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Abstract

We present a symbolic algorithmic approach that allows to compute invariant manifolds and cor-
responding reduced systems for differential equations modeling biological networks which comprise
chemical reaction networks for cellular biochemistry, and compartmental models for pharmacology,
epidemiology and ecology. Multiple time scales of a given network are obtained by scaling, based
on tropical geometry. Our reduction is mathematically justified within a singular perturbation
setting using a recent result by Cardin and Teixeira. The existence of invariant manifolds is sub-
ject to hyperbolicity conditions, which we test algorithmically using Hurwitz criteria. We finally
obtain a sequence of nested invariant manifolds and respective reduced systems on those manifolds.
Our theoretical results are generally accompanied by rigorous algorithmic descriptions suitable for
direct implementation based on existing off-the-shelf software systems, specifically symbolic com-
putation libraries and Satisfiability Modulo Theories solvers. We present computational examples
taken from the well-known BioModels database using our own prototypical implementations.

1. Introduction

Biological network models describing elements in interaction are used in many areas of biology and
medicine. Chemical reaction networks are used as models of cellular biochemistry, including gene regula-
tory networks, metabolic networks and signaling networks. In epidemiology and ecology, compartmental
models can be described as networks of interactions between compartments. Both in chemical reaction
networks and in compartmental models the probability that two elements interact is assumed propor-
tional to their abundances. This property, called mass action law in biochemistry, leads to polynomial
differential equations in the kinetics.

For differential equations that describe the development of such networks over time a crucial question
is concerned with reduction of dimension. We illustrate such a reduction and the steps involved for
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the classical Michaelis-Menten system, an archetype of enzymatic reactions. The differential equations
for the concentrations of relevant chemical species, which are substrate and enzyme-substrate complex,
have the form

Y1 = —ckiyr + (kiyr +k-1)y2
Yo = ek1yr — (k1yn + k-1 + k2)yo,

involving a small parameter € that represents the ratio of the total concentration of the enzyme to the
concentration of the substrate. The fact that this ratio is small is an assumption of the model that has
to be verified in applications. In a first step toward reduction, a scaling transformation y; = x; and
Yo = £xo yields

T = 5(—k1x1 + (]4113?1 + k:_l)xQ)
To = k1z1 — (k1z1 + k—1 + k2)zo.

In a second step, one uses singular perturbation theory to obtain the famous Michaelis-Menten
equation. It consists of two components: First, we obtain a one dimensional invariant manifold given
approximately by the quasi-steady state condition kyz1 — (k1x1 + k—1 + k2)x2 = 0. This considers the
fast variable zo to be at the steady state and lowers dimension from two to one. Second, we obtain a
reduced system for the slow variable:

. k1koxy
= Eklxl +k_1+ k2.

With our example, we paraphrased the approach in a seminal paper by Heineken et al. [28], which
was the first one to rigorously discuss quasi-steady state from the perspective of singular perturbation
theory. Realistic network models may have many species and differential equations. Considerable effort
has been put into model order reduction, i.e., finding approximate models with a smaller number of
species and equations, where the reduced model can be more easily analyzed than the full model [46].

The scaling of parameters and variables by a small parameter € and the study of the limit ¢ — 0
is central in singular perturbation theory. It is rather obvious that arbitrary scaling transformations
are unlikely to provide useful information about a given system. Successful scalings, in contrast, are
typically related to the existence of nontrivial invariant manifolds. Applications of scaling rely on the
observation that, loosely speaking, any result that holds asymptotically for ¢ — 0 remains valid for
sufficiently small positive e, provided some technical conditions are satisfied. To determine scalings
of polynomial or rational vector fields that model biological networks, tropical equilibration methods
were introduced and developed in a series of papers by Noel et al. [44], Radulescu et al. [47], Samal et
al. [51], 50], and others. These methods open a feasible path for biological networks of high dimension.
For a given system they provide a list of possible slow-fast systems, which may or may not yield invariant
manifolds and reduced equations. Other methods due to Goeke et al. [26], and recently extended to
multiple time scales by Kruff and Walcher [32], determine critical parameter values and manifolds for
singular perturbation reductions.

The principal purpose of the present paper is to complement scaling with an algorithmic test for
the existence of invariant manifolds and the computation of those manifolds along with corresponding
reduced systems of differential equations. In the asymptotic limit, methods from singular perturbation
theory, principally developed by Tikhonov [58] and Fenichel [21], are available. A recent extension
to multiscale systems by Cardin and Teixeira [I0] turns out to be a valuable tool for the systematic
computation of reductions with nested invariant manifolds, and allows an algorithmic approach.

In the language of systems biology the situation at a given time scale can be described as follows:
Faster variables have relaxed and satisfy quasi-steady state conditions, a subset of variables evolves
toward quasi-steady state values, and all slower variables are constant. The sets of quasi-steady state
conditions for relaxed variables define invariant manifolds, more precisely, they provide the lowest order
approximations to the invariant manifolds. As the set of relaxed variables and thus quasi-steady state
conditions increases, the respective invariant manifolds get nested so that later manifolds are contained



in earlier ones. Local linear approximations of these manifolds were proposed by Valorani and Paolucci
[59] using numerical methods based on the local Jacobian. However, to the best of our knowledge,
constructive approaches providing the nonlinear description of these manifolds and reduced models are
still missing.

From a computer science point of view, we propose a novel symbolic computation-based algorithmic
workflow for the reduction process outlined above. This includes in particular the automatic verification
of certain hyperbolicity conditions required for the validity of the reductions. We restrict ourselves to
the case of polynomial differential equations that covers mass action chemical reaction networks and
compartmental models. We present a series of algorithms that takes as input a system of polynomial
autonomous ordinary differential equations together with numerical information related to the desired
coarse graining of the scaling. As output one finally obtains a collection of nested invariant manifolds
for the input system, associated with smaller dimensional systems that govern the dynamics on those
manifolds. This output establishes the reduced systems discussed above.

The computationally hard parts of our methods are reduced to decision problems in interpreted first-
order logic over various theories. It turns out that quantifier alternation can be entirely avoided, so
that the Satisfiability Modulo Theories (SMT) framework by Nieuwenhuis et al. [4I] can be applied.
Several corresponding SMT solvers are freely available and professionally supported [I [12] [I5] [17].
It is remarkable that we arrive with our comprehensive algorithmic work here at SMT sub-problems
for several different logics, viz. linear integer arithmetic, linear real arithmetic, and non-linear real
arithmetic. The algorithms presented here are suitable for straightforward implementation provided
that a symbolic computation library, or computer algebra system, and an SMT solver are available. To
ensure this, we have realized two independent prototypical realizations in software on our own, one in
Python using freely available libraries, and one in Maple.

The plan of the paper is as follows: In Sect. we introduce an abstract scaling procedure, which
assumes, for given 0 < €, < 1, the existence of families of exponents ¢ ; and dj, for scaling polynomial
coefficients and variables, respectively. From the scaled system, higher order terms are truncated,
and the obtained system is partitioned into several time scales, ordered from fastest to slowest. A
corresponding generic algorithm uses black-box functions ¢ and d. In Sect. we make precise one
possible way to realize ¢ and d, based on tropical geometry. So far, our transformations are mostly
of formal nature. On these grounds, we algorithmically determine in Sect. |3| invariant manifolds and
corresponding reduced systems, which makes the formal scaling meaningful in a mathematically precise
way. In general, this is possible only for a certain number ¢ of time scales, where ¢ is explicitly
found and—in contrast to existing alternative approaches—often larger than 2. Technically, we apply
recent results by Cardin and Teixeira [10] based on Fenichel theory. In Sect. [4] we employ symbolic
computation techniques, specifically Grobner basis theory, to equivalently simplify our reduced systems,
which are still scaled in terms of ., ¢, and d. In Sect. [5] we finally transform back to the principal
scale of the original system while preserving the obtained multiple time scales and the structure of the
corresponding reduced systems. In particular, the various time scale factors remain explicit. Until here,
the mathematical development of our framework has been accompanied by nine algorithms, and we give
a tenth top-level algorithm and make precise how various modules are combined and interact with one
another. In Sect. [6] we discuss various computational examples with software developed in the course
of the present work. We consider models from the BioModels database, a repository of mathematical
models of biological processes [34]. Our primary objective is to support the understanding of our
algorithms, which naturally comes with a high ratio of negative examples, which do not have meaningful
reductions. This is counter-balanced by a collection of biologically interesting positive examples in the
Appendix [A] In Sect. [}, we wrap up and point at possible future research directions.

2. Scaling of Polynomial Vector Fields

In what follows, we adopt a rather general scaling formalism that has been used recently in [43, [44] 46,
47, 51] and is generally rather recurrent in the literature on singular perturbations, see for instance [42]
Sect. 3]. We use the convention that the natural numbers N include 0.



2.1. An Abstract Scaling Procedure

Our starting point is a parameter dependent system S of polynomial differential equations

. dyg
Yo' =g T Z’Yk,JyJa 1<k<n, (1)
J
where the summation ranges over multi-indices J = (j1, ..., jn) € N, ;.5 € R, and only finitely many

Y.s are non-zero. We abbreviate y/ = y]' -+ - yin as usual. In terms of network models, yj, represents
the concentration of either a chemical species or a type of individual in a compartment. Note that
we use positive integers as indices, instead of concrete names for species and compartments. The real
coefficients 7y, s describe actions of other species or individuals on the species or individual k. If these
actions are activations one has ;s > 0, whereas for repressions one has 5 ; < 0. Several species may
interact to produce an action on a given species k. This information is contained in the number of non-
zero components of J. More precisely, the order of the action, defined as the number of species needed
to produce that action, is the finite cardinality of the set {7 € {1,...,n} | j; # 0}. This terminology is
inspired from chemical reactions, where the order represents essentially the number of reactant species.

Throughout this paper, we require that positive y; remain positive as time progresses. In other
words, the positive first orthant & = (0,00)" C R™ is positively invariant for system , which is
the case, e.g., in chemical reaction networks when 74 sy’ > 0 on all intersections of hyperplanes
{(y1,.--,yn) €R" | yp =0} with U.

We fix some small ¢, € (0, 1), and we impose that

Vie,g = €5 Ak, (2)

with rational numbers ¢ ;. The tacit understanding is that only nonzero 74, ; are being considered.
The intuitive idea is that the 73 j are close to one. Moreover, we introduce a positive parameter ¢ and
consider the system
e =Y e ypgy’, 1<k<n (3)
J

with e-dependent coefficients. Notice that matches at € = e,. By renormalizing vy, = %y,
dy, € Q, one obtains a system in scaled variables

Xy = chk,J'HDvJ)_dk fyk,JxJ, 1<k<n, (4)
J

with D = (dy,...,d,) and the dot product in R™ denoted by (-, -). This transformation preserves the
positive invariance of Y. The scaling comes with the implicit assumption that for i, j € {1,...,n}, the
relative order of y; with respect to y; is bounded by y;/y; = ©(e% %) for e — 0, so that all z;, get the
same order of magnitude. Continuing, we set v, = min{ ¢x s + (D, J) — di | %,0 # 0} to obtain

2y = e Z€Ck,J+<D7J)—dk—Vk ,?k"]xta 1<k<n, (5)
J

where now all exponents of ¢ inside the sums are nonnegative. Finally one may perform a preliminary

time scaling 7 = e#t, p = min{vy, ..., v, } to arrive at
/ day, v —p ek, g+ (D, J)—dp —vi 5 J
xk.:?zs XJ:E ’ Yk,J T, 1Sk§n7 (6)

with all exponents nonnegative. We are interested in system @ for variable € > 0, in the asymptotic
limit € — 0.

We restructure @ by collecting all variables with equal v; — u in vectors z1, ..., zm,, where z; € R™
for k € {1,...,m}, in ascending order of exponents and such that ny + ... + n, = n. We obtain a



system of the form

2, = 5“’“]1(2,5) = g% (fk(z,O) + 5“2,21);@2 4+t gagt*wkpk,wk) =g (ﬁc(z,O) + 0(1)) , 1<k<m,

(7)
where ay, a;m €EQ,0=a1<as<...<apm, 0< aﬁm, and py,; are multivariate polynomials in z for
1<k <mand2<j<wg. Note that the case m = 1 is not excluded. By substituting § := sl/q, with
a sufficiently large positive integer ¢, one ensures that only nonnegative integer powers of ¢ appear:

2 = 8% (2, 8) = o (fk(z, 0) 4 % 2ppp + - + 5b;€*“”kpk7wk) - (fk(z, 0) + 0(1)) L 1<k<m,
(®)
wherebk,bkyjEN,0:b1<b2<...<bm,0<b§€7j for1 <k <mand2<j<w.

Our idea is that the indices k correspond to different time scales 6°%*7. For m > 1, system , as
0 — 0, may be thought of as separating fast variables from increasingly slow ones. It will turn out in
Sect. [3] that the exact number of time scales finally obtained by our overall approach can actually be
smaller than m.

Given certain conditions, which will be made explicit in Theorem [I] and with its application in
Sect. we may formally truncate the right hand sides of and keep only terms of lowest order in
o:

2 = 0% fo(2,0), 1<k<m. (9)

In the sequel, we refer to the transformation process from to as scaling. Strictly speaking, this
comprises scaling in combination with partitioning. We refer to the step from to @ as truncating.

Algorithm [I] reflects our discussions so far. It takes as input a list S of differential equations rep-
resenting system and a choice of 0 < ¢, < 1 for . For our practical purposes, the polynomial
coefficients in S as well as ¢, are taken from Q. Our algorithm is furthermore parameterized with a
function ¢ mapping suitable indices to rational numbers and a constant function d yielding either a tuple
D = (dy,...,d,) of rational numbers or L. The black-box functions ¢ and d reflect the mathematical
assumptions around and that suitable ¢, ; and dj exist, respectively. Suitable instantiations
for the parameters ¢ and d can be realized, e.g., using tropical geometry, which will be the topic of
Sect. It will turn out that instantiations of d can fail on the given combination of S and e,, which
is signaled by the return value L of d, and checked right away in 1[T] of Algorithm

2.2. Scaling via Tropical Geometry

So far, the above transformations leading to are a formal exercise. No particular strategy was
applied for choosing ¢, € (0,1). Early model reduction studies used dimensional analysis to obtain e,
as a power product in model parameters [28] 53].

Here we discuss a different approach, based on tropical geometry [43],[44], [46], 47, [51],50]. This approach
starts with a slightly different interpretation of the scaling problem. In this interpretation, the value e,
is not dictated by physico-chemistry, but it is freely chosen to provide “power” parametric descriptions
of all the quantities occurring in the differential equations (parameters, monomials, time scales), in
a similar way to describing curves by continuously varying real parameters. This interpretation is
rooted in physics where it unravels scaling laws. It is also natural for any computation with orders of
magnitude. In tropical geometry, it is encountered in several places: as Litvinov—Maslov dequantization
of real numbers leading to degeneration of complex algebraic varieties into tropical varieties [37} [61], or
in the theory of Puiseux series in relation to tropical varieties and pre-varieties [4].

The abstract scaling procedure leading to @ is implemented with two additional requirements.
Firstly, the orders ¢ ; are not freely chosen, but are computed from ¢, € (0,1) and 7, s as

round(p log,
o — (p pg mal) (10)




Algorithm 1 ScaleAndTruncate

Input:

1. Alist S = (% = fi,..., dstn = fn) of autonomous first-order ordinary differential
equations where f1, ..., fn € Qu1,- -, Ynl;

e {l o n x{1,...,n}" = Q;
d:()—>QruU{Lk
. €(0,1)NQ
1. A list (T1,...,T,,) where, abbreviating % by a prime, Ty = (z, = 6% fx) with z}, C
(@,...,20), Upz, = (2h,...,2),), 21, ..., 2, pairwise disjoint, by < --- < by, € N, and

fe CQ[z1,...,zy,], or the empty list;

. Alist (Py,...,Py) of lists with P, C Q[z1,...,2,][0] and |Py| = |Tk| for k € {1,...,m};
. A substitution ¢ for z1, ..., ,, 7, d, and ¢

The first output (77,...,T,,) contains differential equations z; = 8% f1(2,0) for k € {1,...,m}
in terms of system . The second output (Py,..., Py,) contains the higher order terms in as
polynomials py, = 5b’“+b;°12pk,2 T T Dk,w,- Lhe last output is a substitution that undoes
all substitutions applied for obtaining from .

This gives the following invariant: Denote S = (Upey T ® Py) o, where (' = g) @ p stands for

z' = g+ p and is applied elementwise. Then S is equal to S up to multiplication of the differential

equation g; = 3, 7 sy’ in S with a positive scalar factor 1/e%+%.

For ¢ € Q[x1,...,2,](0) we use degs(q) for the univariate degree of ¢ in §. Similarly, tmons(q) is

the trailing monomial in .

1. if d() = L then

2:  return (), (), []

3: end if

4: [ 1= 00

5. q:=1

6: (d1,...,dn) :=d()

7: for k:=1 to n do

8: hp:=0

9:  for all monomials vy’ in f; do
10: 5= 'y/gi(k"])
11: n:=clk,J)+ ((d1,...,dn),J) —dg
12: = min(u, n)
13: q := lem(q, denom )

14: hy := hy + 577’_}/33*]

15:  end for

16: end for

17: for k :=1to n do

18: hk = hk/Eu

19: hi = hg [6 <« 5(1]
20: g := tmong hy
21 pg = hi — gk
22: end for
23: L := (%:gl,...,‘ﬁc—: = gn)
24: (by,...,by) = sort(degs g1, ...,degs gn), ascending and removing duplicates
25: for k:=1tom do

[N
N2

Tkzz(j—f:geL\degégzbk)

Py = (pj €{p1,---.pn} | degs g; = by)

: end for

Do =[x /e, e yn e ] o [T < elt] o [0 eV o [ &,
: return (Ty,...,T,,), (P1,...,Py), o

W N N
S ©
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Algorithm 2 TropicalC
Input: 1. ke{1,...,n};
2. Je{l,...,n}"

3. Alist S = (y1 = f1,-.-,Yn = fn) of autonomous first-order ordinary differential equations
where fi, ..., fu € Qy1, ..., ynl;
4. £, €(0,1)NQ.
5. pe N\ {0}
Output: c€Q
1: 7y := coeff(fr,y”) 0)
2: ¢:=round(plog, |v|)/p €Q
3: return c
Algorithm 3 TropicalD
Input: 1. Alist S = (%1 = f1,.-.,Yn = fn) of autonomous first-order ordinary differential equations
where fl, LR fn S @[ylaaynL
2. £, €(0,1)NQ.
3. pe N\ {0}

Output: D e Q"U {1}

1: I(aq,...,a,) := TropicalEquilibration (S, €., p)
2: if not R = 3a; ... 3a,II then

3: return L

4: end if

5: (dy,...,dy,) := one possible choice for aq, ..., a,
6: return (dy,...,d,)

Here, the rounding function rounds to nearest integerﬂ The positive integer p controls the precision of
the rounding step.

Secondly, the orders D = (dy,ds, ...,d,) satisfy certain constraints. These constraints result heuris-
tically from the idea of compensation of dominant monomials [43]. Slow dynamics is possible if for each
dominant, i.e., much larger than the other, monomial on the right hand side of (@, there is at least one
other monomial of the same order, but with opposite sign. This condition, named tropical equilibration
condition [43] 44 [46] 47, 511 50], reads

min (cx s + (D, J)) = min (cx g +(D,J')). (11)
Yk,7>0 'Vk,J’<O

On these grounds, given system , the choice of e, boils down to defining orders of magnitude.
Model parameters are coarse-grained and transformed to orders of magnitude in order to apply tropical
scaling. The result depends on which parameters are close and which are very different as dictated by
the coarse-graining procedure, i.e., by the choice of €,. Decreasing ¢, destroys details and parameters
tend to have the same order of magnitude. Increasing e, refines details and parameters range over
several orders of magnitude. For instance, using and p = 1 parameters k; = 0.1 and ks = 0.01
have orders ¢; = 1 and ¢y = 2 for e, = 1/10, but ¢; = ¢o = 1 for ¢, = 1/50. This is the perspective
taken in [43], 44} 51].

It is noteworthy that in the context of singular perturbation methods (cf. Sect. , which provide
asymptotic results as a small parameter approaches zero, there are independent arguments for choosing
€4 rather small.

We are now ready to instantiate the black-box functions ¢ and d in our generic Algorithm [1| with
tropical versions as given in Algorithm [2] and Algorithm [3] respectively.

ITo be precise, we use the IEEE 754 rounding rule round to nearest, ties to even.



Algorithm 4 TropicalEquilibration

Input: 1. Alist S = (y1 = fi1,...,Yn = fn) of autonomous first-order ordinary differential equations

where f1, ..., fn € Qly1, ..., ynl;
2.6, €(0,1)NQ;
3. p e N\ {0}.
Output: A formula I(ay,...,a,) describing a finite union of convex polyhedra in R™.
We use (,-) to denote the standard scalar product in Q"+1.

1: Ao = (1,a1,...,a,) € Qlay, ..., I
2: for j:=1tondo
3 ¢:=0
4:  for all monomials vy ---y2™ in f; do
5 ag = round(plog. [v])/p cQ
6: c:=c+1
7: e i=sgnvy € {-1,0,1}
8 Ae = (ag, a1, ..., ap) €Qxz™ CQrt!
9 end for

10: Bj:=0
11: for £ :=1 to cdo

12: for /.= k+1tocdo

13: if X33, < 0 then

14: P = {<Ak — Ag, A0> = 0} <A11 — Ay, ;1[)> € @[(11 ..... ('l,,}
15: for m:=1 to ¢ do

16: P:=PU {<Am - Ak,A0> > 0} <fl,,, — Ap, A()> € Q{(I,l ..... (I,,}
17: end for

18: B, := B; U{P} set of sets of constraints

19: end if

20: end for

21:  end for

22: end for

23: II := DisjunctiveNormalForm(Aj_, Vpen, AP)
24: return II '

Algorithm [2] explicitly uses, besides the parameters k and J specified for ¢ in Algorithm [} also the
right hand sides of the input system (|l) and the choice of €,. As yet another parameter it takes the
desired precision p for rounding in (10). Notice that the use of this extra information is compatible
with the abstract scaling procedure in Section Currying [16] allows to use Algorithm [2[in place of
¢ in a formally clean manner.

Similarly, Algorithm [3] takes parameters €, and p, while d is specified in Algorithm [I] to have no
parameters at all. In 1[I] we use Algorithm [4] as a subalgorithm for tropical equilibration. One obtains
a disjunctive normal form II, which explicitly describes a set P = {p € Q™ | II(p) } as a finite union
of convex polyhedra, as known from tropical geometry. Every (di,...,d,) € P satisfies . The
satisfiability condition in 1 tests whether P # @. We employ Satisfiability Modulo Theories (SMT)
solving [41] using the logic QF_LRA [2] for quantifier-free linear real arithmetic. The set P can get empty,
e.g, when all monomials on the right hand side of some differential equation have the same sign. Such
an exceptional situation is signaled with a return value L in 1] In the regular case P # 0, the choice
(diy...,dy) in 1 is provided by the SMT solver. From a practical point of view, the disjunctive normal
form computation in Algorithm [4]is a possible bottleneck and requires good heuristic strategies [39].

With applications in the natural sciences one often wants to make in 1[5] an adequate choice for
(di,...,dy) lying in a specific convex polyhedron P C P, which technically corresponds to one conjunc-
tion in II. Such choices are subtle and typically require human interaction. For instance, when the chain
of reduced dynamical systems ends with a steady state, it is interesting to consider the polyhedron P



that is closest to that steady state. Such strategies are not implemented in the current version of our
algorithm.

At this stage we have obtained a scaled system as defined in Sect. including partitioning. The
focus of the next section is to utilize this scaling for analytically substantiated reductions.

3. Singular Perturbation Methods

The theory of singular perturbations is used to compute and justify theoretically the limit of system
when § — 0. There are several types of results in this theory. The results of Tikhonov, further improved
by Hoppensteadt, show the convergence of the solution of system to the solution of a differential-
algebraic system in which the slowest variables z,, follow differential equations and the remaining fast
variables follow algebraic equations [58, 29]. The results of Fenichel are known under the name of
geometrical singular perturbations. He showed that the algebraic equations in Tikhonov’s theory define
a slow invariant manifold that is persistent for 6 > 0 [2I]. For geometrical singular perturbations,
differentiability in d is needed in system .

Samal et al. have noted that Tikhonov’s theorem is applicable to tropically scaled systems [51]. For
instance, with 6; = §°2, system may be rewritten as

Zi :§1(2,51), Zé 2(51@\2(2,51), ceey Z;n 251§m(z,(51). (12)

However, this approach comes with certain limitations. To start with, it allows only two time scales.
Furthermore, in case by > 1, there may be differentiability issues with respect to d1, and some care has
to be taken when one tries to apply to also Fenichel’s results [2I]. In this section, we are going
to generalize geometrical singular perturbations, and compute invariant manifolds and reduced models
for more than two time scales, introducing further ds, ..., d;. Our generalization is based on a recent
paper by Cardin and Teixeira [10].

Section presents relevant results from [10] adapted to our purposes here and applied to our system
(8). In contrast to the original article, which is based on a series of hyperbolicity conditions, we introduce
the stronger notion of hyperbolic attractivity. In Sect. [3.2] we describe efficient algorithmic tests for
hyperbolic attractivity. Section [3.3] gives sufficient algorithmic criteria addressing the above-mentioned
differentiability issues.

3.1. Application of a Fenichel Theory for Multiple Time Scales

From now on we consider our system over the positive first orthant & = (0,00)" C R™. A recent
paper by Cardin and Teixeira [I0] generalizes Fenichel’s theory to provide a solid foundation to obtain
more than one nontrivial invariant manifold. This allows, in particular, the reduction of multi-time
scale systems such as system . Technically, the approach considers a multi-parameter system using
time scale factors 61, §10s, ... instead of increasing powers of one single 9.

We let £ € {2,...,m} and define

Bi=by—bi=by, ..., Br—1="0be—be1, (13)
and furthermore §; = 6%, ..., 6,_; = 6%, and § = (61,...,00_1).

These definitions allow us to express also all V.5 occurring in (8]) as products of powers of 41, ..., dp_1,
with nonnegative but possibly non-integer rational exponents, via expressing each b;€7 ; s a nonnegative
rational linear combination of 81, ..., B¢—1. This yields

gk(2,01,...,00—1) = fr(2,0), 1<k<m. (14)
Moreover, we express 6%+t = 61 - 8p_1 - Npi1, ..y 0™ =1 -+ Og_1 - Ny, Via
nk(617'~-a6€—1):5bk_bl7 £+1Sk§m7 (15)



which is obtained by writing each b, — by as a nonnegative rational linear combination of 8, ..., Br_1.
In these terms our system translates to

2y =061 6-1Ge(2,0)

2y =01 00— 1Me11(0)Ges1(2,0)

20, =61 0010m(0)Gm (2, 9). (16)

In terms of the right hand sides of the application of relevant results in [I0] requires that g,
.oy ge and Mp41904+1, - -+, Nmgm are smooth on an open neighborhood of U x [0,91) X -+ x [0,%¢—1)
with 41 >0, ..., ¥,—1 > 0. We are going to tacitly assume such smoothness here and address this issue
from an algorithmic point of view in Sect. [3.3]
We are now ready to transform our system into ¢ time scales as follows, where possibly ¢ > 2:

TN=T, To=0T, ..., Te=201""0p_1T.
In time scale 1, with 1 < k < {, system then becomes
d21 =

A 91(2,9)
dzp_1 o~ S
Op—1 ar = gk-1(2,6)
dzk ~ <
= 1)
di gk(zv )
dzp41 ~ 5
=4 0
I, kGk+1(2,9)
dz, ~ Y
Rl A T d
I k 0—19¢(2,0)
dz Y 5
derl _ 5k...5£71nz+1(5)gz+1(2’75)
Tk
dz N
eSO ZACE) )

For k =1 and k = ¢ we obtain empty products, which yield the neutral element 1, as usual.
Similarly to Sect. we are interested in the asymptotic behavior for § — 0, which is approximated
by the elimination of higher order terms. We are now going to introduce a construction required for

a justification of this approximation, which also clarifies the greatest possible choice for £ < m above.
Define Fy = 0 and

Z1 fl(zva)
Zy = s Fk(Z,(S): : R 1<k<m.

2 Fu(z.)

10



With system in mind, we are going to use ﬁ(z, 0) in favor of gi(z,0,...,0). It is easy to see that
both are equal. We define furthermore

My = (Fip(25,0) =0), M ={z"€lU|Fp(z*,00=0}, 0<k<m. (18)

The sets M}, are obtained from varieties defined by the lists M}, via intersection with the first orthant.
Furthermore, Y = My D My D --- D M, establishes a chain of nested subvarieties, again intersected
with the first orthant.

We say that My is hyperbolically attractive on Mo, if My # @ and for all 2 € M; all eigenvalues
of the Jacobian D, f1(z,0) have negative real parts. Therefore M; is a manifold. For k € {2,...,m},
My, is hyperbolically attractive on My _1, if My # @ and the following holds. Recall that using the
defining polynomials Fj_; of My_1, the implicit function theorem yields a unique local resolution of
Z_1 as functions of zg, ..., zm, and thus we obtain

ﬁ(Z,O):ﬁk(Zk,...,Zm,O) on Mk—1~

We now require that for all z € My, all eigenvalues of Dzkj?lf(z;c7 ..y 2m,0) have negative real parts.
Again, M, is a manifold. When My is hyperbolically attractive on My_1 we write My_1 > M, where
Zy, will be clear from the context.

If we find for some £ € {1,...,m} that Mg > My, My > My, ..., My_1 > My, then we simply write
Mo > - > My, and call this a hyperbolically attractive £-chain. Such a chain is called mazimal if either
£=mor My p Myis.

Let Mg > --- > M, be a hyperbolically attractive ¢-chain. Consider for each k € {1,...,¢} the
following differential-algebraic system:

dz -~ dz dzm
OZkal(Z,O), d77': :fk(Z,O), dlj'zl :0, ey dirk =0. (19)

In the limiting case 6 = 0, this corresponds to system . Recall that
T =01 017 = 00270 gtk bk = §O by = bk
and equivalently rewrite as a triplet (My_1, Tk, Ri) with entries as follows:

dz -~
F-1(2,0) =0, d—T’“ = 6% i (2,0),

dzpyr _dzp,
dr dr

~0. (20)

For a given index k, we call (My_1,Tx, Ri) a reduced system on My_1, where the relevant hyperbolic
attractivity relation is My_1; > My. In order to indicate the relevance of Mg > --- > M, we write
(Mo, Th,Ry) > -+ > (Mp—1,Ty, Ry) also for reduced systems, where My is not made explicit but relevant
for the last triplet. Slightly abusing language, we speak of a hyperbolically attractive ¢-chain of reduced
systems, which is maximal if Mg --- > M, is.

The following theorem is a consequence of [I0, Theorem A and Corollary A], specialized to the
situation at hand.

Theorem 1. Let ¢ > 2. Assume that (Mo, T1, R1) > - > (My—1,Te, Ry) is a hyperbolically attractive
{-chain of reduced systems for system . Let K C U be compact. Then for sufficiently small 6 and all
ke{l,..., 0}, system admits invariant manifolds Nj,_1 that depend on 6 and are (5y 4 - -+ 0p_1)-
close to My_1 N K with respect to the Hausdorff distance. Moreover, there exists T > 0 such that
solutions of system on Nji_1 in time scale T, converge to solutions of (My_1, Tk, Ry), uniformly
on any closed subinterval of (0, T), as § — 0. O

For k € {1,...,¢}, the My_q are critical manifolds, which contain only stationary points. The
systems (T, Ry) of ordinary differential equations on Mj,_; approximate invariant manifolds AV_; in
the sense of the theorem. They furthermore approximate solutions in time scale 7 of system , which
is equivalent to our system . In other words, system admits a succession of invariant manifolds,

11



Algorithm 5 ComputeReducedSystems
Input: Output of Algorithm
1. (Ty,...,Ty), alist of lists 2} = 6% fi;
2. (Py,...,Pp), alist of lists of polynomials in Q[z1,...,z,][d];
We denote & := |Ty|, Z := Zle &,and X = (21,...,2p).

Output: A list (Mo, T1,R1),...,(M¢—1,Ty, Ry)) of triplets where ¢ € {2,...,m}, or the empty list.
For k € {1,...,£}, Mj_; is a list of real constraints defining My_; C R™; T} is a list of differential
equations; Ry is a list of trivial differential equations 2’ = 0 for all differential variables from T 1,

vy T
The triplets (My_1, Tk, Ry) represent reduced systems according to .

U:i=(z1>0,...,2, >0)
My, Z,F, A := ()
for k:=1 tom do
z:=(z |2 =68%geTy) C X,
fi=(g|a' =g eTy) — fu(=,0) € QIXE
My, := Mg_10(f=0) =Myo(F=0)o(f=0)
v, A := IsHyperbolically Attractive(U o My, Z, z, F, f, k, A)
if not ¢ then
break
end if
Ry, ::(IIZO‘l’/:hETk_HU"'UTm)
Z:=Zoz
F:=Fof
: end for
. # We either broke in line[q preserving k, or we have k =m + 1.
=k —-1
. if £ < 2 then
return ()
: end if
. if TestSmoothness((71,...,Tm), (P1,..., Pn), ) = failed then
print "Warning: differentiability requires further verification"
: end if
: return (Mo, Th, R1), ..., (My—1,Ty, Ry))

—
=@

[1]

1+ &+ |Re] =n
X, |Z] = Ex
Q[X]Ex

—
—

k

H
154

e
<

~

I R N N B e S R S
O N R e = e =K SR It

on which the behavior in the appropriate time scale is approximated by the respective reduced equations
and, equivalently, (20). Note that only the 6°* fx(z,0) without the higher order terms enter the
reduced systems (My_1, Tk, R).

Algorithm [5| now starts with the output (77,...,T;,) of Algorithm [l which represents the scaled
system (9). Notice that each T} already meets the specification in (20)). In 1[I] we define U to contain
defining inequalities of the first orthant ¢. Starting with k& = 1, the for-loop in 1BHI4] successively
constructs My and Ry such that in combination with T}, from the input, (My_1, Tk, Ry) forms a reduced
system as in . The loop stops when either K = m + 1 or a test for hyperbolic attractivity in 1
finds that My_1 f M. We are going to discuss this test in detail in the next Sect. Note
that we maintain a matrix A for storing information between the subsequent calls of our test. In
either case we arrive at a maximal hyperbolically attractive (k — 1)-chain of reduced systems given
as a list ((Mo,T1,R1),...,(Mg—2,Tk—1, Rr—1)). Following the notational convention used throughout
this section we set ¢ to k — 1 in 1[T6] The test in 1[T7HI9] reflects the choice of ¢ € {2,...,m} at the
beginning of this section. Finally, 1{20| uses the second input (P, ..., Py) of the algorithm to address
the smoothness requirements for system . We are going to discuss the corresponding procedure in
detail in Sect.[3:3] It will turn out that this procedure provides only a sufficient test. Therefore we issue

12



in case of failure only a warning, allowing the user to verify smoothness a posteriori, using alternative
algorithms or human intelligence. One might mention that it is actually sufficient to consider weaker
finite differentiability conditions instead of smoothness, which can be seen by inspection of the proofs
in [10].

From an application point of view, attracting invariant manifolds are relevant in the context of
biological networks, and our notion of hyperbolic attractivity holds for large classes of such networks
[20]. This is our principal motivation for using hyperbolical attractivity here. From a computational
perspective, hyperbolic attractivity can be straightforwardly tested using the Hurwitz criterion, as we
are going to make explicit in Sect.

The relevant results in [I10], in contrast, are based on a series of hyperbolicity conditions, which are
somewhat weaker than hyperbolic attractivity. Hyperbolicity can be tested algorithmically as well,
albeit with more effort. For approaches based on Routh’s work see, e.g., [23] Chapter V, §4], which
checks the number of purely imaginary eigenvalues of a real polynomial via the Cauchy index of a
related rational function.

3.2. Verification of Hyperbolic Attractivity

Our definition of hyperbolic attractivity My_1 > My, refers to the eigenvalues of the Jacobians of the
fi, which cannot be directly obtained from the Jacobians of the fi [10, II]. Generalizing work on
systems with three time scales [32], we take in this section a linear algebra approach to obtain the

relevant eigenvalues without computing the f}.
To start with, recall the well-known Hurwitz criterion [30]:

Theorem 2 (Hurwitz, 1895). Consider f = apz™+a1z" ' +---+a, € R[z], ap > 0. Fori € {1,...,n}
define

a; a3 as ... a2;—1
apg a2 Qa4 ... ag;—2
Hz' = 0 ay az ... a2;—3 | , Az = |Hz| .
0 ..o a;
Then all complex zeros of f have negative real parts if and only if Ay >0, ..., A, > 0. Notice that
A, = apnA,_1, and therefore A, > 0 can be equivalently replaced with a,, > 0. L]

We call H,, the Hurwitz matriz and A; the i-th Hurwitz determinant of f. Furthermore, we refer to
F=(A;>0A---AA,_1 >0Aa, > 0) as the Hurwitz conditions for f.
Our first result generalizes [32, Proposition 1 (ii)]. The proof is straightforward by induction.

Lemma 3. Fork € {1,...,m} define

) D., fi(2,0) ... D., f1(2,0)

T = ( > - Dy, Fi(z,0) = 01D, f2(2,0) ... 01D, f2(2,0)

o1 ohs L TR R TR R R PP R P PEERPRE JCRREEE

01 "‘Qklezlfk('%O) 01 "‘Qklezkfk(ZaO)
Let ¢ € {1,...,m}. Then Mgy > --- > My if and only if My # & and for all k € {1,...,0}, all
sufficiently small oF >0, ..., 0f_; > 0, and all 2* € My, all eigenvalues of Ji(oi,...,05_;,2*) have

negative real parts.

In particular, one can choose of = --- = p;_; = 0" with sufficiently small ¢* and consider Jj, =
diag(1,...,0" 1) - Dz, Fy(2,0). O

Let I';, denote the Hurwitz conditions for the characteristic polynomial of Jj,. Then Lemma 3| allows
to state hyperbolic attractivity Mg > --- > M, as a first-order formula over the reals as follows:

(3(0 < z): Fy(z,0) = O) A (k/i\1 J0<o)VO0< o< o)V(0< 2): Frp(2,0) =0= Fk(g,z)). (21)
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On these grounds, any real decision procedure [57, [13] [63] provides an effective test for hyperbolic
attractivity. However, our formulation uses a quantifier alternation JoVp in its second part. From
a theoretical point of view, such a bounded alternation does not affect the asymptotic worst-case
complexity, which remains single exponential [27]. From a practical point of view, we would like to
continue using SMT solving over a quantifier-free logic. Our next result allows a suitable first-order
formulation without quantifier alternation. Its proof combines [32, Lemma 3] with our Lemma

Proposition 4 (Effective Characterization of Hyperbolically Attractive ¢-Chains). Define Ay =
D,, f1(2,0). For k € {2,...,m} define

(Ak—l Bk) _ (Dzklfjk—1(z70) Dzkljk—l(z,o)>
Ck Vi DZk71fk(Z’0) Dzkfk(Z,O) ’

and note that (’é,:*l B’“‘) = Ag. Let L€ {1,...,m}. Then Mg ---> My if and only if

Vi
(i) My # @,
(ii) for all z* € My all eigenvalues of W1 (2*), where Wi = Ay, have negative real parts,

(iii) for allk € {2,...,0} and all z2* € My, Ap_1(2*) is regular and all eigenvalues of Wy (2*), where
Wi =V, — C’kA,;llBk, have negative real parts.

Proof. Assume Mg > -+ > My. By Lemma [3] we have M, # @. For all z* € M;j, all eigenvalues
of the Jacobian Wi(z*) have negative real parts by the definition of hyperbolic attractivity. Let now
ke{2,...,0}, z* € My, and define P = diag(1, ..., 0" 2). Using Lemmawe fix 0 < 7* < 1 such that
for all 0 < p* < 7* all eigenvalues of J|_,(0*, 2*) = P(0*)Ak—_1(%*) have negative real parts. It follows
that P(o*)Ar_1(z*), P(0*), and Ai_1(2*) are all regular. Next, consider

g - <PAk—1 P By )
k k10, v )

Using Lemma [3] once more, we find 0 < o* < 7* such that for all 0 < p* < ¢* also all eigenvalues of
Ji. (0", 2*) have negative real parts. Now Jj (o, 2*) satisfies condition (ii) of [32, Lemma 3] with 6 = o*
and e = (¢*)*~!, which allows us to conclude that all eigenvalues of (Vj — Ci(PA,_1)"'PBy) (0%, 2*) =
(Vi — C’kA,;llP_lPBk)(g*, z*) = Wi (z*) have negative real parts as well.

Assume, vice versa, that (i)—(iii) hold. We use induction on k to show Mg > My for 1 <k < /.
For k = 1 we have My > M by definition of hyperbolic attractivity. Assume that 2 < k 12
and Mg > -+ > My_;. By Lemma |§| there exists 0 < 7* such that for all 0 < ¢* < 7* and all
2* € My all eigenvalues of P(0*)A,_1(2*) have negative real parts, where P = diag(1, ..., (c*)¥~2).
We rewrite Wy, = Vi, — Cx(PAy_1)"'PBy. Then Wj(z*) satisfies condition (i) of [32, Lemma 3] with
A=P(c6*)Ar-1(2*), B=P(c*)Bi(z*), C = Ci(z*) and D = V},(z*). Thus there exists 0 < § such that
for all 0 < € < ¢ all eigenvalues of

<
<

(P(a*)Ak_l(z*) P(U*)Bk(z*)>
eCr(z%) eVi(2*)

have negative real parts. Choosing ¢* = min{c*, */¢} in Lemma |3|yields Mg > --- > M. O

From now on let 'y, denote the Hurwitz conditions for the characteristic polynomial of Wy, which—in
contrast to the ones used in —do not depend on g anymore.

Corollary 5 (Logic-Based Test for Hyperbolically Attractive ¢-chains). For k € {1,...,m} define

or = (3(0 < 2) : Fr(2,0) =0)),
YV = (V(O < Z) : Fk(Z,O) =0= Fk(z))

Let £ € {1,...,m}. Then My --- > My if and only ifR)z(pg/\/\f;:1¢k.
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Algorithm 6 IsHyperbolicallyAttractive

Input: 1. M, 2. Z, 3.z, 4. F, 5. f, 6.k, 7. A, as in the calling Algorithm [j]
Knowing that Mg > - - - > Mj_1, we check here whether also Mj_; > My,. We denote £ := | f| = |z|,
Z:=|F|=1Z|,and X = (21,...,7,). In these terms, A € Q[X]Z*=.

Output: 1. Boolean, 2. A’ € Q[X]E+)*E+

1: if not R = 3/ M then

2:  return false, ()

3: end if

4: V := Jacobian(f, z) € Q[X]¢%¢
5. if k =1 then

6: W=V

7 A=V

8: else

9: B := Jacobian(F,z) € Q[X]=x¢
10:  C := Jacobian(f, Z) € Q[X]¢7E
1: W:=V-CA'B € Q[X]Ex¢
12z A= (é 5) € QX]EFOX(E+O)
13: end if

14: x := AS + - -+ + a¢ := CharacteristicPolynomial (W) € Q[X][\
15: H := HurwitzMatrix(x) € Q[X]¢x¢

16: for j:=1to £ —1do
17 Aji=det (H,.,)
18: end for

19: I' := {Al > 0,...7A§,1 > O,CLE > 0}
20: return R EV(AM — AT), A’

1<r,s<j

Proof. Assume Mg > --- > M. Then Proposition {4 yields its conditions (i)—(iii). Now, ¢, holds as
a formalization of (i). Furthermore, ¢; holds as a formalization of (ii), and the validity of s, ..., ¥
follows directly from (iii). Hence R = g A /\i:1 V.

Assume, vice versa, that R = g A /\i:1 Y. We show Mg > --- > My by induction on ¢. If £ =1,
then ¢ formalizes (i) and ¢ formalizes (ii) in Proposition [4] and we obtain My > M;. Let now
¢ > 1. Then ¢, formalizes Proposition [4(i). Our induction hypothesis yields Mg > - > My_;. By
Lemma |§| there exists 0 < 7* such that for all 0 < ¢* < 7% and all z* € My_; O My all eigenvalues of
P(0*)A_1(2*), where P = diag(1, ..., (¢*)*~2), have negative real parts. In particular, P(c*)A,_1(2*)
is regular and so is A;—1(z*). Furthermore, the Hurwitz conditions in 1, guarantee for all z* € M,
that Wy(2z*) has only negative eigenvalues. Taking these observations together, Proposition (iii) is
satisfied, hence Mg > --- > My. O

In contrast to , our first-order characterization
¢
<EI(0 < z): Fy(z,0) = O) A < A V(0 <2): Fp(2,0)=0= Fk(z)> (22)
k=1

in Corollary [5| has no quantifier alternation. Note that the two top-level components of establish
two independent decision problems, addressing non-emptiness of the manifold and our requirement on
the eigenvalues, respectively.

It is easy to see that for all £ € {1,...,m} and all k € {1,...,¢— 1}, ¢y entails . Thus can be
equivalently rewritten as /\2:1(901@ A y), explicitly:

k/i\l(a(o <2): Fi(2,0) =0A V(0 < 2) : Fi(2,0) = 0= Ty(2)). (23)
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Our approach tests the conjunction in using a for-loop over k in Algorithm Technically, this
construction ensures with the test for Mj_; > My, in Algorithm [6]that Mg > - - - > Mj,_; already holds,
and exploits the fact that ¢, and ¢y do not refer to smaller indices than k.

In 1[I} we test the validity of ). Using from the input the defining inequalities and equations
M = U o My of My, along with Z = Zy 1, 2 = 2z, F' = Fy_1, f = fx, and A = A;_1, we construct
in 1 A’ = Aj as noted in Proposition In 1 we construct the Hurwitz conditions I' = I';,
according to Theorem 2] On the grounds of the validity of ¢y tested in 1[I} we finally test in 1]20]
the validity of v, and return a corresponding Boolean value. We additionally return A’ = A, for
reuse with the next iteration. The validity tests for ¢ and v in 1[]] and 1]20} respectively, amount to
SMT solving, this time using the logic QF_NRA [2] for quantifier-free nonlinear real arithmetic. Recall
the positive integer parameter p used for the precision with both Algorithm [2] and Algorithm [3] For
p > 1 symbolic computation possibly yields fractional powers of numbers in the defining equations for
manifolds as well as in the vector fields of the differential equations. However, such expressions are not
covered by QF_NRA. When this happens, we catch the corresponding error from the SMT solver and
restart with floats.

3.3. Sufficient Smoothness Criteria

Let us get back to the requirement in Sect.[3.1]that g1, ..., g¢ and 1¢11ge+1, - - -, NmGm occurring on the
right hand sides of system are all smooth on an open neighborhood of U x [0,%1) x - -+ X [0,%¢—1)
with J; > 0, ..., ¥,—1 > 0. An obvious criterion for smoothness is that all those expressions are

polynomials in z and 4.
Recall the definitions of gy for k € {1,...,m} in and of ng for k € {£+1,...,m} in . For

ke{l,...,m}and j € {1,...,wi} one finds nonnegative 71, ..., ry—1 € Q such that
<(ﬁ17 ey 5571)7 (Tlv e 77‘Z71)> = b;g’j’
and for k € {{+1,...,m} one finds nonnegative r1, ..., 7,_1; € Q such that

<(51, e 7@@,1), (7’1, e ,7"571» = bk — b[.

Such representations always exist but are not unique in general. If one even finds suitable nonnegative
integers 71, ..., ro—1 € N, which do not always exist, then one obtains g, ..., gm as polynomials in z
and &, and 741, ..., N, as polynomials in §, which is sufficient for our criterion above.

An improved but still only sufficient criterion uses similar constructions to directly verify the existence
of polynomial representations of the products 17¢1+1Ge+1, - - -, Nmgm, in contrast to considering the factors
independently. From an algorithmic point of view, we furthermore have to take into account that P;,
.+, Py, obtained in Algorithm I|do not contain by, ; but by +b; ;. For k € {1,..., ¢} and j € {1,..., wi}
we try to find 71, ..., r,—1 € N such that

((Brsee oy Beer), (1, oy mem)) = by = (b + by ) — b >0, (24)
and for k € {{+1,...,m} we try to find rq, ..., r—1 € N such that
((B1y--,Be—1),(r1,...,re—1)) = (bx — be) + b;c,j = (bg + b;c,j) — by > 1. (25)
Notably, such representations exist whenever 1 € {31,...,8,_1}.

On these grounds, we introduce Algorithm [7} which specifies the sufficient test applied in 120] of
Algorithm The first two parameters (T4,...,T,,) and (P, ..., Py, ) originate from Algorithm while
the last parameter ¢ originates from the calling Algorithm 5]

In l of Algorithm [7| we compute 51, ..., B¢e_1 as defined in and simultaneously obtain by,
ey e In 1 we compute the right hand sides of the conditions in or , depending on the
current index k. For checking those conditions in 1[I6] we once more employ SMT solving, this time
using the adequate logic QF_LIA [2] for quantifier-free linear integer arithmetic. Since we are aiming at
nonnegative integer solutions, we introduce explicit non-negativity conditions r; >0, ..., 7p—1 > 0. In
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Algorithm 7 TestSmoothness
Input: (T3,...,Ty), (P1,...,Pn), £ as in the calling Algorithm
1. (Ty,...,Tm), alist of lists 2} = 6% fi;
2. (P1,...,Pp), alist of lists of polynomials in Q[z1,...,z,][d];
3. LeN, {>2;
We check here a sufficient criterion for smoothness as required for .

Output: "true" or "failed" in terms of a 3-valued logic;

1: by :=0

2: for k:=2 to ¢/ do

3: b := the unique exponent of § in T}

40 Pro1i=br —bp1

5: if /Bk—l =1 then

6: return true

7. end if

8: end for

9. B : =0

10: for k=1 to m do

11:  for all p in P, do

12: E := E U {degsm — byin(k,e) | m monomial of p } C N\ {0}
13:  end for

14: end for

15: for all e € E do

16: if not Z ': drqi... 37‘4_1(7"1 >O0AN---Arg_1 >0AN <(ﬂ1, R ,ﬂg_l), (7’1, ce ,Tg_1)> = 6) then
17: return failed

18:  end if

19: end for

20: return true

case of unsatisfiability Algorithm [7]returns “failed” in 1JT7] When this happens, the calling Algorithm [5]
issues a warning but continues. This protocol is owed to the fact that our procedure provides only
a sufficient test, which could be supplemented with other software or human intuition. In case of
satisfiability, in contrast, smoothness is guaranteed, we reach 120, and return “true.” We remark that
the computation time spent on F is negligible compared to the SMT solving later on. The construction
of the entire set F beforehand avoids duplicate SMT instances.

4. Algebraic Simplification of Reduced Systems

In the output (Mo, Ty, R1), ..., (My—1,Ty, Ry) of Algorithm the T}, are taken literally from the input,
and the My_; and Ry are obtained via quite straightforward rewriting of the input. As a matter of
fact, the computationally hard part of Algorithm [5] consists in the computation of the upper index
¢. We now want to rewrite the triplets (My_1, T}, Rx) once more, aiming at less straightforward but
simpler and, hopefully, more intuitive representations. The principal idea is to heuristically eliminate
on the right hand side of the differential equations in T} those variables whose derivatives have already
occurred as left hand sides in one of the T3, ..., Tx—1. Of course, our simplifications will preserve all
relevant properties of (Mg, T1, R1), ..., (My_1,Te, Ry), such as hyperbolic attractivity and sufficient
differentiability. Technically, our next Algorithm [8| employs Grobner basis techniques [9, [3].

Recall that z; are the variables occurring on the left hand sides of differential equations in T}, and
Zi—1=(21,...,25-1). In 1JIH5| we construct a block term order w on all variables {x1,...,z,} so that
variables from Zj_; are larger than variables from zj. This ensures that all multivariate polynomial
reductions modulo w throughout our algorithm will eliminate variables from Zj_; in favor of variables
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Algorithm 8 SimplifyReducedSystems

Input: A list (Mo, Th, R1),...,(My—1,Ts, Re)), the output of Algorithm [5| with entries corresponding
to

Output: A list (M), 17, R1),...,(M;_,T;,Re)); Mj_, describes the same manifold as My_; in a
canonical form; the system T} is equivalent to T} modulo M| ,, its right hand sides are in a
canonical normal form modulo M, _,, possibly with fewer different differential variables than T

1: for k:=1to ¢ do
zp={z|a'=geTy}
end for
y:={z|2'=0€ R}
w := a block term order with 21 > --- > 2z, >y
for k:=1to ¢ do
Fo=(f|f=0€My1)
G := GroebnerBasis(Radical(F),w)
Mj ,:=(9=0]|geq)
1= ()
for 2’ = g in T}, do
T, :=T] o (2’ = h) where ¢ —¢ h and h is irreducible mod G
end for
: end for
: return (Mg, T{,R1),...,(M;_,,T;,Re))

e e e
AN N S

from zj, rather than vice versa. Prominent examples for such block orders are pure lexicographical orders,
but ordering by total degree inside the z1, ..., zp, y will heuristically give more efficient computations.

Recall that the radical ideal /(F) of F is the infinite set of all polynomials with the same common
complex roots as F. In 1[8] we compute a finite reduced Grébner basis G modulo w of that radical. If
radical computation is not available on the software side, then the algorithm remains correct with a
Grobner basis of the ideal (F') instead of the radical ideal, but might miss some simplifications.

In 1[9] the polynomials in G equivalently replace the left hand side polynomials of the equations in
Mj;,—1. In 1]I2] reduction modulo w, which comes with heuristic elimination of variables, applies once
more to the reduction results h obtained from right hand sides g of differential equations in T}. Since
G is a Grobner basis, the reduction in 1[TIHI3] furthermore produces unique normal forms with the
following property: if two polynomials g1, g coincide on the manifold My_; defined by Mj_1, then
they reduce to the same normal form h. In particular, if g; vanishes on My _q, then it reduces to 0.
We call the output of Algorithm [§] simplified reduced systems.

5. Back-Transformation of Reduced Systems

Let £ €{2,...,m} and k € {1,...,¢}. Recall that a triplet (My_1, Tk, Ri) obtained from Algorithm
describes a reduced system according to . A corresponding simplified system (M _,, T}, Ry) is
obtained from Algorithm [§] via an equivalence transformation on the set of equations Mj_1 and further
equivalence transformations modulo Mjy_; on the right hand sides of the differential equations in T},
while the left hand sides of those differential equations remain untouched. It is not hard to see that for
both these outputs scaling can be reversed using the substitution

o=z —yr/eM,. . xn < yn/eM] o [T = et o [6 e o [e &,

obtained with Algorithm [} For our discussion here, we use names My_1, T, Ry as in the unsimplified
system.
The application of o to all components of (My_1, Tk, Ry) yields a raw back-transformation as follows:

My—1o=(f;j=0|2; € Zy—1)o=(fjo=0]|z; € Zy_1),
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Algorithm 9 TransformBack
Input: 1. (Mo, T1,Ry),...,(Mp—1,Ty, Re)), the output of either Algorithm [5| or Algorithm
2. o, the output of Algorithm

Output: A list (Mg, T}, RY), ..., (M;_,, Ty, R})).

1: for k:=1to ¢ do

2 M]:71 = Mk_la

3 v:= ((6"71)0)/t, extracting 6* from Tj — /D)t

4 TF=()

5: for all I; = ok fj € Ty do

6 h:= (yjfj/'rj)o_ - :f:/ (f}(f)

T T =TY o (i = vh) = /T (fo)
8 end for

9: Z::(y'j:0|x3:0€Rk)

10: end for

11: return (Mg, Ty, RY),...,(M; . T/, R}))

dx;
To = ==L = §bx ¢,
ko < dr 1

_ dy; _ . be/a

CEjEZk>,

dx; dy;
Rio=|—=-2=0|z;€z U---Uz o= —L—=0|2;,€z2 U---Uz .
k ( dr J k+1 m dg'ﬁ:—i_djt 7 k+1 m
In Tjo, we multiply by 7% in order to arrive at differential equations in %. Furthermore, recall

that the explicit factor §°* in the original T}, corresponds to a time scale §°*7. The corresponding time
scale in ¢ is given by (0% 7)o = ghe/atn t, which we make explicit by equivalently rewriting To as

T = (y'j = 5Zk/q+”(af'jfa) ‘ z; € zk) )

Similarly, Ryo can be rewritten as Ry = (y; =0 | z; € 241 U---U 2, ), and we set M} = Mjo.

We call (Mg, Ty, RY), ..., (M;_,,T), R}) back-transformed reduced systems. In terms of the defini-
tions after @D in Sect. we have reverted the scaling but not the partitioning and not the truncating.
Furthermore, we have preserved all information obtained with the computation of the reduced systems
in Sect. [3] where we keep the time scale factors explicit, and with their algebraic simplification in Sect. [4

Our back-transformation is realized in Algorithm@ In 1 we compute the time scale factor £{"*/9 T
for T} as described above, and in 1{6| we compute its co-factor ¥ fo as (y;f/zj)o.

Let us discuss what has been gained in ((M{, 1Y, R}),...,(M;_,,T,, R})) for our original system S
given in . To start with, notice that our decision at the beginning of Sect. to limit ourselves
to the positive first orthant & using defining inequalities U = {z; > 0,...,z, > 0} translates into
Uo = {y1 /et >0,...,yn/e% > 0}, which is again the positive first orthant &. The manifolds My,_;
described by Mj,_; lead to manifolds M} _; described by M} _,, preserving the nestedness

U=M;D MDD M.

Moreover, the system (7}, R}) defines differential equations on Mj_;.

We are now faced with a discrepancy. On the one hand, we fix ¢ = €,. On the other hand, the
requirement that § be sufficiently small in Theorem [1] entails that ¢ be sufficiently small. Tt is of
crucial importance whether invariant manifolds of , which do exist for sufficiently small €, persist at
€ = .. We are not aware of any algorithmic results addressing this question. In particular, singular
perturbation theory is typically concerned with asymptotic results, which are not helpful here.

In case of persistence, there exist nested invariant manifolds A;*_; which are Hausdorff-close to M}_
for system . Moreover, the differential equations T} associated with M7 _; correspond to the kth
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Algorithm 10 TropicalMultiReduce
Input: 1. Alist S = (y1 = fi1,...,Yn = fn) of autonomous first-order ordinary differential equations
where f1, ..., fn € Qly1, ..., ynl;
2. £, €(0,1)NQ;
3. pe N\ {0}

Output: A list (Mg, Ty, R}),...,(M;_,,T,, R})) of triplets where ¢ € {2,...,m}, or the empty list.
For k € {1,...,¢}, M;_, is a list of real constraints defining M} _, C R"; T} is a list of differential
equations; Ry is a list of trivial differential equations ¢ = 0 for all differential variables from T}, ,

, T

The relevance of the output in terms of the input is discussed in Sect. [5]

1: TropicalCg ., := curry(TropicalC, S, €., p) TropicalCg ., is a binary function
2: TropicalDg ., = curry(TropicalD, S, ., p) TropicalDg ., is a constant function
3: T, P,o := ScaleAndTruncate(S, TropicalCg ., TropicalDg . &)

4: 3 := ComputeReducedSystems(T, P) = ((My,T1, R1), ..., (My_1,Ty, Ry))
5: ¥/ := SimplifyReducedSystems(X) = (M}, 17, Pl ..... (M;_1,T},Ry))
6: ¥* := TransformBack(X', o) = (Mg, T}, RY),. .., (M} |, T}, R}))
7: return ¥

level in a hierarchy of time scales and approximate the flow on NV}}_;. We have achieved a decomposition
of into ¢ systems of smaller dimension. At the very least, one obtains a well-educated guess about
possible candidates for invariant manifolds and reductions. For the investigation of those candidates one
may check the N}* for approximate invariance using, e.g., numerical methods, or by applying criteria
proposed in [45].

Algorithm (10| provides a wrapper combining all our algorithms to decompose input systems like
into several time scales. The underlying tropicalization is not made explicit, and the result is presented
on the original scale. Figure [5| explains the functional dependencies and principal data flow between
our algorithms graphically.

6. Computational Examples

Based on our explicit algorithms in the present work, we have developed two independent software
prototypes realizing all methods described here. The first one is in Python using SymPy [40] for
symbolic computation, pySMT [24] as an interface to the SMT solver MathSAT5 [12], and SMTcut for
the computation of tropical equilibrations [39]. The second one is a Maple package, which makes use
of Maple’s built-in SMTLIB package [22] for using the SMT solver z3 [I7]. For our computations here
we have used our Python code. Computation results are identical with both systems, and timings are
similar. We have conducted our computations on a standard desktop computer with an 3.3 GHz 6-core
Intel 5820K CPU and 16 GB of main memory. Computation times listed are CPU times.

In the next subsection, we will discuss in detail the computations for one specific biological input sys-
tem from the BioModels database. The subsequent subsections showcase several further such examples
in a more concise style. The focus here is on biological results. For an illustration of our algorithms,
we discuss in Appendix [A] examples where reduction stops at £ < m for various reasons.

6.1. An Epidemic Model of the Bird Flu Virus H5NG6

We consider a model related to the transmission dynamics of subtype H5N6 of the influenza A virus
in the Philippines in August 2017 [35]. That model is identified as BIOMDO000000716 in the BioModels
database, a repository of mathematical models of biological processes [34]. The model specifies four
species: S_b (susceptible bird), I_b (infected bird), S_h (susceptible human), and I_a (infected human),
the concentrations of which over time we map to differential variables y1, yo, y3, ya, respectively. The
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1. S=(W1=0g1, -+, Yn = gn) Algorithm [10]

2. e TropicalMultiReduce
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Algorithm [4 .
TropicalEquilibration Algorithm
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Algorithm [7] P .. P where T, is 2, = 8" fy(z,0)
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Algorithm [6] || Algorithm
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TransformBack

Figure 1: Functional dependencies (thin arrows) and principal data flow (thick arrows) between our
algorithms
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input system is given by

_[d, _ _ o7 o1, 412
S = [dtyl = ~easis2Y1Y2 — oY1 T 55
d, _ 9137 4652377
Y2 = 2635182 91Y2 — 96184143092
d, 1 1 40758549
az¥Y3 = 5159375000 Y2Y3 — 35258 Y3 T 3650000

d, _ 1 112500173
dt Y4 = 6159375000 J2Y3 28415250000003/4]'

We choose €, = %7 p = 1, and Algorithm [3| non-deterministically selects d = (=1, —4,—7,—3) from
the tropical equilibration. Algorithm[I]then yields the following scaled and truncated system with three
time scales:

T1 — [ixl :1( 57106251}1%24-%)],

dr " 2635182
_[d.,. _ 3. (5710625 116309425
Ty = [d-er =90 (26351823319”2 192368286 2)}7

_[d .. _ 56 (_ 15625 40758549
T3 = [drm?’ =90 ( 25258 L3 T 18250000)7

d.. _ 6 (15625 112500173
drZa =10 (15768532373 181857600x4)]'

From this input, Algorithm [5| produces the following reduced systems:

Mo =[], T = [Gron=1- (= Sisissaee + 553) ),
Ry = [ftay =0,
%.’Eg =0,
e =),
M; = [2084378125z 25 — 1085694984 = 0], Tp = [fLzy = 63 (30925, 5, — 216309425 10)],
Ry = [ftas =0,
=1,

M, = [20843781252 25 — 1085694984 = 0, T3 = [Lag = 65 (—33625 5, 4 40758549

16675025215 — 46523775 = 0), oy = g6 (13625, 12000178, ]

In that course, Algorithm [f] successfully tests all three scaled systems for hyperbolic attractivity. Fur-
thermore, Algorithm [7] applies the sufficient smoothness test from Sect. [3.3] with

{ = 3, b1 = 3, b2 = 3, P1 =1- (—54 . %42331), P2 = 56 . (—54 . ig%g@xg)
This yields F = {4}, where 4 cannot be expressed as an integer multiple of 3. Thus the test fails,
which causes a warning in Algorithm 5] Notice that in R, ..., R, the differential variables are ordered
in the same way as in the scaled and truncated system 7i,..., T,,. Incidentally, this coincides with
lexicographic order in this example.
Algebraic simplification through Algorithm [§] yields the simplified reduced systems

r_ ¢ 7d .. _ 1. (_ 5710625 412
My = H’ Ty = [del =1 ( 2635182 122 + 365)]’
/ _[d _
Rl = [EIQ = 0,
d,. _
Ewg = 0,
d,. _
drra = 0],
;o _ 1085694984 /_rd.. _ s3 (_ 116309425 412
My = [mlx? = 2084378125}’ T, = [dez =0 ( 102368286 L2 T 365)}’

/I [d _
y = [aras =0,
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i$4 = 0],

dr
r_ _ 4652377 r_[d.,. _ 6 (_15625 . 40758549
My = [“Tl = 16675025° Ty = [d'rx3 =6%( 2525803 18250000)’
o — 1085694984] A 56, (1884887125 112500173 )]
2 = 581547125 |° dr4 — 10188705633 ~ 1818576004/ ]>

Notice that our implementations conveniently rewrite equational constraints as monomial equations
with numerical right hand sides when possible. This supports readability but is not essential for the
simplifications applied here, which are based on Grébner basis theory. Comparing T4 with T, we see
that the equation for xjx5 in M/ is plugged in. Similarly, M, is simplified to M}, which is in turn used
to reduce T3 to T3.

The back-transformed reduced systems as computed by Algorithm [9 read as follows:

. _ «_[d. 9137 412
My = H’ Ty = [Eyl =1 (*26351823/13/2 + W)]’
* _ [d _
Ry =[$y2=0,
d, _
ays = 07
d, _
Eyﬁl - 0]7
. _ __ 1085694984 « _[d, _ 1 (116309425 51500
My = [y1y2 = T 667001 ]’ Ty = [dty2 = 125 ( 102368286 Y2 T ~ 73 )]’
* d
Ry =[Sy =0,
d, _
3194 — 0]7
. _ _ 4652377 « _rd. _ 1 ( 15625 203792745
M; = [yl = 3335005’ T3 = [dty3 = 15625 ( 2525893 T = 1ics )’
5428474920] d, _ 1 ( 15079097 . 112500173 )]
Y2 = “4e52377 1» dtY4 = 15625  \ 5004352815 Y3 — 18185760094/ >
* JR—
Ry =]
We compare T7, ..., T3 to the input system S: In the equation for y;, the monomial in y; is identified as

a higher order term with respect to ¢ and discarded by Algorithm|[I] In the equation for 3, the monomial
in y1y2 has been Grobner-reduced to a constant modulo the defining equation in Mj. Similarly, the
equation for ys loses its monomial in yoy3 by truncation of higher order terms, and in the equation for
14, the monomial in yoy3 is Grobner-reduced to a monomial in ys3.

Notice the explicit constant factors on the right hand sides of the differential equations in 77, ..., T5.
They originate from factors % in the respective scaled systems 71, ..., T3, corresponding to . They
are left explicit to make the time scale of the differential equations apparent. We see that the system
T5 o R5 is 125 times slower than 77 o R}, and T3 o R3 is another 125 times slower.

Figure [2| visualizes the direction fields of T} o R}, ..., T5 o Rj on their respective manifolds Mg,
..., M5 along with their respective critical manifolds M7, ..., M5, where M3 can be derived from
M3 by additionally equating the vector field of T3 o R3 to zero:

Mg = [y = §§§§85§, Y2 = 5442685427347972 Yz = 705215202080977’ 4= 443124761622047()60()4825()017069321828588]
This list M3 does not explicitly occur in the output. However, its preimage Ms is constructed in
Algorithm [5| and justifies the presence of (Mas, T3, R3) in the output there. The total computation time
was 0.906 s.

This multiple time scale reduction of the bird flu model emphasizes a cascade of successive relaxations
of different model variables. First, the population of susceptible birds relaxes. As explained in the
introduction, by relaxation we mean that these variables reach quasi-steady state values. This relaxation
is illustrated in Fig. (b) Then, the population of infected birds relaxes as shown in Fig. c). Finally,
the populations of susceptible and infected humans relax to a stable steady state as shown in Fig. d)7
following a reduced dynamics described by T .
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Figure 2: Critical manifolds and direction fields of our reductions of BioModel 716. (a) The sur-

face is the critical manifold M7 C M = U projected from R* into real (y1,y2,ys)-space.
The line located at (y1,y2) ~ (1.4,1166.8) is the critical submanifold M35 C M3. The
dot located at (y1,y2,y3) ~ (1.4,1166.8,282049.2) is the critical submanifold M} C M3.
Both M7 and Mj extend to £oo in both y3 and y4 direction, and M3 is located near
(1.4,1166.8,282049.2,1349.6). (b) The direction field of T} o Rf on M = U projected from
R* into real (yi,y2)-space. The curve is the critical submanifold M3 C M. (c) The direc-
tion field of Ty o Rj on M projected from R* into real (ys,y2)-space. The line is the critical
submanifold M3 C M7. The system here is slower than the one in (b) by a factor of 125.
(d) The direction field of T o R} on M} projected from R* into real (y3, y4)-space. The dot is
the critical submanifold M% C M3. The system here is slower than the one in (c) by another
factor of 125.
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6.2. Caspase Activation Pathway

BIOMDO000000102 is a quantitative kinetic model that examines the intrinsic pathway of caspase acti-
vation that is essential for apoptosis induction by various stimuli including cytotoxic stress [36]. Species
concentrations over time are mapped as follows:

Species variable Differential variable Species

A Y1 APAF-1

C9 Yo Caspase 9

C9X Y3 Caspase 9-XIAP complex

X Y4 XIAP

AC9X Us APAF-1-Caspase 9-XIAP complex
AC9 Y6 APAF-1-Caspase 9 complex

C3 Y7 Caspase 3

C3_star Ys Caspase 3 cleaved

C3_starX Yo Caspase 3 cleaved-XIAP complex
C9_starX Y10 Caspase 9 cleaved-XIAP complex
C9_star Y11 Caspase 9 cleaved

AC9_star Y12 APAF-1-Caspase 9 cleaved complex
AC9_starX Y13 APAF-1-Caspase 9 cleaved-XIAP complex

The input system is given by

_rd, _ 1 1 1 1 1 1 1 1
S =] $v1 = —5i5¥1v2 — 555Y13 — 555Y1910 — 5051V — o591 + 16Y5 + 19Ys + 15 Y12
1 1
+ ig¥13 + 55+
d — __1 1 _ 1 _ 1 _1 1 1
atY2 = 5009192 — To00Y2Y4 — 5000Y2Y8 — To00Y2 + Too0 Y3 T 10Y6 T 50+
d, _ 1 1 1 1
Y3 = —s00Y1Y3 T ToooY2¥4 — woo Y3 T 19 Yss
d, 1 4 1 o 1 _ 3 _ 1 _ 1 _ 1
atY4 = ~ 10009294 T 100093 — ToooY4Y6 — ToooY4Y8 — ToooY4Y11l — ToooY4Y12 — oo Y4

+ Tlooys + Tlooyg + ﬁym + ﬁyw + %7
%95 = ﬁyw;‘, + Tlooyélyﬁ - %95,
%yﬁ = ﬁylm - Tlooyzxys + Tlooys - ﬁ%ys - %%7
L s = — soos55Y2Y7 — 300059697 — Fo05 YY1 — s YTY12 — Tog YT + &
L s = sod05Y2Y7 — To5Y4Ys + 5000 Y6Y7 + 30550 Y7YI1 + 30m5 Y12 — TosgYs + Tosg Yo

d _ 3 1
Ey9 - 1000y4y8 - ﬁy%

d _ 1 1 1 1

at Y10 = —5p0Y1Y10 + To00 Y4Y11 — mgg Y10 =+ 109135

d _ 1 1 1 1 1 1
QY11 = — Y111 + 5000y2y8 — Too0oY4Y11 =+ 1000y10 — Tooop Y11 + Eyl?;
d _ 1 1 1 101 1

QY12 = 50091911 — ToooY4Y12 T 50009698 — Tooo Y12 T Too0 Y13

d 1 1 51
Y13 = zepY1Yi0 T+ 109 YaY12 — ﬁy13]~

We choose &, = %, p = 1 and select d = (—4,2,3,5,5,4, -6, -8, —4, -2, -2,0,0) from the tropical
equilibration. Our back-transformed reduced systems read as follows:
Mg =[], 7 = [y = 1+ (~maooyavs + 25)],
Ri=[%ys=0, $ys=0, S$y1o=0, Lyi3=0,
Lyo=0, Lys=0, Ly10=0, Ly =0,
Ly =0, Syr=0, S$yo=0, Lys=0],

M} = [yays = L], Ty = [$ys = - (B=viys — 12y5),
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%yfs = % : (%;,ylyz - %yﬁ)a

) (%ylyn - %le)v

’ (%ylylo - %yli‘})}v
Ry=[%y=0, Sys=0, $y10=0, Ly =0,

%yl =0, (%97 =0, %1/9 =0, %ys = 0]7

d
a2 =

d
Y13 =

0| 0ol

* 40 « _[d, 1 2 8
My = [Zy4ys =3 Ty = [aw =16 " (—@yzys + ﬁ)L
Y1ys — olys =0, Ry=[$us=0, $510=0, Sy =0, Ly =0,
2y1y2 - 101y6 = 07 %W = 07 %yg = 07 %yS = O] .

2y1y11 — 101y12 = 0,
y1y10 — 5ly13 = 0],

The total computation time was 8.547 s, of which Algorithm [] took 6.188 s.

The multiple time scale reduction of the caspase activation model emphasizes a cascade of successive
relaxations. First, the inhibitor of apoptosis XIAP binds rapidly to the cleaved caspase. Then, the four
APAF complexes are formed. Finally, the Caspase 9 is recruited to the apoptosome.

6.3. TGF-5 Pathway

BIOMD0000000101, is a simple representation of the TGF-f signaling pathway that plays a central role
in tissue homeostasis and morphogenesis, as well as in numerous diseases such as fibrosis and cancer
[60]. Concentrations over time of species RI (receptor 1), RII (receptor 2), 1IRIRII (ligand receptor
complex-plasma membrane), 1RIRII_endo (ligand receptor complex-endosome), RI_endo (receptor 1
endosome), and RII_endo (receptor 2 endosome), are mapped to differential variables y1, y2, y3, ¥4,
ys, and yg, respectively. The original BIOMDO000000101 has a change of 1igand concentration at time
t = 2500. For our computation here, we ignore this discrete event. The input system is given by

S = [%yl = *T%oylyQ - 29500207070 Y+ 1333330 Ya t+ 1333330 Yys +38,
%92 = *7%03/13/2 - 29500207070 Y2 + 1833330 Ya t+ 1383330 Yo +4,
%113 = %.02/12/2 - égﬁgggys,
%y‘l = 13030303030 Ys — 1383330 Y4,
%yfl = 13030303030 - 1883380 Ys,

d, _ 33333, _ 33333
at¥6 = 100000 Y2 10000003/6]'

We choose €, = %, p =1, and select d = (0, —4, —1,—2,—1,—5) from the tropical equilibrium. Our
back-transformed reduced systems read as follows:

Mg =], Ty = [$y =5 (—s5uny2 + &)
* __ [d, d, d, _ d,
Rl - [dtyQ - 07 a3 = Oa Y4 = Oa Y =Y,
%yﬁ = 0]7
Vim0 T [ =1 ()
R; - [%yZ =0, %y4 =0, %y5 =0, %yG = 0},
M; = [y1y2 = 800, Iy = [%3/2 = % (= gggggy? + 230303030303/6)]’
ys = J5omr ) Ry=[&ua=0, $ys=0, Lys=0].

The total computation time was 0.906 s.
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The multiple time scale reduction of the TGF-3 model emphasizes a cascade of successive relaxations
of concentrations of different species. First, the concentration of receptor 1 relaxes rapidly. Then follows
the membrane complex, and, even slower, the relaxation of receptor 2.

6.4. Avian Influenza Bird-to-Human Transmission

BIOMDO000000709 examines bird-to-human transmission of different strains of avian influenza A viruses,
such as H5N1 and H7N9 [38]. Species concentrations over time of S_a (susceptible avian), I_a (infected
avian), S_h (susceptible human), I_h (infected human), and R_h (recovered human) are mapped to
differential variables y1, yo, y3, ¥4, and ys, respectively. The input system is given by

_rd, _ 1 3 127 .2 9 1
S = [dtyl = —5000000000Y1 T 20000000Y1 — 500000000 Y1Y2 ~ 20091+
d, _ 9 37123
atY2 = 500000000 Y1Y2 — 50000000 Y2
d, _ 3 301
diY3 = ~ 500000000 Y2¥3 — Tooooooo Y3 T 30,

d, _ 3 4445391
at Y4 = 500000000 Y2Y3 — 10000000 Y4

d, _ 1. 301
aYs = 1094 1000000095]'

We choose ¢, = é, p = 1, and select d = (—7,0,—8,3,—2) from the tropical equilibration. Our
back-transformed reduced systems read as follows:

Mg =11 Ty = [Sv1 =1 (~5oo0000000¥1 + z0000000%1) )

Ry = [éity‘l 0, %y2 =0, %yg =0, %y5 = 0]7
My = [y — 5080047 = 0], T3 = [§y1 =5 - (o0000000%2Y3 — 2000000 %4)]

Ry = [%112 =0, %% =0, %y5 =0].

The total computation time was 0.578 s.

The multiple time scale reduction of this avian influenza model emphasizes a cascade of successive
relaxations of different model variables. First, the susceptible bird population relaxes rapidly. The
reduced equation T} and manifold M; suggest that the bird population dynamics is of the Allee type
and evolves toward the stable extinct state. It follows the relaxation of infected human population that
also evolves toward the extinct state, the end of the epidemics.

7. Concluding Remarks

We provided a symbolic method for automatic model reduction of biological networks described by
ordinary differential equations with multiple time scales. This method is applicable to systems with
two time scales or more, superseding traditional slow-fast reduction methods that can cope with only
two time scales. We also proposed, for the first time, the automatic verification of the hyperbolicity
conditions required for the validity of the reduction. Our theoretical framework is accompanied by rigor-
ous algorithms and prototypical implementations, which we successfully applied to real-world problems
from the BioModels database [34].

We would like to list some open points and possible extensions of our research here. Our reduction
algorithm is based on a fixed scaling leading to a fixed ordering of the time scales of different
variables. In our reduction scheme, different variables relax hierarchically, firstly the fastest ones, then
the second fastest, and lastly the slowest ones, which justifies our geometric picture of nested invariant
manifolds. However, there are situations, e.g. in models of relaxation oscillations, when the ordering
of time scales changes with time: variables that were fast can become slow at a later time, and vice
versa. In order to cope with such situations, one would like to use different scalings for different time
segments. One attempt to implement such a procedure has been provided in [54].

Although our proposed method identifies the full hierarchy of time scales, the subsequent reduction
may stop early in this hierarchy when hyperbolic attractivity is not satisfied at some stage. One
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possible reason is the presence of conservation laws, also known as first integrals, at the given reduction
stage. Such conservation laws necessarily force an eigenvalue zero for the Jacobian. A theorem by
Schneider and Wilhelm [52] can be employed to reduce such a setting to the hyperbolically attractive
case. As for the behavior of first integrals when proceeding to the reduced system, see the discussion
of the non-standard case in [33] for two time scales; an extension to multiple time scales should be
straightforward. Work in progress is concerned with the introduction of novel slow variables, one for
every independent conservation law of the fast subsystem, applying this to networks with multiple time
scales, and approximate linear and polynomial conservation laws.

More generally, it is of interest to consider cases when hyperbolic attractivity fails but hyperbolicity
still holds: In such cases, Cardin and Teixeira show there still exist invariant manifolds [I0]. Testing
for hyperbolicity is more involved than testing for hyperbolic attractivity, but in theory it is well
understood, and there exists an algorithmic approach due to Routh [23]. In the case of hyperbolicity,
but not attractivity, the ensuing global dynamics may be quite interesting; for instance slow-fast cycles
may appear.

Concerning differentiability requirements, we checked for smoothness of the full system in Sect.
However, Fenichel’s results, and in principle also those by Cardin and Teixeira, require only sufficient
finite differentiability. Therefore, given a differential equation system and a scaling, invariant manifolds
and corresponding reduced systems exist for CP functions with fixed p < co. Going through the details
will involve intricate analysis that is left to future work.

In the introduction we sketched a Michaelis-Menten system abstracting from the known numerical
values for the reaction rate constants ki, k_1, k2. It would be indeed interesting to work on such
parametric data. In the presence of parameters, one would consider effective quantifier elimination
over real closed fields [I4], 63, BT, £5] as a generalization of SMT solving. Robust implementations
are freely available [8 [I8] and well supported. They have been successfully applied to problems in
chemical reaction network theory during the past decade [56, [62] [7, [19]. Such a generalization is not
quite straightforward. With the tropical scaling in Sect. [2:2] Algorithm [2] would introduce logarithms
of polynomials in the parametric coefficients, which is not compatible with the logical framework used
here. Similar tropicalization methods, which are unfortunately not compatible with our abstract view
on scaling in Sect. require only logarithms of individual parametric coefficients [5I]. Such a more
special form would allow the use of abstraction in the logic engine.

From a point of view of user-oriented software, it would be most desirable to develop automatic
strategies for determining good default values for ¢, and for choices of d from the tropical equilibration
in Algorithm [3]
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A. lllustration of Some Border Cases With Our Algorithms

A.1. Failure of Tropicalization With an Unbalanced Monomial

BIOMDO000000609 describes the metabolism and the related hepatotoxicity of acetaminophen, a pain
killer [48]. The species concentrations over time of Sulphate__PAPS, GSH, NAPQI, Paracetamol_APAP,
and Protein_adducts are mapped to differential variables y1, y2, ¥3, ¥4, and ys, respectively. The
input system is given by

S = [Ly; = —226000000000000y1y1 — 291 + 5500000025065005 +
4 yp = —1600000000000000000y2Y3 — 2Y2 + =5505000me5000557
4 y3 = —1600000000000000000y2ys — 223963, 4 53y,
L y4 = —226000000000000y1 Y4 + 5on5ys — Sy,

Lys = 110ys3].

Since there is only one monomial on the right hand side of the equation for ys5, equilibration is impossible.
This causes Algorithm [ to return in 123 a disjunctive normal form II equivalent to “false”, which
describes the empty set. Hence Algorithm 3| returns 1, and Algorithm [I| returns the empty list. The
total computation time was 0.006 s.

A.2. Failure of Hyperbolic Attractivity due to an Empty Manifold in the First
Orthant

BIOMDO000000726 examines the transmission dynamics of rabies between dogs and humans [49]. The
mapping of the model variables over time and our differential variables is as follows:

Species  Differential variable Description

S_d 1 susceptible dogs
Ed Yo exposed dogs

Id Y3 infectious dogs

R_d im recovered dogs

S_h Ys susceptible humans
E_h Y6 exposed humans
I_h Y7 infectious humans
R_h ys recovered humans

The input system is given by

S = [%yl = - 50007090000 Y1ys — %yl + L:yQ + Ya + 30000007
d., _ 79 617
atY2 = 500000000 Y1Y3 — 100925

d _ 12 27
Y3 = B Y2 — 35Y3;
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d, _ 9 9 27
qt¥Y4 = Too¥1 + Too¥2 — 35Y4,

d, _ 229
Y5 = — Toooou990000000 ¥3Y5 — To00¥s T 5 Y6 + s + 15400000,
d, _ 229 654

acye = 100000000000000y3y5 10003/67

d _ 1343

Ey7 - 5 yG - 1000y77

d, _ 1003
ays = oy6 10003/8}

We choose parameters €, = %, p=1,and d = (-10,-10,—11, -9, —14, —7,—8, —7). The condition in
1[I of Algorithm [6] does not hold for

M = [-9875z 25 + 4608z2 = 0, 49375z125 — 39488z = 0, 17890625z5x5 — 1340006426 = 0],

i.e., the corresponding manifold M is empty. Consequently, Algorithms[5] [§ and [0 return empty lists.
The total computation time was 0.921 s.

A.3. Failure of Hyperbolic Attractivity in the First Step

BIOMDO000000156 examines the dynamics of a negative feedback loop between the tumor suppressor
protein p53 and the oncogene protein Mdm?2 in human cells [25]. The species concentrations over time
for x (p53), y (Mdm2), and yO (precursor Mdm2) are mapped to differential variables y;, y2, and ys,
respectively. The input system is given by

S = [Ev = —3yiys + 21,

9 11
—10Y2 + 10935
3 11

5Y1 — roys]o

d
ay2

d
ays

We choose parameters ¢, = %, p =1, and point d = (2,1,1). Algorithm [5[ returns an empty list, since
the test for hyperbolic attractivity fails in Algorithm [6] 120 even though the manifold M;, defined by
M, =[- 4(7):E1x2 + x1 = 0], is not empty in the first orthant, as has been ensured in 1 Obviously, the
simplified and back-translated systems are empty lists as well. The total computation time was 0.453 s.

A.4. Failure in SMT Solving for a Reduced System With Fractional Exponents

BIOMD0000000663 illustrates how CD4 T-cells can influence the spread of the HIV infection [64]. Species
concentrations over time for x (x_ Tcell infected), y (y_Tcell uninfected), and v (v_free_ virus) are
mapped to variables y1, y2, and ys3, respectively. The input system is given by

S = [$v1 = — 1591y — 15019293 + Y193 — 1591,
%yQ = —%Oyly2y3 + %ylyg — %Oygyg + yoys — %y%
$us = y2 — Sys).

We choose ¢, = %, p =5, and d = (1,4,3). The choice of p = 5 causes fractional exponents in the
scaled and truncated system, viz.

T = [d7$2 =07 ( VAziws — *\/41332)] T35 = [dﬂh =4'2. ( Vidzizs — *\/41351)]

However, the relevant SMT logics QF_LRA and QF_NRA do not accept fractional exponents. Recall from
Sect. [3:2) that in such cases, we catch the corresponding error from the SMT solver, convert to floats,
and restart.

We then get into the special case that ¢ = 1 in 1[T6] of Algorithm [5] i.e., there are less than two
reduced systems, and return the empty list. Consequently, the list of simplified reduced systems and
the corresponding list of back-transformed systems are empty as well. Notice that this special case is
not caused by the fractional exponents discussed above. The total computation time was 0.390 s.
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