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Sheet Contact Region—Part 1:
Modeling Nonuniformities

A simple model of pressbrake bending in the punch-sheet contact region is
presented. The pressure and shear stress at the punch-sheet interface cause the stress
distribution in the sheet o change as a function of angle. In Part 1 of this paper, a
model to predict nonuniformities as a function of the geometry and the frictional
conditions is presented. In Part 2, the model will be used to predict the formation of

a gap between the sheet and the punch. Elastic and rigid-plastic material models of
the sheet are considered, and are shown to produce remarkably similar results.

Introduction and Previous Work

Many models of pressbrake bending have been proposed.
The purpose of these models is to predict major characteristics
of the process (shape, springback, forming load, etc.) as a
function of sheet material properties, geometry, and friction.
If sufficiently accurate and simple enough for real time
calculation, such a model can also be used for feedback con-
trol of the process [1, 2]. Of the previous models that are sim-
ple enough for real time calculation, all assume that condi-
tions in the punch-sheet contact region are in a uniform state
of pure bending. The purpose of this paper is to propose a
simple model that predicts some of the nonuniformities in the
punch contact region.

The simplest model of pressbrake bending consists of a cir-
cular region, where the punch is in contact with the sheet and
rigid flanks [3-7]. The punch moment is assumed to be con-
stant in the contact region, and the influence of the pressure
and shear stresses between the punch and the sheet is
neglected. Stelson [2] created a more accurate model, where
the elastic and plastic deformation of the flanks is included,
but in this model the punch contact region is again assumed to
have constant bending moment.

The geometry of pressbrake bending is shown in Fig. 1. The
flank angle, 6,, is made up of two components: v, the angle
of the sheet in contact with the punch and ¢, the angle of the
sheet in free space. The tooling geometry is completely de-
scribed by the punch radius, r,, die radius, r,, and die half-
width, L. The sheet is of thickness, 7, so that the outer radius
of the bend, r,,, is the sum of r, and z. The inside radius of the
portion of the sheet in free space is greater than the punch
radius by an amount, 8.

A Model of the Punch-Sheet Contact REgion

The approach here is to assume as a first approximation,
that the tangential or hoop stress distribution is the same as
found in a simple ‘‘strength of material’’ approach to bend-
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ing-—that is, the influence of the radial and shear stresses on
the tangential stress will be neglected. The possibility of
neutral axis shift, however, is included in the model. The
assumed tangential stress-strain relationship is substituted into
the equilibrium equations in cylindrical coordinates to
calculate the radial and the shear stress distribution
throughout the sheet wrapped around the punch. The follow-
ing assumptions are made in the analysis:

(I) The sheet shape is circular in the punch contact
region.

- : |

Fig. 1 The geometry of pressbrake bending
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(2) Plane sections remain plane during bending
(e=r/r,—1).

(3) The sheet thickness remains unchanged during
bending.

(4) Plane strain condition is assumed since the width of
the sheet in pressbrake bending is typically more than
several times larger than the thickness (e,, =0).

() Radial and shear stresses have a negligible influence
on the hoop stresses.

(6) The Coulomb friction assumption applies between the
punch and the sheet.

Two material models are considered in the analysis: an
elastic material model and a rigid-plastic material model. Of
course, the elastic model is generally considered inappropriate
for pressbrake bending. The model is of interest, however, if
one attempts to analyze the bending of a thin strip by a large
punch. Also, the elastic and rigid-plastic models are shown to
produce remarkably similar results. This suggests that the
analysis is insensitive to the assumed material model. It may
be appropriate to use either the elastic model or the rigid-
plastic model for realistic situations where significant strain
hardening is present.

The equilibrium equations in cylindrical coordinates for a
plane problem are:
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Elastic Material Model. The equations of elasticity for the
three components of normal strain can be obtained from the
generalized Hooke’s law as follows:
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Assuming e, =0 (plane strain) and o,, = 0 (neglecting the in-
fluence of radial stress on the hoop stress), the following rela-
tionships between o,y and ey, is obtained:

o (r,N=E’"ep=E'(r/r,—1) 6)

where E' = E/(1 —v?).
Differentiating the above expression with respect to # gives:
00y dK,,
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Substituting the above expression in the equilibrium equation

in @ — direction [equation (1)] will give a first order differential

equation for the shear stress, 7,4. Using the boundary condi-

tion that 7,(r,, 0)=0, that is, that the outer surface has no

shear stresses, we can find the following equation for shear

stresses in the wrap-around region.
E’' dK, r

r

By substituting the expressions for oy, and 7, into the
equilibrium equation in r-direction, a first order differential
equation for the radial stress, o¢,., can be found. Using the
boundary condition that o, (r,, 0)=0, that is, that the outer
surface has no normal stress, the following equation represen-
ting the radial stress for the sheet in the wrap-around region
can be found:

7 3 2
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Expressions obtained for gy, 7,4, and o,, are all functions of
the neutral fiber curvature, K, and its derivatives with respect
to 8. The Coulomb friction assumption between the punch and
the sheet is:

l"parr(rp, 0)=Tr0(rp70) (10)
Since the sheet is not slipping on the punch in most of a con-
tact region, the use of a Coulomb friction assumption will
overestimate the shear stresses. More accurate results can be
obtained by using a value for the friction coefficient that is
somewhat lower than the value that causes slipping. This value
represents the average ratio of shear stress to pressure in the
contact zone. Appropriate values for a variety of situations
can be found from finite element analysis where Coulomb
friction between the tooling and the sheet is included [8].
Substituting equations (8) and (9) into (10), the following se-
cond order differential equation for the neutral fiber cur-
vature is obtained:

Nomenclature

€ws €, €, = tangential, radial and

z direction strain
components 0, =
Og, O Ty = tangential, radial, Fy, Fp =
and shear stresses
r, = outside radius of the
sheet L, =
I'ys 'q = punch dnd die radii
r,, K, = radius and curvature
of the neutral fiber t
. = curvature of the u() =
center fiber u
¥, = gap angle
¢ = angle of free section Bps Bp =
of the sheet
# = angular coordinate in
punch-sheet contact v =
region E =
Journal of Engineering for Industry .

tion of the
within the die

punch and die coeffi-
cient of Coulomb
friction

Poisson ratio Voo Ty =
modulus of elasticity

MO
lomb friction V,, T, =
MO

= y, + ¢ =bend angle E' = E/(1-v?)
normal and frictional oy = plane strain yield
forces at die-sheet stress
interfaces & = von Mises equivalent
length of the free sec- stress

sheet M’ = moment about the

neutral fiber

= thickness of the sheet Onax = E'8/Qr,+1)
unit step function = Opax*12/6, for elastic
= coefficient of Cou- model
Onax°t, for elastic

model

= gyet?/4, for rigid-
plastic model

oyet, for rigid-plastic
model
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d*K, dK, ._2_ ro 4,2+, 1K,e3
dg* = db p, (r,—ro)r,+2r,)
. Foly+ 1,7 : 6r, ~0 (1
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The solution of the differential equation is:
K, (0)=Ce" +Ce? + (12)

ro+r,

S, and S, are the roots of the characteristic equation of
equation (11), and the constants, C, and C,, are calculated
from the boundary conditions, which are determined from the
shear and the normal forces in the sheet at the boundary be-
tween the wrap-around and the flank regions (see Appendix).

Rigid-Plastic Material Model. Taking an analogous ap-
proach for the rigid-plastic material as was taken for the
elastic material, the sheet is assumed to be in a state of plane
strain and the radial and shear stresses are assumed to have no
influence on the hoop stress. The equation for the hoop stress
becomes:

(13)

where u is the unit step function. gy is the yield stress in plane
strain, which is equal to the yield stress in plane stress if the
Tresca yield condition is used, and is equal to 2/V3 times the
yield stress in plane stress if the von Mises yield condition is
used.

In the elastic bending analysis, the neutral fiber is both the
unstretched fiber and the boundary between tension and com-
pression. However, in a plastic analysis, the unstretched fiber
and the boundary between tensile and compressive hoop stress
are not the same. For example, Hill [9] has shown for the
plane strain pure bending of a rigid-plastic material, the boun-
dary between tensile and compressive hoop stress is at a radius
equal to the geometric mean of the inner and outer radii, but
the unstretched fiber is at a radius halfway between the inner
and outer radii. In this paper, the term, neutral fiber, will be
used to mean the boundary between tension and compression,
not the unstretched fiber.

Differentiating equation (13) with respect to 6, and
substituting it into the equilibrium equation in the #-direction
yields a first order differential equation for the shear stress,
7. Solving this equation using the boundary condition that
7,4(ry, 6)=0, results in the following equation for the shear
stress:

0g(rs )= —oy+20pu(r—r,)

dr, r
e lur=r,) 1l

Substituting the above expressions for gy and 7,4 into the
equilibrium equation in the radial direction results in a first
order differential equation for the radial stress,s,,. Using the
boundary condition that o, (r,, 6)=0, the radial stress
distribution can be found.

(14)
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All three expressions obtained for the stresses are dependent
on the radius of the neutral fiber, r,, and its derivatives with
respect to . Substituting into the Coulomb friction equation
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[equation (10)], the following nonlinear second order differen-
tial equation for the radius of the neutral fiber results:

ar, s )_(dr,,>2 LI dr,
ag2 \p T Wy d

+r

P (16)

r, ——é——-(rorp +r,2)=0

The second order differential equation for r, can be solved
numerically using the Runge-Kutta-Nystrom method. The
boundary conditions are determined from the shear and nor-
mal forces in the sheet between the wrap-around and flank
regions as shown in the Appendix.

Results and Discussion

Results from using the models presented in the previous sec-
tion are now presented and discussed. The following values
are assumed: u=0.3, free section angle ¢ =30 deg, r,/t=1
and L,/t=5. These values are typical of commerical
pressbrake practice. Using this case as an example, the stress
distribution, and the resulting moments and forces based on
that distribution are presented. Von Mises equivalent stresses
have been calculated and plotted for the rigid-plastic material
to show the accuracy of neglecting the influence of shear and
radial stresses on yielding.

Distribution of Moment, Curvature, Forces, and Stresses in
the Punch-Sheet Contact Region. Figure 2 shows the
distribution of neutral fiber curvature and moment about the
neutral fiber as a function of angle for the elastic and rigid-
plastic material models. The curvature is normalized by the
curvature at the center of the sheet, and the moment is nor-
malized by the bending moment with the neutral axis at the
center of the sheet. As will be true of all the plots in this sec-
tion, the distribution is shown at the moment of incipient gap
formation (see Part 2 of the paper for a discussion of gap for-
mation). Since the distribution is determined by boundary
condition at the extreme right hand side of each plot, the
distribution for smaller wrap-around angles than that plotted
can be found directly from the plot by translating the axis so
that the actual wrap-around angle replaces the angle of inci-
pient gap formation at the extreme right hand side of the plot.

As can be seen from Fig. 2, the moment is not constant for
either material model. The shift in neutral axis causes the mo-
ment to decrease for the elastic material and increase for the
plastic material. The variations in moment, however, are ex-
tremely small, tending to validate the constant moment
assumption of simpler models. This conclusion must be
viewed with caution, however, since the variation in moment
would be larger, if the effect of shear and radial stresses on the
hoop stress were not neglected. As shown in this figure, the
deviation in the position of the neutral fiber from the
centerline is larger for the elastic material than the rigid-plastic
material. In both cases the deviation is toward the outer sur-
face, because of the compression in the sheet.

Figure 3 shows the variation of shear and tension forces in
the wrap-around region for both material models. For the
elastic case, the forces are normalized by the force resulting
from a uniform stress of magnitude o,,,, distributed across the
sheet thickness, where o, is the maximum hoop stress in
elastic bending when the neutral fiber lies on the centerline of
the sheet. For the rigid-plastic case, the forces are normalized
by the force resulting from a uniform stress of magnitude o,
distributed across the sheet thickness. The shear force for both
models is zero directly under the punch since the shear stresses
vanish at this location when the gap forms (see Part 2 of the
paper). As shown in this figure, a compressive force exists in
the gap region after the initial gap forms, causing further
separation of the sheet and punch.
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Fig.2 Distribution of normalized moment and neutral fiber curvature in
the wrap-around region for both elastic and rigid-plastic material models
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Fig. 3 Distribution of normalized shear force and tension in the wrap-
around region for both elastic and rigid-plastic material models

Figures 4 and 5 show the variation of radial and shear
stresses for the elastic and rigid-plastic material models for
various radii as a function of angle. Figures 4(a) and 5(a)
show that the radial stress distribution is similar for both
material models. The radial stress is negative throughout the
sheet. The pressure (negative radial stress) on the outer surface
is zero, and the pressure on the inner surface diminishes rapid-
ly from its maximum value at the interface between the wrap-
around region and the flanks. In the region where the pressure
on the inner radius is high, the radial stress monitonically
decreases in magnitude from its maximum magnitude at the
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Fig. 4 Distribution of stresses for the elastic model at different radii in
the wrap-around region: (a) radial stresses; (b) shear stresses

inner surface to zero at the outer surface, but in the region
where the pressure on the inner surface is low, the radial stress
has a maximum in its magnitude near the center of the sheet.

Figures 4(b) and 5(b) show that the shear stresses for both
material models are similar in the portion of the sheet in com-
pression, but different in the portion of the sheet in tension.
The rigid-plastic shear stresses become zero when the radius is
greater than that of the neutral fiber [see equation (14)], while
the elastic shear stresses gradually vanish as the outer surface
is approached.

Figure 6 is a plot of the radial, shear, and hoop stresses for
both elastic and rigid-plastic models, through the thickness of
the sheet, at a section in the middle of the wrap-around region
at the moment of gap formation. The hoop stress for the
elastic material vanishes at the neutral fiber radius, and the
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Fig. 5 Distribution of stresses for the rigid-plastic model at different
radii in the wrap-around region: (a) radial stresses; (b) shear stresses

hoop stress for the rigid-plastic material jumps discontinu-
ously from positive to negative at this point. The rigid-plastic
shear stress also has a discontinuity at the neutral fiber radius.
The shear stress for both models has a maximum at the inner
surface. The radial stresses are af a maximum for the rigid-
plastic model at the neutral fiber. This maximum is displaced
toward the inner surface for the elastic mosdel.

It is interesting to compare the stress distribution for the
rigid-plastic model to the exact solution for plane strain pure
bending of a rigid-plastic material [9]. Since the exact solution
applies to pure bending, no shear stresses will be present. The
radial stress distribution for pure bending has a similar shape
to that shown in Fig. 6, being entirely compressive and having
its maximum value at the neutral axis. The maximum
magnitudes of the radial stress for the exact model and our ap-
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Fig. 6 Variations of hoop, radial, and shear stresses for both elastic
and rigid-plastic models through the thickness of the sheet, midway in
wrap-around region

proximate model are 0.346 oy and 0.332 gy, respectively, in-
dicating excellent agreement even when the punch radius is
equal to the thickness. In the exact solution, the hoop stress
distribution is modified from its constant values on the tensile
and compressive sides since the radial stress is included in the
yield condition. For the exact solution with r,,/¢ =1, the hoop
stress has value of —1.346 0y and 0.654 o, on the compressive
and tensile sides of the neutral axis. This compares with the
values from the approximate model of +oy.

Von Mises Equivalent Stress Distribution. Figure 7 shows
contours of constant von Mises equivalent stress for the rigid-
plastic model. If the rigid-plastic model were exact, the
equivalent stress would be unity throughout, since the
equivalent stress has been normalized by the yield stress. The
closer the normalized von Mises equivalent stress is to unity,
the more exact the approximations of the model. For Fig.
7(a), r,/t=1, and for Fig. 7(b), r,/t=5.

The model does not represent a rigid-plastic material exact-
ly, since the effect of shear and radial stresses on the yield con-
dition has been neglected. A comparison between Figs. 7 (a)
and 7(b) reveals that the approximations of the model are
more exact when r,/f is larger. Since gap formation is more
common when the punch radius is much larger than the sheet
thickness, the model is reasonably accurate when used to
predict gap formation in these conditions. Referring to Fig.
7(a), it can be seen that the stresses in the approximate model
are less than 70 percent of the yield stress for large region on
the compressive part of the sheet. The accuracy of the model
must be questioned in this regime. In contrast, referring to
Fig. 7(b), the stresses in the approximate model are within 10
percent of the yield stress over most of the sheet. The model
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Fig.7 Contours of constant von Mises equivalent stresses in the wrap-
around region for the rigid-plastic model: (a) rpit=1.0; (b) rpft=5.0

also increases in accuracy as the friction coefficient between
the punch and the sheet increases. This is because the higher
the friction, the larger the angle over which the pressure is
distributed. For the extreme case of no friction, the pressure
becomes a concentrated load, and the von Mises equivalent
stress becomes infinite at that point.

Conclusions

A simple model of nonuniformities in the punch-sheet
region in pressbrake bending is presented. Elastic and rigid-
plastic material models are considered, and found to produce
similar results in most situations. This suggests that these sim-
ple models may be first approximations for more realisitic
materials such as those with significant strain-hardening.

The model can be used to calculate the stress distribution in
the bend and the resulting moment, tension and shear force
distributions. The moment is shown to have little variation in
the punch-sheet contact region. This agrees with the usual
assumption of constant moment in this region. It must be
noted, however, that the effects of radial and shear stresses on
the hoop stress has been neglected, and the inclusion of these
effects would undoubtedly increase the moment variation.
Knowledge of the approximate tension and shear force
distributions from the rigid-plastic model enables one to
calculate the shape change on elastic unloading due to these
forces.
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APPENDIX

Boundary Conditions

The boundary conditions are derived assuming that the
sheet consists of three regions: a circular region in contact with
the punch, a circular region that is not in contact with the
punch, and straight flanks. The assumed sheet shape is shown
in Fig. 8. The circular region that is not in contact with the
punch is assumed to have a radius that is infinitesimally larger
than the punch radius and is used to model the finite deforma-
tion of the sheet in free space. The sheet is assumed to be mov-
ing downward against the die to establish the direction of the
friction force. As will be shown in Part 2 of this paper, this
assumption is usually correct. If the sheet is moving upward
against the die, the following derivation is also valid with —
replacing p,.

To solve the second order differential equations for the
elastic model [equation (11)] or the rigid-plastic model [equa-
tion (16)], two boundary conditions are needed: one for the
curvature or radius of curvature at the edge of the punch-sheet
contact region (plane AB in Fig. 8) and one for the rate of
change with respect to angle of curvature or radius of cur-
vature at the same point. These conditions are found by
equating expressions for the tension, shear, and moment at
plane AB derived from the stress distribution in the sheet to

MAY 1988, Vol. 110/129

Jour
Downloaded From: httpslz')/manufactu |ngs<3|ence.asmedigitalcollrt;,%tion.asme.org on 06/19/2019°Terms of Use: http://www.asme.org/about-asme/terms-of-use



expressions for these same forces and moments in terms of the
die forces exerted on the sheet.

In Fig. 8, the total bend angle, 8, is the sum of ¥, and ¢,
the wrap-around angle and the free angle. The angle, ¢, in-
itially increases rapidly until the sheet wraps around the punch
and then remains nearly constant as the contact region be-
tween the sheet and punch grows. The reaction forces, R, and
R,, and the moment, M’, on plane AB can be found from the
normal and frictional die forces, Fyy and F, = puFy, as follows:

R\ =Fy{(ppcose —sing) (Al)
R, =Fy(cos¢ + ppsing) (A2)
M’ =Fy[Ls+r,sing+up (r, —r,cosp)l (A3)

The reactions and moment on plane AB can also be found
from the stresses in the sheet as follows:

R, :S ® opdr (A4)
p
o
Ry=— S Topdr (A5)
p
7o
M = S ag(r—ry)dr (A6)
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Elastic Material. Equating the expressions for the reac-
tions and moment on the plane AB found from the die forces
and from the elastic stress distribution, the following three ex-
pressions are found for the normal force at the die-sheet inter-
face:

()
o\ ————F——r +r
2r, o e
Fy= (Vo) - (A7)
(ppcosd —sing)
dK, E’ 3r,2 ot
— . — | — 4 —
@ V)3 ( 2 T
N= - (A8)
(cosf + upsing)

e’ 2_,2
E [m‘i" (ro =1 (Yo) = (ro® —r, )]

Ly+ppro + (sing — ppcosd)r, (¥,)

Fy=

(A9)

Equating equations (A7) and (A9), the following expression
can be found for K, (y,):

K, (Y,)=
[—3t(ro +r,) (upcosg —sing) + 6£L  + 61 pr,]
BIL (ro +1,) +3upt (7o + 7,6 = 2(ry3 = 1,3)(npcosd — sing)]
(A10)

Equating equations (A7) and (A8) the following expression
can be found for dK,,/d0 (y,):

dE, o 3o +15)Ky (Fo) = 2Ir, (cOsé + ppsing)
—‘?(T( . H2r, +r1,) (ppcosg — sing)

(Al1)

Rigid-Plastic Material. The boundary conditions for the
rigid-plastic material model can be derived using the same pro-
cedure as the elastic model. The equations for the reactions
and moment on plane AB in terms of the die forces [equations
(A1), (A2), and (A3)] are valid for both models. Since the
stress distributions are different for the two models, the rela-
tionship between the stresses and these reactions will be dif-
ferent. Substituting the rigid-plastic stress distribution into
equations (A4), (AS5), and (A6), and equating these moments
and reactions to equations (A1), (A2), and (A3) the following
expressions for the normal force at the die-sheet interface are
found:

— 0Y'["0+rp_2rn(¢o)]

Fy (ppcose¢ —sing) (A12)
r,(¥o)1 dr,

. 2aY.[1——r—p——]. = W) )
N (cos¢ + ppsing)

2
oye [t 2 W) = O + 1)1, ()]
Fy= _ (a14
[Lf+ Uplo — (I-"DCOS‘;IS - Sln¢)rn (‘po)]

Equating equations (A12) and (A14), the following expres-
sion for r, () can be found:

rn(wo)_‘_

Le+upry
(ppcos¢ —sing)

(ro + 1) (Lp+pply) B ry? +rp2} 172
(upcose — sing) 2

(A15)

Since r, (¥,) >0, the positive root of equation (A15) is taken.
Equating equations (A12) and (A13), the following expres-
sion for dr, /d6 ({,) can also be found:
dr, )= — (cos+pupsing)  r, (r,+r,—2r,(¥,))
dg ""° (ppcose —sing) 2(r, =1y (o))

(A16)
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