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Abstract. Some oscillation criteria for solutions of a general ordinary differential equation
of second order of the form

(rOW(x(0)x(2)) + h(1)i(1) +q(1) ¢ (& (x(2)), r(O) W (x(1))X(2)) = H (2,x(t), 1(1))
with alternating coefficients are discussed. Our results improve and extend some existing
results in the literature. Some illustrative examples are given with its numerical solutions
which are computed using Runge Kutta method of fourth order.
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1. Introduction

In this paper, we consider the second order nonlinear ordinary differential equation of the
form

(LD (@) wx(0))x(2)) +h(0)x() + (1)@ (8(x(2)), r(1) w(x(2)) k(1)) = H(2,x(2), %(r))

where r, h and ¢ are continuous functions on the interval [fg,0), fo > 0, ¥ € C(R,R™) and
r(t) is a positive function. g is a continuous function for x € (—eo, e), continuously differen-
tiable satisfies xg(x) > 0 and g(¢)(x) > k > 0 for all x # 0. The function ¢ is continuous func-
tion on R x R with u¢ (u,v) > 0 for all u # 0 and ¢ (Au,Av) = A¢(u,v) for any A € (0, )
and H is a continuous function on [fp, ) x R x R with H(¢,x(z),%(¢))/g(x(¢)) < p(¢) for all
x#0andt > 1o.

Throughout this paper, we restrict our attention only to the solutions of the differential
equation (1.1) which exist on some ray [fy,0). Such solution of the equation (1.1) is said to
be oscillatory if it has an infinite number zeros, and otherwise it is said to be non-oscillatory.
Equation (1.1) is called oscillatory if all its solutions are oscillatory, and otherwise it is called
non-oscillatory.
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Equation (1.1) is said to be superlinear if
+oo 4
/*x < oo foralle > 0.
8(x)
+e
The problem of finding oscillation criteria for second order ordinary differential equations
has received a great attention of many authors, see for example [1-15].
Kameneyv [7] studied the equation

(1.2) (@) +q(t)x(t) =0

and proved that the condition

liItllsup t’%] /(t —5)""14(s)ds = oo for some integer n > 3,
Iy

is sufficient for the oscillation of the equation (1.2). Yan [15] proved that if
t

li?Lsup t”% /(t — )" q(s)ds < oo for some integer n > 3,
1o

and there is a continuous function Q on [fy, ) with

/Qi(s)ds = oo,
io
where Q. (1) = max {Q(¢),0}, ¢ > to such that

. 1 s e
hrtrLs:p pras / (t —s5)"q(s)ds > Q(T) for every T > to,
fo

then every solution of the equation (1.2) oscillates. Philos [11] improved Kamenev’s result

[7] as follows: He supposed that there exist continuous functions i, H:D={(t,s) :t 2 s > fp} —
R such that H(¢,¢) =0 fort >ty and H(t,s) > 0 for t > s > 9. H has a continuous and non-
positive partial derivative on D with respect to the second variable such that

—%H(m) = h(t,s)\/H(t,s) for all (¢,s) € D,

then, equation (1.2) is oscillatory if

timsup ﬁ / (H(t,s)q(s) _ i;ﬁ(;,@) ds — oo,

fo
Also, Philos [11] extended and improved Yan’s result [15] by proving that H and & as in
above, moreover, supposed that

H(t
0 < inf |liminf 209 | < o
s>io | 1= H(t,10)

t

1
limsu /h2 t,s)ds < oo
t—)oopH(t7t0)t ( )
0
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and assume that 2(¢) as in Yan’s result [15] with
/Qi(s)ds = oo,
fo

Then, equation (1.2) is oscillatory if

t

1 1
limsup / H(t,5)q(s) — —h*(t,s) | ds > Q(T) for every T > 1.
t—e H(,T) ] 4

Lu and Meng [4] studied the following equation
(1.3) (r(0)x(8)) +h(0)%(1) +g(1)g(x(1)) = O

and derived some oscillation criteria for equation (1.3).

Sun et al. [13] studied a second order nonlinear neutral functional differential equation
and also derived some oscillation criteria for the same functional equation.

In this paper, we continue in this direction the study of oscillatory properties of equation
(1.1). The purpose of this paper is to improve and extend the above mentioned results. Our
results are more general than the previous results.

2. Main results

We state and prove here our oscillation theorems.

Theorem 2.1. Suppose that

(1) a1 < y(x) < ay, ar,az > 0forallx € R,

(2) h(t) =20 forallt > to,

(3) q(t) >0 forallt > 1.
Moreover, assume that there exist a differentiable function p : [ty,o0) — (0,00), (ph) (t) <0
fort >ty and the continuous functions h, H : D = {(t,s) :t > s > to} — R. The function
H has a continuous and non-positive partial derivative on D with respect to the second
variable such that

H(t,t) =0fort > toand H(t,s) > 0fort > s > 1,

f%H(t,s) = h(t,s)\/H(t,s) for all (t,s) € D.
I

. 1 2 - _ 0]
4) 111;11ﬂs:p H(i10) /p(s)r(s)O' (t,8)ds < oo, where 0 (t,s) = [h(t7s) o) H(t,s)}.
fo
1

1 n

(5) limsup ———— /H(t,s)p(s) (Coq(s) — p(s))ds = oo, where Cy is a positive con-
0

stant p: [tg,o0) — [0,0), then, every solution of superlinear equation (1.1) is oscil-
latory.
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Proof. Without loss of generality, we may assume that there exists a solution x(z) of equa-

tion (1.1) such that x(¢) > 0 on [T, ) for some T >ty > 0. We define the function ® as
p()r(t) y(x(r))x(r)
() = ,t > T.
O )

From o(t), Eq. (1.1), condition (1) and since ¢ (1, )) > 0 then, there exists a positive
constant Cp such that ¢ (1,0(z)/p(t)) > Co thus, we have

. _ PDh()x(r) PO iy — — Ko
o) <p(t)pt) 2G0)) Cop(1)q(t) + p(t)w(t) a0 ” )t =T.
Integrating the last inequality multiplied by H(z,s) from T to ¢, we have
[ H(t,5)p($)h(s)3(s)
/Hts ) (Cog(s) — /Hts ds—T/ <) ds
@.1) +/p§ )ds—/mwz(s)ds,t>T

] ap(5)r(s)

From the first integral in the R. H. S. for r > T, we have

t

~ [t =1 /[ ] o(s)ds
T T

2.2) - / h(t,5)\/H{,5)0(s)ds 1 >

Since H has a continuous and non-positive partial derivative on D with respect to the second
variable and ph is non-increasing. The second integral in the R. H. S. is by using the
Bonnet’s theorem twice as follows: for 7 > T, there exists a; € [T,¢] such that

[H(E,5)p(s)h(s)i(s) , [ p(h(s)(s)
) b

T
and b; € [T, a,] such that

by
p(s)h(s)x x(s)
H(1,T) / e ds—H(t,T)p(T)h(T)T/g(x(s))ds
x(br) d
— H(t,T)p(T)h(T) 7;‘)
x(.T) 8

Since H and p(t) are positive functions, by condition (2) and the equation (1.1) is superlin-
ear, we have

/-x(bz) du < { O,lf x(bl) <X(T),
x(r) g(u) [y s 3 x(br) = (7).
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Thus, it follows that

2.3) / H{ts)p()hS) 4 gy 1y / p(s)h(s))x(s)ds > AH(t,T)p(T)h(T),
T

g(x(s))

where A; = inf [ T; g(Z)

Thus, from (2.2) and (2.3), the inequality (2.1) becomes

/ H(1,5)p(s) (Coals) — p(s)) ds

< H(T)o(T) A T)p(TA(T)
([ kHs) o p(s)
_T/ [azp(s)r(s)w (s)+ (h(t,s) — p(s)\/H(t,s)) \/H(t,s)a)(s)} ds
Since A{H(¢t,T)p(T)h(T) > 0 and for t > T, we have

t

[ H(t.5)p(5) (Cogls) ~ p(s)) ds

T

<o)~ | 00 ol TS 0l | ds

Hence, we have

/H (z,5)p(s) (Cog(s) — p(s))dséH(t,T)a)(T)+/%]zr(s)cz(t,s)ds

t
2.4) - [ kH” “2" ts] ds.

Then, fort > T, we have

/Hts ) (Cog(s) — p(s))ds < H(1, T /p 21, 5)ds, 1 > T.

Dividing the last inequality by H(z,T), taking the limit superior as ¢ — o and by condition
(4), we obtain

t
limsup / 5) (Cog(s) — p(s))ds
f—yo0 T
<a)(T)+4k Hsup /p 2(t,5)ds < oo,

which contradicts to the condition (5). Hence, the proof is completed.
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Theorem 2.2. Suppose, in addition to the conditions (1), (2), (3) and (4) hold that there
exist continuous functions h, H are defined as in Theorem 2.1 and
H(t,s)
6) 0 < inf |1 f—2| <oo
© slfto [1trg1°£1 H(t,19)
If there exists a continuous function Q on [ty,o0) such that

(N
timsup . / [H(1,5)p () (Coa(s) — p(s)) = 2r(s)p(5)0%(1.5) | ds > @(T) for T > 1,

where o(t,s) = [h(t s ;\/H(t,s ] k is a positive constant and a differen-
tiable function, p: [to,o0) = (0,0),
®) f )=

equatlon (1 1) is oscillatory.

ds = oo, where Q. (t) = max{Q(¢),0}, then every solution of superlinear

Proof. Without loss of generality, we may assume that there exists a solution x(¢) of equa-
tion (1.1) such that x(¢) > 0 on [T, ) for some T >ty > 0.
Dividing (2.4) by H(¢,T) and takmg the limit superior as # — oo, we obtain

limsup 77 / (1,5)P ()(Coals) — pls)) — S2p(s >r<s>oz<z,s>}ds
T

kHt
<o(T )fhmsup [ s)

f\/ azp t s ds
azp 2
kH (t,s) 1 /agp o,
wp(s 2 s)| ds
1 /azp
5 t

< o(T) —liminf
t—3o0

Z
o]

By condition (7), we get

t
kH t,
O(T) > Q(T) + Jiminf - / [ s)
troo azp(s

T
This shows that
(2.5) o(T) > Q(T) foreveryt > T,
and
Hence,

t
.. 1 kH(tS azp
liminf ———— KH5) g L [92P0) .
imin H(t,T)T/[ wp(s)r 2 ”] ds <
E\(azp tS] S

t
oo > liminf — / 7"[{(”
P2 T ) |\ mplor
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. I [ KkH(t,s) 1
(2.6) > liminf H(t,to)/ @*(s)ds + H()to/cr(t,s)\/H(Ls)a)(s)ds

1—>00 arp(s)r(s) 1,10
fo
Define
t
1 kH(t,s)
U(t) = / - (s)ds, t >t
= Hw ) pr @20
0
and
1 t
V() = / & (1,5)VH (1, 9)@(s)ds, t > 0.
H(t,t)
fo
Then, (2.6) becomes
(2.7) litrginf[U(t) +V(1)] < eo.
Now, suppose that
)
2.8) / ORI,
p(s)r(s)
fo
Then, by condition (6) we can easily see that
2.9) th_)m U(t) = oo.

Let us consider a sequence {7, },,_ 123,.. in [to,°0) with limy,_e 7, = o0 and such that
lgn U(T,)+V(T,)] = litrginf Ut)+V().

By inequality (2.7) there exists a constant N such that

(2.10) UT)+V(T,) <N,n=1,23,....
From inequality (2.9), we have
2.11) lim U(T;,) = oo.

n—yoo

Hence inequality (2.10) gives
(2.12) lim V(T,,) = —eo.

n—yoo

By taking into account inequality (2.11), from inequality (2.10), we obtain

V(T) N 1
1+ < < -,
ur,) " UT) 2
provided that n is sufficiently large. Thus
V(T,) < _l’
U(T,) 2
which by inequality (2.12) and inequality (2.11), we have
V2(T,
(2.13) lim ) =00

n—eo U(T,)
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On the other hand by Schwarz’s inequality, we have

T, 5
2 o # /
VAT, = Hz(Tn,l‘()) t O-(T"’s)\/ma)(s)ds
0
L fap(orty 1 kH(T,.)
arp(s)r(s) » / - 2
<
\ H(Tmm)’/ el T2} H(Tn,to)t azp(s)r(s)w (s)ds
’ 0
L fap(s)r(s)
= ap(s)r(s) -
N H(Tmto)/ v 0 (Tns)ds x U(T).
0
Thus, we have
Tn

V) 1 faps)rs)
U(T,,)gH(Tn,to)/ k

T

62 (Ty,,s)ds for large n.

By inequality (2.13), we have
T,
p(s)r(s)02(Tp,s)ds = co.

a ..
= lim ———
k n—seo H(Tmlo)

fo

Consequently,

1
limsu
prH(t,to)

[ P10 sy =

which contradicts to the condition (4), Thus inequality (2.8) fails and hence
T2
0]
/ (s) ds < oo
J p(5)r(s)

Hence from inequality (2.5), we have

r(s) (s

which, contradicts to the condition (8), hence the proof is completed.

1

[ Q) [ @)
t0/p<s> S TOTC R

Example 2.1. Consider the following differential equation

<(x2(t)_|—2)x(t)>+x(t)+ 1 X7(t)—|— X133([)
(7

19(x2(t) + 1) 28

B xg(t)sinz(x(t))
=R t>0.



Oscillation Theorems for Second Order Nonlinear Differential Equations with Damping 889

Here we note r(¢) = 1/t%, w(x) = (x*(t)+2)/(x*(t) + 1) forall x € R, h(t) = 1 />, q(t) =

1/13 and g(x) = x".
u® H(t,x(t),x(1)) X2 (t) sin® (x(1))
_ s d ) ) _ _
O(u,v) =u+t ou® 4 ovis " g(x(1)) (x2(t)+1)

forallz > 0and x € R.

LetH(t,s) = (t—s)* > 0forallt > s> to, thus $-H(t,s) = —2(t —s) = —h(t,s)\/H(t,s)
for all r > 1y. Taking p(¢) = 6 such that

t

1
limsu s)r(s)o? t,s)ds
),‘*)oopH(t,T)T p(s)r(s)o=(t,s)
.y p) :
A
= limsu / s)r(s) | h(t,s) — —=+/H(t,s) | ds
s 7y | PO ) (o)~ 2 VG5
% 11
T
)2
in | Himint L5 ] ing [imine =5 ] Z 1 thus, 0 < inf [timine 20 |
K> t—yo0 H(t,t()) s>10 t—>o0 ([_to)Z s>t oo H(t,[o)
and
1
limsu 1 /[H(t $)p(s)(Cogq(s) — (S))—@r(s)p(s)oz(t s)} ds
t—>oop H(t,T) J ’ 0q p 4k )
t
. 1 (t—s)? 12
=1 6C - —=\d
e | [s0 -
3¢
T2 ~ 4T2
Set Q(t) = 28 then Q. () = 24 and

s%ds = oo,

/ Q) 3G
32

J PG)r) /

All conditions of Theorem 2.2 are satisfied, thus, the given equation is oscillatory. We also

compute the numerical solutions of the given differential equation using the Runge Kutta
method of fourth order (RK4). We have

x7(¢) sin?(x(z)) 7 x13()
X(r) = f(t,x(¢),x(t) = ——F7——7"7"7 — t —— e~
H(e) = f(t,x(2), (1) x2(t)+1 <x ( )+9x126(t)—|—6x18(t))
with initial conditions x(1) = —1, %(1) = 0.5 on the chosen interval [1,100], the functions

y(x) =1 and h(r) = 0 and finding values the functions r, ¢ and f where we consider
H(t,x,%) = f(t)l(x,x) att =1, n =500 and h = 0.198.
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Table 1. Numerical solution of ODE 1

’ k ‘ 173 ‘ x(tk) ‘
1 1 -1
2 | 1.198 | -0.882
3 | 1.396 | -0.7431

9 |2.584 | 0.1373
10 | 2.782 | 0.2844
11| 298 | 04314

26 | 595 |-0.1151
27 | 6.148 | -0.2624
28 | 6.346 | -0.4097

43| 9.316 | 0.0959
44 19.514 | 0.2435
451 9.712 | 0.391

nar &

x(t)
[=]

0o 20 30 40 &80 6 Y0 80 50 100

Figure 1. Solution curve of ODE 1

Remark 2.1. Theorem 2.1 and Theorem 2.2 extend and improve results of Kamenev [7],
results of Philos [11] and results of Yan [15] who studied the equation (1.1) as r(¢) = 1,
y(x()=1,h(t) =0, ¢(g(x(t)), r(t)w(x(£))x(t)) = x(¢) and H(t,x(¢),%(¢)) = 0. Also their
results [7, 11, 15] cannot be applied to the differential equation in Example 2.1.

We need the following lemma which will significantly simplify the proof of our next
theorem.
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Let D= {(t,s) :t > s > to}, we say that a function H € C(D,R) belongs to the class W
if
(1) H(t,t) =0fort >1t9and H(t,s) > 0 whenr # s;
(2) H(t,s) has partial derivatives on D such that

%H(r,s):hl(t’s)\/mv

0
a—H(t,s) = —hy(t,5)\/H(t,s) for all (t,s5) € D, and some hy, hy € L},,.(D,R).
s

Lemma 2.1. Let Ay, A1, Ay € C([to,),R) with Ay > 0 and Z € C' ([ty, ) ,R). If there
exist (a,b) C [ty,) and c € (a,b) such that

(2.14) Z < —Ag(s)+A1()Z—As(5)Z2, s € (a,b),
then
1 1
e / H.0p(6)A0s) ~ g i) as
b
@.15) + o / [H(b,sm(s)Ao(s) e n%(bm} ds <0

for all H e W and where
Ni(s,a) = [hl(s,a) —Ai(s) H(s,a)}

and
M2(b,s) = [ (b,s) ~ A (s)V/H(b5)|
The proof of this lemma is similar to that of Lu and Meng [4] and hence will be omitted.

Theorem 2.3. Suppose in addition to the condition (3) holds that y(x) = 1 for x € R and
assume that there exist ¢ € (a,b) C (T,) and H € W such that

&)
H(i’a)/{H(s,a)P(S)(Coq( )—P(S))—4p(sk) (s)nlz(s,a)] ds
b
i | [HO-9p0 a0 - pio)— o B bb)| as >0
where
e (PO B\
i) = e~ (53 - 1) VAT
_ _(P) k()
o) = o~ (56 - 57 ) VG|

and the function p is defined as in Theorem 2.1. Then, every solution of equation (1.1) is
oscillatory.
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Proof. Without loss of generality, we may assume that there exists a solution x(z) of equa-
tion (1.1) such that x(¢) > 0 on [T, ) for some T >ty > 0. We define the function ® as

©O="sG)
This and (1.1), we obtain
h(z) (1) k
a(r) <p(t) ()*@w( )—p(t)q(1)o(1 Vl(l)”ﬂw(t)*p(t)r(z) @*(1),1 > T,

where vy (t) = (;)

Since ¢(1,v1(r)) > 0O then, there exists Cp such that ¢ (1,v1(¢)) > Cp, we have
) p(r)  h(r) k
() < —p(t)(Cogq(t) — p(t +<— o(t >T.
(1) < =p()(Coqle) —p(e) +( 05 =Ty ) 00) — S s 070
From last inequality and by Lemma 2.1, we conclude that for any ¢ € (a,b) and H € W
c

/ [H<s,a>p<s><coq<s> (o) -

a

1

S
H(c.a) )

4p(s)r(s

b
o | [op6) €t —pio) - b o] as <o

where Aq(1) = p(0)(Cog(t) = p(0). A1(0) = (533 — K7} ) and A2(0) = 5ty
This contradicts (9). Thus, the equation (1.1) is oscillatory.

Remark 2.2. Theorem 2.3 is an extension of result of Lu and Meng [4].
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