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T thies naner. we investicate a class of hvnoguadraticallv convercent methads for
L1 i tnis paper, we investigate a <iass of nypoquadarabicauy convergen! meinocas ior

minimizing an objective function subject to equality constraints via the Lagrange multipliers method.
The above class of inexact Newton methods has already been successfully applied for solving systems
of nonlinear algebraic equations.

1. INTRODUCTION

. 4N ~ N

In [1], we investigated a class of inexact Newton methods which were hypoquadratically conver-
genr. 1nese mennoaa were aeSIgneu lOI' SOlVlIlg [l()[lll[lea-i' Sybbelﬂb ()1 dlge[)l'a.l(, equablonb lIl EIllS
paper, we apply the above methods to the problem of minimizing an objective function subject

to equality constraints via the Lagrange mn]f‘ liers method.
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Consider the following nonlinear programming problem

min f(z1,22,...,25), (1)
subject to the equality constraints
gi(z1,22,...,2,) =0, i=1,2,...,m; m<n, (2)
where the independent variables and the values of the objective and the constraining functions
are real.

The classical method of Lagrange multipliers yields the following necessary conditions: If
(%1,%g,...,2,)7 satisfies (2) and is a minimum or maximum point of the objective function f,
then

gi(ilaE'Z)"')in):O) (3)
and m
a%f(i'iai"b :i'n\'ILZ'\‘iaa 91(51;527 aEN)ZQ) (4)
k =1 Tk
for k = 1,2,...,n, and some Ay, Aa,..., A, which are called the Lagrange multipliers.

A point (%1,%2,...,%,)" satisfying Conditions (3) and (4) is called a stationary point. It is
well-known that in order to determine if the stationary point is a maximum, minimum, or a saddle
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point of the objective function, one has to examine the behavior of the second derivatives of the
objective function in its immediate neighborhood. The aim of this paper is to present a method
for finding such stationary points, which can then be subject to such further investigations [2,3].

2. DESCRIPTION OF THE METHOD

Let us introduce the following notation. Put

m
o=f+)_ Xgi
i=1
then
8:r:k sz E
i=1
Now put
Fe 2 o2 02\’
- gl,gz,'”’gm’61‘1’6172"”’61'7;
or
F(a:):(F,-(a:T)), for i=12,....mm+1m+2,... m+mn,
where
. o .
F, =g, for i=1,2,...,m and Fpn4j=5—, i=12,...,n
013]'
Now put
z:(zl,m%"-;xmﬁ—n)Ta
where
Tpyi = A, fori=12,...,m
Equations (3) and (4) can now be rewritten as
F(z)=0.
Denote by F'(x) the Jacobian of F' at x:
, d(Fi(z),..., Faym(®)) 0F; i=1,...,n+m,
Fl(z) = ==,
d(z1,22,...,Zn4m) Oz, k=1,...,n+m,
where
_65‘_:_0_9_," fori=1,2,...,m,and j=1,2,...,n
61‘]‘ a:cj
%zg‘&:O, fori=1,2,...,m,andj=n+1,n4+2,...,n+m,
61‘_7' 617]'
0F; 8%f il 8% gx . .
= = 1 2,... 1 i=1,2,...
8z, 61:;6z]+§/\k6xi6zj’ fori=m+1m+2,...,m+n;j v 2,...,n
3F¥=5gk’ fori=m+1lm+2,....m+n; j=n+kk=12,...
Ox; Ox;

()

(6)

(7)

(8)
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Thus, the Jacobian in (8) can be represented by the following (m + n) x (m -+ n) matrix

( g1 (x 8g1(x A9 (z 0 0 0
) g 24(s) \
9g2(z) 8g2(z) 9g2(x) 0 0 0
dz, 8z, v dzy,
m(z) 2gm(z) Ymlz) g 0 0
, _ 55, e . o ..
Fi(z)=| s%a(x) o°8(x) 9°%(z) O0gi(z) Oga(z Ogm(z
8z108z, dz,0x, o Bx18xn EEN 8z, te 8z,
3%%(z) °%(z) 8%¥(z) B8gi(z) Bgal= Agm(z
8z 207, Orqa0z2 ‘T 8zTa8%a 8z, 22 oxa
\ *e(x) 8°%(z) °d(z) dg(z) 9g2(z) 3gm(z /
8z .0z, 35,02 7' Or.0Ta 0T n BT g, e %

Our problem now is to solve approximately (3) and (4) or, equivalently, equation (7). To this
aim we shall use the hypoquadratic convergence method first presented in [1].
The following is the iterative method under consideration:

Tiy1 =T + hi, 9)

where h; is a solution of the equation
F'(@:)hi + F (i) = s, (10)
2o being the initial approximate solution. If r; = 0 for ¢ = 0,1, ..., then the iterative method (9)

is the ezact Newton method.
Denote by B(xo, R) the ball with center o and radius R for some given R > 0:

B(zo, R) = {= | [lz — || < R}.

We assume that F is defined on a domain containing the ball B(zo, R), ®o € R**™.

DeFINITION 2.1. [1] Consider the numerical series
o0
> ai,e > 0. (11)
i=0

Assume that the series (11) is convergent and set
oo
R=Sa
k=1
Then the series (11) is hypoquadratically convergent if
Riy1 < a'' R;,

forsomeO0<a<landl<t<2

Suppose that the iterative method (9) converges to a solution @ of the equation (7). Then, we
have

i—1 oo
z¢=z0+2hk andm::co+zh,-. (12)
k=0 =0

Now, assume that the series in equation (12) is dominated by the series in Condition (11), that
is,
lhill < Da;,  i=0,1,...,
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for some constant D > 0. Then the series

o0
D a
=0
is called the iterative majorant for method (9), and we have
flz — || < Ri. (13)

We may assume that relation (13) holds for almost all :.
DEFINITION 2.2. [1] The iterative method (9) is convergent hypoquadratically, if there exists
an iterative majorant series which is convergent hypoquadratically.

We shall now show how to make the inexact Newton method (9) hypoquadratically convergent.

Consider the sequence _
a; = a, (14)
where 1 < t < 2 and ag = ||F(=0)|| is sufficiently small, and set

R=Y db. (15)
i=0

Assume that the following conditions are satisfied:
(A1) There exists a constant C' > 0 such that
|F(z + h) — F(z) — F'()h| < C||hI® (16)
for all * and = + h belonging to B(®g, R).
(Az) For every x € B(zo, R) and y € R**™  if h is a solution of the equation
F'(z)h+y =0, (17)
then
llall < K

yll (18)

for some constant K > 0.

Moreover, assume that equation (7) can be solved with arbitrary accuracy, that is, ||r;|| in (10)
can be made arbitrarily small. Thus, we assume that

lImill < af, (19)
fori=0,1,..., and p > 2 is fixed.
THEOREM 2.1. In addition to the assumptions (A;),(Az), and Condition (19), suppose that
ag = ||F(=o)|| < 1 is so small that
Cial <al orae< C7YC™, (20)
where 1 < t < 2 and C; = 4CK? + 1. Then the sequence of approximate solutions {®;}

determined by equation (9) converges to a solution x of the equation (7) and x;,= € B(xo, R)
with R given by equation (15). The convergence is hypoquadratic.

ProoF. The proof results from the proof of Theorem 2.1 in [1} . 1

REMARK 2.1. Condition (16) is satisfied if F'(x) is Lipschitz continuous. If F’'(z) is Holder
continuous, then Condition (16) is replaced by the following.

|F(z + h) — F(z) — F'(z)h|| < C|IRl|'*,
for all @ and = + h belonging to B(xg, R) and some 0 < a < 1. Then the condition imposed on

the parameter ¢ is
I<t<1l+4e,

and we also assume that p in Condition (19) satisfies the following condition
p>1+a. |

REMARK 2.2. Condition (16) is satisfied if the second derivatives of f and g; are Lipschitz
continuous. i
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3. SAMPLE APPLICATION OF THE METHOD

The plane
gr=le+my+nz=0 (21)

is passing through the center of the ellipsoid

2 2 2
$2= S+ -1=0, (a>b>0) (22)

The problem of finding the halfaxes obtained through the intersection of the plane and the
ellipsoid is equivalent to finding the extremum values of the function

f_—_rz.—_a:2+y2+z2, (23)
provided its independent variables are subject to the constraints (21) and (22). Putting

®(z,y,2) = f(z,y,2) + Mg1(z, v, 2) + A2g2(2, ¥, 2)
2

— 22424221 ou(l Ay E y* 2
=z +y + 2" +2pu(lz + my+nz) + StEta)

where A; = 2p and Ay = A, we get by equation (4) the partial derivatives of ®

z Yy _ Z _
:c+/11+/\52—:0, y+,um+/\b—2-0, and z+;m+/\zi-—0. (24)

By adding the equations (24) multiplied by z,y, z, respectively, we get

2

A= —r-
Hence, we obtain from (24)
la® mb? nc?
$=‘#m, y:_"f,z—_—ﬁ’ and 2=—l‘cz_r2- (25)
By adding the equations (25) multiplied by {, m, n, respectively, we obtain
1202 m?b? n2c?
2 2 tp_eta_==0 (26)

Thus, the extremum values for r? can be obtained from equation (26) which yields

(12a2 + m2b2 + n202)r4 — (12a2(b2 + CZ) + m2b2(02 + (32)
+n%c?(a® + b2))r? + a?b?} (P + m2 +n?) = 0. (27)

On the other hand, equation (25) implies

12a4 m2b4 ,n2c4 >

2.2 2 _ 2 _ 2
Ery ==y <(a2—r2)2+(b2—r2)2+(c2—r2)2

Hence, we get

_ 1244 N m2h? N n2ct -1/2 o8
F=7T\@ =) B =722 T (2 =r2) . (28)

Let us now deal with specific numbers by putting

l=m=n=1, a=356=2c=1. (29)
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Thus, equation (27) becomes
14r* — 98r% + 108 = 0.

Hence, we get for r? the approximate value
r? = 5.63, (30)
and by virtue of equation (28), we obtain
u=—064 (31)
Consequently, we determine from equations (25) and (31) the following values
z=171, y=-157, z=-0.14. (32)

Having found the numerical solution to the problem (21)-(23) with specific numerical values from
(29), we are now in a position to illustrate the iterative method (9) by using the same problem
as presented above, i.e., find an extremum value of the function

fle,y,2) =2 +y* +2° (33)
subject to constraints
gl(xayaz):x+y+z:0) (34)
22 y?
gZ(mayaz)=_9—+Z+z2_1=O' (35)

Now, using the Lagrange multipliers A\; = p, instead of A; = 2 as in equation (24), and ), = A,
the problem reduces to solving the system (7) or (34), (35) and

0% 2z

6—I—2$+ﬂ+/\"§——0,

o 2y

oy ytat+irg 0, (36)
0

Q—:2z+,u+)\22=0.

0z

Thus, the system F(x,y,z,¢,A) = 0 (see equation (7)) consists of the equations (34)—(36), and
its Jacobian is the following

1 1 1 0 0
iz 2y 2z 0 0
Fllz,y,z,p, ) = 2(1+%) 0 0 1 2%
0 2(1+ %) 0 1 24
0 0 21+X 1 2

Since the determinant of F’ at the stationary point is not zero, the Jacobian is nonsingular in some
neighborhood of that point. It follows that the equation (10) has a solution if ®¢ belongs to that
neighborhood. The other assumptions of Theorem 2.1 can also be satisfied, since all functions
involved are continuous, hence bounded in any closed neighborhood of the initial point zg.

Consider the same problem (1),(2) where we look for a stationary point Z = (Z1,Z2,...,Zn)
with Z; >0, 2> 0,...,Z, > 0. We may still use the iterative method (9) with

r; = (:c,-l,x;,,...,z;n,z;n+l,xin+,,...,a:,'n_m), (37)
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where the first n coordinates are supposed to be nonnegative. In the case when some of them are
negative, we replace them with 0 and denote the new iterate with y;. The next iteration step is
then defined as in equation (9), that is,

Tit1 = yi + hi, (38)

where
F'(yi)hi + Fy:) = i. (39)

Now suppose that the iteration sequence (9) contains an infinite subsequence of the form given by
equation (38). Denote by @* the limit of the iteration sequence {z;} obtained by implementing
the changes made in equation (38). If

* * * * * * *
' = (21", 22", T Bnt1 T B2, Tagm ),

then z;* > 0, z2* > 0,...,2z,* > 0. In this fashion, we obtain a critical point whose first
n coordinates are nonnegative. Moreover, if for some 1 < j < n, we would need to use the
formula (38) infinitely many times, then in the limit z;* = 0.

REMARK 3.1. In using the above modification, one has to make sure that ||F(y;)|| < 1. But this
is feasible for as i — oo the sequence {F(=;)} converges to 0. ]

Let us modify the example from the beginning of this section by replacing equation (34) by
gz, y,2)=z—y—2=0, (40)
and with an additional condition
z>0, y>0, z>0. (41)
Let us choose our initial guess ®g so that the conditions of Theorem 2.1 are satisfied. If
®o = (z,y,2,1,A) = (1.5,1.3,0.1, -1.25, -5), (42)

then substituting these values into the equation (40) and replacing equation (36) by

0P 2z

a—z—22+ﬂ+/\?—0,

0P 2y

— =2y — A— =

gy = W KA 0, (43)
59—(11=2z—;1+/\2z=0,

0z

we get
|1 F(20)||? = (0.1) + (—0.32)* + (0.6)* + (0.45)* = 0.67 < 1.

Thus, our initial guess (42) satisfies the condition
ao = ||F(zo)ll < 1,

of Theorem 2.1.
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