a symplectic section of TFr B (see [23]).

Now, if Z is a section of 7 : Er — M then there is a unique vector field Z*¢ on
Ef, the complete lift of X to E}, satisfying the two following conditions:

(i) Z*¢is 7*-projectable on p(Z) and

-~

(i)) 2(X) = [Z.X]
for X € Sec(r) (see [23]). Here, if X is a section of 7 : Ep — M then X is the

~

linear function X € C*°(E*) defined by
X(a*) = a*(X(r*(a"))), for all a* € E*.

Using the vector field Z*¢, one may introduce the complete lift Z*¢ of Z as the
section of 77 : TFr B% — Ei defined by

Z*%(a*) = (Z(1*(a")), Z*°(a™)), for a* € E*. (2.9)
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Z*€ is just the Hamiltonian section of 7 with respect to the canonical symplectic
section €2 associated with Er. In other words,

igeeQ=dZ, (2.10)
where d is the differential of the Lie algebroid 77" : T5r B — E}: (for more details,
see [23]).

e The Lie algebroid 7 : 77T — T :

Let JTT be the Whitney sum V3 @r Va of the vector bundles V3 — I' and
Va — T, where V3 (respectively, V) is the vertical bundle of § (respectively,
a). Then, the vector bundle 7r : T'T = V3 ©r Va — I’ admits a Lie algebroid

structure ([-,-]7 T, p7' ). The anchor map p” T is given by

T
(PT F)(Xg’ Yg) =Xy +Y,

and the Lie bracket bracket [-, ~]]TFF on the space Sec(7T) is characterized for the
following relation

S —

—
(X, V), (X YT = (-[X, X ], [V, Y]),
for X, Y, X', Y’ € Sec(r) (for more details, see [27]).

On other hand, if X is a section of 7 : Er — M, one may define the sections
X(10) X (O (the 8 and a-lifts) and X (&1 (the complete lift) of X to 7 : I'T — T
as follows:

— «— — «—
XT0(g) = (X(9),05), XOV(g) = (04, X(9)), and X"D(g) = (=X (9), X (9))-
We have that

[X(1’0)7Y(1’0)]]7FF = —[X, Yﬂ(l,o) [[X(0,1)7y(1,0)]]7fr -0,

[[X(O,1)7y(0,1)]]iTFF = [X, }/]](0,1)7
and, as a consequence,
[[X(l,l),y(l,o)]]‘J’FF _ [[X, Y]](l,o)’ [[X(1,1)7Y(0,1)]]7FF _ [[Xv Y]](O,l)7
[[X(1,1)7Y(1,1)]]‘IFF = [X, Y]](l’l).
Now, if g, h € T" one may introduce the linear monomorphisms 21’0) : (Ep):;(h) —

(TIT)* = VB3 Vira and !(]0’1) (Er)jeg) — (TyT)* = V3 @ V;« given by

W Xn, Vi) = 4(Th(i o 1) (X)), (2.11)

’Yg(,o’l)(Xga Yy) = v((Tyly-1)(Yy)), (2.12)
for (X,,Y,) € ’J'!l;l—‘ and (X,,Y;,) € T, T.
Thus, if i is a section of 7" : Eft — M, one may define the corresponding lifts
p19 and (01 as the sections of 4" : (TTT)* — T given by
pLO () = uELl’O), for h €T,
pOV(g) = p*Y, for g €T

Note that if g € I" and {X 4} (respectively, {Yz}) is a local basis of Sec(7) on an
open subset U (respectively, V) of M such that a(g) € U (respectively, 5(g) € V)
then {XS’O), Yéo’l)} is a local basis of Sec(7r) on the open subset a=*(U)NB~ (V).
In addition, if {X“4} (respectively, {YP}) is the dual basis of {X4} (respectively,
{Yp}) then {(X4)10) (yB)(O:D} s the dual basis of {X{"*, vV}
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2.3. Discrete Unconstrained Lagrangian Systems. (See [27] for details) A
discrete unconstrained Lagrangian system on a Lie groupoid consists of a
Lie groupoid I' = M (the discrete space) and a discrete Lagrangian Ly :T —
R.

2.3.1. Discrete unconstrained Euler-Lagrange equations. An admissible sequence
of order N on the Lie groupoid I is an element (g1,...,gn5) of IV =T x--- x T
such that (gx,gr+1) € g, for k=1,...,N — 1.

An admissible sequence (g1,...,gn) of order N is a solution of the discrete
unconstrained Fuler-Lagrange equations for L, if

do[Ld o lgk + Lgo Tgur1 © i](€($k))|(EF)2k =0

where ((gx) = a(gr+1) = zx and d° is the standard differential on T', that is, the
differential of the Lie algebroid 70 : TT' — T" (see [27]).

The discrete unconstrained Euler-Lagrange operator DprrLg: 'y — Ef
is given by

(DperLa)(g,h) = d°[Laoly + Lgory oil(e(z))(kr), =0,
for (g,h) € T'a, with 8(g) = a(h) =z € M (see [27]).

Thus, an admissible sequence (g1, ..., gy) of order N is a solution of the discrete
unconstrained Euler-Lagrange equations if and only if

(DperLa)(gk,grkr1) =0, fork=1,...,N —1.

2.3.2. Discrete Poincaré-Cartan sections. Consider the Lie algebroid 7 : 1T

m 1l

VB3 &r Va — T, and define the Poincaré-Cartan 1-sections @Zd,G)Jer
Sec((1r)*) as follows
@Zd(g)(ng Yg) = _Xg(Ld)7 GId(g)(Xga Yg) = Yg(Ld)v (2.13)

for each g € I and (X,,Y,) € ‘J‘gF =V,0 8 V,a.
Since dLq = @zd —©7 and so, using d* = 0, it follows that d@zd =dOr . This
means that there exists a unique 2-section Q, = —d@zd = —dO7 ,, which will be

called the Poincaré-Cartan 2-section. This 2-section will be important to study
the symplectic character of the discrete unconstrained Euler-Lagrange equations.

If g is an element of I' such that a(g) = z and 5(g) = y and {X 4} (respectively,
{Y5}) is a local basis of Sec(r) on the open subset U (respectively, V') of M, with
x € U (respectively, y € V), then on a=*(U) N 3~1(V) we have that

_ — —
@Ld - 7&)(2()(14)(1’0)’ @Zd = YB(L)(YB)((]’1)7
Qp, = —XA(Y(Lg))(XHLO A (YE)OD

d

(2.14)

where {X4} (respectively, {YB}) is the dual basis of {X4} (respectively, {Yz})
(for more details, see [27]).

2.3.3. Discrete unconstrained Lagrangian evolution operator. Let T : I' — IT" be a
smooth map such that:

- graph(Y) C Ty, that is, (g, T(g)) € ', for all g € T (T is a second order
operator) and

- (g9,Y(g)) is a solution of the discrete unconstrained Euler-Lagrange equa-
tions, for all g € T', that is, (DprrL4d)(g, T(g)) =0, for all g € T.
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In such a case — R

X(9)(La) = X(Y(9))(La) = 0, (2.15)
for every section X of 7: Ep — M and every g € I'. The map Y : I' — T is called
a discrete flow or a discrete unconstrained Lagrangian evolution operator
for Lg,.

Now, let T : I' — T" be a second order operator. Then, the prolongation TY :
TT =VB&rVa — T'T = VB @r Va of T is the Lie algebroid morphism over
T :T — T defined as follows (see [27]):

T T(Xg,Yg) = ((Ly(rgr(g) 09))(¥y), (TT)(Xy)
+(TgT)(Yg) - Tg(TgT(g) © Z)(Yg))v

for all (X,,Y,) € T,T' = V3 & Vya. Moreover, from (2.4), (2.5) and (2.16), we

obtain that
T,1(X(9).Y (9) = (=Y (T@). (L)X (9) + Y (9) + Y (X(g)).  (217)
for all X,Y € Sec(r).
Using (2.16)), one may prove that (see [27]):

(i) The map 7T is a discrete unconstrained Lagrangian evolution operator for
Lq if and only if (7Y, 1)*O = @Zd.
(ii) The map T is a discrete unconstrained Lagrangian evolution operator for
Lq if and only if (TY,1)*© —O7 = dLa.
(iii) If Y is discrete unconstrained Lagrangian evolution operator then

(TY, 1) Qp, = Q.

(2.16)

2.3.4. Discrete unconstrained Legendre transformations. Given a Lagrangian Lg :
I' — R we define the discrete unconstrained Legendre transformations
FLg:T — Ef and FT Ly : T — E} by (see [27])
(F™La)(h)(Ve(a(n))) = —Ve(any)(La o rn 01),  for ve(a(n)) € (Er)an),
(B La)(9)(ve(a9)) = ve(ston (La © lg)s for ve(sgg)) € (Er)s(q)-
Now, we introduce the prolongations T'F~ L, : T'T = V8 &r Va — TETE and
TIFTL, : T'T = VB &r Va — TP Ef: by
T}EF_Ld(Xh, Yh) = (Th(z o Th—l)(Xh), (Th]F_Ld)(Xh) + (Th]F_Ld)(Yh)), (2.18)
T£F+Ld(X97Yg) = ((Tglg*1)<Yg>v (T9F+Ld)(Xg) + (T9F+Ld>(yg))> (2.19)
for all h,g € T and (Xp,Ys) € TLT = V8@ Vi and (X,,Y,) € Tgf =V,00
Vyao (see [27]). We observe that the discrete Poincaré-Cartan 1-sections and 2-
section are related to the canonical Liouville section of (TETEf)* — FEf and the

canonical symplectic section of A2(TFr Ef)* — Ej by pull-back under the discrete
unconstrained Legendre transformations, that is (see [27]),

(T"F La,F Lg)*©=0,, (T'F"Lg,FtLy)*© = O] | (2.20)
(T'F Ly, FLy)*Q=Qp,, (T'F Ly, FTLy)*Q=Qy,. (2.21)

2.3.5. Discrete reqular Lagrangians. A discrete Lagrangian Ly : I' — R is said to be
regular if the Poincaré-Cartan 2-section €2, is nondegenerate on the Lie algebroid
v :T'T =VB@r Va — T (see [27]). In [27], we obtained some necessary and
sufficient conditions for a discrete Lagrangian on a Lie groupoid I' to be regular
that we summarize as follows:

Lg is regular <= The Legendre transformation F* L, is a local diffeomorphism

<= The Legendre transformation F~ L, is a local diffeomorphism
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Locally, we deduce that Ly is regular if and only if for every g € I' and every
local basis {X 4} (respectively, {Y5}) of Sec(r) on an open subset U (respectively,
V) of M such that a(g) € U (respectively, 3(g) € V) we have that the matrix
()_()A(?B(Ld))) is regular on o~ H(U) N B~L(V).

Now, let Ly : I' — R be a discrete Lagrangian and g be a point of I'. We define
the R-bilinear map GL¢ : (Er)a(g) ® (Er)g(g) — R given by

ng (CL, b) = QLd (g)((fTe(a(g)) (rg o i)(a)v 0)7 (07 (Te(ﬁ(g))lg)(b))) (222)
Then, using (2.14), we have that

Proposition 2.1. The discrete Lagrangian Lg : I' — R is regular if and only if
Géd is nondegenerate, for all g € T', that is,

Gl(a,b) =0, for allb € (Epr)gg) = a=0
(respectively, GL(a,b) =0, for all a € (Ep)a(g) = b=0).

On the other hand, if Ly : ' — R is a discrete Lagrangian on a Lie groupoid I'
then we have that
TroF Lg=a, T O]F+Ld =0,
where 7* : Ef — M is the vector bundle projection. Using these facts, (2.18) and
(2.19)), we deduce the following result.

Proposition 2.2. Let Ly : I' — R be a discrete Lagrangian function. Then, the
following conditions are equivalent:

(i) Lg is regular.
(ii) The linear map T,F~Lq : V8 & Vya — ‘J']fde(h)El’i s a linear isomor-
phism, for all h € T.
(ili) The linear map TyFY Ly : Vo & Vya — ‘J'fde(g)Ep* is a linear isomor-
phism, for all g € T.

Finally, let Lqg : T — R be a regular discrete Lagrangian function and (go, ho) €
I' x T be a solution of the discrete Euler-Lagrange equations for Ly. Then, one may
prove (see [27]) that there exist two open subsets Uy and Vg of T, with g9 € Uy
and hg € Vp, and there exists a (local) discrete unconstrained Lagrangian evolution
operator Y, : Uy — Vj such that:

(i) Yr,(90) = ho,
(ii) Yr, is a diffeomorphism and
(iii) YT, is unique, that is, if U} is an open subset of I', with go € U}, and
Y7, : Uy — T is a (local) discrete Lagrangian evolution operator then

_ !
TLd\UoﬂU{, = TLd\UgﬁUé'

3. DISCRETE NONHOLONOMIC (OR CONSTRAINED) LAGRANGIAN SYSTEMS ON
LIE GROUPOIDS

3.1. Discrete Generalized Hdélder’s principle. Let I' be a Lie groupoid with
structural maps

a,:T—-M, e: M—-T, i:T' =T, m:Ty —-T.
Denote by 7 : Er — M the Lie algebroid associated to I'. Suppose that the rank
of Er is n and that the dimension of M is m.

A generalized discrete nonholonomic (or constrained) Lagrangian system on I'
is determined by:
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- a regular discrete Lagrangian L;: T — R,

- a constraint distribution, D., which is a vector subbundle of the bundle
Er — M of admissible directions. We will denote by 7p, : D. — M the
vector bundle projection and by ip, : D. — Er the canonical inclusion.

- a discrete constraint embedded submanifold M. of T, such that
dimM, = dimD, = m + r, with » < n. We will denote by iy, : M, — T’
the canonical inclusion.

Remark 3.1. Let Ly : I' — R be a regular discrete Lagrangian on a Lie groupoid
I’ and M. be a submanifold of T" such that ¢(M) C M,.. Then, dimM, = m + r,
with 0 < r < m. Moreover, for every x € M, we may introduce the subspace D.(z)
of Er(x) given by
'DC(:,C) = TE(I)MC N Ep(x)

Since the linear map T¢(,ya : Ty (,)Me — T M is an epimorphism, we deduce that
dimD.(x) = r. In fact, D. = J,cp; De(2) is a vector subbundle of Er (over M) of
rank r. Thus, we may consider the discrete nonholonomic system (Lg4, M., D.) on
the Lie groupoid T'. o

For g € T fixed, we consider the following set of admissible sequences of order
N:
ei]\/': {(glaagN) € FN | (gkvngrl) € FQa for k = 17"7N_ 1 and gi..-gn :g} .

Given a tangent vector at (gi,...,gn) to the manifold Cf]\’, we may write it as the
tangent vector at ¢ = 0 of a curve in €, t € (—e,6) € R — ¢(t) which passes
through (g1,...,9n) at ¢ = 0. This type of curves is of the form

c(t) = (grha (), by ' (£)g2ha(t), .., Ayt s (Dgn—1hn -1 (t), Ayl (H)gn)
where hy(t) € a1 (B(gx)), for all ¢, and hi(0) = e(B(g)) for k=1,...,N — 1.
Therefore, we may identify the tangent space to Gév at (g1,...,9n) with
T(gl7927__,gN)(?§V ={(v1,v2,...,on-1) | vx € (Br)s, and z = B(gx),1 <k <N —-1}.
Observe that each vy is the tangent vector to the curve hy at t = 0.

The curve c is called a variation of (gi1,...,gn) and (v1,va,...,vn—1) is called
an infinitesimal variation of (g1,...,9n).

Now, we define the discrete action sum associated to the discrete Lagrangian
L;: T — R as
SLd : Gf]V — R

(91 98) +— > Lalgr).
We define the variation 68L4 : T(,

2| sLatett)

di\ (Lalghn(0) + Lalhi (Og2ha(0)
t..F Ld(h o(t)gN—1hn—1(t)) + Ld(hfvl,l(t)g]v)}

€Y — R as

15--59N

(SSLd(Ul, ey UN—l) =

N—
= Z °(Lg 0 g, ) (@) (o) + d°(La 0 7, ., 0 1) (e(@x))(vr))

where d° is the standard differential on T', i.e., d° is the differential of the Lie
algebroid 7 : TT' — T'. It is obvious from the last expression that the definition
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of variation 08L, does not depend on the choice of variations ¢ of the sequence g
whose infinitesimal variation is (vy,...,vn_1).

Next, we will introduce the subset (V.), of T(gl,...,gN)eév defined by

(Vc)g = { (Ul, .. -,UN—l) S T(ghm,gN)Gf]V ‘ Vk € {1,. .., N — 1}, v € D, }

Then, we will say that a sequence in Gév satisfying the constraints determined
by M, is a Hélder-critical point of the discrete action sum 8L, if the restriction
of 68Lg to (V.)y vanishes, i.e.

0SLa| =0,

(Ve)g

Definition 3.2 (Discrete Holder’s principle). Given g € ', a sequence (g1,...,gn)
€ Gév such that g € M., 1 < k < N, is a solution of the discrete nonholo-
nomic Lagrangian system determined by (Lq, M., D) if and only if (g1,...,9N) is
a Hoélder-critical point of SLg.

If (g1,...,9n8) € €Y N (M, x --- x M) then (g1,...,gn) is a solution of the
nonholonomic discrete Lagrangian system if and only if
N-1
Y (@ (Laoly,) +d*(Laorg,, oi)(e(@r) .., =0,
k=1
where B(gr) = a(gr+1) = xx. For N = 2, we obtain that (g,h) € To N (M. x M,)
(with S(g) = a(h) = z) is a solution if

d°(Lgoly+ Lgory0i)(e(r)p,), = 0.

These equations will be called the discrete nonholonomic FEuler-Lagrange
equations for the system (Ly, M., D.).

Let (g1,...,9n) be an element of (?g[. Suppose that 8(gr) = a(gk+1) = xk,
1<k <N -1, and that {Xar} = {Xak, Xar} is a local adapted basis of Sec(7)
on an open subset Uy of M, with x € Ug. Here, {Xuk}1<a<r is & local basis of
Sec(rp,) and, thus, {X**}, 1<a<, is a local basis of the space of sections of the
vector subbundle 7o : DY — M, where DY is the annihilator of D, and { X X}
is the dual basis of {X4x, Xqr}. Then, the sequence (g1, ...,gn) is a solution of
the discrete nonholonomic equations if (g1,...,gn) € Me X - - - x M, and it satisfies
the following closed system of difference equations

N-1

0 = 3 [Xar(o)(La) = Xak (gs1) (La)]
o
= > [{dLas (Xat) V) g8) = (dLas (Xa) ") (grs1)|
k=1

for 1 < a < r, d being the differential of the Lie algebroid 77 : 7'T = VB&rVa —
I. For N = 2 we obtain that (g,h) € Ty N (M, x M.) (with 8(g) = a(h) = z) is a
solution if o R

Xa(9)(La) = Xa(h)(La) =0
where {X,} is a local basis of Sec(mp_) on an open subset U of M such that © € U.

Next, we describe an alternative version of these difference equations. First
observe that using the Lagrange multipliers the discrete nonholonomic equations
are rewritten as

d°[Lqolyg+ Lgoryoi(e(z))(v) = XX (z)(v),
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for v € (Er)., with (g,h) € Ta N (M. x M) and 3(g9) = a(h) = z. Here, {X*} is
a local basis of sections of the annihilator DY.

Thus, the discrete nonholonomic equations are:
Y (9)(La) = ¥ (0)(La) = 2a(X*) (V)]s (9.h) € T2 11 (Me x M),
for all Y € Sec(7) or, alternatively,
(dLg — Ao (X*)OD YO () — (dLg, YEO) () =0,  (g,h) € Ta N (M. x M),
for all Y € Sec(7).

On the other hand, we may define the discrete nonholonomic Euler-Lagrange
operator Dpprr(Lg, M., D.) : Ta N (M, x M) — D as follows

Dper(La,Me, De)(g,h) = d° [Laoly+ Laory oid] (e(z))(p.).

for (g,h) € Toa N (M, x M), with B(g) = a(h) =2 € M.
Then, we may characterize the solutions of the discrete nonholonomic equations

as the sequences (¢1,...,9n), with (gx, grk+1) € Ta N (M. x M,), for each k €
{1,...,N —1}, and

Dper(La,Mc, De)(gr, gr+1) = 0.

Remark 3.3. (i) The set 'y N (M, x M,) is not, in general, a submanifold
of M. x M,.

(ii) Suppose that ane, : M. — M and By, : M. — M are the restrictions
toMcof a: I' = M and B : I' — M, respectively. If ap, and By, are
submersions then T'oN(M, x M,.) is a submanifold of M, x M. of dimension
m + 2r.

<

3.2. Discrete Nonholonomic Legendre transformations. Let (Lgs, M., D.) be
a discrete nonholonomic Lagrangian system. We define the discrete nonholo-
nomic Legendre transformations

F~(Lg,M.,D.) : M, — D% and Ft(Lg, M., D) : M. — D*
as follows:
F™(La, Me, De) () (Ve(a(n))) = —Ve(a(n))(Laoh 08),  for vea(n)) € De(a(h)),(3.1)
F*(La, Me, Do) (9)(Ve(p(9))) = Ve(pie)) (La 0 lg),  for ve(s(q)) € De(B(9))-(32)

IfF L;:T — Ef and F*L; : T — Ejf are the standard Legendre transformations
associated with the Lagrangian function Lg and i, : Ef — D7 is the dual map of
the canonical inclusion ip, : D, — Er then

F (Ld, M, DC) = i%c oF ™ Lgoin,, F+(Ld, M, ®c) = 7“.*®C o F+Ld 0 UM, - (33)
Remark 3.4. (i) Note that
T’EC oF~ (Ld; Mc» gc) = QM. 7—’_>Ik)C © IE‘IJF(Ldv Mcv Dc) = BMC~ (34)

(ii) If Dpgr(La, M., D.) is the discrete nonholonomic Euler-Lagrange opera-
tor then

-DDEL(Lda MC? DC)(ga h’) = ]F+(Ld7 MC? DC)(g) - (Ld7 Mm DC)(h)a
for (g,h) € Ta N (M. x M,).
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On the other hand, since by assumption Lz : I' — R is a regular discrete La-
grangian function, we have that the discrete Poincaré-Cartan 2-section Qp,, is sym-
plectic on the Lie algebroid 7 : T'T — I'. Moreover, the regularity of L is equiv-
alent to the fact that the Legendre transformations F~ Ly and Ft Ly to be local
diffeomorphisms (see Subsection [2.3.5)).

Next, we will obtain necessary and sufficient conditions for the discrete non-
holonomic Legendre transformations associated with the system (L4, M., D) to be
local diffeomorphisms.

Let F be the vector subbundle (over T') of 7 : T'T" — T' whose fiber at the point
helis

B = {1 | 3 € Dofa ) T,
In other words,
F = {3 | 1€ Delatn)’ }.
Note that the rank of F'is n +r.

We also consider the vector subbundle F' (over T') of 71 : T'T' — T of rank n +r
whose fiber at the point g € T" is

0
Fy= {7 | v eDu(8(9))° } CTIT.

Lemma 3.5. F (respectively, F') is a coisotropic vector subbundle of the symplectic
vector bundle (T'T,Qy,), that is,

Fhl C Fp, foreveryhel

(respectively, F;‘ C F,, for every g € T), where Fj- (respectively, F;‘) is the
symplectic orthogonal of Fy, (respectively, Fg) in the symplectic vector space (‘T};F,
O, (h) (respectively, (‘TgF, 0r,09)).

Proof. If h € T we have that
Fhl = b;)id(h)(Ff?)v

by, (h) JIT — (TET)* being the canonical isomorphism induced by the symplectic
form Qp,(h). Thus, using (2.14]), we deduce that

Fit = {b5 iy O™") | 7€ Defalh)) } € {0} & Via € P
The coisotropic character of F} is proved in a similar way. 0

We also have the following result

Lemma 3.6. Let T'F~ Ly : T'T — TET % (respectively, T'FT Ly : T'T — TErEy)
be the prolongation of the Legendre transformation F~Lg : I' — Ef (respectively,
Ft*Ly:T — Ef). Then,

(TRE™La) (Fi) = T30 B = { (0ot X-2000) € T2, B ‘ vany € Dela(h) }
for h € M, (respectively,

n D, * E *
(TgF* La)(Fy) = Ly BT = { (V8(9)s X+ La(g)) € Tri L, (g) BT ‘ va(g) € De(B(9)) } ,
for g € M,.).

Proof. Tt follows using (2.11)), (2.18]) (respectively, (2.12)), (2.19))) and Proposition
2.2 (]

Now, we may prove the following theorem.
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Theorem 3.7. Let (Lqg, M., D.) be a discrete nonholonomic Lagrangian system.
Then, the following conditions are equivalent:

(i) The discrete nonholonomic Legendre transformation ¥~ (L, M., D¢) (re-
spectively, F*(Lg, M., D)) is a local diffeomorphism.
(ii) For every h € M, (respectively, g € M)

(o7 1) HDM) 0 F = {0) (3.5)
(respectively, (p‘TFF)_l(TgMc) NE; ={0}).

Proof. (i) = (ii) If h € M, and (X3, Y3) € (p(‘TFF)*l(ThMC) N Fi- then, using the
fact that Fi- C {0} & Vi« (see the proof of Lemma , we have that X, = 0.
Therefore,
Y, € VianNTpM.. (3.6)
Next, we will see that
(ThF_ (Ld, M., Dc))(Yh) =0. (37)
From (3.4) and (3.6)), it follows that (T,F~ (L4, M., D.))(Yy) is vertical with
respect to the projection 74, : Dy — M.
Thus, it is sufficient to prove that
(ThF~ (Lg, Mo, D)) (Yi))(Z) = 0, for all Z € Sec(rp,).
Here, Z : D* — R is the linear function on D* induced by the section Z.
Now, using (3.3]), we deduce that

(TWF~ (La, Me, D)) (Y)(2) = d(Z 0 i, ) (F~ La)(h))(0, (ThF~ La)(Ya)),

where d is the differential of the Lie algebroid 77 : TPr B — Fj.
Consequently, if Z*¢ : Ef. — TEr E% is the complete lift of Z € Sec(r), we have
that (see (2.10)),
(TWF~(La, Mo, D)) (Ya))(Z) = QUE~ La(h))(Z7(F~ La(h)),
(0, (ThF~ La)(Ya)),
Q being the canonical symplectic section associated with the Lie algebroid Er.

On the other hand, since Z € Sec(rp,), it follows that Z*¢(F~L4(h)) is in

‘J'Ig{ch mEr and, from Lemma E we conclude that there exists (X},Y)) € F},

(3.8)

such that
(TLF~La)(X}, Ys) = Z*°((F~ Lq) (). (3.9)
Moreover, using (2.18)), we obtain that
(TF~La)(0,Y3) = (0, (TwF~ La)(Y2))- (3.10)

Thus, from , , and , we deduce that
(TWF~ (La, M, De)) (V) (Z) = =1, (h)((0, Ya), (X4, Y3))-
Therefore, since (0,Y}) € Fit, it follows that holds, which implies that Y}, = 0.
This proves that (p” U)=1(T,M.) N Fi- = {0}.
If F*(Lg, M., D) is a local diffeomorphism then, proceeding as above, we have
that (p(‘TFF)*l(TgMC) N E} = {0}, for all g € M.

(ii) = (i) Suppose that h € M. and that Y}, is a tangent vector to M. at h such
that
(ThF~ (L, M., D)) (Yr) = 0. (3.11)
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We have that (Tha)(Ys) = 0 and, thus,
T
(0,Yn) € (p7 1) "HTuM).
We will see that (0,Y},) € Fit, that is,

O, (W)((0,Y3), (X}, Y1) =0, for (X},Y) € . (3.12)
Now, using and (2.21)), we deduce that
O, ()((0, V), (X}, ¥7)) = QF La(B)((0, (TuF~ La) (%), (TEF~ L) (X, ¥7))-
Therefore, from Lemma [3.6] we obtain that
Qu, (W)((0,Yn), (X3, Yy)) = QF ™ La(h)) (0, (ThF~ La) (Y1), (Va(n) Ye-Lan)))
with (Va(ny, Y- La(n)) € frﬁ?de(h)E;.
Next, we take a section Z € Sec(rp,) such that Z(a(h)) = va(n). Then (see

(2-9)),
(Va(hys Ye-Lan)) = Z*(F~ La(h)) + (0, Y5- 1, (1))
where Y]I;*Ld(h) € Ty n) Er and Yy La(h) is vertical with respect to the projection
7" BEf — M.
Thus, since (see Eq. (3.7) in [23])

QF™ La(h)((0, (ThF~ La)(Yn)): (0, Y- 1,))) = 0,
we have that
Qr, (M)((0,Yn), (X3, Y3)) = —QF La(h))(Z*(F~ La(h)), (0, (ThF~ La)(Yn)))
—d(Z oy, )(F~La(h))(0, (ThF~La)(Yn))
and, from (3.11]), we deduce that (3.12]) holds.
This proves that Y}, € (pTFF)*l(ThMC) N F;- which implies that Y}, = 0.
Therefore, F~(Lg, M., D.) is a local diffeomorphism.
If (pTFF)_l(TgMC) N F;- = {0} for all g € M, then, proceeding as above, we
obtain that F* (L4, M., D.) is a local diffeomorphism. O

Now, let p‘IFF : JT'T — TT be the anchor map of the Lie algebroid 77 : 7TT" — T..
Then, we will denote by H), the subspace of T} T given by

Hp = (p" D) YTWM) N F,,  for h € M.
In a similar way, for every g € M. we will introduce the subspace J:Cg of ‘.TgI‘ defined
by
_ . _
Hy = (PT F) 1(TgMc) N Ey.

On the other hand, let h be a point of M. and G5 : (Er)am) @ (Br)sm — R
be the R-bilinear map given by 1' We will denote by (Ep)hM“ the subspace of
(Er)g(n) defined by

—

(Er)p = {be (Er)sm | Tepmyln)(b) € ThM. }
and by G1¢ . (De)any X (Er)hjm — R the restriction to (De)q(n) X (Ep)im of the
R-bilinear map Gid.

In a similar way, if g is a point of I' we will consider the subspace (ﬁp);‘{c of
(Er)a(g) defined by

(Er)) = {a € (Er)ag) | Teate)(rg 0 i))(a) € TM. }



18 D. IGLESIAS, J. C. MARRERO, D. MARTIN DE DIEGO, AND E. MARTINEZ

and the restriction GLa° : (ﬁ YMe % (De) gy — R of GL4 to th (ﬁ YMe
(D) g T <)B(g) O &ry® to the space (B )y
c)B(g)

Proposition 3.8. Let (Lg, M., D.) be a discrete nonholonomic Lagrangian system.
Then, the following conditions are equivalent:

(i) For every h € M, (respectively, g € M)
(" )TV N Fy = {0}

(respectively, (p(‘TFF)fl(TgMc) NF; ={0}).

(ii) For every h € M. (respectively, g € M) the dimension of the vector sub-
space Hp, (respectz'vely, Hgy) is 2r and the restriction to the vector subbundle
H (respectively, H) of the Poincaré-Cartan 2-section Qr,, is nondegener-
ate.

(iil) For every h € M, (respectively, g € M.)

{be (Bep | @he(a.)=0.va € (Do)au } = {0}

_
(respectively, {a € (Ep))t

GLac(a,b) = 0,V € (Do) gg) } = {0}).

Proof. (i) = (ii) Assume that h € M, and that
(P )T N F = {0 (3.13)
Let U be an open subset of I', with h € U, and {¢"} =1, .. n—r a set of independent
real C'>°-functions on U such that
M. NU={h €U |¢"(h)=0, for all v}.
If d is the differential of the Lie algebroid 7+ : I'T — T then it is easy to prove
that .
(07 1) THTWM) =< {de™ (R)} >°.
Thus,
dim((p” T)"HTWM.)) > n+r-. (3.14)
On the other hand, dimF;f- = n—r. Therefore, from (3.13|) and (3.14)), we obtain
that
dim((p” ) H(TM.)) = n 4 r
and .
T = (p” O)~YTWM,) @ Fi-.
Consequently, using Lemma we deduce that
F, =M, @ Fi-. (3.15)
This implies that dim3H;, = 2r. Moreover, from (3.15), we also get that
Hp, NHiF C Hp, N -
and, since H;, N Fit = (p‘TFF)_l(ThMC) N Fit (see Lemma , it follows that
Hn N g‘fﬁ = {0}
Thus, we have proved that H} is a symplectic subspace of the symplectic vector
space (TET, Q4 (h).
If (pTFF)_l(TgMC) NF; = {0}, for all g € M. then, proceeding as above, we ob-

tain that H(, is a symplectic subspace of the symplectic vector space (‘J'gl"7 Qr,(9),
for all g € M,.

(ii) = (i) Suppose that h € M, and that 3}, is a symplectic subspace of the
symplectic vector space (TLT',Qz,(h)).
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If (Xn,Ys) € (pTFF)_l(ThMC) N Fj- then, using Lemma we deduce that
(Xn,Yn) € Hy,.

Now, if (X},Y}) € Hy, then, since (Xp,Ys) € F;-, we conclude that

Qr, (M) ((Xn, Ya), (X, Yy)) = 0.
This implies that
(Xn,Y3) € 3, N Hjy = {0}

Therefore, we have proved that (p{IFF)’l(ThMC) N Fi- = {0}.

If H, N 17:(; = {0}, for all ¢ € M, then, proceeding as above, we obtain that
(o7 T) Ty M) N F- = {0}, for all g € M,.

(i) = (iii) Assume that

(" ) (@M N Ey = {0}
and that b € (EF)ZV[C satisfies the following condition
Gri(a,b) =0, Va € (De)an)-

Then, Yy, = (Tu(an)ln) (b) € ThM. N Via and (0,Y3) € (p7 7)1 (ThM.).

Moreover, if (X},Y}) € Fj,, we have that

Xj = —(Tetamny (rh 0 i))(a), with a € (De)a(n)-
Thus, using and , we deduce that
Qr,(W)(X7, Y7), (0,Yn) = Qr, (W) (X}, 0), (0,Y2)) = G (a,b) = 0.
Therefore,
(0,Y) € (7 )7 (@M N B = {0,

which implies that b = 0.

If (pTFF)*l(TgMC) N Fy- = {0}, for all g € M. then, proceeding as above, we
obtain that

{ae (Er)" | GEe(a,b) =0, for all be (Do)ag b = {0},

g9

(iii) = (i) Suppose that h € M, that
o\ M. Lg _ _
{ve (BN | Gl(a,b) =0, Yae (D | = {0}
and let (X},,Y3) be an element of the set (p” ©)=2(T,M,) N Fi-.
Then (see the proof of Lemma, Xp =0and Y, € TyM.NV,a. Consequently,
«—
Y, = (Te(ﬁ(h)lh)(b)7 with b € (EF)Q/EC.

Now, if a € (D¢)a(n), we have that
X}/L = (Te(a(h))(Th ¢} z))(a) S Vhﬁ and (X;NO) c By,
Thus, from (2.22)) and since (0,Y},) € Fit, it follows that
Gy (a,b) = 2, (h)((X7,0)(0,Y3)) = 0.
Therefore, b = 0 which implies that Y, = 0.
If {a € (E)F);Vt“ GlEac(a,b) =0,vb € (Dc)g(g)} = {0}, for all g € M., then
proceeding as above we obtain that (pTFF)_l(ng\/[c)ﬂﬁgL = {0}, forallg e M.. O

Using Theorem [3.7] and Proposition we conclude
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Theorem 3.9. Let (Lqg, M., D.) be a discrete nonholonomic Lagrangian system.
Then, the following conditions are equivalent:

(i) The discrete nonholonomic Legendre transformation ¥~ (Lg, M., D) (re-
spectively, F¥(Lqg, M, D)) is a local diffeomorphism.
(ii) For every h € M, (respectively, g € M,)

(" D) HTM) N B = {0}

(respectively, (pTFF)_l(TgMC) NE; ={0}).

(iii) For every h € M. (respectively, g € M) the dimension of the vector sub-
space Hp, (respectz’vely, H,) is 2r and the restriction to the vector subbundle
H (respectively, H) of the Poincaré-Cartan 2-section Qr,, is nondegener-
ate.

(iv) For every h € M. (respectively, g € M)

{b € (Br)) | GE**(a,b) = 0,¥a € (Dy)aqn) } — {0}

_
(respectively, {a € (Ep))t

GLac(a,b) = 0, € (Do) gg) } = {0}).

3.3. Nonholonomic evolution operators and regular discrete nonholo-
nomic Lagrangian systems. First of all, we will introduce the definition of a
nonholonomic evolution operator.

Definition 3.10. Let (L4, M., D) be a discrete nonholonomic Lagrangian system
and Lpp : M. — M, be a differentiable map. Y,p is said to be a discrete nonholo-
nomic evolution operator for (Lg, M., D) if:

(i) graph(Ynp) C Ta, that is, (g, Ynn(g)) € T'a, for all g € M. and
(ii) (g, YTnn(g)) is a solution of the discrete nonholonomic equations, for all
g € M., that is,

d°(Laolg+Laory,,(g) o) (e(B(9)n.(8(9) =0, for all g € Mc.

Remark 3.11. If T, : M. — M, is a differentiable map then, from (3.1]), (3.2)
and (3.4), we deduce that Y, is a discrete nonholonomic evolution operator for
(Lg, M., D.) if and only if

Fi(Ld» Mca ®c) o Tnh = IFJr(Lda Mca ®c)

<

Now, we will introduce the notion of a regular discrete nonholonomic Lagrangian
system.

Definition 3.12. A discrete nonholonomic Lagrangian system (Lg, M., D.) is said
to be regular if the discrete nonholonomic Legendre transformations F~(Lg, M., D)
and B+ (Lg, M., D.) are local diffeomorphims.

From Theorem [3:9] we deduce

Corollary 3.13. Let (Ly, M., D) be a discrete nonholonomic Lagrangian system.
Then, the following conditions are equivalent:

(i) The system (Lq, M, D.) is regular.
(ii) The following relations hold

(PTFF)_l(ThMc) N Et = {0}, for all h € M.,
(0" )T, M) N EE = {0}, for all g € M.
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(iii) H and H are symplectic subbundles of rank 2r of the symplectic vector
bundle (T3 T',Qr,).
iv) If g and h are points of M. then the R-bilinear maps GEa and GLae qre
h g
right and left nondegenerate, respectively.

The map G,f ¢ (respectively, ngc) is right nondegenerate (respectively, left non-
degenerate) if

Gr**(a,b) = 0,Ya € (Doaqm = b =0

(respectively, GL¢(a,b) = 0,Yb € (D¢)g(q) = a = 0).
Every solution of the discrete nonholonomic equations for a regular discrete

nonholonomic Lagrangian system determines a unique local discrete nonholonomic
evolution operator. More precisely, we may prove the following result:

Theorem 3.14. Let (Lg, M., D.) be a regular discrete nonholonomic Lagrangian
system and (go, ho) € Me X M, be a solution of the discrete nonholonomic equations
for (Lg, M., D.). Then, there exist two open subsets Uy and Vo of T, with go € Uy
and hg € Vy, and there exists a local discrete nonholonomic evolution operator

Tv(zI;Ld’MmDC) :Upg N M, — Vo N M, such that:

() Y5 (go) = hos
(ii) Tfﬁl‘“MC’D”) is a diffeomorphism and

iif) L EaMeDe) o unique, that is, if U} is an open subset of T', with gy € U},

nh 0 0

and Tpp : Uy N My — M, is a (local) discrete nonholonomic evolution
operator then

Lyg,M:,D.
(Y C))|U0ﬂUénMc = (Ton)|vonugnm, -

Proof. From remark [3.4] we deduce that
IF—s_([/d; M., Dc)(gO) =F" (Ld7 M., Dc)(hO) = o € DZ

Thus, we can choose two open subsets Uy and Vj of I', with gg € Uy and hg € Vj,
and an open subset Wy of E} such that ;o € Wy and

F+(Ld,MC,DC) :Ug N M. — Wy N D:, Fi(Ld,Mc, DC) VonM, — Wy N @Z
are diffeomorphisms. Therefore, from Remark [3.11] we deduce that
YLD — (B (Lg, Mo, Do) ™" 0 FF (La, Mo, De))jworne., = Uo N Me — Vo N M,

is a (local) discrete nonholonomic evolution operator. Moreover, it is clear that
T;Lh‘l’MC’DC)(go) = hg and it follows that T%‘“MC’@C) is a diffeomorphism.

Finally, if U} is an open subset of I', with go € U}, and Tpp : U N M, — M,
is another (local) discrete nonholonomic evolution operator then (Ynn)|u,nujnm,

is also a (local) discrete nonholonomic evolution operator. Consequently, from
Remark we conclude that

- -1
nh)|UgNU} . = s IWley, Ye oF* d> ¢y < c)||UgNUHNM
(Toun)wonvgom, = [F~(La, M, De) ™" 0o FF(La, Mc, Do)

(La,Me,De)
(T ) wonugnm,. -
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3.4. Reversible discrete nonholonomic Lagrangian systems. Let (Lg, M.,
D.) be a discrete nonholonomic Lagrangian system on a Lie groupoid T' = M.

Following the terminology used in [36] for the particular case when T is the pair
groupoid M x M, we will introduce the following definition

Definition 3.15. The discrete nonholonomic Lagrangian system (Lq, M., D.) is
said to be reversible if

Ld 01 = Ld, ’L(MC) = MC,
i: ' — T being the inversion of the Lie groupoid T.

For a reversible discrete nonholonomic Lagrangian system we have the following
result:

Proposition 3.16. Let (Lg, M., D.) be a reversible nonholonomic Lagrangian sys-
tem on a Lie groupoid T'. Then, the following conditions are equivalent:

(i) The discrete nonholonomic Legendre transformation F~(Lg, M., D.) is a
local diffeomorphism.
(i) The discrete nonholonomic Legendre transformation F* (L4, M., D.) is a
local diffeomorphism.
Proof. If h € M, then, using (3.1) and the fact that Ly oi = Ly, it follows that
F~(La, Me, De) (1) (ve(a(n))) = —Ve(a(ny) (La 0 1)
for ve(an)) € (De)a(n)- Thus, from (3.2)), we obtain that
F~(La, Me, De) (7) (Ve(a(ny)) = —FF (La, Me, De) (1) (ve(an-1))-
This implies that
F*(Lg, M, Do) = —F~(Lg, M., D) 0.
Therefore, since the inversion is a diffeomorphism (in fact, we have that i? = id),

we deduce the result O

Using Theorem [3.9] Definition [3:12] and Proposition [3.16] we prove the following
corollaries.

Corollary 3.17. Let (Lg, M., D.) be a reversible nonholonomic Lagrangian system
on a Lie groupoid I'. Then, the following conditions are equivalent:

(i) The system (Lg,M¢, D.) is regular.
(i1) For all h € M,
(o7 )T N Fif = {0},

(iii) H = (p{‘TFF)*l(TMC) NF is a symplectic subbundle of the symplectic vector

bundle (Ty T, Qr,).
—

(iv) The R-bilinear map G1*° : (Ep)) x (De)a(ny — R is right nondegenerate,

for all h € M.

Corollary 3.18. Let (Lg, M., D) be a reversible nonholonomic Lagrangian system
on a Lie groupoid I'. Then, the following conditions are equivalent:

(i) The system (Lg, M, D.) is regular.
(ii) For all g € M.,

(0" )~ HT, M) N Ey- = {o}.

(iil) H = (p‘TFF)_l(TMC) NF is a symplectic subbundle of the symplectic vector
bundle (T3 T',Qr,).
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(iv) The R-bilinear map G5© : (D) g4y X (ﬁp);"tc — R s left nondegenerate,
for all g € M...

Next, we will prove that a reversible nonholonomic Lagrangian system is dynam-
ically reversible.

Proposition 3.19. Let (L4, M., D.) be a reversible nonholonomic Lagrangian sys-
tem on a Lie groupoid T and (g, h) be a solution of the discrete nonholonomic Euler-
Lagrange equations for (Lg, M., D.). Then, (h=1, g71) is also a solution of these
equations. In particular, if the system (Lg, M., D..) is regular and T%’“M“Dc) 18 the
(local) discrete nonholonomic evolution operator for (Lg, M¢, D.) then T%‘“M“’DJ
is reversible, that is,

(La,Mc,De) (Lq,Mc,De) _ -
T oo Y = 1.

Proof. Using that i(M.) = M, we deduce that
(W' g™ €Tan (Mo x M,).
Now, suppose that 3(g) = a(h) = z and that v € (D.),. Then, since Ly oi = Lg,
it follows that
d°[Lgolp-1 + Lgory,—1oil(e(x))(v) = wv(Lgoioryoi)+uv(Lgoioly)
= v(Lgoly)+v(Lgorpoi)=0.

Thus, we conclude that (h=1,¢g7!) is a solution of the discrete nonholonomic

Euler-Lagrange equations for (Lg, M., D.).

If the system (Lg, M, D) is regular and g € M., we have that (g, T;Lhd’M’DC)(g))
is a solution of the discrete nonholonomic Euler-Lagrange equations for (Lg, M., D).

Therefore, (i(Tgthd’M’DC)(g)),i(g)) is also a solution of the dynamical equations
which implies that

TP (a0 (g))) = i g).
[

Remark 3.20. Proposition was proved in [36] for the particular case when T
is the pair groupoid. o

3.5. Lie groupoid morphisms and reduction. Let (®, ®y) be a Lie groupoid

morphism between the Lie groupoids I' = M and IV = M’.

Denote by (E(®),®o) the corresponding morphism between the Lie algebroids
Er and Er of T and T, respectively (see Section .

If Lg: T — R and L), : I" — R are discrete Lagrangians on I' and I'" such that
Li=L)o®
then, using Theorem 4.6 in [27], we have that
(DperLa)(g,h)(v) = (DperLy)(®(g), ®(h))(E.(®)(v))
for (g,h) € Ty and v € (Er)., where x = 8(g) = a(h) € M.

Using this fact, we deduce the following result:

Corollary 3.21. Let (9, D) be a Lie groupoid morphism between the Lie groupoids
I' = M and I" = M'. Suppose that L!, : ' — R is a discrete Lagrangian on I”,
that (Lq = Lo ®, M., D.) is a discrete nonholonomic Lagrangian system onT' and
that (g,h) € Ta N (M. x M.). Then:
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(i) The pair (g, h) is a solution of the discrete nonholonomic problem (Lq, M.,
D.) if and only if (DperLl))(®(g),®(h)) vanishes over the set

(E(9)®)((De)pq) )-

(i) If (LY, M., D.) is a discrete nonholonomic Lagrangian system on I such
that (®(g), ®(h)) € M x M, and (Epg) (®))((De)pg)) = (De)ag(s(a)) then
(g, h) is a solution for the discrete nonholonomic problem (Lg, M., D.) if
and only if (D(g), ®(h)) is a solution for the discrete nonholonomic problem

(L, M, De)-

3.6. Discrete nonholonomic Hamiltonian evolution operator. Let (Lg, M.,
D.) a regular discrete nonholonomic system. Assume, without the loss of gener-
ality, that the discrete nonholonomic Legendre transformations F~ (L4, M., D,) :
M. — D¥ and FT(Lg, M., D.) : M, — D are global diffeomorphisms. Then,
vgﬁ’Mc’D“) =F~ (L4, M, D)~ toF+(Lg, M., D,) is the discrete nonholonomic evo-
lution operator and one may define the discrete nonholonomic Hamiltonian
evolution operator, v, : Di — D, by

o =T (La, M, D) 0 7t P o FH (L, M, Do) (3.16)
From Remark [3.11] we have the following alternative definitions

Fun = F(Lag, Mg, D) o ylhaMe®e) o (1, M., D),
Ynh = F+(Ld7MCaDc)OF_(LdaMcaDc)_l

of the discrete Hamiltonian evolution operator. The following commutative diagram
illustrates the situation

(Ld;Mch)
M, — - M.
F+(LdaMc,Dc) F+(LdaM:»Dc)
Fi(LdajV[c,‘Dc) Fi(Ldechc)
'?nh ’?nh
D . D D

Remark 3.22. The discrete nonholonomic evolution operator is an application
from D} to itself. It is remarkable that D} is also the appropriate nonholonomic
momentum space for a continuous nonholonomic system defined by a Lagrangian
L : Er — R and the constraint distribution D.. Therefore, in the regular case, the
solution of the continuous nonholonomic Lagrangian system also determines a flow
from D to itself. We consider that this would be a good starting point to compare
the discrete and continuous dynamics and eventually to establish a backward error
analysis for nonholonomic systems. o

3.7. The discrete nonholonomic momentum map. Let (Lg, M., D.) be a reg-
ular discrete nonholonomic Lagrangian system on a Lie groupoid I' = M and
7 : Er — M be the Lie algebroid of T

Suppose that g is a Lie algebra and that ¥ : g — Sec(7) is a R-linear map. Then,
for each x € M, we consider the vector subspace g* of g given by

g°={¢eca [ V() (x) € (De)a }
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and the disjoint union of these vector spaces

g7 = J o

zeM

We will denote by (gP<)* the disjoint union of the dual spaces, that is,

xeM

Next, we define the discrete nonholonomic momentum map J*" : T —
(gP<)* as follows: J™(g) € (g°@))* and

T (g)(€) = ©F (T(6)“V)(9) = W(€)(g)(La), for g € T and £ € g°@).

If E: M — g is a smooth map such that g(m) € g*, for all z € M, then we may
consider the smooth function ngm : ' — R defined by

T2 (g) = T (9)(E(B(9))), Vg €T.

Definition 3.23. The Lagrangian Ly is said to be g-invariant with respect W if
(€N - _
W) (La) = W(&)(La) — V(&) (La) =0, VEEg.

Now, we will prove the following result
La,Mc,De) . .
Theorem 3.24. Let T} : M. — M, be the local discrete nonholonomic
evolution operator for the reqular system (Lq,M.,D.). If Ly is g-invariant with

respect to ¥ : g — Sec(t) and £ : M — g is a smooth map such that £(x) € g*, for
all z € M, then

n. )MC7DC n
JER(X G (g)) — aEhg) =

— W(EBOCLMP (g))) — E(8(9))) (LMD (9)) (L)

for g € M.

Proof. Using that the Lagrangian Ly is g-invariant with respect to ¥, we have that

T(E(a(x ™M () (XM () (La) =

(3.17)
= WEC G @) (9) (La):
Also, since (g, T;Lhd’MC’DC) (9)) is a solution of the discrete nonholonomic equations:
VEF@N@(La) = TE@OrR ) (@) (T (9)(La)-(3.18)
Thus, from and , we find that
-

U(E(B(9))(9)(La) = T(E(B(g))) (XD (g))(Ly).
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Therefore,
JEM GNP (g) — gEg) = w (BT () (1P (9)) (L)

U
= 0 (EBOGM P () (GNP (9)) (La)
—W(E(B() (TP () (La)

= W (B (9)) = EB(9)) ) (X () (La).
O

Theorem [3.24] suggests us to introduce the following definition

Definition 3.25. An element £ € g is said to be a horizontal symmetry for
the discrete nonholonomic system (Lg, M., D.) and the map ¥ : g — Sec(7) if

V() (x) € (De)g, forallze M.

Now, from Theorem [3.24] we conclude that

Corollary 3.26. If L, is g-invariant with respect to W and £ € g is a horizontal
symmetry for (Lg, M., D.) and ¥ : g — Sec() then Jgh :T'— R is a constant of

the motion for Tneld’Mc’Dc), that is,

nh (Ldechc) _ ZLh

nh -
4. EXAMPLES

4.1. Discrete holonomic Lagrangian systems on a Lie groupoid. Let us
examine the case when the system is subjected to holonomic constraints.

Let Ly : I' — R be a discrete Lagrangian on a Lie groupoid I' = M. Suppose
that M. C T" is a Lie subgroupoid of T over M’ C M, that is, M, is a Lie groupoid
over M’ with structural maps

/ !/ / -
apy, : Me — M, By, - Me — M’ eppr 2 M — Mg, gy, 2 Me — M,

the canonical inclusions iy, : M, — I and iy : M/ — M are injective immer-
sions and the pair (in,,%p) is a Lie groupoid morphism. We may assume, without
the loss of generality, that M’ = M (in other case, we will replace the Lie groupoid
I by the Lie subgroupoid I over M’ defined by I'" = a~(M’) N =1 (M")).

Then, if Ly, = Lqg o iy, and Ty, : En, — M is the Lie algebroid of M., we
have that the discrete (unconstrained) Euler-Lagrange equations for the Lagrangian
function Ly, are:

X(9)(In) — X (W) (L) =0, (g,h) € (Mo)a, (4.1)
for X € Sec(mn,)-

We are interested in writing these equations in terms of the Lagrangian L4
defined on the Lie groupoid I'. From Corollary 4.7 (iii) in [27], we deduce that
(g,h) € (M,)2 is a solution of Equations if and only if DpgrrL4(g,h) vanishes
over Im(Eg(g)(in,)). Here, E(int.) : En, — Er is the Lie algebroid morphism
induced between Ey¢, and Er by the Lie groupoid morphism (iy,, Id). Therefore,
we may consider the discrete holonomic system as the discrete nonholonomic system
(L4, M., D), where D. = (E(int,))(En,) = En, .
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In the particular case, when the subgroupoid M, is determined by the vanishing
set of n — r independent real C'*°-functions ¢” : I' — R:

M.={gel |¢7(g9) =0, forall v},

then the discrete holonomic equations are equivalent to:

“«—

Y () (L) =Y ()(La) = Md*6"(e(B(9)(Y (5(0));
¢'(g)=9¢"(h) = 0,
for all Y € Sec(7), where d° is the standard differential on I". This algorithm is

a generalization of the Shake algorithm for holonomic systems (see [10], 20, [32], 36]
for similar results on the pair groupoid @ x Q).

4.2. Discrete nonholonomic Lagrangian systems on the pair groupoid.
Let (Lg, M., D) be a discrete nonholonomic Lagrangian system on the pair group-
oid @ x @ = @ and suppose that (qo, q1) is a point of M.. Then, using the results
of Section we deduce that ((go,q1), (¢1,92)) € (Q X Q)2 is a solution of the
discrete nonholonomic Euler-Lagrange equations for (Lg, M., D.) if and only if

(D2L4(qo,q1) + D1La(q1,92))D.(q1) = 05
(QIa (J2) S MC7

or, equivalently,

DyLa(qo,q1) + D1La(q1, q2) = Z NA (1),
=1

(q1,92) € M,

where )\; are the Lagrange multipliers and {A7} is a local basis of the annihilator
DY. These equations were considered in [10] and [36].

Note that if (¢1,¢2) € T' = Q x @ then, in this particular case, G(qul ) T,,Q %
Ty, Q — R is just the R-bilinear map (D2D1L4)(¢1, ¢2).
On the other hand, if (¢1,¢2) € M. we have that

(-‘—Mc
(TQ) s ) = { vz € T @ | (0,05) € Tgy,00)Me }

— e
(TQ)(qlc,qz) = {’Uql S quQ | (Uql,O) S T(q1,tJ2)MC } .

Thus, the system (Lg, M, D) is regular if and only if for every (¢1,¢2) € M.
the following conditions hold:

T M
If v, € (TQ)yy ) and o, =0,
(D2D1L4(q1,92)vq, ;Vg,) =0, Yvg, € Dc(g2)
and
A M.
If v, € (TQ)(q;qQ) and v, =0

<D2D1Ld(Q1a Q2)UQ1’U(J2> =0, vv(h € DC(ql)

The first condition was obtained in [36] in order to guarantee the existence

of a unique local nonholonomic evolution operator Tgﬁf’Mc’Dc) for the system

(Lg, M., D.). However, in order to assure that TgLLhd’M”’DC) is a (local) diffeomor-

phism one must assume that the second condition also holds.
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Example 4.1 (Discrete Nonholonomically Constrained particle). Consider
the discrete nonholonomic system determined by:

a) A discrete Lagrangian Ly : R3 x R3 — R:

1 Tl —x 2 — 2 21 — 2 2
Ld($07yo,ZO,I1,y17Z1):§ l( 1h O) +(y1hyo> +< 1h 0> ]

b) A constraint distribution of Q = R?,

Dczspan{Xl = g—&-y%,XQ: a}.

ox dy
c) A discrete constraint submanifold M, of R® x R? determined by the con-
straint
#(z - Z):Z1*ZO_ Yyit+yo\ [T1—To
0, Y0, 205 %1,Y1, 21 n 2 n .

The system (Lg, M., D..) is a discretization of a classical continuous nonholonomic
system: the nonholonomic free particle (for a discussion on this continuous system
see, for instance, [4, [8]). Note that if Ersyrs)y = TR? is the Lie algebroid of the
pair groupoid R? x R? = R3 then

Tizr 1 ,21,01,91,20) Me N Ems xrsy (21,41, 21) = De(21, 91, 21).

Since
Zzaiml—’_yl@izl’ z:_ﬁimo_yoaizo’ )(?228%/17 E:_aiyo’
then, the discrete nonholonomic equations are:
(332 - 2;; ha xo) +u (Zz ~ th; - Z") = 0, (4.2)
y2—2hy21 +% 0, (4.3)

which together with the constraint equation determine a well posed system of dif-
ference equations.

We have that
DngLd = —%{daﬁo A d$1 + dyo A dy1 + dZO A dzl}
—
3\ M. _ 9 9 9 3
(TR )($07y072077«'1,y1,21) - {GOT% +b0Tyo + €05z € T(Io,yo,zo)R /
co = 5(ao(yr + yo) — bo(z1 — 20))}-
(TRB)MC = {a1:2 402+ 2 €T, R3/
(£0,Y0,20,21,Y1,21) 4154, 13y, Cl1a; (z1,y1,21)
c1 = 3(a1(y1 +yo) + bi(z1 — z0))}.

Thus, if we consider the open subset of M, defined by
{(z0,y0, 20, 21,y1,21) € Mc | 2445 +y1y0 # 0,2+ y5 + yoyr # 0}

then in this subset the discrete nonholonomic system is regular.
Let U : g = R? — X(R?) given by ¥(a,b) = a2 + bZ. Then gPc =
span{¥(£) = X}, where £ : R® — R? is defined by &(z,y,2) = (1,y). More-

over, the Lagrangian L, is g-invariant with respect to ¥. Therefore,

Jgh(xl’yhzl,x%ym@) - Jgh($07y0,207$1,y1721)

-
= \Ij(o7y2 - yl)(zla Y1, 21,22, Y2, 22)(Ld)7
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that is,

To — X Z9 — Z 1 — X0 Z1 — 20 zZ9 — 21
( h21+yz W2 1)_(1h2 +u1 th >=(y2—y1)( e >

This equation is precisely Equation (4.2)).

4.3. Discrete nonholonomic Lagrangian systems on a Lie group. Let G be
a Lie group. G is a Lie groupoid over a single point and the Lie algebra g of G is
just the Lie algebroid associated with G.

If g,h € G, vy, € T},G and ay, € T} G we will use the following notation:

guy = (Thlg)(vh)ETghG, vpg = (Tth)(’Uh)ETth,
gan = (Tylg—)(an) € TG, ang = (Ty,rg—1)(an) € T;,G.

Now, let (L4, M., D.) be a discrete nonholonomic Lagrangian system on the Lie
group G, that is, Ly : G — R is a discrete Lagrangian, M, is a submanifold of G
and D, is a vector subspace of g.

If g7 € M, then (g1,92) € G X G is a solution of the discrete nonholonomic
Euler-Lagrange equations for (L4, M., D..) if and only if

91 "dLa(g1) — dLa(g2)g5 " = Z At (4.4)
i=1 .
gk S Mcv k= ]‘7 2

where \; are the Lagrange multipliers and {x/} is a basis of the annihilator DY of
D.. These equations were obtained in [36] (see Theorem 3 in [36]).

Taking py = de(gk)g,;l, k =1,2 then

i=1 '
gk € Mak =1,2

where Ad : G x g — g is the adjoint action of G on g. These equations were
obtained in [I4] and called discrete Euler-Poincaré-Suslov equations.

On the other hand, from ([2.14)), we have that
Qr, (7, %), (7", 1") = 7' (i (La)) = 7 (' (La))-

Thus, if g € G then, using 1) it follows that the R-bilinear map Géd gxg—R
is given by

GEa(g,m) = =T (9)(€ (La)).

Therefore, the system (Lg, M., D.) is regular if and only if for every g € M, the
following conditions hold:

neg/7(g) € TyM. and 7 (g)(€ (La) = 0,¥¢ € D, —> 1 = 0,

¢eg/€(g) € T,M. and T (g)(€ (La)) = 0,¥n € Do = & = 0.

We illustrate this situation with two simple examples previously considered in
[14].
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4.3.1. The discrete Suslov system. (See [14]) The Suslov system studies the motion
of a rigid body suspended at its centre of mass under the action of the following
nonholonomic constraint: the body angular velocity is orthogonal to some fixed
direction.

The configuration space is G = SO(3) and the elements of the Lie algebra s0(3)
may be identified with R? and represented by coordinates (wg,wy,w,). Without
loss of generality, let us choose as fixed direction the third vector of the body frame
€1, €3, e3. Then, the nonholonomic constraint is w, = 0.

The discretization of this system is modelled by considering the discrete La-
grangian Lq : SO(3) — R defined by Lg(2) = Tr (€2J), where J represents the
mass matrix (a symmetric positive-definite matrix with components (J;;)1<i j<3)-

The constraint submanifold M, is determined by the constraint Tr (2Fs5) = 0
(see [14]) where

0 00 0 01 0 -1 0
=100 -1}, E2=(0 00|, E3s=110 0
010 -1 0 O 00 O

is the standard basis of s0(3), the Lie algebra of SO(3).

The vector subspace D.. = span{F}, E»}. Therefore, DY = span{E?3}. Moreover,
the exponential map of SO(3) is a diffeomorphism from an open subset of D (which
contains the zero vector) to an open subset of M. (which contains the identity
element I). In particular, TyM. = D..

On the other hand, the discrete FEuler-Poincaré-Suslov equations are given
by

Ei()(La) — EA(Q2)(La) =0, Tr (uEs) =0, ie{1,2}.

After some straightforward operations, we deduce that the above equations are
equivalent to:

Tr ((Elgg — QlEl)J) =0, Tr (QZE3) =0, 7€ {1,2}

or, considering the components €, = (ng)) of the elements of SO(3), we have that:

JQgQ%) — J33Q:(312) + JQQQ;? _ —JggQé? — Jggﬂi(é) — JuQéQl)
7(]239(212) -+ J1QQ%) - J139(112) +J339g3) + JQgQ(QQQ) + J139§21)
— Ty + Ty — Jp0 ) [ Q%) + 508 + a0l
308 — Q) + Ji0) —J33Q8) — J2308) — J1;0)
1 1 2 2
ng) = Q(21)a Qg ) = le)-

Moreover, since the discrete Lagrangian verifies that
1 1
La(Q) = 5 Tr (QJ) = 5Tr Q') = La(Q71)

and also the constraint satisfies Tr (QE3) = —Tr (271 E3), then this discretization
of the Suslov system is reversible. The regularity condition in € SO(3) is in this
particular case:

ne€so(3) /Tr (E1nJ) =0, Tr (ExQnJ)=0and Tr (nE3) =0=n=0

It is easy to show that the system is regular in a neighborhood of the identity 1.
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4.3.2. The discrete Chaplygin sleigh. (See [12, [14]) The Chaplygin sleigh system
describes the motion of a rigid body sliding on a horizontal plane. The body is
supported at three points, two of which slide freely without friction while the third
is a knife edge, a constraint that allows no motion orthogonal to this edge (see [41]).

The configuration space of this system is the group SFE(2) of Euclidean motions
of R2. An element 2 € SE(2) is represented by a matrix

cosf —sinf =z
Q= | sinf cosf y with 0,2,y € R.
0 0 1

Thus, (0, z,y) are local coordinates on SE(2).
A basis of the Lie algebra se(2) = R? of SE(2) is given by

0 -1 0 0 01 0 00
e=(1 0 0|, ee=| 0 0 0 |, eo=1 0 0 1
0 0 O 0 00 0 0 0

and we have that
[e,e1] = ea, [e,ea] = —eq, [e1,ea] =0.
An element & € se(2) is of the form
E=we+vie; +vreg
and the exponential map exp : se(2) = R? — SFE(2) of SE(2) is given by

sin w cosw — 1 cosw — 1 sinw

+ o)~ ) F ), ifw #0,

exp(w,v1,v2) = (w,v1

and
eXp(Oa U1, U2> = (Oa V1, UQ)-

Note that the restriction of this map to the open subset U =] — m,m[xR? C R3 =
se(2) is a diffeomorphism onto the open subset exp(U) of SE(2).

A discretization of the Chaplygin sleigh may be constructed as follows:
- The discrete Lagrangian Ly : SE(2) — R is given by

La(Q) = ST (2107) - Tr (D),

2
where J is the matrix:
(J/2) + ma? mab ma
J= mab (J/2) + mb*> mb
ma mb m

(see [14]).
- The vector subspace D.. of se(2) is

D, = span {e,e1} = { (w,v1,v2) €5¢(2) |v2=0}.
- The constraint submanifold M, of SE(2) is
M. =exp(UND,). (4.6)
Thus, we have that

M. = {(0,z,y) e SEQ2) | —m<0<m 0#0,(1 —cosf)r —ysinfd =0}
U{(0,2,0) e SE(2) |z €R}.
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FIGURE 1. Submanifold M,

From (4.6)) it follows that I € M, and TyM. = D... In fact, one may prove
that

0 0

9 N 9 }
Y |(0,2,0) 0T1(0.2,0)"

T
TowoMe= spaniz5,, o T32

for z € R.
Now, the discrete Euler-Poincaré-Suslov equations are:

e (01, 21,91)(La) — € (02, 22, y2)(La) = 0,
<6_1(01axlay1)(Ld) - e_1>(027x27y2)(Ld) = 07

and the condition (0, zk, yx) € M., with k& € {1,2}. We rewrite these equations as
the following system of difference equations:

—amcos ] —bmsin 6, + am _ mxs + am cos fs
+maxy cos B1 + myy sin 6y - —bmsinfy; — am
( amys — bmxs )

amyy cos @y — amxy sinf; — bm x1 cos 61
+(a?m + b*m + J) sin 0y

—bmy; sin 6y + (a?m + b>m + J) sin 0,
together with the condition
(O, Tr, yr) € M, k€ {1,2}.

On the other hand, one may prove that the discrete nonholonomic Lagrangian
system (Lg, M., D) is reversible.

Finally, consider a point (0,2,0) € M, and an element n = (w,v1,v2) € s¢(2)
such that

7(0,2,0) € T(0,0,00Me, 7(0,2,0)(€(La)) =0, 7(0,2,0)(e1(Lq)) = 0.
Then, if we assume that a?m + J + amy # 0 it follows that 1 = 0.

Thus, the discrete nonholonomic Lagrangian system (L4, M., D..) is regular in a
neighborhood of the identity I.

4.4. Discrete nonholonomic Lagrangian systems on an action Lie group-
oid. Let H be a Lie group with identity element ¢ and - : M x H — M, (x,h) €
M x H +— zh, a right action of H on M. Thus, we may consider the action Lie
groupoid I' = M x H over M with structural maps given by

a(z,h) =z, Bx,h) =zh, &)= (z,¢),

w((z, h), (zh, k') = (z, hk'), i(z,h) = (zh, h~Y). (47)
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Now, let h = T.H be the Lie algebra of H and ® : h — X(M) the map given by
(I)(n) =M, f01"77€ h7

where 77); is the infinitesimal generator of the action - : M x H — M corresponding
to . Then, ® is a Lie algebra morphism and the corresponding action Lie algebroid
pri: M x b — M is just the Lie algebroid of ' = M x H.

We have that Sec(pri) =2 {7 : M — b | 7 is smooth } and that the Lie algebroid
structure ([, -Jo,pa) on pri : M x H — M is defined by
[7, Ao (x) = [7(2), f(x)]+(0(2)) m (@) (@) — (@) (2)(0), pa(0)(x) = (i(2)) (),
for 7, ft € Sec(pr1) and x € M. Here, [-,+] denotes the Lie bracket of b.
If (z,h) € T = M x H then the left-translation I(, 5y : & !(xh) — & *(z) and
the right-translation 7, 5 : B~Y(x) — B~ 1(xh) are given
Lany(zh, W) = (z, k'), (@) R) = (W)~ 1'h). (4.8)

Now, if € b then 7 defines a constant section C), : M — hof pry : M x § — M

and, using (2.4), (2.5), (4.7) and (4.8]), we have that the left-invariant and the

right-invariant vector fields C',, and C,, respectively, on M x H are defined by

— — = —
Co(x,h) = (=nm(x), 77 (h),  Cylz,h) = (0,7 (h), (4.9)
for (x,h) eI’ =M x H.
Note that if {n;} is a basis of h then {C,,} is a global basis of Sec(pr1).
On the other hand, we will denote by expp : Br = M xh — ' = M x H the
map given by
expp(z,n) = (z,expy(n)), for (z,n) € Er = M x b,
where expy : h — H is the exponential map of the Lie group H. Note that if
—
D) : R—T =M x H is the integral curve of the left-invariant vector field C',
on I' = M x H such that @, .)(0) = (z,e) then (see (4.9))
eXpl"(Ivn) = q)(w,e)(l)

Next, suppose that Ly : ' = M x H — R is a Lagrangian function, D, is a
constraint distribution such that {X} is a local basis of sections of the annihilator
Dg, and M, C I is the discrete constraint submanifold.

For every h € H (resp., x € M) we will denote by L; (resp., L) the real
function on M (resp., on H) given by Lp(y) = La(y, h) (vesp., Ly(h') = Lq(z, 1)).
A composable pair ((z,hg), (zhg, hgt1)) € T2 N (M. x M) is a solution of the
discrete nonholonomic Euler-Lagrange equations for the system (Lg, M., D..) if

C (@, ) (La) = C (@i, hisr) (La) = Aa X (hi) (), for all 7 € b,

or, in other terms (see (4.9))

{(Teln) ()} (L) = {(Terny ) (M)} (Lan,,) + ma (hie) (L) = Aa X (@hi) (1),
for all n € .
4.4.1. The discrete Veselova system. As a concrete example of a nonholonomic
system on a transformation Lie groupoid we consider a discretization of the Veselova

system (see [44]). In the continuous theory [9], the configuration manifold is the
transformation Lie algebroid pry : S% x s0(3) — S? with Lagrangian

1
L.(y,w) = iw <Iw —mgly - e,
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where S? is the unit sphere in R, w € R? ~ s0(3) is the angular velocity, v is the
direction opposite to the gravity and e is a unit vector in the direction from the
fixed point to the center of mass, all them expressed in a frame fixed to the body.
The constants m, g and [ are respectively the mass of the body, the strength of
the gravitational acceleration and the distance from the fixed point to the center
of mass. The matrix I is the inertia tensor of the body. Moreover, the constraint
subbundle D, — S? is given by

7€S = De(y) ={weR ~s50(3) |y -w=0}.

Note that the section ¢ : S? — 5% x 50(3)*, (2,9,2) — ((z,y, 2), vel + ye? + ze3),
where {e1, €2, e3} is the canonical basis of R3 and {e!, e?,e3} is the dual basis, is a
global basis for DY.

If w € s0(3) and & is the skew-symmetric matrix of order 3 such that &v = w x v
then the Lagrangian function L. may be expressed as follows

1
Le(y,w) = 5 Tr(@IDT) —mgly-e,

where I = %T‘I‘(I)ngg — 1. Here, I3y3 is the identity matrix. Thus, we may define
a discrete Lagrangian Ly : I' = S? x SO(3) — R for the system by (see [27])

La(v,Q) = —%Tr(IQ) —hmgly-e.

On the other hand, we consider the open subset of SO(3)

V={QeSO0@B) | TrQ#=£1}
and the real function 1 : S? x V — R given by

(1 Q) =7 (2= QD).
One may check that the critical points of ¢ are
Co={(7,QeSFxV |Qy—y=0}.
Thus, the subset M. of I' = S? x SO(3) defined by
Mo={ (@) (82 xV)-Cy |- (@=QT) =0},

is a submanifold of I" of codimension one. M, is the discrete constraint submanifold.

We have that the map expr : S? x 50(3) — 52 x SO(3) is a diffeomorphism from
an open subset of D., which contains the zero section, to an open subset of M,
which contains the subset of I' given by

€(S?) = {(v,e) € S? x SO(3)}.
So, it follows that
(De)(7) = Ty.)Me N Er(v),  for y € S%

Following the computations of [27] we get the nonholonomic discrete Euler-Lagrange
equations, for ((vk, Qk), (Y%, Qkr1)) € Ty

M1 — QF My + mglh?(Yig1 X €) = AVret,

%(Qk/—\Qf) =0, 7k+1(9k+1/—\95+1) =0,
vyhere M = QI — IOT. Therefore, in terms of the axial vector IT in R? defined by

II = M, we can write the equations in the form

Mjp1 = QF I, — mglh2’¥k+1£_e\+ AMYe+1,

"

V(= Q) = 0, 1 (U — Q) = 0.
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Note that, using the expression of an arbitrary element of SO(3) in terms of the
Euler angles (see Chapter 15 of [31]), we deduce that the discrete constraint sub-
manifold M, is reversible, that is, i(M.) = M,.. However, the discrete nonholonomic
Lagrangian system (Lg, M., D.) is not reversible. In fact, it is easy to prove that
Lgoi# Ly.

On the other hand, if v € S? and &,7 € R? 2 50(3) then it follows that
— —
Ce(v, I3)(Crn(La)) = =€ - In.

Consequently, the nonholonomic system (Lg4, M., D) is regular in a neighborhood
(in M.) of the submanifold &(S?).

4.5. Discrete nonholonomic Lagrangian systems on an Atiyah Lie group-
oid. Let p : @ — M = Q/G be a principal G-bundle and choose a local trivial-
ization G x U, where U is an open subset of M. Then, one may identify the open
subset (p~1(U) x p~1(U))/G ~ ((G x U) x (G x U))/G of the Atiyah groupoid
(@ x Q)/G with the product manifold (U x U) x G. Indeed, it is easy to prove that
the map

(GxU)x (GxU))/G— (UxU)xQG,

[((g,2), (¢", )] = ((.9).97"9")),
is bijective. Thus, the restriction to ((G x U) x (G x U))/G of the Lie groupoid
structure on (@ x Q)/G induces a Lie groupoid structure in (U x U) x G with
source, target and identity section given by

a:(UxU)xG—-U; ((z,y
B:UxU)xG—-U; ((z,y
e:U— UxU)xG; x— ((z,2),¢),

and with multiplication m : (U x U) x G)2 — (U x U) x G and inversion i :
(UxU)xG— (UxU) x G defined by

m(((,9),9), ((:2),h)) = ((=,2),gh), (4.10)
i((x,y),9) = ((yx),97"). '

The Lie algebroid A((U xU) x G) may be identified with the vector bundle TU xg —
U. Thus, the fibre over the point x € U is the vector space T,,U x g. Therefore, a
section of A((U x U) x @) is a pair (X, €), where X is a vector field on U and £ is a
map from U on g. The space Sec(A((U x U) x G)) is generated by sections of the
form (X,0) and (0,C¢), with X € X(U), £ € g and C¢ : U — g being the constant
map Ce(z) =&, for all © € U (see [27] for more details).

Now, suppose that Ly : (U x U) x G — R is a Lagrangian function, D.. a vector
subbundle of TU x g and M, a constraint submanifold on (U x U) x G. Take a basis
of sections {Y*} of the annihilator D?. Then, the discrete nonholonomic equations
are

<—~ —~>

(Xon’r/a)((m?y)agk)(l/d) - (Xa>na)((y7z)agk:+l)(-[/d) = 07
with (Xo,7a) : U — TU x g a basis of the space Sec(rp,) and (((x,y), gk), ((y, 2),
gi+1)) € M x M) N (U x U) x G)z. The above equations may be also written as

— B —

(X,0)((z,9), gr)(La) — (X,0)((y, 2), gr+1)(La) =AY ()X (¥)),
0,Ce)((z,9), 9x) (La) — (0,Ce)((y,2), gr+1)(La) = AaY*(y)(Ce(y)),

with X € X(U), £ € gand (((z,v),9%), (4, 2), gk+1)) € M xM)N((UXxU) x G)a.
An equivalent expression of these equations is

D2Ld((x7y)7gk) + DlLd((ya Z)ngk-i-l) = Aaua(y)v (411)
Pry1(y, 2) = Ad;, pr(x,y) — Aaf*(y),
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where pi(7,9) = d(r}, Lzy,))(e) for (z,7) € U x U and we write Y* = (u*,7%),
u® being a 1-form on U and n® : U — g* a smooth map.

4.5.1. A discretization of the equations of motion of a rolling ball without sliding on
a rotating table with constant angular velocity. A (homogeneous) sphere of radius
r > 0, mass m and inertia about any axis I rolls without sliding on a horizontal
table which rotates with constant angular velocity €2 about a vertical axis through
one of its points. Apart from the constant gravitational force, no other external
forces are assumed to act on the sphere (see [41]).

The configuration space for the continuous system is Q = R?x SO(3) and we shall

use the notation (z,y; R) to represent a typical point in ). Then, the nonholonomic
constraints are

i+ gTr(RRTEg) - —qy
§— %Tr(RRTEl) = Qu,

where {E1, Eq, E3} is the standard basis of so(3).

The matrix RRT is skew symmetric, therefore we may write

. 0 —Wws (%)
RR"=| w3y 0 —w
— W2 w1 0

where (w7, w2, ws) represents the angular velocity vector of the sphere measured
with respect to the inertial frame. Then, we may rewrite the constraints in the
usual form:

T—rwy = —Qy,
Q.

Y+ rwy

The Lagrangian for the rolling ball is:

1 1 . .
Lo,y Roa s R) = 5m(i* + %) + T Te(REY (RRT)T)

1 . . 1
= om(E® +§7) + SI(wf + @ + i),

Moreover, it is clear that @ = R? x SO(3) is the total space of a trivial princi-
pal SO(3)-bundle over R? and the bundle projection ¢ : @ — M = R? is just the
canonical projection on the first factor. Therefore, we may consider the correspond-
ing Atiyah algebroid E' = TQ/SO(3) over M = R?. We will identify the tangent
bundle to SO(3) with s0(3) x SO(3) by using right translation.

Under this identification between T'(SO(3)) and s0(3) x SO(3) the tangent action
of SO(3) on T(SO(3)) = s0(3) x SO(3) is the trivial action

(s0(3) x SO(3)) x SO(3) — s0(3) x SO3), ((w,R),S)+— (w,RS). (4.12)

Thus, the Atiyah algebroid T'Q/SO(3) is isomorphic to the product manifold
TR? x 50(3) and the vector bundle projection is T2 opri, where pry : TR? x s0(3) —
TR? and 7p2 : TR? — R? are the canonical projections.

A section of E' = TQ/SO(3) = TR? x s0(3) — R? is a pair (X,u), where X is
a vector field on R? and u : R? — s0(3) is a smooth map. Therefore, a global basis
of sections of TR? x s0(3) — R? is

0 0
= (%ﬂ 0)7 8/2 =
s3=(0,E1), sy =(0,Es), s5=(0,E3).

/
51
!
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The anchor map p’' : E/ = TQ/SO(3) = TR? x s0(3) — TR? is the projection
over the first factor and if [, -]’ is the Lie bracket on the space Sec(E’ = TQ/SO(3))
then the only non-zero fundamental Lie brackets are

[[sévsﬁl]]/ = Si’zv [[silvsg]]l = ng [[sgvsg]]l = 821'

Moreover, the Lagrangian function L. = T and the constraint functions are
SO(3)-invariant. Consequently, L. induces a Lagrangian function L/, on E’' =
7Q/SO(3)

1 1
L/C(x7y7x7y7w) - im(fEQ + y2) + ZITI'(LUUJT),

1 1
= im(jTQ +97) - ZITY(WQ),
where (z,y,%,9) are the standard coordinates on TR? and w € s0(3). The con-
straint functions defined on E' = TQ/SO(3) are:
4§ Tr(wEy) = —Qy,
y—5Tr(wk) = Q.
We have a nonholonomic system on the Atiyah algebroid E/ = TQ/SO(3) = TR? x

50(3). This kind of systems was recently analyzed by J. Cortés et al [9] (in particular,
this example was carefully studied).

Egs. (4.13) define an affine subbundle of the vector bundle E’ = TR? x s0(3) —
R? which is modelled over the vector subbundle D’, generated by the sections

(4.13)

D! = {st,rs) + sy, rsh — s5}.
Our objective is to discretize this example directly on the Atiyah algebroid. The

Atiyah groupoid is now identified to R? x R? x SO(3) = R2. We may construct
the discrete Lagrangian by

S B (log W) /)

where log : SO(3) — s0(3) is the (local)-inverse of the exponential map exp :
50(3) — SO(3). For simplicity instead of this procedure we use the following
approximation:

ij(xOvyO; T1,Y1; Wl) = L/c(anyOa

Wi — I3x3

logW1/h = -

where 5,3 is the identity matrix.
Then

T1 — Xo yl_yO_Wl_ISXS)
h " h h

1 T1 — To 2 Y1 — Y% 2

e Kh> (25

Eliminating constants, we may consider as discrete Lagrangian
;1 ay — o\’ yi—yo\’

Ldme ) ()

The discrete constraint submanifold M/, of R? x R? x SO(3) is determined
by the constraints:

Ly(zo,y0,21,y1; Wi) = L.(z0, Yo,

I
+ W Tr(I?,><3 - Wl)

I
— W TI'(Wl)

T1 — To r Y1+ Yo

—Tr(W,E,) = -Qft= %

p g TNER) 2
Yy1—Y% T o 1 + T
- o Te(WLE,) = (272 ,
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We have that the system (L/,, M., D.) is not reversible. Note that the Lagrangian
function L/, is reversible. However, the constraint submanifold M/, is not reversible.

The discrete nonholonomic Euler-Lagrange equations for the system (L/;,, M.,
D!) are:

85(93073/0,5517?/1,”/1)( ) 3/5($1,y17$2,y27W2)(Lfi) =0
-
(rsh + s4) (o, yo, x1, y1: Wi)(Ly) — (rsy + s )(xl,yuxz,yz;Wz)(Lfi) =0
I . / - A / _
(TSZ 83)(x03y0,$1ay17W1)<Ld) (TSQ 53)(x1,y1,x2,y2,Wg)(Ld) = 0

with the constraints defining M.

On the other hand, the vector fields 5%, 5%, rs} + s}, sy + s, rsh — s5 and
_
rsh — sh on (R? x R?) x SO(3) are given by

r ), rsi 4 4 = ((~r2.0), Ea),
2)
), —Eq), rsh— sy = ((0, ray) El)

where (El (respectively, El) is the left-invariant (respectively, right-invariant) vec-
tor field on SO(3) induced by E; € s0(3), for i € {1,2,3}. Thus, we deduce the
following system of equations:

Te (W — Wa)E5) = 0,

- (W) + # Te (W) — Wa)Bs) = 0,
- (W) _ # Te (Wy — Wa)By) = 0,
oy ﬁTr(WgEg)—kQ‘w;yl = 0,

Y2 ;yl B %Tr(WgEO X2 ;xl =0

where (o, 21, Y0, y1; W1) are known. Simplifying we obtain the following system of
equations:

To — 221 + X 190 Y2 — Yo

h? I+mr?2 2h =0 (4.14)

Y2 — 2}321 t% - f?mz $22_h330 - 0 (4.15)
Tr (W, —W32)E3) = 0 (4.16)

2 ; + ﬁ Tr(WaEs) + Qw = 0, (4.17)
B m(WaE) -0 T < o, (4.18)

Now, consider the open subset U of R? x R? x SO(3)
U= (R*xR?) x {W € SO3) | W—Tr(W)I3y3 is regular } .

Then, using Corollary (iv), we deduce that the discrete nonholonomic La-
grangian system (L/, M., D.) is regular in the open subset U’ of M/ given by
U =UNM.
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If we denote by up = (241 — 2%)/h and vy = (Yr+1 — yx)/h, k € N then from

Equations (4.14)) and (4.15) we deduce that

Ukt o4 W) 1 4—a?h?  —dah m
Vg1 ) v ) 44 a2h? dah 4 — o2h? Uk

or in other terms

8z(k + 1) + (a®h? — 4)z(k) — 4ah(y(k + 1) — y(k))

z(k+2) = Ch 1
8y(k + 1) + (a?h? — 4)y(k) + da(z(k + 1) — x(k))
y(k+2) = 575 ;
a?h? +4
where o = I-&-I% Since A € SO(2), the discrete nonholonomic model predicts that

the point of contact of the ball will sweep out a circle on the table in agreement
with the continuous model. Figure [2]shows the excellent behaviour of the proposed
numerical method

TN

f
|

FI1GURE 2. Orbits for the discrete nonholonomic equations of mo-
tion (left) and a standard numerical method (right) (initial condi-
tions 2(0) = 0.99, y(0) = 1, (1) = 1, y(1) = 0.99 and A = 0.01
after 20000 steps).

4.6. Discrete Chaplygin systems. Now, we present the theory for a particu-
lar (but typical) example of discrete nonholonomic systems: discrete Chaplygin
systems. This kind of systems was considered in the case of the pair groupoid in
[10].

For any groupoid I' = M, the map x : I’ — M x M, g — (a(g),8(g)) is a
morphism over M from I to the pair groupoid M x M (usually called the anchor
of I'). The induced morphism of Lie algebroids is precisely the anchor p : Ep — T'M
of Er (the Lie algebroid of T').

Definition 4.2. A discrete Chaplygin system on the groupoid T' is a discrete
nonholonomic problem (Lg, M., D.) such that

- (Lay, M., D.) is a regular discrete nonholonomic Lagrangian system;
- XM, =XOtm, : M — M x M is a diffeomorphism;
- poip,:D. — TM is an isomorphism of vector bundles.

Denote by Lqg: M x M — R the discrete Lagrangian defined by Ly=Lgo
int. © ()~

In the following, we want to express the dynamics on M x M, by finding relations
between de dynamics defined by the nonholonomic system on I' and M x M.



40 D. IGLESIAS, J. C. MARRERO, D. MARTIN DE DIEGO, AND E. MARTINEZ

From our hypothesis, for any vector field Y € X(M) there exists a unique section
X € Sec(rp,) such that poip, o X =Y.

Now, using , and 7 it follows that
T,0(X (9) = —Y(a(g)) and T,8(X(g)) = Y (8(g))

with some abuse of notation. In other words,

Tox(X10(g)) = Y19 (alg), B(g)) and Tyx(X OV (g)) = Y@V (alg), 5(9))
for g € M., where Ty : T'T 2 V3 @r Va — TMXM(M x M) = T(M x M) is the
prolongation of the morphism x given by

(Tox)(Xg, Yy) = (Tya)(Xy), (T48)(Yy)),
for g e T and (X,,Yy) € T,T = V,8® Vya.

Since x, is a diffeomorphism, there exists a unique X !’] € T,M, (respectively,
X] € T,;M,) such that

(Toxae,) (X)) =Y (a(g), B(g)) = (Y (e(9)), 05(y))
(respectively, (U'gXMC)(X;) =YD (a(g),B(g)) = (0a(q), Y (B(g)))) for all g € M.
Thus,
N
X, e T,M NV, X(9) = X, = Z € VyanVyf,
X, e TM.NVya, X(g)— X, =2, € VoanVyp,
for all g € M,.
Now, if (g, h) € Ta N (M, x M,) then
— — _ _
X(g9)(La) = X (h)(La) = X,(La)+ Z,(La) — X;,(La) — Z;,(La)

= Y(a(9).8(9)(La) = Y (a(h), B(1)(La)
+Z4(La) — Zp(La)-
Therefore, if we use the following notation

(a(g),8(9)) = (z,y),  (a(h),B(h)) = (y,2)

F;/r(x,y) = _Z)/(;{lc(z,y) (Ld)7 F;(y, Z) = Z)l(];tlc(%z)(l’d)’
then
X(9)(La) = X(W)(La) = Y(2,9)(La) — Y (y,2)(La)

In conclusion, we have proved that (g, h) is a solution of the discrete nonholonomic
Euler-Lagrange equations for the system (Lg, M., D.) if and only if ((z,v), (y, 2))
is a solution of the reduced equations

Y (2, y)(La) — Y (y,2)(La) = Ff (z,y) — Fy (y,2), Y € X(M).

Note that the above equations are the standard forced discrete Euler-Lagrange
equations (see [32]).

4.6.1. The discrete two wheeled planar mobile robot. We now consider a discrete
version of the two-wheeled planar mobile robot [8,@]. The position and orientation
of the robot is determined, with respect a fixed cartesian reference, by an element
Q= (0,z,y) € SE(2), that is, a matrix

cosf —sinf =

Q= sinf cosf y
0 0 1
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Moreover, the different positions of the two wheels are described by elements
(¢,7) € T2. Therefore, the configuration space is SE(2) x T2. The system is
subjected to three nonholonomic constraints: one constraint induced by the condi-
tion of no lateral sliding of the robot and the other two by the rolling conditions of
both wheels.

It is well known that this system is SE(2)-invariant and then the system may
be described as a nonholonomic system on the Lie algebroid se(2) x TT? — T2 (see
[9]). In this case, the Lagrangian is

1 . .
L = 3 (Jw2 + m(v')? + m(v?)? + 2molwrv® + Jo¢? + J21/12)

_ 1 T J2'2 Jo 2
= S T(EIE) + 6" + S0

where
0 —w ot J/2 0 mol
=we+v e +viey= w v an =
13 ! 2 0 o2 d J 0 J/2 0
0 0 0 mol 0 m

Here, m = mg + 2m;, where my is the mass of the robot without the two wheels,
my the mass of each wheel, J its the moment of inertia with respect to the vertical
axis, Jo the axial moments of inertia of the wheels and [ the distance between the
center of mass of the robot and the intersection point of the horizontal symmetry
axis of the robot and the horizontal line connecting the centers of the two wheels.

The nonholonomic constraints are

'U1 + %(b + %w = 0)
vt = 0, (4.19)
w+ 2% — 2—}‘2 = 0,

determining a submanifold M of se(2) x TT?, where R is the radius of the two
wheels and 2c¢ the lateral length of the robot.

In order to discretize the above nonholonomic system, we consider the Atiyah
groupoid I' = SE(2) x (T? xT?) = T2. The Lie algebroid of SE(2) x (T?x T?) = T?
is TT? x se(2) — T?. Then:

- The discrete Lagrangian Ly : SE(2) x (T? x T?) — R is given by:

La(Q, b, Vks Gt Vrs1) = sz 0 (U — L3x3)I(Qk — Isxs)T)
+4 (Adw)? + 4 (Agy)?
2 A2 2 R
where I3x3 is the identity matrix, A¢r = dp+1 — Pk, AV = Vi1 — Vg
and
cosl, —sinf, xy
Qr =\ sinfp cosby Yk
0 0 1
We obtain that
1
Ly = o2 (mz} + myp — 2lmozk (1 — cos by
. 1 (Agp)? 1 (Agy)?
+2J(1 — cos ) + 2lmoyy sin 0y,) + §J1( }?Zk) + §J1( ;lék) .

- The constraint vector subbundle of se(2) x T'T? is generated by the sections:

R, RO R R 0
S1 = B €1 206 a(b,Sg = €1 06 .
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- The continuous constraints of the two-wheeled planar robot are written in
matrix form (see [4.19)):

&= w 0 w = _27(/5"1'% 0 0
0 0 0 0 0 0

We discretize the previous constraints using the exponential on SE(2)
(see Section [4.3.2) and discretizing the velocities on the right hand side

cos(%Ag{)k—%Aq/)k) sin(g—RchSk—%Adzk) —ciz:tﬁﬁz sin(%Ad)k—%Awk) >

Q = <sin(2§A¢k§cM)k) cos( R Adk— L AYy) cagEETEE (1—cos( £ Adk— L AYy))
0 0 1

1 0 —RA¢®x
Q=1 0 1 0
0 0 1
if Ady = Ar)g.
Therefore, the constraint submanifold M, is defined as
R R
O = —5 A0k + 5 AU (4.20)
Adp + Ay . R R
= —c——m—— —A¢p — —A 4.21
T “Aor — Aoy ™ 50 Ph — 5 Ak (4.21)
Adi + Ay, R R
= ¢c—— | 1— —A¢r — —A 4.22
Yk CA¢k — A’l/)k o 2c ¢k 2c wk ( )

if A(bk 7& A’l/)k and Gk = 0, T = 7RA¢]€ and Yk = 0 if A¢k = Ad)k
We have that the discrete nonholonomic system (L4, M., D..) is reversible. More-
over, if er : T? — SE(2) x (T? x T?) is the identity section of the Lie groupoid
I'=SE(2) x (T? x T?) then it is clear that
EF(T2) = {ngg} X Agz 2z € M.

Here, Ag2yp2 is the diagonal in T? x T?. In addition, the system (Lg, M., D.) is
regular in a neighborhood U of the submanifold er(T?) = {I3x3} X Aqzy2 in M.
Note that

T(13><3>¢1,1ZJ1,¢>1,¢1)MC N EF(¢17 wl) = DC(¢1a wl)a
for (¢1,%1) € T?, where Er = se¢(2) x TT? is the Lie algebroid of the Lie groupoid
I'=SE(2) x (T? x T?).
On the other hand, it is easy to show that the system (Lg4,U,D.) is a discrete
Chaplygin system.

The reduced Lagrangian on T? x T? is

T L S
R R 1 . 1
z/d: +J(1—COS(%A¢/€— %Awk)))—FiJl( ;LZS;) +§J1( ;L/;k) if A¢k #A¢k
2 2
(Ji + mf )(A;fj) i Ay = Ay

The discrete nonholonomic equations are:

— _ B
51 ’(91@1#’174)271/)2)([/‘1) — 51 ’(522,¢2,¢27¢37¢3)(Ld) =0

— —
52 |(Ql,¢1,w1,¢2,w2)(Ld) — %2 |(Qz¢2,w2,¢3,w3)(Ld)
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These equations in coordinates are:

2J1(¢p3 — 2¢2 + ¢1) = IRmg(cos O3 + cosby) + ﬁ(sin fs — sin 6;)
c

_Rcos 01 Rsin 64
c

(Imoy1 + cmay) + (Imoz1 — cmyy)

R
+z(cmx2 + Imo(y2 — 2¢)) (4.23)

2J1 (3 — 24hg + 1) = IRmy(cosBa 4 cos 1) — ﬁ(sin 0y — sin 6y)
c

Rcos Rsin 64
+f E—

(Imoyr — emay) — (Imoz1 + cmyy)

R
—|—;(cmx2 —Imo(y2 + 2¢)) (4.24)
Substituting constraints (4.20), (4.21) and (4.22) in Equations (4.23) and (4.24)

we obtain a set of equations of the type 0 = fi1(¢1, P2, P3,11,%2,13) and 0 =
f1(b1, b2, d3,11, 12, 13) which are the reduced equations of the Chaplygin system.

5. CONCLUSIONS AND FUTURE WORK

In this paper we have elucidated the geometrical framework for nonholonomic
discrete Mechanics on Lie groupoids. We have proposed discrete nonholonomic
equations that are general enough to produce practical integrators for continuous
nonholonomic systems (reduced or not). The geometric properties related with
these equations have been completely studied and the applicability of these devel-
opments has been stated in several interesting examples.

Of course, much work remains to be done to clarify the nature of discrete non-
holonomic mechanics. Many of this future work was stated in [36] and, in particular,
we emphasize:

- a complete backward error analysis which explain the very good energy
behavior showed in examples or the preservation of a discrete energy (see
[14]);

- related with the previous question, the construction of a discrete exact
model for a continuous nonholonomic system (see [I7, [32] [36]);

- to study discrete nonholonomic systems which preserve a volume form on
the constraint surface mimicking the continuous case (see, for instance,
[13, [46] for this last case);

- to analyze the discrete hamiltonian framework and the construction of
integrators depending on different discretizations;

- and the construction of a discrete nonholonomic connection in the case of
Atiyah groupoids (see [21 27]).

Related with some of the previous questions, in the conclusions of the paper of R.
McLachlan and M. Perlmutter [36], the authors raise the question of the possibility
of the definition of generalized constraint forces dependent on all the points qr_1,
qr and qxy1 (instead of just gi) for the case of the pair groupoid. We think that
the discrete nonholonomic Euler-Lagrange equations can be generalized to consider
this case of general constraint forces that, moreover, are closest to the continuous
model (see [25] [36]).
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