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Abstract. We make a unified analysis of interior proximal methods of solving convex
second-order cone programming problems. These methods use a proximal distance with
respect to second-order cones which can be produced with an appropriate closed proper
univariate function in three ways. Under some mild conditions, the sequence generated is
bounded with each limit point being a solution, and global rates of convergence estimates
are obtained in terms of objective values. A class of regularized proximal distances is also
constructed which can guarantee the global convergence of the sequence to an optimal
solution. These results are illustrated with some examples. In addition, we also study
the central paths associated with these distance-like functions, and for the linear SOCP
we discuss their relations with the sequence generated by the interior proximal meth-
ods. From this, we obtain improved convergence results for the sequence for the interior
proximal methods using a proximal distance continuous at the boundary of second-order
cones.
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1 Introduction
We consider the following convex second-order cone programming problem (CSOCP):

inf f(x) (1)

st. Ax=0b, = =x 0,

where f: IR" — IRU{+0o0} is a closed proper convex function, A is an m X n matrix with
full row rank m, b is a vector in IR™, x >, 0 means z € K, and K is the Cartesian product
of some second-order cones (SOCs), also called Lorentz cones [14]. In other words,

K=K"xK"x-..x K" (2)
where r,nq,...,n, > 1 with ny +---+n, =n, and
K™ = {(z1,22) € R x R ' | 21 > ||z»]|}

with |- || being the Euclidean norm. When f reduces to a linear function, i.e. f(z) = c'z
for some ¢ € IR", (1) becomes the standard SOCP. Throughout this paper, we denote by
X, the optimal set of (1), and let V := {x € R" | Az = b}. The CSOCP, as an extension
of the standard SOCP, has a wide range of applications from engineering, control, finance
to robust optimization and combinatorial optimization; see [1, 23] and references therein.

There have proposed various methods for the CSOCP, which include the interior point
methods [2, 25, 32], the smoothing Newton methods [11, 15], the smoothing-regularization
method [17], the semismooth Newton method [22], and the merit function method [8].
These methods are all developed by reformulating the KKT optimality conditions as a
system of equations or an unconstrained minimization problem. This paper will focus
on an iterative scheme which is proximal based and handles directly the CSOCP itself.
Specifically, the proximal-type algorithm consists of generating a sequence {2*} via

a* = argmin {\p f(z) + H(z, 2" ) |z e KNV}, k=12,... (3)

where {\;} is a sequence of positive parameters, and H: R" x IR" — IR U {400} is a
proximal distance with respect to int & (see Def. 3.1) which plays the same role as the
Euclidean distance ||z — y||? in the classical proximal algorithms (see, e.g., [24, 30]), but
possesses certain more desirable properties to force the iterates to stay in X NV, thus
eliminating the constraints automatically. As will be shown in Section 4, such proximal
distances can be produced with an appropriate closed proper univariate function.



In this paper, under mild assumptions as used in interior proximal methods for convex
programs over nonnegative orthant cones (see, e.g., [3, 4, 5, 6, 13, 20, 31]), we show that
the sequence {z*} is bounded with all limit points being a solution of (1), and obtain
global rates of convergence in terms of objective values. But, unlike interior proximal
methods for convex programs over nonnegative orthant cones, the global convergence of
{2*} to an optimal solution can be guaranteed for the class of proximal distances F;(K)
or F»(K) under a very restrictive assumption for X, (see Theorem 3.2(a)), or for their
subclasses Fi(K") or F5(K") under mild assumptions for X, (see Theorem 3.2(b)), or
for the smallest subclass F5(K"). These results are illustrated with some examples.

Just as proximal point methods with generalized distances, the central paths derived
from barrier functions have been the object of intensive study. Recently, the central paths
for semidefinite programming received an active study (see, e.g., [12, 18, 19, 16]). For
example, da Cruz Neto et al. [12] established the relations among the central paths in
semidefinite programming, generalized proximal point methods, and Cauchy trajectories
in Riemannian manifolds, extending the results of Tusem et al. [21] for monotone varia-
tional inequality problems. Motivated by this, we also investigate the properties of the
central paths of (1) with respect to (w.r.t.) the distance-like functions used by interior
proximal methods (see Propositions 5.2 and 5.3). For the linear SOCP, we discuss the
relations between the central paths and the sequences generated by the interior proximal
methods, and show that the sequence generated by interior proximal methods will con-
verge under the usual assumptions, if the proximal distance satisfies a certain continuity
at the boundary of second-order cones (see Theorem 5.2).

Auslender and Teboulle [4] provided a unified technique to analyze and design inte-
rior proximal methods for convex and conic optimization. However, for the CSOCP, we
notice that it seems hard to find a proximal distance example for the class F, (K") so
that similar global convergence results of [4, Theorem 2.2] can apply for it. In this paper,
we extend their unified analysis technique to interior proximal methods using a proxi-
mal distance which can be produced with an appropriate univariate function via three
ways, and establish the global convergence results for the smallest class F»(K"), and the
class J/EQ(IC”) with some mild assumptions of X,. The examples from the two classes of
proximal distances are easy to find. Particularly, for the linear SOCP, we obtain the
improved convergence results for these interior proximal methods, by exploring the rela-
tions between the sequence generated by the interior proximal methods and the central
path associated to the corresponding proximal distances. In view of these contexts, this
paper can be regarded as a refinement of [4] for the second-order cone optimization.

Throughout this paper, I denotes an identity matrix of suitable dimension and IR"
denotes the space of n-dimensional real column vectors. For any z,y € IR", we write
r >, yif v —y € K" and write z >, y if z —y € int £". Given a matrix F, Im(E)



means the subspace generated by the columns of E. A function is closed if and only if it is
lower semi-continuous (Isc), and a function is proper if f(x) < oo for at least one x € R
and f(z) > —oo for all x € IR". For a lsc proper convex function f: R™ — IR U {+o0},
we denote its domain by domf := { x € R" | f(x) < oo} and the e-subdifferential of f
at by 0.f(z) :={w e R" | f(z) > f(Z) + (w,x — ) — €, Vo € R"}. If f is differen-
tiable at z, V f(x) means the gradient of f at x. For a differentiable h on IR, A" and A"
denote its first and second derivative. For any closed set .S, int S denotes the interior of S.

In the rest of this paper, we focus on the case where K = K", and all the analysis can
be carried over to the case where K has the direct product structure as in (2). Unless
otherwise stated, we make the following minimal assumption for the CSOCP (1):

(A1) domf N (VNint K*) # 0 and f, :=inf{f(z) |z € VN K"} > —o0.

2 Preliminaries

This section recalls some preliminary results that will be used in the subsequent sections.
For any x = (71, 23),y = (y1,%2) € IR x IR™!, their Jordan product [14] is defined as

voy = ((z,y), 172 + T1¥2). (4)

It is easy to verify that the identity element under the Jordan product ise = (1,0,...,0)T €
IR, i.e., eox = x for all x € IR™. Note that the Jordan product is not associative, but
it is power associated, i.e., zo (zox) = (zox)ox for all z € IR". Thus, we may without
fear of ambiguity write ™ for the product of m copies of x and ™1™ = 2™ o 2™ for all
positive integers m and n. We stipulate 2° = e. For each z = (21, 25) € R x R}, let

det(x) := 27 — ||lzo]|* and tr(z) := 2z, (5)

which are called the determinant and the trace of x, respectively. A vector x is said to
be invertible if det(x) # 0. If z € IR™ is invertible, there is a unique y € IR™ satisfying

xoy=yox=e. We call this y the inverse of z and denote it by z~!.

We recall from [14] that each x admits a spectral factorization associated with K™

r = M\ (2) ugl) + Ao () u?, (6)

T

where \;(z) and ul for i = 1,2 are the spectral values of x = (71, 25) € IR x R"! and
the associated spectral vectors, defined by

Al(x) =T+ <_1)1H$2H7 U:S:Z) = 5 (17 (_1>Zj2) ) (7>
with zy = (225 if 5 7# 0 and otherwise being any vector in IR™! such that ||z,|| = 1. If

x9 # 0, then the factorization is unique. The following lemma is direct by formula (6).



Lemma 2.1 For any x = (x1,22),y = (y1,%2) € R x R"™L, the following results hold:
(a) det(x) = Ai(2)Aa(2), tr(2) = Mi(2) + Ao(2) and ||z]* = 5 [(M(2))* + (A2(2))?].
(b) z € K" <= A\i(z) > 0 and z € int £ <= A\ (z) > 0.

(€) M(2)Aa(y) + Ao(2)Mi(y) < tr(z o y) < Mi(2)M(y) + Ao(2) Ao (y).

With the spectral factorization above, one may define a vector-valued function by a
univariate function. For any given h: Ig — IR with Iy C IR, define h*°°: S — IR" by

T

hC(z) == h(A\(2)) - ul) + h(Xy(z)) - ul?, Ve S. (8)

The definition is unambiguous whether x5 # 0 or x5 = 0. For example, let h(t) =t~ for
any t > 0, then using formulas (6) and (8) we can compute that

1 _tr(z)e—w

-1 = hsoc — _ —
I = T e T T dar(a)

for x € int K. (9)

Moreover, by Lemma 2.2 of [10], S is open whenever I is open, and S is closed whenever
Ir is closed. The following lemma shows that some favorable properties of A can be
transmitted to h*°°, whose proofs were given in Prop. 5.1 of [15] and Lemma 2.2 of [27].

Lemma 2.2 Given h: Igx — IR with Ig C IR. Let h*°: S — IR" be the vector-valued
function induced by h via (8), where S C IR™. Then, the following results hold:

(a) If h is continuously differentiable on int Ir, then h*°° is continuously differentiable
on int S, and for any x € int S with v = (v, 25) € R x R"1,

B (21)1 if o =0,
3
SOC b ¢
Vh*(x) = 2] otherwise
To T2Ty
c al + (b - )
N |22

where a =

h(Qe(@)—h(h(2)) 3 B (A2 (2))+h' (M (2)) c = B (A2 (x))—h' (M (2))
A2(z)=Mi(z) 7 2 ’ 2 :

(b) If h is continuously differentiable on int I, then tr(h*¢(x)) is continuously differ-
entiable on int S with Vtr(h*°°(z)) = 2Vh*°(x)e = 2(h')*°(x).

(c) If h is (strictly) convex on I, then tr(h*°(z)) is (strictly) conver on S.

Lemma 2.3 (a) The real-valued function In(det(x)) is strictly concave on int K".



(b) For any x,y € int K™ with x # y, there holds that
det(az + (1 — a)y) > (det(z))*(det(y))' ™, Va € (0,1).

Proof. Clearly, part (b) is a direct consequence of part (a). The proof of part (a) was
given in [7, Prop. 2.4(a)] by computing the Hessian matrix of In(det(x)). Here, we give
a simpler proof. Let Inz be the vector-valued function induced by Int via (8). From
Lemma 2.1 (a), In(det(z)) = In(A(x)) + In(A2(x)) = tr(Inz) for any x € int K". The
result is then direct by Lemma 2.2(c) and the strict concavity of Int (¢ > 0). O

To close this section, we review the definition of SOC-convexity and SOC-monotonicity.
The two concepts, such as the matrix-convexity and the matrix-monotonicity in the
semidefinite programming, play an important role in the solution methods of SOCPs.

Definition 2.1 [7/ Given h: Igx — R with Ig CIR. Let h*°°: § — R™ with S C IR™ be
the vector-valued function induced by h via formula (8). Then,

(a) h is said to be SOC-convex of order n on I if for any x,y € S and 0 < 5 < 1,
W (B + (L= B)y) Zew SR (x) + (1= B)R(y). (10)
(b) h is said to be SOC-monotone of order n on Iy if for any z,y € S,
Ty = %) = B(y).
We say that h is SOC-convex (respectively, SOC-monotone) on IR if A is SOC-convex of
all order n (respectively, SOC-monotone of all order n) on Ig. A function h is said to

be SOC-concave on Ig whenever —h is SOC-convex on Ig. When A is continuous on Iy,
the condition in (10) can be replaced by the more special condition:

jsoc (w;y> o 5 (@) 1)), (11)

Obviously, the set of SOC-monotone functions and the set of SOC-convex functions are
both closed under positive linear combinations and under pointwise limits.

For the characterizations of SOC-convexity and SOC-monotonicity, the interested
reader may refer to [7, 9]. The following lemma collects some common SOC-concave
functions whose proofs can be found in [27] or are direct by Lemma 3.2 of [27].

Lemma 2.4 (a) For any fized u € R, the function h(t) = (t + u)" with r € [0,1] is
SOC-concave and SOC-monotone on [—u, +00).
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(b) For any fized v € R, the function h(t) = —(t +wu)™" with r € [0, 1] is SOC-concave
and SOC-monotone on (—u, +00).

(c) For any fired o > 0, In(a +t) is SOC-concave and SOC-monotone on [—a,+00).

(d) For any fized u > 0, u%t is SOC-concave and SOC-monotone on (—u, +00).

3 Interior proximal methods

First of all, we present the definition of a proximal distance w.r.t. the open cone int ™.

Definition 3.1 An extended-valued function H : R™ x IR" — IR U {+oc} is called a
prozimal distance with respect to int K" if it satisfies the following properties:

(P].) dOHlH(', ) = Cl X CQ with int ™ x int K™ C Cl X CQ - K™ x K.

(P2) For each given y € int K", H(-,y) is continuous and strictly convex on Cy, and it
is continuously differentiable on int K™ with domVH(-,y) = int .

(P3) H(z,y) >0 for all z,y € R™, and H(y,y) =0 for all y € int ™.

(P4) For each fized y € Cq, the sets {x € C; : H(x,y) <~} are bounded for all v € IR.

Definition 3.1 has a little difference from Definition 2.1 of [4] for a proximal distance
w.r.t. int K", since here H(-,y) is required to be strictly convex over C; for any fixed
y € int K". We denote D(int £™) by the family of functions H satisfying Definition 3.1.
With a given H € D(int "), we have the following basic iterative algorithm for (1).

Interior Proximal Algorithm (IPA). Given H € D(int K") and z° € V N int K".
For k = 1,2,..., with A, > 0 and ¢, > 0, generate a sequence {zF} C V Nint K" with
g* € 0., f(x*) via the following iterative scheme:

2 := argmin { Ao f(2) + H(z,2"") | 2 € V} (12)

such that
Aeg® + VlH(a:k,:ck’l) = ATu*  for some u* € R™. (13)

The following proposition implies that the IPA is well-defined, and moreover, from
its proof we see that the iterative formula (12) is equivalent to the iterative scheme
(3). When ¢, > 0 for any £ € N (the set of natural numbers), the IPA can be viewed
as an approximate interior proximal method, and it becomes exact if ¢, = 0 for all £ € N.



Proposition 3.1 For any given H € D(int K") and y € int K", consider the problem
fely,7) =inf{7f(x) + H(z,y) | x € V} with 7> 0. (14)
Then, for each € > 0, there exist x(y,7) € V Nint K" and g € O.f(x(y, 7)) such that
79+ Vil (x(y, 7),y) = Alu (15)
for some u € IR™. Moreover, for such x(y,T), we have

Tf(2(y, 7)) + H(x(y, 7),y) < fuly, 7) + €

Proof. Set F(x,7) := 7f(x) + H(x,y) + dvnxn(x), where dynxn(x) is the indicator
function defined on the set V N K". Since domH (-, y) = C; C K", it is clear that

fely,7) = nf {F(z,7) | € R"}. (16)
Since f, > —o0, it is easy to verify that for any v € IR the following relation holds
{reR" | F(z,7) <~} € {zeVNK"|H(z,y) <v-7f}
- {l’ €G | H(I7y) < V_Tf*}a

which together with (P4) implies that F'(-,7) has bounded level sets. In addition, by
(P1)~(P3), F(-,7) is a closed proper and strictly convex function. Hence, the problem
(16) has a unique solution, to say z(y, 7). From the optimality conditions of (16), we get

0€ dF(x(y, 7)) =710f(x(y, 7)) + ViH(x(y,7),y) + O0yricn (2(y, 7))

where the equality is due to Theorem 23.8 of [29] and domf N (V Nint £™) # (. Notice
that dom V1 H(-,y) = int K" and dom 0dpnxn(-) = VN K", Therefore, the last equation
implies x(y,7) € V Nint K", and there exists g € df(z(y, 7)) such that

—T79 — le(‘r(yv T)? y) € aéVﬁ/C” (l’(y, T))
On the other hand, by the definition of dynin (), it is not hard to derive that
Odyricn () = Im(AT) Vo € VNint K™

The last two equations imply that (15) holds for e = 0. When € > 0, (15) also holds for
such z(y, 7) and g since df (z(y, 7)) C O.f(x(y,7)). Finally, since for each y € int K" the
function H(-,y) is strictly convex, and since g € 0. f(x(y, 7)), we have

Tf(x) + H(z,y) > 7f(x(y, 7))+ H(z(y,7),y)
(g + Vil (z(y,7),y),x — 2(y,7)) —€
= 7f(x(y,7) + H(z(y,7),y) + {(ATu,x — 2(y,7)) — €
= 7f(z(y,7)) + H(x(y,7),y) —€ forallxzeV,



where the first equality is from (15) and the last one is by x, z(y,7) € V. Thus, f.(y,7) =
inf{7f(z) + H(z,y) | x € V} 2 7f(x(y,7)) + H(z(y,7),y) —e. O

In the rest of this section, we focus on the convergence behaviors of the IPA with H
from several subclasses of D(int K™), which also satisfy one of the following properties.
(P5) For any x,y € int K" and z € Cy, H(z,y) — H(z,x) > (V1H(z,y),z — x);

(P5’) For any x,y € int K" and z € Co, H(y,2) — H(z,2) > (V1H(z,y),z — z).

(P6) For each z € Cy, the level sets {y € Cy : H(x,y) <~} are bounded for all v € IR.

Specifically, we denote Fi (int £") and Fy(int K£™) by the family of functions H € D(int K")
satisfying (P5) and (P5’), respectively. If C; = K", we denote F;(K™) by the family of
functions H € D(int ") satisfying (P5) and (P6). If C; = K", we write Fa(int ")
as F(K™). It is easy to see that the class of proximal distance F(int ™) (respectively,
F(K™)) in [4] subsumes the (H, H) with H € F;(int £") (respectively, F1(K")), but it
does not include any (H, H) with H € F(int £™) (respectively, Fo(K™)).

Theorem 3.1 Let {2*} be the sequence generated by the IPA with H € F,(int K*) or
H e F(int K"). Set 0, =Y ,_, A Then, the following results hold:

(a) f(z¥)— f(z) <o, 'H(z,2%) + o0, > _ oker for any x € VNCy if H € Fi(int K™);
f(@¥) = f(x) <o, H(2 x)+ 0,1t >0 oker for any x € VNCy if H € Fy(int K™).

(b) If 0, = +00 and ¢ — 0, then liminf, ., f(z") = f..

(c) The sequence {f(x*)} converges to f. whenever Y oo ex < 0.

(d) If X, #0, then {x*} is bounded with all limit points in X, under (d1) or (d2) below:
(d1) X, is bounded and )"}~ € < 00;
(d2) >0, Aex < o0 and H € Fi(K™) (or H € F»o(K™)).

Proof. The proofs are similar to those of [4, Theorem 4.1]. For completeness, we here
take H € Fy(int K") for example to prove the results.

(a) Since g~ € O, f(z*), from the definition of the subdifferential, it follows that
flx) > f(@*) + (¢F 2 —2F) — ¢, Vo e R™
This, together with equation (13), implies that

Me(f (™) = f() < (VIH (2", 25 ), 2 — 2F) + e V2 € VNG



Using (P5) with x = 2%,y = ¥ and 2 = 2 € VN Cy, it then follows that
Me(f(@F) = f(z) < Hz* ' 2) — H@" )+ e, V2 € VN Co. (17)

Summing over k = 1,2, ..., v in this inequality yields that
—o, f(z +Z/\kf ) < H(2",x) — H(z", x) +Z/\kek. (18)

On the other hand, setting z = 2%~ in (17), we obtain
) = f* <N [H@ L) - HEF 2] + e < e (19)

Multiplying the inequality by ox_1 (with og = 0) and summing over k = 1,..., v, we get

Zak f(z Zak f(2F) <Z<7k 1€k

Noting that o, = A\ + 0,1 with oy = 0, the above inequality can reduce to

o, f(z Z)‘kf ) < Zak_lek. (20)
k=1
Adding the inequalities (18) and (20) and recalling that o, = A\, + 0%_1, it follows that
f(xy> - f(ﬁ) < U;l [H(IO’I) - H(fl?y,if)} + 0;1 ZO’kEk Ve eV ﬂCg,
k=1

which immediately implies the desired result due to the nonnegativity of H(z", x).

(b) If 0, — +oo and ¢, — 0, then applying Lemma 2.2(ii) of [4] with a; = ¢ and
by =0, ' >0 ke yields 0,1 377 Aper, — 0. From part (a), it then follows that

liminf f(z”) <inf{f(z) | z € VNint K"} .
vV—00
This together with f(z) > inf {f(z) | € VN K"} implies that
liminf f(z) =inf {f(z) | z € VNint K"} = f..

(c) From (19), 0 < f(z*) — f. < f(z*1) — f. + €. Using Lemma 2.1 of [4] with 4, =0
and vy = f(2*) — f., we have that {f(z*)} converges to f. whenever > 7 €, < oo.

(d) If the condition (d1) holds, then the sets {x € VNK™ | f(x) <~} are bounded for all
v € R, since f is closed proper convex and X, = {z € VN K" | f(z) < f.}. Note that
(19) implies {z*} C {x e VN K" | f(z) < f(2°) + Zle €;}. Along with Y7, ¢, < o0,
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clearly, {z*} is bounded. Since {f(2*)} converges to f. and f is lsc, passing to the limit
and recalling that {zF} € VNK" yields that each limit point of {z*} is a solution of (1).

Suppose that the condition (d2) holds. If H € F»(K"), then inequality (17) holds for
each z € VN K", and particularly for x, € X,. Consequently,

H(x" 2,) < H@" ' 2) + e Vo, € X, (21)

Summing over k = 1,2, ..., v for the last inequality, we obtain

H(z" z,) < H(z%, ) + Z A€k
k=1
This, by (P4) and > .2, Akéx < oo, implies that {z*} is bounded, and hence has an
accumulation point. Without loss of generality, let £ € K™ be an accumulation point of
{2*}. Then there exists a subsequence {z*/} such that 2% — % as j — +o00. From the
lower semicontinuity of f and part (c), we get f(#) < lim;_, o f(2%) = f., which means
that & is a solution of (1). If H € F,(K™), then the last inequality becomes

H(z.,2") < H(z,,2°) + Z AK€k
k=1

By (P6) and > 7, Awer, < oo, we also have that {z*} is bounded, and hence has an
accumulation point. Using the same arguments as above, we get the desired result. O

An immediate byproduct of the above analysis yields the following global rate of
convergence estimate for the IPA with H € F,(K") or H € F»(K™).

Corollary 3.1 Let {x*} be the sequence given by the IPA with H € Fi(K™) or Fo(K").
If Xo £ 0 and > 07 ek < 00, then f(z") — f. = O(o,1).

Proof. The result is direct by setting v = x* for some z* € X, in the inequalities of
Theorem 3.1(a), and noting that 0 < 2= <1forallk=1,2,...,v. O

To establish the global convergence of {z*} to an optimal solution of (1), we need
to make further assumptions on X, or the proximal distances in F;(K") and Fo(K").
We denote F1(K") by the family of functions H € Fy(K") satisfying (P7)-(P8) below,
Fo(K™) by the family of functions H € F,(K") satisfying (P7)~(P8) below, and F(K™)
by the family of functions H € F»(K") satistying (P7")—(P9’) below:

(P7) For any {y*} C int K" converging to y* € K", we have H(y*,y*) — 0;

(P8) For any bounded sequence {y*} C int K" and any y* € K" with H(y*,y*) — 0,
there holds that \;(y*) — \i(y*) for i = 1,2;
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(P7’) For any {y*} C int K" converging to y* € K", we have H(y*,y*) — 0;

(P8’) For any bounded sequence {y*} C int K" and any y* € K" with H(y*,y*) — 0,
there holds that \;(y*) — \;(y*) for i = 1,2.

(P9’) For any bounded sequence {y*} C int K™ and any y* € K" with H(y* y*) — 0,
there holds that y* — y*.

It is easy to see that all previous subclasses of D(int K™) have the following relations:

FLK™) € Fi(K™) € Fuint K7), Fo(K") € Fo(K™) C Fo(K™) C Folint KM).

Theorem 3.2 Let {x*} be generated by the IPA with H € Fi(int K") or Fp(int ).
Suppose that X, is nonempty, > 7~ Apep < 00 and Y oo € < 00.

(a) If X, is a single point set, then {x*} converges to an optimal solution of (1).

(b) If X, at least include two elements and for any x* = (x7, x3), 7" = (T}, 73) € X, with
x* # T¥, it holds that % # 7 or ||x3]| # ||Z5]|, then {x*} converges to an optimal
solution of (1) whenever H € F1(K™) (or H € F5(K")).

(c) If H € Fo(K™), then {z*} converges to an optimal solution of (1).

Proof. Part (a) is direct by Theorem 3.1(d1). We next consider part (b). Assume that
H € Fo(K™). Since Y pey Akér < 00, from (21) and Lemma 2.1 of [4], it follows that the
sequence {H(x"*, 1)} is convergent for any z € X,. Let T be the limit of a subsequence
{zM}. By Theorem 3.1(d2), # € X,. Consequently, { H(z*,z)} is convergent. By (PT7),
H(x%, %) — 0, and so H(z*,7) — 0. Along with (P8’), \;j(z%) — \(Z) for i = 1,2, i.e,,

x’f — HxSH — Ty — ||Z2|| and q:lf + ||:I:’§|| — T + ||Z2|| as k — oo.

This implies that 2% — z; and ||z}|| — ||Z2||. Together with the given assumption for
X, we have that 2 — Z. Suppose that H € F;(K"). The inequality (21) becomes

H(m*,xk) < H(m*,xk_l) + A€ Vo, € X,

and using (P7)—(P8) and the same arguments as above then yields the result. Part (c)
is direct by the arguments above and the property (P9’). O

When all points in the nonempty X, lie on the boundary of K", we must have x7 # 7]
or ||z5|| # |75 for any z* = (x7, 2%), 7% = (z7,73) € X, with 2* # Z*, and the assump-
tion for X, in (b) is automatically satisfied. Since the solutions of (1) are generally on
the boundary of K", the assumption for X, in (b) is much weaker than the one in (a).
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To now, we have studied two types of convergence results for the IPA by the class in
which the proximal distance H lies. Theorem 3.1 and Corollary 3.1 show that the largest,
and less demanding, classes Fj(int K") and Fs(int ™) provide reasonable convergence
properties for the IPA under minimal assumptions on the problem’s data. This coincides
with interior proximal methods for convex programming over nonnegative orthant cones;
see [4]. The smallest subclass Fo(K") of Fy(int K") guarantees that {*} converges to an
optimal solution provided that X, is nonempty. The smaller class .7?2(IC”) may guarantee
the global convergence of the sequence {z*} to an optimal solution under an additional
assumption except the nonempty of X,. Moreover, we illustrate in the next section that
there are indeed examples for the class F5(K"). For the smallest subclass Fi(K") of
Fi(int K™), the analysis in the next section shows that it seems hard to find an example,
although it guarantees the convergence of {2*} to an optimal solution by Theorem 3.2(b).

4 Proximal distances over SOCs

In this section, we provide three kinds of ways to construct a proximal distance w.r.t.
int K™ and analyze their own advantages and disadvantages. All of these ways exploit
a lsc proper univariate function to produce such a proximal distance. In addition, with
such a proximal distance and the Euclidean distance, we obtain the regularized ones.

The first way produces the proximal distances for the class Fi(int ™). This way is
based on the compound of a univariate function ¢ and the determinant function det(-),
where ¢ : IR — IR U {400} is a lsc proper function satisfying the following conditions:

(B1) dom¢ C [0, +00), int(dome) = (0, +00), and ¢ is continuous on its domain;

(B2) for any t1,ts € dome, there holds that
Ot ™") < ro(ta) + (1 —1)g(tz),  Vr € [0,1]; (22)
(B3) ¢ is continuously differentiable on int(dom¢) with dom¢’ = (0, +o0);

(B4) ¢/(t) <0 for all t € (0,+00), limy_o+ ¢(t) = o0, and limy_,, « t1p(t?) > 0.

With such a univariate ¢, we define the function H: IR" x R" — IR U {+o0} by

H(z,y) = { P(det(z)) — ¢(det(y)—zo—o (Vo(det(y)),z — y) Xj};eyrvevi;zt(lcn% 3

By the conditions (B1)—(B4), we may prove that H has the following properties.

Proposition 4.1 Let H be defined as in (23) with ¢ satisfying (B1)-(B4). Then,
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(a) for any fixred y € int K", H(-,y) is strictly convex over int K".

(b) For any fized y € int K™, H(-,y) is continuously differentiable on int K™ with

Vi) = 20/ er(a)) (1) =20t () (24

—x2 —Y2
for all x € int K", where x = (z1,%2),y = (y1,72) € R x R
(c) H(z,y) >0 for all z,y € R", and H(y,y) =0 for all y € int L".
(d) For any y€ int K", the sets {x € int K": H(z,y) <} are bounded for all v € R.
(e) For any z,y € int K™ and z € int K", the following three point identity holds:

H(z,y) = H(z,x)+ H(x,y) + (V1H(z,y), 2 — x). (25)

Proof. (a) It suffices to prove ¢(det(z)) is strictly convex on int K". By Lemma 2.3(b),
det(ar + (1 — a)z) > (det(z))*(det(2))'™* Va € (0,1)

for all z,z € int K" and = # z. Since ¢'(t) < 0 for all ¢ € (0, +00), we have that ¢ is
decreasing on (0, +00). This, together with the condition (B2), yields that
¢ [det(ax + (1 —a)z)] < ¢ [(det(z))*(det(z))" ]
< agldet(z)] + (1 — a)¢[det(z)] Va € (0,1)
for all z, z € int K" and = # 2. This means that ¢(det(z)) is strictly convex on int K.

(b) Since det(z) is continuously differentiable on IR and ¢ is continuously differentiable
on (0, +00), we have that ¢(det(x)) is continuously differentiable on int ™. This means
that for any fixed y € int K", H(-,y) is continuously differentiable on int . By a simple
computation, we immediately obtain the formula in (24).

(c) Since ¢(det(x)) is strictly convex and continuously differentiable on int K", we have
o(det(x)) > o(det(y)) — (Vo(det(y)),z —y) Va,y € int £ with = # y.

for any x,y € int K" with = # y. This implies that H(y,y) = 0 for all y € int ™. In
addition, from the inequality and the continuity of ¢ on its domain, it follows that

¢(det(r)) > ¢(det(y)) — (Vo(det(y)), x — y)

for any z,y € int K. By the definition of H, we have H(x,y) > 0 for all z,y € IR™.

(d) Let {«*} C int K" be a sequence with ||2*|| — oco. For any fixed y = (y1,y2) € int K",
we next prove that the sequence {H(x*,y)} is unbounded by three cases, and then the
desired result follows. For convenience, we write 2* = (2%, 2%) for each k.
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Case 1: the sequence {det(z*)} has a zero limit point. Without loss of generality, we
assume that det(z*) — 0 as k — oo. Together with lim,_y+ ¢(t) = +o0, it readily follows
that limy,_,. ¢(det(z¥)) — +o00. In addition, for each k we have that

(Vo(det(y)),2") = 2¢(det(y))(aiy — (x5)"y2) (26)
< 2¢/(det(y))w(af — [la5]]) <0

where the first inequality are using ¢/(t) < 0 for all ¢ > 0, the Schwartz-inequality, and
y € int K. Now from (23), it then follows that limy_,., H(2*,y) = +o0.

Case 2: the sequence {det(z"*)} is unbounded. Noting that det(z*) > 0 for each k, we
must have det(z*) — +00 as k — oo. Since ¢ is decreasing on its domain, we have that

odet(z")) _  V20(M()ha(a*)) o dl(Ma(2")?]

251 ONER)2 + (e(@h)2 = Aelah)

Note that A\y(z*) — oo in this case, and from the last equation and (B4) it follows that

. P(det(2"))
e S W

In addition, since { ﬁ} is bounded, we without loss of generality assume that ﬁ —

2 = (#1,22) € R x R"! Then, € K", ||2]] = 1, and Z; > 0 (if not, # = 0), and hence

lim <v¢<det<y>>,ﬁ> — (Vo(det(y),2) = 2¢/(det(y))(@ryr — 21ys)

< 2¢/(det(y))a1(y1 — llyall) < 0.

The two sides show that limy_, %:”y) > 0, and consequently limy_., H (2, y) = +oc.

Case 3: the sequence {det(z*)} has some limit point w with 0 < w < +o00. Without
loss of generality, we assume that det(z*) — w as k — co. Since {z*} is unbounded and
{2*} C int K", we must have 2§ — +oco. In addition, by (26) and ¢'(t) < 0 for ¢ > 0,

—(Vo(det(y)), 2") = —2¢/(det(y)) (z1y1 — ll2s]llly2l]) = —2¢'(det(y))zt (y1 — [lyal])-

This along with y € int K" implies that —(V¢(det(y)), z¥) — +oo as k — oo. Noting
that ¢(det(z*)) is bounded, from (23) it follows that limy_ .., H(z*,y) — +oc.

(e) For any x,y € int K™ and z € int K", from the definition of H it follows that

H(z,y) — H(za) — H(z,y) = (Vo(det(r)) — Vo(det(y)), = — )
— (ViH(z,y),2—2)

where the last equality is by part (b). The proof is thus completed. O
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Proposition 4.1 shows that the function H defined by (23) with ¢ satisfying (B1)-(B4)
is a proximal distance w.r.t. int " and dom H = int K" xint K£". Also, H € F;(int £").
The conditions (B1) and (B3)—(B4) are easy to check, whereas by Lemma 2.2 of [28] we
have the following important characterizations for the condition (B2).

Lemma 4.1 /28, Lemma 2.2] A function ¢: (0,+00) — IR satisfies (B2) if and only if
one of the following conditions holds:

(a) The function ¢(exp(-)) is conver on IR.

1
(b) (tatz) < 5 (o(t]) + ¢(t3)) for any t1,t2 > 0.
(c) ¢'(t) +1td"(t) > 0 if ¢ is twice differentiable.
Example 4.1. Take ¢(t) = —Int if t > 0, and otherwise ¢(t) = +o00. It is easy to verify

that ¢ satisfies (B1)—(B4). By formula (23), the induced proximal distance is

' det(z) 227 J,y
H(z,y) = det(y) = det(y)
+00 otherwise

—2 Vz,y € int(K")

where J, is a diagonal matrix with the first entry being 1 and the rest (n — 1) entries
being —1. This is exactly the proximal distance given by [4]. Since H € Fi(int K"), we
have the results of Theorem 3.1(a)—(d1) if the proximal distance is used for the IPA.

Example 4.2. Take ¢(t) = t'79/(¢ —1) (¢ > 1) if t > 0, and otherwise ¢(t) = +oo. It
is not hard to check that ¢ satisfies (B1)—(B4). By (23), we compute that
(det(2))'™* — (det(y)'"™ = 22T Jny

H(z,y) = q—1 (det(y))
+0o0 otherwise

— (det(y))'™9 Vz,y € int(K")

where J,, is the diagonal matrix same as Example 4.1. Since H € F(int K"), when using
the proximal distance for the IPA; the results of Theorem 3.1(a)—(d1) hold.

We should emphasize that using the first way can not produce the proximal dis-
tances of the class Fi(K"), and so Fi(K"), since the condition lim, o+ ¢(t) = 400 is
necessary to guarantee that H has the property (P4), but it implies that the domain of
H(-,y) for any y € int K™ can not be continuously extended to K". Thus, when choosing
such proximal distances for the IPA, we can not apply Theorem 3.1(d2) and Theorem 3.2.

The other two ways are both based on the compound of the trace function tr(-) and a
vector-valued function induced by a univariate ¢ via (8). For convenience, in the sequel,
for any Isc proper function ¢ : R — R U {400}, we write d : R x IR — IR U {400} as

d(s,t) = { P(s) — o(t) — ¢'(t)(s —t) if s € domg, t € domd/,

+00 otherwise. (27)
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The second way also produces the proximal distances for the class Fi(int £™), which
requires ¢ : IR — IR U {+0o0} to be a lsc proper function satisfying the conditions:

(C1) dom¢ C [0,400) and int(dome) = (0, +00);
(C2) ¢ is continuous and strictly convex on its domain;
(C3) ¢ is continuously differentiable on int(dom¢) with dom¢’ = (0, +00);

(C4) for any fixed ¢t > 0, the sets {s € dom¢ | d(s,t) < v} are bounded with all v € IR;
for any fixed s € domg, the sets {t > 0 | d(s,t) < v} are bounded with all v € R.

Let ¢*° be the vector-valued function induced by ¢ via (8) and write dom¢®™° = C;.
Clearly, C; C K™ and int C; = int K. Define the function H: IR” x R" — IRU {400} by

(@) = tr(¢*(y)) — (Vitr(¢*“(y)),x —y) Va € Cy,y € int K7,
Hlz,y) = { +00 otherwise. (28)

By Lemmas 2.1-2.2, the conditions (C1)—(C4), and similar arguments to [26, Prop. 3.1],
it is not difficult to argue that H has the following favorable properties.

Proposition 4.2 Let H be defined by (28) with ¢ satisfying (C1)-(C4). Then,
(a) for any fivred y € int K™, H(-,y) is continuous and strictly convex on C;.

(b) For any fized y € int K", H(-,y) is continuously differentiable on int K™ with
Vil (z,y) = Vir(¢™(x)) — Vir(¢(y)) = 2 [(¢')(z) — (¢")*°(y)].

(c) H(z,y) >0 for all x,y € R™, and H(y,y) =0 for any y € int £".
(d) H(z,y) > 37 d(Ni(2), \i(y)) >0 for any x € Cy and y € int K",

(e) For any fized y € int K", the sets {x € C1: H(x,y) <~} are bounded for all v € IR;
for any fived x € Cy, the sets {y € int K": H(x,y) <~} are bounded for all v € R.

(f) For any x,y € int K™ and z € Cy, the following three point identity holds:
H(Z7y) = H(’Z?‘T) + H(.T, y) + <VIH(‘T7 y)7 2 JI>
Proposition 4.2 shows that the function H defined by (28) with ¢ satisfying (C1)—(C4)
is a proximal distance w.r.t. int K™ with dom H = C; x int K™, and furthermore, such

proximal distances belong to the class Fi(int ™). In particular, when dom¢ = [0, +00),
they also belong to the class F1(K™). We next present some specific examples.
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Example 4.3. Take ¢(t) = tlnt —t if ¢ > 0, and otherwise ¢(t) = +o00, where we
stipulate 0ln0 = 0. It is easy to verify that ¢ satisfies (C1)—(C4) with dom¢ = [0, +00).
By formulas (8) and (28), we compute that H has the following expression:

tr(zolnz —zolny+y—1x) Vre K"y e int(K"),

2
+00 otherwise. (29)

H(ﬂ%y)z{

Example 4.4. Take ¢(t) =7 —t?if t > 0, and otherwise ¢(t) = +o00, where p > 1 and
0 < ¢ < 1. We can show that ¢ satisfies the conditions (C1)—-(C4) with dom¢ = [0, +00).
When p =1 and ¢ = 1/2, from formulas (8) and (28), we derive that

2 + Ve e K"y € int K",
2/det(y) Y

+o00 otherwise.

s (e —y2)o(z—y)
Hzy)={ " [y

Example 4.5. Take ¢(t) = —t? if ¢ > 0, and otherwise ¢(t) = +o00, where 0 < ¢ < 1.
We can show that ¢ satisfies the conditions (C1)—(C4) with dom¢ = [0, +00). Now

(1 —@)tr(y?) — tr(29) +tr(qy? ' ox) Vo€ K"y <€ int K7,
+00 otherwise.

H(fv,y)z{

Example 4.6. Take ¢(t) = —Int+t—1if ¢t > 0, and otherwise ¢(t) = +o00. It is easy to
check that ¢ satisfies (C1)—(C4) with dom¢= (0, +00). The induced proximal distance is

tr(lny) — tr(Inz) +2(y~ ', z) —2 Va,y € int K",
+00 otherwise.

H(%?J)Z{

By a simple computation, we have that the proximal distance is same as the one given
by Example 4.1, and the one induced by ¢(t) = —Int (¢ > 0) via formula (28).

Clearly, the proximal distances in Examples 4.3-4.5 belong to the class F;(K™). Also,
by Proposition 4.3 below, the proximal distances in Examples 4.3-4.4 also satisfy (P8)
since the corresponding ¢ also satisfies the following condition (C5):

(C5) For any bounded sequence {a*} C int(dom¢) and a € domg such that klim d(a,a")
— 00
= 0, there holds that a = limy_,., a*, where d is defined as in (27).

Proposition 4.3 Let H be defined as in (28) with ¢ satisfying (C1)-(C5) and dom¢ =
[0, 4+00). Then, for any bounded sequence {y*} C int K" and y* € K" such that H(y*,y*)
— 0, we have \;(y*) — Ni(y*) fori=1,2.
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Proof. From Proposition 4.2 (d) and the nonnegativity of d, for each k£ we have
H(y'y") = d((y), \iy") =0, i=1,2
This, together with the given assumption H(y*,4*) — 0, implies that
d(Ni(y"): \i(y*) =0, =12
Notice that {\;(y*)} C int(dom¢) and );(y*) € K" for i = 1,2 by Lemma 2.1 (b). From

the condition (C5), we immediately obtain \;(y*) — \;(y*) fori =1,2. O

Nevertheless, we should point out that the proximal distance H given by (28) with
¢ satisfying (C1)—(C4) and dome¢ = [0, +00) generally does not have the property (P7),
even if ¢ satisfies the condition (C6) below. This fact will be illustrated by Example 4.7.

(C6) For any {a*} C (0,+00) converging to a € [0, +00), limy_,o d(a*,a*) — 0.
Example 4.7. Let H be the proximal distance induced by the entropy function ¢ in

Example 4.3. It is easy to verify that ¢ satisfies the conditions (C1)—(C6). Here we shall
present a sequence {y*} C int(K?) which converges to y* € K2, but H(y*,y*) — oo. Let

2(1+ e *) V2
v = Vi+klT—e* | €cint(K*) and y* = 1 € K.
V1I—k1+4e ¥ 1

By the expression of H(y*,4*), i.e., H(y*,9y*) = tr(y* olny*) — tr(y* o In y*) + tr(y* — y*),
it suffices to prove that limy_ ., —tr(y* o Iny*) = 400 since limy_,o tr(y* — 4*) = 0 and
tr(y* olny*) = Ao (y*) In(Aa(y*)) < +o0o. By the definition of Iny*, we have

tr(y* olny®) = In(A(y")) (5 — (15)"75) + (A2 (y™)) (w7 + (v3)"%5) (30)

for y* = (yi,43), ¥* = (7, ¥5) € R x R? with 5 = y5/||y5||. By computing,

In(A\(y")) = Inv2—1In (1 +V1i+ e*’f‘q’) — K,

= 1 ke k1 — o F
vi— ) = T _+ .
IS \1+ VI kT—e® 14VI—klfek

The last two equalities imply that limy_.. In(Ai(y*)) (vi — (v3)"7%5) = —oco. In addition,
by noting that y§ # 0 for each k, we compute that

lim InOa(y)) (31 — (53)775) = InQra(y®)) (yi L ) = Ma(y) InQraly")).

k=00 15

From the last two equations, we immediately have limy_;,, —tr(y* o Iny¥) = +o0.
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Thus, when the proximal distance in the IPA is chosen as the one given by (28) with ¢
satisfying (C1)—(C6) and dom¢ = [0, +00), Theorem 3.2(b) may not apply, i.e. the global
convergence to an optimal solution may not be guaranteed. This is different from interior
proximal methods for convex programming over nonnegative orthant cones by noting that
¢ is now a univariate Bregman function. Similarly, it seems hard to find examples for
the class F (K") in [4] so that Theorem 2.2 there can apply for since it also requires (P7).

The third way will produce the proximal distances for the class Fa(int K™), which
needs a lsc proper function ¢ : R — IR U {400} satisfying the following conditions:

(D1) ¢ is strictly convex and continuous on dom¢, and ¢ is continuously differentiable
on a subset of dom¢, where dom¢’ C dom¢ C [0, +00) and int(dom¢’) = (0, +00);

(D2) ¢ is twice continuously differentiable on int(dome¢) and lim; o+ ¢ (t) = +00;
(D3) ¢'(t)t — ¢(t) is convex on dom¢’, and ¢’ is strictly concave on dom¢’;
(D4) ¢’ is SOC-concave on domg'.

With such a univariate ¢, we define the proximal distance H: R" x IR" — RU {400} by

tr(¢™(y)) — tr(¢™(2)) — (Vtr(¢*(z)),y —x) Vo €Cry el

H(z,y) = { +00 otherwise. (31)

where C; and C, are the domain of ¢*°° and (¢')*°, respectively. By the relation between
dom¢ and dom¢’, obviously, C; C C; C K™ and int C; = int Cy = int ™.

Lemma 4.2 Let ¢: R — IRU{+0o0} be a lsc proper function satisfying (D1)-(D4). Then
(a) tr[(¢)*(z) ox — ¢*°(x)] is convex in Cy and continuously differentiable on int C;.

(b) For any fized y € R™, ((¢')*°(x),y) is continuously differentiable on int Cy, and
moreover, it 1s strictly concave over C; whenever y € int ™.

Proof. (a) Let ¢(t) := ¢'(t)t—¢(t). Then, by (D2) and (D3), 9 (t) is convex on dom¢’ and
continuously differentiable on int(dom¢’) = (0, 4+00). Since tr [(¢/)*°(x) o x — ¢**°(x)] =
tr[y%°¢(x)], using Lemma 2.2(b) and (c¢) immediately yields part (a).

(b) From (D2) and Lemma 2.2(a), (¢')*°¢(+) is continuously differentiable on int C;. This
implies that (y, (¢/)*°(x)) for any fixed y is continuously differentiable on int C;. We next
show that it is also strictly concave in C; whenever y € int K. Note that tr[(¢/)%*°°(-)] is
strictly concave on C; since ¢/ is strictly concave on dom¢’. Consequently,

tr[(¢")** (B + (1 = B)2)] > Btr[(¢)* ()] + (1 = B)tr[(¢)*(2)] VO < B <1
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for any x, z € C; and x # z. This implies that
(@)°(Br + (1 = B)2) — B(¢)**(x) — (1 = B)(¢)(2) # 0
In addition, since ¢’ is SOC-concave on dom¢’, from Definition 2.1 it follows that
(@)°[Bz + (1 = B)z] = B(¢")***(x) — (1 = B)(¢)(2) =k~ 0.
Thus, for any fixed y € int K", the last two equations imply that
(g, (@) [Bz + (1 = B)z] = B(¢')**(x) — (1 = B)(¢')**(2)) > 0.
This shows that (y, (¢')*°°(x)) for any fixed y € int K" is strictly convex on C;. O

Using the conditions (D1)—(D4) and Lemma 4.2, and following the same arguments
as Propositions 4.1 and 4.2 of [27], we may prove the following proposition.

Proposition 4.4 Let H be defined as in (31) with ¢ satisfying (D1)-(D4). Then,
(a) H(xz,y) >0 for any x,y € R™, and H(y,y) =0 for any y € int K".

(b) For any fized y € Co, H(-,y) is continuous in Cy, and it is strictly convexr on C
whenever y € int K.

(c) For any fixed y € Co, H(-,y) is continuously differentiable on int K" with
ViH(z,y) = 2V(¢')*(z)(z — y). (32)
Moreover, domV1H(-,y) = int K™ whenever y € int .

(d) H(z,y) >3, dAi(y), Ai(x)) = 0 for any x € Cy and y € Cs.

(e) For any fized y € Cy, the sets {x € Cy: H(z,y) <~} are bounded for all v € R.

(f) Forallx,y € int K" and z € Cy, H(x,z) — H(y,2z) > 2(V1H(y,x), z —y).
Proposition 4.4 demonstrates that the function H defined by (31) with ¢ satisfying

(D1)—(D4) is a proximal distance w.r.t. the cone int X" and possesses the property (P5’),

and therefore belongs to the class F(int £™). If, in addition, dom¢ = [0, +00), then H

belongs to the class F5(K™). The conditions (D1)—(D3) are easy to check, and for the

condition (D4), we can employ the characterizations in [7, 9] to verify whether ¢’ is SOC-
concave or not. Some examples are presented as follows.

21



Example 4.8. Let ¢(t) = tlnt — ¢ + 1 if ¢ > 0, and otherwise ¢(t) = +o0. It is easy
to verify that ¢ satisfies (D1)—(D3) with dom¢ = [0,4+00) and dom¢’ = (0, +00). By
Lemma 2.4(c), ¢' is SOC-concave on (0, +00). Using formulas (8) and (31), we have

Hiz,y) = tr(yolny —yolnr+xz—y) Vreint K" ye K™ (33)
Y= +00 otherwise.
Example 4.9. Take ¢(t) = t;: if t > 0, and otherwise ¢(t) = +o0, where 0 < ¢ < 1. Tt

is easy to show that ¢ satisfies (D1)—(D3) with dom¢ = [0, +00) and dom¢’ = [0, +00).
By Lemma 2.4(a), ¢’ is also SOC-concave on [0, +00). By (8) and (31), we compute that

—tr(y? ) + chtr(atth) —tr(zfoy) YV €int K"y € K™

H = atl
(:9) { +00 otherwise.

tQ+1

Example 4.10. Take ¢(t) = (1 +¢)In(1 +1) + " if t > 0, and otherwise ¢(t) = +o0,
where 0 < ¢ < 1. We can verify that ¢ satisfies (D1)-(D3) with dom¢ = dom¢’ =
[0,4+00). From Lemma2.4 (a) and (c), ¢’ is also SOC-concave on [0, 4+00). Using (8) and
(31), it is not hard to compute that for any =,y € K",

H(z,y) = tr[e+y)o(In(e+y)—In(e+z))| —tr(y — )
—1—q+%tr(yq+1) + qqutr(xq“) —tr(z?o0y).

Note that the proximal distances in Examples 4.9-4.10 belong to the class F5(K").
By Proposition 4.5 below, the ones in Examples 4.9-4.10 also belong to the class F5(K"™).

Proposition 4.5 Let H be defined as in (31) with ¢ satisfying (D1)-(D4). Suppose that
dom¢ = dom¢’ = [0, +00). Then, H possesses the properties (P7’) and (P8’).

Proof. By the given assumption, C; = Co = K". From Proposition 4.4 (b), the function
H(-,y*) is continuous on K". Consequently, limy_,o, H(y*,y*) = H(y*,y*) = 0.

From Proposition 4.4 (d), H(y*,y*) > d(X\i(y*), \i(y*)) > 0 for i = 1,2. This together
with the assumption H(y*,y*) — 0 implies d(\;(y*), Mi(y*)) — 0 for i = 1,2. From this,
we necessarily have \;(y*) — \;(y*) for i = 1,2. Suppose not, then the bounded sequence
{Xi(y*)} must have another limit point v} > 0 such that v} # \;(y*). Without loss of
generality, we assume that limgex x—00 Ni(y*) = . Then, we have

* \(v*)) = 1 A (vF) = i “ () = d(vF vF) =
A ) = Jim d N) = Jim W A() = A7) =0
where the first equality is due to the continuity of d(s, -) for any fixed s € [0, +00), and

the second one is by the convergence of {d(v}, \;(y*))} implied by the first equality. This
contradicts the fact that d(v}, \i(y*)) > 0 since v} # A\;(y*). O
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As illustrated by the following example, the proximal distance generated by (31) with
¢ satisfying (D1)—(D4) generally does not belong to the class Fp(K").

Example 4.11. Let H be the proximal distance in Example 4.8. Let

V2 V2

Yk = (—1)’“k—_’fH for each k and y* = 1
(1) :

It is not hard to check that the sequence {y*} C int(K?) satisfies H(y*,y*) — 0. Clearly,
the sequence y* - y* as k — 0o, but A\ (y*) — A\ (y*) = 0 and Ao (y*) = Aa(y*) = 2v/2.

Finally, let H; be a proximal distance produced via one of the ways above, and define

H(a,y) = Hi(z.y) + Sz =yl (34)

where @ > 0 is a fixed parameter. Then, by Propositions 4.1, 4.2 and 4.4 and the identity
Iz =2l = llz = yl* + lly = 2|* + 2(2 =y, y — ), Va,y,2€R",

it is easily shown that H,, is also a proximal distance w.r.t. int K". Particularly, when H;
is given by (31) with ¢ satisfying (D1)—(D4) and dom¢ = dom¢’ = [0, +00) (for example
the distances in Examples 4.9 and 4.10), the regularized proximal distance H, satisfies
(P7’) and (P9’), and hence H, € Fy(K™). With such a regularized proximal distance,
the sequence generated by the IPA converges to an optimal solution of (1) if X, # ().

To sum up, we may construct a proximal distance w.r.t. the cone int K" via three
ways with an appropriate univariate function. The first way in (23) can only produce a
proximal distance belonging to F;(int £"), the second way in (28) produces a proximal
distance of F1(K") if dom¢ = [0, +00), whereas the third way in (31) produces a proximal
distance of the class ]-A"Q(IC”) if dom¢ = dom¢’ = [0,400). Particularly, the regularized
proximal distances H, in (34) with H; given by (31) with dom¢ = dom¢’ = [0, +00)
belong to the smallest class F»(K™). With such regularized proximal distances, we have
the convergence result of Theorem 3.2(c) for the general convex SOCP with X, # 0.

5 Central paths and interior proximal methods

In this section, for the linear SOCP, we will obtain some improved convergence results
for the IPA by exploring the relations between the sequence generated by the IPA and
the central path associated to the corresponding proximal distances.
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Given a lsc proper strictly convex function ® with dom® C K" and int(dom®) =
int K", the central path of (1) associated to ® is the set {z(7): 7 > 0} defined by

x(T) = argmin{Tf(x) +®(z) |z€eVn /C"} for 7 > 0. (35)

In what follows, we will focus on the central path of (1) w.r.t. a distance-like function
H € D(int K£™). From Proposition 3.1, we immediately have the following result.

Proposition 5.1 For any given H € D(int K") and € int K", the central path {z(7):
T > 0} associated to H(-, ) is well defined and is in V Nint K". For each T > 0, there
exists g, € Of(x(7)) such that Tg, +V1H(z(7),7) = ATy(T) for some y(7) € R™.

We next study the favorable properties of the central path associated to H € D(int £").

Proposition 5.2 For any given H € D(int K") and T € int K", let {z(7): 7 > 0} be
the central path associated to H(-,Z). Then, the following results hold:

(a) The function H(x(7),Z) is nondecreasing in T.

(b) The set {x(1): 7 <1 < T} is bounded for any given 0 < 7 < 7.

(c) x(7) is continuous at any T > 0.

(d) The set {x(7): 7 > T} is bounded for any T > 0 if X, # 0 and domH(-,z) = K.
(e) All cluster points of {x(7): 7 >0} are solutions of (1) if X. # 0.

Proof. The proofs are similar to those of Propositions 3-5 of [21].

(a) Take 71,75 > 0 and let 2' = z(7;) for i = 1,2. Then, from Proposition 5.1, z!, 22 €
VNint K" and there exist g' € df(z') and ¢g* € df(x?) such that

ViH(x', %) = —71ig' + ATy' and V H (2%, 7) = —1og* + ATy? (36)
for some y', 5> € IR™. This together with the convexity of H(-,Z) yields that

't (H(z'2) - H(*,5) < 7 (ViH(z', 2),2' —2*) = (¢", 2> — a'),
 (H(2*7) - H(z',z)) < 7 (ViH (2% 2),2> —2') = (¢°,z" —2%).  (37)

Adding the two inequalities and using the convexity of f, we obtain
(7’1 T 7'2_1) (H(xl,i) — H(m2,f)) <{g'—g*2*—2") <.
Thus, H(z',z) < H(2?, %) whenever 7, < 5. Particularly, from the last two equations,

0< 7! [H(xl,:f) —H(xQ,f)} < UV H(zY, 7), 2" — 22) < (¢, 2% — 2P)
Ty [ (J’J? ) H( j)], V1 > 1 > 0. (38)

IA
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(b) By part (a), H(z(7),z) < H(z(7),z) for any 7 < 7, which implies that
{z(r):7<7}CLi={xecint K" | H(z,z) < H(x(7),Z)}.

Noting that {z(7): 7 <7 <7} C {z(7): 7 < 7} C Ly, the desired result follows by (P4).

(c) Fix 7 > 0. To prove that z(7) is continuous at 7, it suffices to prove that limg_,o, z(7%)
= z(7) for any sequence {7} such that limy_,., 7% = 7. Given such a sequence {7} }, and
take 7,7 such that 7> 7 > 7. Then, {z(7): 7 < 7 < 7} is bounded by part (b), and
T € (7,7) for sufficiently large k. Consequently, the sequence {x(7)} is bounded. Let g
be a cluster point of {z(7%)}, and without loss of generality assume that limg_,o, z(7%) = 7.
Let Ky :={k: 7, <7} and take k € K;. Then, from (38) with 7, = 7 and 75 = 7y,

0 <7 [H(x(7),7) — Hx(n),7)] < 7 YViH(2(7),7),2(7) — z())

<
< 7 [H(x(7), %) — H(z(n), 7))

If K is infinite, taking the limit k£ — oo with k£ € K; in the last inequality and using the
continuity of H(-,Z) on int K™ yields that

H(x(7), 1) — H(y,7) = (ViH (2(7), ), 2(T) — ).

This together with the strict convexity of H(-,Z) implies x(7) = g. If K is finite, then
Ky :={k : 7, > 7} must be infinite. Using the same arguments, we also have x(7) = g.

(d) By (P3) and Proposition 5.1, there exists g, € 0f(x(7)) such that for any z € VNK",
H(x(r),7) — H(2,7) < 77 {ViH(2(7),2),2(7) — 2) = (97,2 — x(7)).  (39)
Particularly, taking z = 2* € X, in the last equality and using the fact
0> f(@") = fla(r)) = (g, 2" — (7)),

we have H(x(7),z) — H(x*,Z) < 0. Hence, {z(7): 7 > 7} C {x € int K" | H(x,Z) <
H(z*,z)}. By (P4), the latter is bounded, and the desired result then follows.

(e) Let & be a cluster point of {z(7)} and {7} be a sequence such that limj_,o, 7, = +00
and limy_,o (1) = 2. Write 2* := 2(7;,) and take z* € X, and z € YV Nint K*. Then,
for any € > 0, we have z(€) := (1 — €)z* + ez € YV Nint L. From the property (P3),

(ViH (z(€),Z) — Vi H (2", T), 2% — 2(e)) < 0.
On the other hand, taking z = x(¢) in (39), we readily have

7 (ViH (2%, 7), 2% — 2(e)) = (g%, 2(e) — )
with g* € df(«*). Combining the last two equations, we obtain

7 (ViH (w(e), 7), 2" — x(e)) < (¢",x(e) — ).
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Since the subdifferential set 0f(2*) for each k is compact and g* € 9f(z*), the sequence
{g*} is bounded. Taking the limit in the last inequality yields 0 < (g, x(€) — Z), where g
is a limit point of {g*}, and by Theorem 24.4 of [29], g € 0f(#). Taking the limit € — 0
in the inequality, we get 0 < (g,2* — z). This implies that f(z) < f(z*) since z* € X,
and g € 0f(z). Consequently, Z is a solution of the CSOCP (1). O

Particularly, from the following theorem, we also have that the central path is con-
vergent if H € D(int K") satisfies domH (-, z) = K", where T € int £" is a given point.
Notice that H(-,Z) is continuous on domH (-, z) by (P2), and hence the assumption for
H is equivalent to saying that H(-, ) is continuous at the boundary of the cone K.

Theorem 5.1 For any given T € int K" and H € D(int £") with domH(-,z) = K",
let {x(7): 7 > 0} be the central path associated to H(-,z). If X, is nonempty, then
lim, o0 @(7T) ezists and is the unique solution of min{H (z,z) | x € X.}.

Proof. Let 2 be a cluster point of {z(7)} and {7} be such that limy_,, 7 = +0c and
limg o (1) = &. Then, for any = € X,, using (38) with ! = z(7};) and 2% = z, we get

[H (2(m), %) — H(z,2)] < (9", 0 — 2(n)) < 7 [f(2) = fla(m)] <0

where the second inequality is since g* € df(z(73)), and the last one is due to = € X,.
Taking the limit & — oo in the last inequality and using the continuity of H(-, ), we
have H(z,z) < H(z,z) for all x € X,. Since & € X, by Proposition 5.2 (e), this shows
that any cluster point of {z(7): 7 > 0} is a solution of min{H(x,z) | * € X.}. By the
uniqueness of the solution of min{H (z,z) | z € X.}, we have lim, ,  x(7) =2*. O

For the linear SOCP, we may establish the relations between the sequence generated
by the IPA and the central path associated to the corresponding distance-like functions.

Proposition 5.3 For the linear SOCP, let {x*} be the sequence generated by the IPA
with H € D(int K), 2°€ VNint K" and €, = 0, and {x(7): 7 > 0} be the central path
associated to H(-,2°). Then, 2% = z(7,) for k = 1,2, ... under either of the conditions:

(a) H is constructed via (23) or (28), and {1} is given by 1, = 25:0 A fork=12,...;

(b) H is constructed via (31), the mapping V(¢')*°°(-) defined on int K™ maps any vector
IR™ into ImAT' | and the sequence {7} is given by 7, = A, for k=1,2,.. ..

Moreover, for any positive increasing sequence {7y}, there exists a positive sequence { Ay}
with > "o | Ak = 00 such that the prozimal sequence {z*} satisfies x = (7).
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Proof. (a) Suppose that H is constructed via (23). From (13) and Proposition 4.1 (b),
Aje+ Vo(det(z?)) — Vo(det(™1)) = ATw? for j =0,1,2,.... (40)
Summing the equality from j = 0 to k and taking 75, = Z?:o A, Yy = Z?:o uw, we get
e+ Vo(det(x")) — Vo(det(a?)) = ATy".
This means that z* satisfies the optimal conditions of the problem
min {7 f(z) + H(z,2") | € VNint K"}, (41)

and so ¥ = x(73). Now let {z(7): 7 > 0} be the central path. Take a positive increasing

sequence {73} and let 2% = z(73). Then from Prop. 5.1 and Prop. 4.1(b), it follows that
e + Vo(det(2¥)) — Vo(det(z%)) = ATy*  for some y* € R™.
Setting A\, = 7 — 71 and u¥F = ¥ — y¥~!, from the last equality it follows that
e+ Vo(det(a¥)) — Vo(det(z"71)) = AT

This shows that {2*} is the sequence generated by the IPA with ¢, = 0. If H is given by
(28), using Proposition 4.2 (b) and the same arguments, we also have the result holds.

(b) Under this case, by Proposition 4.4 (c), the above (40) becomes
Nje+ V(@) (a?) - (a7 — 277 = ATw? for j=0,1,2,....

Since ¢”(t) > 0 for all ¢t € (0, +00) by (D1) and (D2), from Prop. 5.2 of [15] it follows
that V(¢')*°(x) is positive definite on int ™. Thus, the last equality is equivalent to

(V@) ()] Ao+ (@7 — 2771 = [W(¢)*(2?)] T ATw! for j=0,1,2,.... (42)

Summing the equality (42) from 7 = 0 to k and making suitable arrangement, we get

o
—_

)\kc+ V(gbl)soc(xk)(xk o 1,0) — ATuk + V(gb,)soc(l‘k) [V<¢/)soc(x]‘)}—l (ATuj o )\jc),

J

Il
=)

which, using the given assumptions and setting 7, = Ag, reduces to

e+ V() (2") (2% — 2°) = ATg"  for some 7* € R™.

k

This means that z* is the unique solution of (41), and hence 2* = xz(7}) for any k. Let

{z(7): 7 > 0} be the central path. Take a positive increasing sequence {75} and define
the sequence 2% = z(73,). Then, from Proposition 5.1 and Proposition 4.4 (c),

e+ V(¢ (2%) (2% — 2°) = ATy*  for some y* € R™,
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which, by the positive definiteness of V(¢')*°¢(:) on int K™, implies that
V() (@] (e — ATY) + [0 ()] (mire — ATy + (@F — 2 = 0
Consequently,
e+ V(@) () (@ — ) = V(@) (@) [V () (] AT )
Using the given assumptions and setting A\p = 7%, we have
e + V(¢ (z%) (2F — 271 = ATuF for some u* € IR™.

for some u* € IR™. This implies that {z*} is the sequence generated by the IPA and the
sequence {\} satisfies Y ;- | A\, = 400 since {7} is a positive increasing sequence. O

From Theorem 5.1 and Proposition 5.3, we readily have the following improved con-
vergence results of the sequence generated by the IPA for the linear SOCP.

Theorem 5.2 For the linear SOCP, let {z*} be the sequence generated by the IPA with
H e D(int k"), 2° € VNint K" and e, = 0. If one of the conditions is satisfied:

(a) H is constructed via (28) with domH (-,z°) = K" and Y ;- A\, = +00;

(b) H is constructed via (31) with domH (-, z°) = K", the mapping V(¢')*°°() defined
on int K™ maps any vector in IR™ into ImAT, and limy_,o A\, = +00;

and X, # 0, then {z*} converges to the unique solution of min{H (z,2°) | x € X, }.

6 Conclusions

We have extended the unified analysis technique in [4] for interior proximal methods of
the convex SOCP and presented three simple and effective ways to construct a proximal
distance w.r.t. the cone int K. The advantages and disadvantages of the corresponding
proximal distances were analyzed and illustrated by some examples. Particularly, a class
of regularized proximal distances was constructed, for which the global convergence re-
sult of Theorem 3.2(c) can apply. However, for the class of proximal distances F(K")
in [4], as illustrated in Section 4, it seems hard to find examples so that similar global
convergence results of [4, Theorem 2.2] can apply for them.

In addition, we have also made investigations for the central paths of (1) associated
with these proximal-like functions, and for the linear SOCP, established the relations
between the central paths and the sequence generated by the interior proximal methods,
from which we particularly obtain the global convergence of the sequence under the usual
assumptions and the continuity of H(-,2°) at the boundary of second-order cones.
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