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DIFFERENTIAL OPERATORS ON MODULAR FORMS

ASSOCIATED TO JACOBI FORMS

Min Ho Lee

Abstract. Given Jacobi forms, we determine associated Jacobi-like
forms, whose coefficients are quasimodular forms. We then use these
quasimodular forms to construct differential operators on modular forms,
which are expressed in terms of the Fourier coefficients of the given Ja-
cobi forms.

1. Introduction

Jacobi forms were introduced by Eichler and Zagier in [4], and they play
an important role in number theory. Jacobi-like forms are formal power
series with coefficients in the ring of holomorphic functions on the Poincaré
upper half plane H which are invariant under a certain action of a discrete
subgroup of SL(2,R), and they generalize Jacobi forms in some sense (cf.
[3], [8]). On the other hand, quasimodular forms, which were introduced
by Kaneko and Zagier in [5], generalize modular forms, and they are closely
linked to Jacobi-like forms. More specifically, each coefficient of a Jacobi-like
form is a quasimodular form, and there is a lifting map from quasimodular
forms to Jacobi-like forms so that the lifting of a quasimodular form has this
form as one of its coefficients (cf. [1], [6]).

Although the derivative of a modular form is not a modular form in
general, there are a number of ways of constructing differential operators
on modular forms. For example, the Serre operator can be considered by
using the Eisenstein series E2, and Rankin-Cohen brackets determine certain
types of differential operators on modular forms. The goal of this paper is
to construct differential operators on modular forms associated a Jacobi
form by using a method of constructing such operators from quasimodular
forms introduced in our earlier paper [7]. To be more specific, we first
determine Jacobi-like forms corresponding to Jacobi forms, so that their
coefficients are quasimodular forms. We then use these quasimodular forms
to construct differential operators on modular forms by using the above-
mentioned method. These operators are expressed in terms of the Fourier
coefficients of the given Jacobi forms.
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2. Jacobi forms and Jacobi-like forms

Let H be the Poincaré upper half plane on which the group SL(2,R) acts
as usual by linear fractional transformations. Thus we may write

γz =
az + b

cz + d

for all z ∈ H and γ =
(
a b
c d

)
∈ SL(2,R). For the same z and γ, we set

(2.1) J(γ, z) = cz + d, K(γ, z) =
c

cz + d
.

Then the resulting maps J,K : SL(2,R)×H → C satisfy

J(γγ′, z) = J(γ, γ′z)J(γ′, z), K(γ, γ′z) = J(γ′, z)2(K(γγ′, z)− K(γ′, z))

for all γ, γ′ ∈ SL(2,R) and z ∈ H.
We now consider a subgroup Γ of SL(2,Z) of finite index and choose

nonnegative integers ν and µ. Then Jacobi forms for Γ introduced by Eichler
and Zagier [4] can be described as follows.

Definition 2.1. A holomorphic function φ : H × C → C is a Jacobi form

of weight ν and index µ for Γ if it satisfies the following conditions:
(i) If J and K are as in (2.1), the transformation formula

(2.2) φ(γz,J(γ, z)−1w) = J(γ, z)νe2πiµK(γ,z)w
2

φ(z, w)

holds for all γ ∈ Γ and (z, w) ∈ H× C.
(ii) If (p, q) ∈ Z

2, the relation

(2.3) φ(z, w + pz + q) = e2πiµ(−p
2z−2pw)φ(z, w)

holds for all (z, w) ∈ H× C.
(iii) The function φ has a Fourier development of the form

(2.4) φ(z, w) =
∞∑

n=0

∑

r2≤4µn/ℓ

Cφ(n, r)e
2πinz/ℓe2πirw

for all (z, w) ∈ H × C, where ℓ is the least positive integer such that φ(z +
ℓ, w) = φ(z, w).

We denote by Jν,µ(Γ) the space of Jacobi forms of weight ν and index µ
for Γ.

Remark 2.2. Given a Jacobi form φ ∈ Jν,µ(Γ), we set φ
−(z, w) = φ(z,−w).

Then for γ ∈ Γ, (z, w) ∈ H × C and (p, q) ∈ Z
2, using (2.2) and(2.3), we
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have

φ−(γz,J(γ, z)−1w) = φ(γz,J(γ, z)−1(−w))

= J(γ, z)νe2πiµK(γ,z)w
2

φ(z,−w)

= J(γ, z)νe2πiµK(γ,z)w
2

φ−(z, w),

φ−(z, w + pz + q) = φ(z, (−w) + (−p)z + (−q))

= e2πiµ(−p
2z−2pw)φ(z,−w)

= e2πiµ(−p
2z−2pw)φ−(z, w).

Thus it follows that φ− is also a Jacobi form belonging to Jν,µ(Γ).

Let F be the ring of holomorphic functions f : H → C that are polyno-
mially bounded, meaning that there is a constant N > 0 such that

f(z) = O((1 + |z|2)/yN )

for z ∈ H with y = Im(z) as y → ∞ and y → 0 (see e.g. [2, §5.1]). We denote
by F [[X]] the complex algebra of formal power series in X with coefficients
in F , so that its elements can be written in the form

Φ(z,X) =

∞∑

k=0

φk(z)X
k

with φk ∈ F for each k ≥ 0. Given an integer λ, we can consider right
actions |λ and |Jλ of SL(2,R) on F and F [[X]], respectively, defined by

(f |λ γ)(z) = J(γ, z)−λf(z)

(2.5) (Φ |Jλ γ)(z,X) = J(γ, z)−λe−K(γ,z)XΦ(γz,J(γ, z)−2X),

for f ∈ F , Φ(z,X) ∈ F [[X]], γ ∈ SL(2,R) and z ∈ H.

Definition 2.3. (i) A holomorphic function f ∈ F is a modular form of

weight λ for Γ if it satisfies

f |λ γ = f

for all γ ∈ Γ.
(ii) A Jacobi-like form of weight λ for Γ is a formal power series Φ(z,X) ∈

F [[X]] satisfying

(2.6) (Φ |Jλ γ)(z,X) = Φ(z,X)

for all z ∈ H and γ ∈ Γ.
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We denote by Mλ(Γ) and Jλ(Γ) the spaces of modular forms and Jacobi-
like forms, respectively, of weight λ for Γ.

We now fix a Jacobi form φ ∈ Jν,µ(Γ), which has a Fourier development as
in (2.4), and consider the associated formal power series Fφ(z,X) ∈ F [[X]]
defined by

(2.7) Fφ(z,X) =

∞∑

k=0

ξφk (z)X
k,

where

(2.8) ξφk (z) =
(2πi)k

(2k)!µk

∞∑

n=0

∑

r2≤4µn/ℓ

r2kCφ(n, r)e
2πinz/ℓ

for k ≥ 0.

Proposition 2.4. The formal power series Fφ(z,X) in X given by (2.7) is
a Jacobi-like form belonging to Jν(Γ).

Proof. From (2.4) we see that the power series expansion of the Jacobi form
φ(z, w) in w can be written as

φ(z, w) =
∞∑

k=0

βφk (z)w
k,

where

(2.9) βφk (z) =

∞∑

n=0

∑

r2≤4µn/ℓ

(2πir)k

k!
Cφ(n, r)e

2πinz/ℓ

for k ≥ 0. We consider the corresponding even series given by

(2.10) φ̂(z, w) =
φ(z, w) + φ(z,−w)

2
=

∞∑

k=0

βφ2k(z)w
2k .

On the other hand, if we set

X = 2πiµw2,
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from (2.7), (2.8), (2.9) and (2.10) we obtain

Fφ(z,X) =
∞∑

k=0

(2πi)k

(2k)!µk

∞∑

n=0

∑

r2≤4µn/ℓ

r2kCφ(n, r)e
2πinz/ℓXk(2.11)

=

∞∑

k=0

1

(2πiµ)k

∞∑

n=0

∑

r2≤4µn/ℓ

(2πir)2k

(2k)!
Cφ(n, r)e

2πinz/ℓXk

=

∞∑

k=0

βφ2k(z)

(
X

2πiµ

)k
=

∞∑

k=0

βφ2k(z)w
2k

= φ̂(z, w).

Since φ is a Jacobi form of weight ν and index µ, by Remark 2.2 the same

is true for φ̂, and therefore by (2.2) it satisfies

φ̂(γz,J(γ, z)−1w) = J(γ, z)νe2πiµK(γ,z)w
2

φ̂(z, w)

for all γ ∈ Γ and (z, w) ∈ H × C. From this and (2.11)we see that

Fφ(γz,J(γ, z)
−2X) = φ̂

(
γz,J(γ, z)−1

√
X

2πiµ

)

= J(γ, z)νeK(γ,z)X φ̂

(
z,

√
X

2πiµ

)

= J(γ, z)νeK(γ,z)XFφ(z,X);

hence Fφ(z,X) belongs to Jν(Γ). �

3. Quasimodular forms and differential operators

Let Γ and F be as in Section 2, and let m and λ be integers with λ ≥
2m ≥ 0.

Definition 3.1. An element f ∈ F is a quasimodular form for Γ of weight

λ and depth at most m if there are functions f0, . . . , fm ∈ F satisfying

(3.1) (f |λ γ)(z) =

m∑

r=0

fr(z)K(γ, z)
r

for all z ∈ H and γ ∈ Γ, where K(γ, z) is as in (2.1). We denote by QMm
λ (Γ)

the space of such quasimodular forms.

Remark 3.2. As was pointed out by Zagier in [9, Section 5.3] and [10,
Section 2], the condition for quasimodular forms given in Definition 3.1 was
suggested by Werner Nahm.
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We note that the functions fr in (3.1) are uniquely determined by f and
that they are in fact quasimodular forms such that

fr ∈ QMm−r
λ−2r(Γ)

for 0 ≤ r ≤ m (see e.g. [1]). Thus by setting

(3.2) Sr(f) = fr,

we obtain the complex linear map

Sr : QM
m
λ (Γ) → QMm−r

λ−2r(Γ)

for each r.
Quasimodular forms are closely linked to Jacobi-like forms. Indeed, if the

formal power series

(3.3) Ψ(z,X) =
∞∑

k=0

ψk(z)X
k.

is a Jacobi-like form belonging to Jν(Γ), then the coefficient function ψm
with m ≥ 0 is a quasimodular form belonging to QMm

ν+2m(Γ). Thus we can
consider the complex linear map

(3.4) Πm : Jν(Γ) → QMm
ν+2m(Γ)

defined by
Πm(Ψ(z,X)) = ψm

for Ψ(z,X) ∈ Jν(Γ) as in (3.3). Furthermore, if Sj : QMm
ν+2m(Γ) →

QMm−j
ν+2m−2j(Γ) is as in (3.2), using Corollary 3.7 and Proposition 3.10 in

[1], we have

(3.5) Sj(ψm) =
1

j!
ψm−j

for 0 ≤ j ≤ m. The next proposition provides a method of determining a
differential operator on modular forms associated to a quasimodular form.

Proposition 3.3. Given a quasimodular form ψ ∈ QMm
λ (Γ) and nonnega-

tive integers u and σ with u ≤ m, there is a differential operator

Aσ
ψ,u :Mσ(Γ) →Mσ+λ−2m+2u(Γ)

on modular forms given by

Aσ
ψ,u =

u∑

s=0

s∑

p=0

(−1)s(m− u+ s)!(2u+ σ + λ− 2m− s− 2)!

p!(s− p)!
(3.6)

× (Sm−u+sψ)
(s−p) d

p

dzp
.

Proof. See [7]. �
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We now consider a Jacobi form φ ∈ Jν,µ(Γ) whose Fourier coefficients
Cφ(n, r) ∈ C are as in (2.4), and set

Kφ,u,σ
n,p =

u∑

s=p

∑

r2≤4µn/ℓ

(−1)s(2πi)u−pr2u−2sns−p

µu−sℓs−p
(3.7)

×
(2u+ σ + ν − s− 2)!

p!(s− p)!(2u− 2s)!
Cφ(n, r).

for nonnegative integers k, p, σ and u with p ≤ u. We then define the
associated functions

Fφ,u,σp : H → C

by the series

Fφ,u,σp (z) =

∞∑

n=0

Kφ,u,σ
n,p e2πinz/ℓ

for all z ∈ H. The differential operator on modular forms associated to φ is
then described in the next theorem.

Theorem 3.4. Given a Jacobi form φ ∈ Jν,µ(Γ) and nonnegative integers

u and σ, the formula

Dφ,u,σ =

u∑

p=0

Fφ,u,σp (z)
dp

dzp

determines a differential operator

Dφ,u,σ :Mσ(Γ) →Mσ+ν+2u(Γ)

on modular forms for Γ.

Proof. Let Fφ(z,X) be the formal power series given by (2.7), which belongs
to Jλ(Γ) by Proposition 2.4. If Πm with m ≥ 0 is the map in (3.4), then we
see that the function

ξφm = Πm(Fφ(z,X))

is a quasimodular form belonging to QMm
ν+2m(Γ), which satisfies

Sj(ξ
φ
m) =

1

j!
ξφm−j

for 0 ≤ j ≤ m by (3.5). From this relation and (2.8) we obtain

(3.8) Sj(ξ
φ
m) =

∞∑

n=0

∑

r2≤4µn/ℓ

(2πi)m−jr2m−2j

j!(2m − 2j)!µm−j
Cφ(n, r)e

2πinz/ℓ.
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We now apply Proposition 3.3 by using λ = ν + 2m in (3.6) and setting
Dφ,u,σ = Aσ

ξφm,u
to obtain the operator

Dφ,u,σ :Mσ(Γ) →Mσ+ν+2u(Γ)

given by

Dφ,u,σ =

u∑

s=0

s∑

p=0

(−1)s(m− u+ s)!(2u+ σ + ν − s− 2)!

p!(s− p)!

× (Sm−u+sξ
φ
m)

(s−p) d
p

dzp
.

On the other hand, using (3.8), we have

(Sm−u+sξ
φ
m)(z) =

∞∑

n=0

∑

r2≤4µn/ℓ

(2πi)u−sr2u−2s

(m− u+ s)!(2u− 2s)!µu−s
Cφ(n, r)e

2πinz/ℓ

for 0 ≤ s ≤ u ≤ m, so that

(Sm−u+sξ
φ
m)

(s−p)(z) =
∞∑

n=0

∑

r2≤4µn/ℓ

(2πi)u−sr2u−2s

(m− u+ s)!(2u− 2s)!µu−s

×
(2πin

ℓ

)s−p
Cφ(n, r)e

2πinz/ℓ

for 0 ≤ p ≤ s. Thus we obtain

Dφ,u,σ =

u∑

s=0

s∑

p=0

∞∑

n=0

∑

r2≤4µn/ℓ

(−1)s(2u+ σ + ν − s− 2)!

p!(s − p)!

×
(2πi)u−pr2u−2s

(2u− 2s)!µu−s

(n
ℓ

)s−p
Cφ(n, r)e

2πinz/ℓ d
p

dzp

=

u∑

s=0

s∑

p=0

∞∑

n=0

∑

r2≤4µn/ℓ

(−1)s(2πi)u−p(2u + σ + ν − s− 2)!r2u−2sns−p

p!(s− p)!(2u − 2s)!µu−sℓs−p

× Cφ(n, r)e
2πinz/ℓ d

p

dzp

=

u∑

p=0

u∑

s=p

∞∑

n=0

∑

r2≤4µn/ℓ

(−1)s(2πi)u−p(2u + σ + ν − s− 2)!r2u−2sns−p

p!(s− p)!(2u − 2s)!µu−sℓs−p

× Cφ(n, r)e
2πinz/ℓ d

p

dzp

=
u∑

p=0

∞∑

n=0

Kφ,u,σ
n,p e2πinz/ℓ

dp

dzp
=

u∑

p=0

Fφ,u,σp (z)
dp

dzp
,
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where we used (3.7); hence the proof of the theorem is complete. �
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