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This paper studies the problem of H, state estimation for a class of delayed static neural networks. The purpose of the problem
is to design a delay-dependent state estimator such that the dynamics of the error system is globally exponentially stable and a
prescribed H,, performance is guaranteed. Some improved delay-dependent conditions are established by constructing augmented
Lyapunov-Krasovskii functionals (LKFs). The desired estimator gain matrix can be characterized in terms of the solution to LMIs
(linear matrix inequalities). Numerical examples are provided to illustrate the effectiveness of the proposed method compared with

some existing results.

1. Introduction

Neural networks (NNs) have drawn a great deal of attention
due to their extensive applications in various fields such as
associative memory, pattern recognition, signal processing,
combinatorial optimization, and adaptive control [1-3]. In
the real world, time delays are unavoidably encountered in
electronic implementations of neural networks because of the
finite switching speed of the amplifiers. The presence of time
delay may cause instability or deteriorate the performance
of neural networks. Thus many recent literatures [1-9] have
been working on the stability problem of delayed NNs.

We mainly focus on static neural networks (SNNs) in
this paper, which is one type of recurrent neural networks
(RNNs). Another type is local field neural networks, which
has been fully studied while relatively less effort has been paid
to the delayed SNNs. The main difference between SNNs and
local field neural networks is whether the neuron states or the
local field states of neurons are taken as basic variables. As
mentioned in [10, 11], local field neural networks models and
SNNs models are not always equivalent. Thus, it is necessary
to study SNNs separately. Recently, many interesting results

on the stability analysis of SNNs have been addressed in the
literature [2, 12-16].

Meanwhile, the state estimation of neural networks is
an important issue. Generally, a neural network is a highly
interconnected network with a great number of neurons.
As a result, it would be very difficult to completely acquire
the state information of all neurons. On the other hand,
one needs to know the information of the neuron states
and then make use of the neural networks in practice.
Some results on the state estimation problem for the neural
networks have been investigated in [17-30]. Among them
H_, state estimation of static neural networks with time
delay was studied in [17-19, 28, 30, 31]. In [28], a delay
partition approach was proposed to deal with the state
estimation problem for a class of static neural networks with
time-varying delay. In [30], the state estimation problem of
the guaranteed H,, and H, performance of static neural
networks was considered. Further improved results were
obtained in [17, 18, 31] by using the convex combination
approach. The exponential state estimation of time-varying
delayed neural networks was studied in [19]. However, the
information of neuron activation functions has not been
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adequately taken into account. Moreover, the inequalities
used may lead to conservatism to some extent. Therefore, the
guaranteed performance state estimation problem has not yet
been fully studied and remains a space for improvement.

This paper investigates the problem of H_ state esti-
mation for a class of delayed static neural networks. The
delay-dependent criteria are proposed such that the resulting
filtering error system is globally exponentially stable with a
guaranteed H_, performance. Different from time-varying
delays considered in many papers such as [17, 19, 28], we
consider the range of delay varies in an interval for which
the lower bound is nonzero and fully take into account the
information of lower bound of the delay. By using delay equal-
partitioning method, augmented Lyapunov-Krasovskii func-
tionals (LKFs) are properly constructed which is different
from the existing relevant results. Then the free-weighting
matrix technique is used to get a tighter upper bound on
the derivatives of the LKFs. As mentioned in Remark 10,
we also reduce conservatism by taking advantage of the
information on activation function. Therefore, slack variables
were introduced in our results, and it will increase the
computational burden. To reduce decision variables so as to
reduce computational burden, integral inequalities together
with reciprocally convex approach are considered. Compared
with existing results in [17-19], the criteria in this paper
not only lead to less conservatism, but also have a balance
between computational burden and conservatism.

The main contributions of this paper are as follows:

(1) Augmented LKFs are properly constructed based on
equal-partitioning method.

(2) We also make use of integral inequalities to reduce
computational burden.

(3) Time delay is discussed under two different condi-
tions: time-invariant delay and time-varying delay.
In time-varying delay case, we consider the range of
delay varies in an interval for which the lower bound
is nonzero. Information of the lower bound is fully
taken into account in LKFs.

(4) We reduce conservatism by taking advantage of the
information on activation function.

The remainder of this paper is organized as follows.
The state estimation problem is formulated in Section 2.
Section 3 is dedicated to deal with the designs of the state
estimators for delayed static neural networks under two
different conditions. In Section 4, two numerical examples
with simulation results are provided to show the effectiveness
of the results. Finally, some conclusions are made in Section 5.

Notations. The notations used throughout the paper are fairly
standard. R" denotes the n-dimensional Euclidean space;
R™™ is the set of all # x m real matrices; the notation A >
0 (< 0) means A is a symmetric positive (negative) definite
matrix; A~ and AT denote the inverse of matrix A and
the transpose of matrix A; I represents the identity matrix
with proper dimensions, respectively; a symmetric term in
a symmetric matrix is denoted by (*); sym(A) represents
(A+AD); diag{-} stands for a block-diagonal matrix. Matrices,
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if their dimensions are not explicitly stated, are assumed to be
compatible for algebraic operations.

2. Problem Formulation

Consider the delayed static neural network subject to noise
disturbances described by

x(t)=-Ax({t)+ f(Wx(t-h(t)+])+Buw(t),

y(#)=Cx(t)+Dx(t-h(t)+Bw(t),

)
z(t) = Hx(t),

X =¢®), tel-70,
where x(t) = [x,(t), x,(t), ... ,xn(t)]T € R" is the state vector
of the neural network, y(t) € R™ is the neural network
output measurement, z(t) € R” to be estimated is a linear
combination of the state, w(t) € R7? is the noise input
belonging to L,[0,00), f(-) denotes the neuron activation
function, A = diag {a,,4,,...,a,} withag; > 0,i = 1,2,...,n
is the positive diagonal matrix, B, B,, C, D, and H are
real known matrices with appropriate dimensions, W ¢
R™" denote the connection weights, h(t) represent the time-
varying delays, ] represents the exogenous input vector, the
function ¢(t) is the initial condition, and 7 = sup,.,{h(t)}.

In this paper, time delay is discussed under two different
conditions described as follows:

(c1) time-invariant delay: 0 < h(t) = d,
(c2) time-varying delay: 0 < d; < h(t) < d,, h(t) < U

where d,, d,, and p are constants.
In order to conduct the analysis, the following assump-
tions are necessary.

Assumption 1. Forany x,y € R, (x # y),i € {1,2,...,n}, the
activation function satisfies
o< LA g 2)

P =

x=)

where k;, k;’ are constants and we define K~ =
diag {k;,k;,....k}, K" = diag {kj, k;, ..., k' }.

We construct a state estimator for estimation of z(t):
X(t) = —AX(t) + f (WX (t —h(1) +])

+K(y®-y®),

7(t) = Cx (t) + DX (t — h (1)), (3)
Z(t)=Hx(t),
X(t)=0, te[-1,0],

where X(t) € R” is the estimated state vector of the neural
network, z(t) and y(¢) denote the estimated measurements
of z(t) and y(t), and K is the gain matrix to be determined.
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Define the error e(t) = x(t) — x(t), z(t) = z(t) — z(t); we can
easily obtain the error system:

&(t) = — (A+KC)e(t) — KDe (t - h(t))
+g(We(t-h(t)+ (B, —KBy)w(t), (4
z(t) = He(t),
where g(We(t)) = f(Wx(t) + ) — f(WZx(t) + ).

Definition 2 (see [18]). For any finite initial condition ¢(t) €
€' ([-1,0]; R™), the error system (4) with w(t) = 0 is said to
be globally exponentially stable with a decay rate f3, if there
exist constants A > 0 and 8 > 0 such that

e <2 sup oG o).

Given a prescribed level of disturbance attenuation level y >
0, the error system is said to be globally exponentially stable
with H_, performance, when the error system is globally
exponentially stable and the response z(t) under zero initial
condition satisfies

—02 _ 2 2
Izl <y llwlly, (6)
for every nonzero w(t) €

Vs g0,

Lemma 3 (see [32]). For any constant matrix Z € R*", Z =
Z" > 0, scalarshy > hy > 0, and vector function x : [hy, h,] —
R" such that the following integrations are well defined, then

L,[0,00), where |¢ll, =

h
—(h, - hy) Jt—h X" (s) Zx (s)ds

t-h, t—h,
< - J Xl (s)dsz J x (s)ds.
t—h, t—h,

Lemma 4 (Schur complement). Given constant symmetric
matrices S,,S,, and S, where S| = SlT and S, = S;F > 0, then
S, +S18;'S; < 0 ifand only if

T
S s,
S5 =5,

=5 S
or < 0.
S

Lemma 5 (see [33]). For k;(t) € [0,1], Zf\il k;(t) = 1 and
vector n; which satisfy n; = 0 with k;(t) = 0, and matrices R; >
0, there exists matrixSij (i=12,...,N-Lj=i+1,...,N),
which satisfies

Ri Sl]
>0 9)
* Rj

3
such that the following inequality holds:
M ! Ry - Sin||m
> Ly (10)
—1; R"'I' > . . 1
;ki (t) i'li * .

M *ox RN n

3. State Estimator Design

In this section, the state estimation problem will be discussed
under two different conditions: time-invariant delay and
time-varying delay. We consider the constant time delay case
first. For convenience of presentation, we denote

e(t)

m @)=

’N
/
~
[
I ...
§‘|
—
Q
N———

«Q
~
S
—
=
N—’

QU
~——
~—

1, () =

«Q
—
S
—
. ~
|
N N
QU
~—
~—

(1)

m-—1
we(r-""2d))

o (et 7574)).

0 (1) =[n 0, " (-],

0, (t) = [n, (), g" (We(t-d))],

ﬁ] (t) =M (t)|d=d1 >

iy (8) = 11 (D) e »

0, (1) = 6, (D) ey, »

52 (t) = 92 (t)|d:d1 H
here we use “|” to give the condition.
Theorem 6. Under Assumption 1, for given scalars d > 0,
y > 0, and « > 0 and an integer m > 1, system (4) is
globally exponentially stable with H, performance y if there
exist positive diagonal matrices I = diag {y;, y5,...»Y.b A =
diag {A,,A,,..., A, }, matricesP > 0,R; >0 (i=1,2,...,m+

1), [(;)j Vl ] > 0, and any matrix with appropriate dimensions
M, such that the following LMI holds:

=T
|: H ] <0, (12)
x =]

1



where & = (8 ;) , 4 is symmetric with

E,, = aE| PE, + W] QW, — e "W Q,w,

m .
_ Zeﬂxdl/m [EtT _ E;I;l] Ri [Ez — Ei+1]

—E{ (MA+A"™™M")E
- E{ (GC+C'G")E, - E{GDE,,,

~E' \D'G'E, - 2ElW'K TK*WE,

m+1

-2E' WT'K AK'WE,,,,,

m+1
1, = W VW, — e *"WIVW, + El ME,,,,
+ElWT (K™ + K*)TE,

W (K +K") AE, 01,

m+1

- T T
E,; = E| MB, - E| GB,,

[1]

T T T AT T T ~T ~T
wu=EP-EEM-EAM -ECG
E,. (GD)",

—_ T —ad T
8y, = W/ Q,W, - e "W Q,W, - 2EITE,

2Em+1AEm+1’
- T T
Eyu=EM,
- 2
E3=—y1L

and other entries of E are zeros:

I

mn’ mnxn] 2

=

= [Opxr> Lnn]

=[Oty L O] » 1= 1,2,0c,m+ 1,
H =[H x E;,0,0,0].

The estimator gain matrix is given by K = M™'G.

(13)

(14)

Proof. Construct a Lyapunov-Krasovskii functional candi-

date as follows:

(t.e,) ZV (t.e,),

(15)

V,(te)=—aV,(te,)+ [
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where
V, (t,e,) = €' (t) Pe(t),

V, (t’ et)

Jf - [m <s>]T [Ql v] [ m <s>]
= e ds,
t=d/m 1, (5) * QlLm(s) (16)

V3 (t’ et)

4o J—«i—l)/m)d
i=1 (

s J e 96T (s) R (s) dsdb.
—(i/m)d 140

m'=

Calculating the derivative of V(t,e,) along the trajectory of
system, we obtain

V. (t.e,) = 2¢" (t) Pé(t) = 20] (t)E| Pe(t),

m (&) :|T
1, ()

i

_ pmod/m %; jl
> =-aV, (t,e) (17)
=50

+[W161 (t)]T[Ql v leel(t)]
W0, (t) Q| W6, (1)
_e—ad/m[erl (t>]T[Ql v HWZOI (t)}

W,0, (t) Q, W,0, (t)

Vi(te) < —aVs(te,) + <i> e (t) (ZR >e(t)
i=1

4\ t-Gnmd
—(—) J e imeT (s) Rié (s) ds,
m ) & Ji-iima

and using Lemma 3, we can obtain
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+(%>2eT(t)(gRi>é(t)

B ieﬂxdi/m [GT (t) E;F - Q’f (t) E;I;I]

i=1
“R; [Eb, (t) - E;,10, (1)].
(18)
According to Assumption 1, we have

23 7, (g (Wie (1) - k; Wie (£))
i=1 19)
(g Wie®) -kiWee () <0, i=12,...,n,

which is equivalent to

2 (g (We (t) - K We (1)) T (g (We (t)) — K We(t))

(20)
<0,
where I' = diag {y;, V5>« > Vu}-
Similarly, we obtain
2(g(We(t-d)-K We(t-d))
(21)

“A(g(We(t-d))-K'We(t-d)) <0,

where A = diag {A,1,,...,4,}.
According to the system equation, the following equality
holds:

2(e" () +&" (1)) M{-(A+KC)e(t) - KDe (t - d)
(22)
+g(We(t—d))+ (B, - KB, w(t) —é(t)} = 0.

Combining the qualities and inequalities from (17), (18), (20),
(21), and (22), we can obtain

2Oz -yw Ow®) +V(tx)+aV (tx,)

(23)
<{(8)(, + 6] (t)EfH'HE,0, (1),
where {, is defined as
¢ =161 (0,6, (1), w' (1),¢" (1)]. (24)

Based on Lemma 4, one can deduce that
2Oz -yw Ow®) +V(Lx)+aV (tx,)

e (25)
< (tT [ I;II ] G

*

[84]

where H = [H x E,, 0,0,0].
If LMI (12) holds, then

20z -yw Ow®) +V(tx,)+aV (tx,)
(26)
< 0;

aV(t,x,) = 0, so we can obtain
ro [Z' ®z®) - YW Ow) +V (te®)]dt <0, (27)
0

and since V (t,e(t)) = 0, under the zero initial condition, we
have

JOO Z' () Z(t)dt <y ro w OwE)dt, (28
0 0

which is equal to
1205 < w3 (29)

therefore, the error system (4) guaranteed H,, performance
according to Definition 2. In sequel, we show the globally
exponential stability of the estimation error system with
w(t) = 0. When w(t) = 0, the error system (4) becomes

é(t)=—(A+KC)e(t) - KDe (t - h(t))
+gWel(t-h(1)), (30)
Z(t) = He(t).
Equation (22) becomes

2(e" () +&" (1)) M{-(A+KC)e(t) - KDe (t - d)
(31)
+gWet-d)-e)} =0

considering the same Lyapunov-Krasovskii functional candi-
date and calculating its time-derivative along the solution of
(30), we can derive

. _T _
V(t.e) +aV (te) <, (), (32)
where
Qi Oy, Oy
Q= * 02’2 02’3 ,

* * Q3’3

Q,, = «E| PE, + W[ Q,W, - e /"Wl Q, W,

- ieiadi/m [EzT - E}, ] R; [E; - E;,y ]

i+1
i=1

—E; (MA+A"M")E,
—~E, (GC+C'G")E, - E{GDE,,,
~EF \D'G'E, - 2E] WK TK'WE,
—2E" \W'K AK'WE,,,,,

Q, = WVW, — e "W VW, + E] ME,,,,
+EfWT (K™ + K*)TE,

+EL W' (K™ +K")AE,,,,

m+1



Q,;,=EP-EM-EA"M" - E[C"G"
E,., (GD)",

Q,, = W QW, — e "W Q,W, - 2EITE,

~2E! | AE

m+1 m+1>

MmT,

d 2 m
93’3:<Z> <ZR1.>—M—MT,
i=1

= [67 (0.6 (1), ¢" ).
3)

Let G = MK, and it is obvious that if B < 0, then Q) < 0, so
we get

V(t.e)+aV (te) < 0. (34)
Integrating inequality (34), so we obtain

V(te)<e ™V (0e). (35)
From (15), we have

V (tse)) 2 A (P) e (D117,

. (36)
V.e)<bsup s [pol}

where

<>([ )
* Q,

Z ((ifm)d)* - (((l 1) /m) d)

i=1

(37)

max (Rz) >

p = max (i | ).

1<i<0

Combining (35) and (36) it yields

4 (t) et)

2
lle (OI” < )

b
<
/\min (P)

(38)

e s {loGI oo}

and hence the error system (4) is globally exponentially
stable. Above all, if £ < 0, then the state estimator for the
static neural network has the prescribed H,, performance
and guarantees the globally exponential stablhty of the error
system. This completes the proof. O

Remark 7. Based on the method of delay partitioning
together with the free-weighting matrix approach, a new
delay-dependent condition is proposed in Theorem 6 for
the H,, state estimation of static neural networks (1) with

Journal of Control Science and Engineering

time-invariant delay. Delay partitioning method reduces the
conservatism by employing more detailed information of
time delay. The simulation results in Numerical Examples
reveal the effectiveness of the delay partitioning approach to
the design of the state estimator for static neural networks.

In the following, we will study the time-varying delay
case; the result is as follows.

Theorem 8. Under Assumption 1, for given scalars p, 0 <
d, <dy,y >0, «a>=0andan integer m > 1, system (4) is
globally exponentially stable with H, performance vy if there
exist matricesP > 0,R; >0 (i=1,2,...,m+1), [QI 4 ] >0,

[% gi] > 0, [Qj gz] > 0, positive diagonal matrices I', A,

A, A5, and any matrices with appropriate dimensions M, U,
such that the following LMIs hold:

~ —T
E H
<0 (39)
x =1
R U
|: m+1 1 ] >0, (40)
* Rm+1

where E = (E; ;)gxq is symmetric with

8, = «E] PE, + W] Q,W, — e /"W Q,w,
m i/
- Z e [E - Ez+1] R; [Ei _Ei+1]
i=1

+ E{QE, + El QsE,

[
- ﬁ * 2Em+1Rm+1Em+1

-E{ (MA+A'™M")E
-E{ (GC+C'G")E

- 2EY WKAKWE

m+1 m+1
—2EfW'K TK*WE,,

E, = WV,W, - e WIviw, + ElV,E,

+E V,E, +E- W' (K" +K")ALE,,,,

m+1

+ElW" (K" +K")TE,,

= —ad T
S137 g ¢ * ZEm+1Rm+1 E,GD

274

I
- d, —d * 2Em+1U1>
1

= 1 —ad
S14 = m : 2Em+1U1’
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[

T T
17 = E; MB, — E| GB,,

[

s =ElP-EIM-E A"M" - E[C"G",

5 —ad
Sop = WITQZWI - l/mW;szz + E;FQ4E1
+ E?QG 2Em+1A Em+1 - ZE?FEI’
~ 2
Ba=-(1-pe™Q,- e ™R
33 (1-u) Qs d, —d, m+1
-W'K AK'W
e L ey U,
dy, —d,
= 1 —ad, 1 —ad,
Biy = e ‘R4 ————¢e U,
d, —d, "dy-d,
Eis=-(1-p)e ™V, + WK A+ WK'A,,
;5 =-(GD)",
= —ad, 1 —ad,
Bya=—€ Qs - N 1
dz _dl m+
-WTK ALK*W,
Bio= eV, + WK A, + WK'A,,
B (1- )0, 20,
é5,3 = _MT)
e = —€ “2Qg - 24,
5 2
Er7=-v'L

é7,8 = BTMT - (GBz)T >

[

and other entries of B are zeros:

= [ L O]

= [0y Lun]

= [0ty I Onmet—ipn] » 1= 1,250com+ 1,
=

HxEl,OOOOOOO]

The estimator gain matrix is given by K = M™'G.

d 2 m
8= <El) (ZRi> +(dy=d) Ry ~M =M,
i=1

(41)

(42)

Proof. Construct a Lyapunov-Krasovskii functional candi-

date as follows:

(t.e,) ZV (t.e,),

(43)

where

7
V, (t,e,) = €' (t)Pe(t),
(e [ 7y (5) ]
Valte) = Jt—(dﬂm) ‘ 7, (s)
[Ql V1H ()]ds
1, (s)
~ t _‘X(t_s)[ e(s) ]T
V(he) = Jt—h(t) ¢ g (We(s))
[Qs Vz” e(s) ]
g (We(s)
(44)

ey = [ e[ o ]
R t-d, g (We(s))

[QS V3 ] |: e (S) ]
. ds,
* Qgl |l g(Wel(s))

d
Vs (t.e) = j

J—((i—l)/rn)th

N

J e =) ' (s)Rié (s) dsd6
—(ifm)d, 40

dy (ot
+ J J e ()R, & (s) dsdb,
d, Jt+6

and calculating the derivative of V (¢, e,) along the trajectory
of system, we obtain

V, (t.e,) = 2¢" (1) Pe (1) = 28, (1) E'Pe (1),
N0
V, (t.e,) = —aV, (te) + [ ; (t)]
_ d\1"
' [Ql Vl] [ 0] ] e | <t‘ Z)
* 7 . d
Q] L7, () , <t— ;1)
i (e-5)
" _ 4
[ Q*l Ql ] 1 21 =-aV, (t) et)
L(3)
%Mamrrhw]vwmw
wio, ] L= Q1 wd,e
_ i [ W,8, (1) } [Q1 vl] W,8, (t)]
wo, (1) | L+ Qllwd, 1]




T

e(t) ]

Vs (te) = —aV; (t,
te)=-avie)r| o0

. [Qs Vz] [ e(t)
* Qull g(We(t))

O] [
9

_[Qg VzH e(t—h(®)
+ Q] lgwve-nw)

+[E191 <t>ﬁos vz]
E6, ()] L* Q
d[ e(t—h(t)
e

g(We(t - h(1)))

‘|:Q3 Vz][ e(t-h(t) ]
x Qy gWe(t-h(t))

|-a-u

T

e(t-h()) ]
(We (t - h(1)))

] <-aVsy(te)

E,0, (t)

. ~(1-p)

T

E,B, () ]T
E,0, (t)

V,(te)=-aV,(te)+
‘ [Qs V3] (1) ]
* Qsl | EB, ()
e(t—d,) ]

[g<vve<t—d2>>

1% el ape e )

(We (t - d,))
Vs (t.e) < —aVs (te) + (—) e (t)<iR>é(t)

i=1

T

- (d_1> i jtf((ifl)/m) 1
m ) = Je-(i/m)d,

+(dy—d))e" ()R,,.,,e(t)

e himel () Reé (s) ds

t-d,
- J e el ()R, e (s)ds
t-h(t)
t-h(t)
J;—dz
and using Lemmas 3 and 5, we can obtain

2 m
Vilte) < -avle) +(22) & (ZRl) ()
i=1

m

e e ()R, e (s)ds,

(45)

+(dy —d;) " (t) Ryppié (®)
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_ f’, edilm 19T (1) E - 07 (0 EL, |

i=1

"R [E0, (t) - E;,,0, (t)] -

d,—d,
L [e(t—dy) —et=heN]"
¢ L(f—h(f))—e(t_dz)]

R, U, e(t—d,)—e(t—h())
[ « RmH][e(t—h(t))—e(t—dz)]'
(46)

According to Assumption 1, Similarly to (20), we obtain
2(g (We (1) ~ K We (1))' T (g (We (1)) - K" We (1))
<0,
2(g(We(t-d,)) -
Ay (g(We(t-d,)) - K'We(t-d,)) <0
2(g(We(t-d,)) -
Ay (g(We(t—dy)) —K'We(t-d,)) <0

K We(t-d,))"

(47)
K We(t-d,))"

2(g (We(t —h(£) - K We (t - h (1)
- A5 (g (We(t - h(t)) - K'We(t - h (1)) <0,

and according to the system equation, the following equality
holds:

2(e" () +e" (1)) M{-(A+KC)e(t)
~KDe(t-h(t)) + g(We(t-h(1)) (48)
+ (B, ~KBy)w(t) —é(t)} = 0

Combining the qualities and inequalities from (45) to (48),
we can obtain

Z(Z () - yw O wt)+V (tx)+aV (tx,)

e e (49)
<{, ()¢, +06,E{H"HE,0,,

where (, is defined as

5= [0 0.8, 0.t -h )€ (t-d),
(50)

gWe(t=h(©)", g (We(t-dy)" w' ©).¢" ®)].

Based on Lemma 4, one can deduce that
2Oz -yYw Ow®) +V(tx,)+aV (tx,)
5 7L (51)
~T|E H |=
< [ ] (i
* =]

where H = [H x E|, 0,0,0,0,0,0,0].
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If LMI (39) holds, then

2z -y Ow®) +V (tx,)+aV (¢ x,) -
< 0;

aV(t,x,) > 0, so we can obtain
Jm 2 0z -y Owt)+V (Le®)]dt <0, (53)
0

and since V (t, e(t)) > 0, under the zero initial condition, we
have

Iz <y lw @)’ (54)

Therefore, the error system (4) guaranteed H_, performance
y according to Definition 2. The remainder of proof is similar
to the proof of Theorem 6. This completes the proof. O

Remark 9. If we only use the free-weighting matrix method
together with the delay partitioning method to deal with
the H,, state estimation problem of static neural networks
(1), a great many free-weighting matrices will be introduced
with the increasing number of partitions. That will lead to
complexity and computational burden. So in this paper we
also make use of integral inequalities to reduce decision
variables so as to reduce computational burden, because only
one matrix is introduced no matter how large the number
of partitions is. Moreover, reciprocally convex approach was
used with integral inequalities to reduce the conservatism.
Remark 10. In some previous literatures [18, 19, 30], k; <
filx)/x < k], which is a special case of k; < (fi(x) -
fiN/(x - y) < k;r, was used to reduce the conservatism.
In our proof, not only k; < g;(Wie(t))/We(t) < k], but also
k; < g;(Wie(t — h(t)))/Wie(t — h(t)) < k, k; < g;(We(t -
d)/Wie(t-d,) < k!',and k; < g;(Wie(t—d,))/Wie(t—d,) <
k; have been used, which play an important role in reducing
the conservatism.

4. Numerical Examples

In this section, numerical examples are provided to illustrate
effectiveness of the developed method for the state estimation
of static neural networks.

Example 1. Consider the neural networks (1) with the follow-
ing parameters:

09 0 O
A= 0 08 0 ,
0 0 148
0.5 03 -0.36
W= 0.1 012 0.5 ,

-0.42 0.78 0.9

9
TaBLE 1: The H,, performance index y with different (d,, p).
Methods  (0.8,0.4) (0.9,0.7) (1.1,0.5) (1,1)  (1.2,1)
[17] 1.2197 1.2719 1.8944 1.3720  Infeasible
18] 12989 13164 16441 13720 Infeasible
[Tll;‘iorem6 L1391 11489 11538 11626 L1731
Bi‘);ems’ 04201 04602 05144 04969  0.5687
Theorem 8, 03 03220 03890 03530  0.4422
m =10
110
H=(10 -1],
01 1
0.1
Bl=[ 02|,
0.1
0
J=101],
0
c=(10 -2),
D=(05 0 -1),
B2 =-0.1.
(55)

To compare with the existing results, we let « = 0, d; = 0,
K~ = 0,and K = I. And we obtain the optimal H,
performance index y for different values of delay d, and p.
It is summarized in Table 1.

From Table 1, it is clear that our results achieve better per-
formance. In addition, the optimal H_, performance index
y becomes smaller as the partitioning number is increasing.
It shows that delay partitioning method can reduce the
conservatism effectively.

Example 2. Consider the neural networks (1) with the follow-
ing parameters:

1.56 0 0
A= 0 242 0 ,

0 0 1.88

-0.3 0.8 -1.36
w=| 11 04 -05 |,

042 0 -0.95

1 0 05
H=|10 1 |,

0-11
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Time t
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Time t
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FIGURE 1: The state variables and their estimation.

0.2
Bl=|{ 02 |,
0.2
0
J=10],
0
C=(100),
D=(2 0 0),

B2 =04,

(56)

The activation function is f(x) = tanh(x), and it is easy to
getthat K- = 0, K" = I. And wesety = 1, @ = 0, and
h(t) = 0.5 + 0.55in(0.8t), so the bound of time delay d, = 0,
d, = 1, and y = 0.4. The noise disturbance is assumed to
be w(t) = 1/(0.8 + 1.2t). By solving through the Matlab LMI
toolbox, we obtain the gain matrix of the estimator:

0.1078
K=|( 00371 |. (57)
—-0.0655
Figure 1 presents the state variables and their estimation of

the neural network (1) from initial values [0.3,-0.5,0.2]7.
Figure 2 shows the state response of the error system (4)

Journal of Control Science and Engineering

0.3 T T T T T T T
0.2

0.1 H

|
e
—

Amplitude
I !
o e
w [\S]

|
<
'S
—
L

|
=]
8]

Time t

FIGURE 2: The response of the error e(t).

under the initial condition e(0) = [0.3,-0.5,0.2]%. It is clear
that e(f) converge rapidly to zero. The simulation results
reveal the effectiveness of the proposed approach to the
design of the state estimator for static neural networks.

5. Conclusions

In this paper, we investigated the H state estimation prob-
lem for a class of delayed static neural networks. By construct-
ing augmented Lyapunov-Krasovskii functionals, new delay-
dependent conditions were established. The designs of the
desired estimator are achieved by solving a set of linear matrix
inequalities, which can be facilitated efficiently by resorting
to standard numerical algorithms. In the end, numerical
examples were provided to illustrate the effectiveness of the
proposed method compared with some existing results.
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