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Abstract. In this paper, we consider the problem for the existence of positive solutions of quasi-
linear elliptic system

—Apu = La(x)u®v?', xeQ,

—Agy=Ab(x)u"P, xeQ,

u=v=0, x €0Q,
where the A > 0 is a parameter, Q is a bounded domain in RY(N > 1) with smooth bound-
ary 9Q, and the A,z = div(|Vz|P=2Vz) is the p-Laplacian operator. Here a(x) and b(x) are
C! sign-changing functions that maybe are negative near the boundary. Using the method of
sub-super solutions and comparison principle, which studied the existence of positive solutions
for quasilinear elliptic system. The main results of the present paper are new and extend the
previously known results.

1. Introduction

In this note we consider the existence of positive solutions for the system

—Apu=Aa(x)u®V', xeQ,
—Agy = 7Lb(x)u”vﬁ7 x€Q, (1.1)
u=v=0, x€0Q,

where A > 0 is a parameter, 1 < p,g < N, and Q is a bounded domain in R (N>1)
with smooth boundary 9Q, and the A,z = div(|Vz|P~2Vz) is the p-Laplacian operator.
Here a(x) and b(x) are C! sign-changing functions that maybe are negative near the
boundary.

Problem (1.1) arises in the theory of quasi-regular and quasi-conformal mappings
as well as in the study of non- Newtonian fluids. In the latter case, the pair (p,q) is
a characteristic of the medium. Media with (p,q) > (2,2) are called dilatant fluids
and those with (p,q) < (2,2) are called pseudo-plastics. If (p,q) = (2,2), they are
Newtonian fluids.
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When p = g = 2, the following system
Au=a(jx|)v*, x€eRN,
{ Av=b(]x|)uP, xeRN,
for which existence results for boundary blow-up positive solutions can be found in a

recent paper by Lair and Wood [12]. The authors established that all positive entire
radial solutions of systems above are boundary blow-up provided that

/Owta(t)dt = oo, /Owtb(t)dt = oo,

On the other hand, if

/ta(t)dt<oo, /tb(t)dt<°°,
0 0

then all positive entire radial solutions of this system are bounded.
F. Cirstea and V.Réddulescu [5] extended the above results to a larger class of sys-
tems

Au=a(|x|)g(v), x€RN,
Av=b(|]x|)f(u), xeRN.
Z.D.Yang [15] extended the above results to a class of systems
div(|Vul?—*Vu) = a(lx)g(v), xeRY,
div(|Vv|[9=2Vv) = b(|x|) f(u), x€RV.
Caisheng Chen [3] discussed the existence and non-existence of positive weak
solution to the following system
—Au=Au™’, xeQ,
—Av=21bB xeQ,
u(x)=v(x) =0, xedQ.
D.D. Hai [11] studied the existence and nonexistence of positive solutions for the
quasilinear system
—Apu=Aa(x)f(u,v), x€Q,
—Ayv=ubx)g(u,v), x€Q, (E)
u=v=0, x€0Q,

where Q is a bounded domain in RY with smooth boundary 9Q,p,q > 1,A,u are
positive parameters, a(x),b(x) are bounded functions that can change sign, which ob-
tained existence results for the quasilinear system (E) when f(z,7) is p-sublinear in
0 and g(¢,#) is g-sublinear at 0, and A,u are small. Nonexistence results are also
obtained.



Differ. Equ. Appl. 6 (2014), 267-274. 269

Motivated by the above results, we focus on further extending the study in [3] to
the system (1.1) and supplementary the results in [11]. In fact, we study the existence
of positive solution to the system (1.1) with sign-changing weight functions a(x) and
b(x). Due to this weight functions, the existence are challenging and nontrivial. Our
approach is based on the method of sub-super solutions, see [3, 14].

To precisely state our existence result we need the eigenvalue problem

—Apd1 = 1|01 |P 201, xE€Q, ¢ =0, x€IQ, (1.2)

—Ag97 = Af1079720f, x€Q, ¢ =0, x€IQ. (1.3)

Let A; > 0 be the principal eigenvalue and ¢; > 0 with ||¢]/ = 1 the correspond-
ing eigenfunction of —A, and A, > 0 be the principal eigenvalue and ¢; > 0 with
|9;]|- =1 the corresponding eigenfunction of —A,, with the Dirichlet boundary con-
dition. It is well known that

a9 997
W <0 and v

where Vv is the unit outward normal, while ¢;,¢; =0 on JQ. This result is well known
and hence, depending on Q, there exist o,0" € (0,1],6 > 0 and m > 0 such that (see
[14])

<0 on 0dQ,

Mo7 —|Vei|P < —m, on Qs, (1.4)
¢ >0, on Qy=Q\Qs, (1.5)
and B
21! = |Vor|? < —m, on Qjz, (1.6)
of > 0%, on Qy=Q\Qs, (1.7)

where Qs = {x € Q[d(x,dQ) < 6}. We will also consider the unique solution, e;(x),
e2(x) € C'(Q), of the boundary value problem

—Aper =1, x€Q, ¢ =0, x€Q, (1.8)
—Ajer=1, x€Q, e,=0, x€9Q, (1.9)
to discuss our existence result. It is known that e;(x) > 0(i = 1,2) in Q and
de;i(x)

TV <0 ondQ(i=1,2) (seel8,9,10]).
ov

2. Existence results

In this section, we shall establish our existence result via the method of sub and
supersolutions. A pair of nonnegative functions (W1, y»), (z1,22), are called a subso-
lution and supersolution of (1.1) if they satisfy (w1, ) = (0,0) = (z1,22), on 9Q

L vl vl Vadr <A [ aow v s,

/Q\Vllfz\q72|vl//2| -Viadx < A/Qb(x)llflnllfzﬁfzdx,
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and
[ Va2 vz Vaidx > 2 [ a2 fid
/|V12|p *|Vza |- szdx>/1/ )21 2P frdx,

for all test functions f;(x) € Wy ”(Q) and f>(x) € W, ¥(Q) with fi,f> > 0. Then the
following result holds:

LEMMA 1. (See [17]) Suppose there exist sub and super-solutions (W1, y») and
(z1,22) respectively of (1.1) such that (y,¥») < (z1,22). Then (1.1) has a solution
(u,v) such that (u,v) € [(y1,¥2),(z1,22)]-

We make the following assumptions:

(i) o, >0,7,n>0and (p—1—-0a)(g—1-P)>n:
(ii) Assume that there exist positive constants ag,a, by and by, such that

a(x) 2 —Cl(),b(x) 2 _bo on 55

and

a(x) = ay,b(x) = by on Q\Qs;

(ii1) Suppose that there exists € > 0 such that:

M : _ M . (dr—
—ap < min cl,czsdz @ , —ap<mins cl€ (d2 dl),cz
m m

and

Now we are ready to state our existence results.
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THEOREM 1. Let (i) — (iii) hold. Then there exists a positive solution of (1.1) for

every A € [A(€),A(€)], where

— m m 1 1
A =mi , , , , 2.1
min o BT Tl I >
hA
l:max{m,m . (2.2)

REMARK 1. Note that (iii) implies A < A.

Proof. Let

_ _P_ _
Lertror T 4= Leatrgrat),

(llfl,llfz):(p

we shall verify that (yq,y) is a sub-solution of (1.1). Let f; € WO1 7(Q), then a
calculation shows that

[ 1Vwl 2y -Vade=e | 0[Voil>Vor -V fidx
@ Q

:8{/QV¢1172V(¢1f1)dx—/gv¢ll7f1dx} 2.3)
S{A)Ml‘i)fy_v%p}fldx}.

A similarly calculation shows that

[ vt vea=e{ [t - veiviead. 2o
Q Q

First, we consider the case when x € Q5. We have ;¢ — [V |? < —m on Qs
and since A < A, we have A < # Then
0
—em < —Aager—T T, (2.5)
Hence

e(M9] —[Voi|P) < —me

< Aalx)yi vl
A similar argument shows that:

e(A{ 01— [Vor|9) < Ab(x)y ]yl @.7)
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Then we obtain from (2.3) , (2.4) and (2.6) , (2.7) that

Jo IVl Ve < [ atow i

L IVys |92V - V fadx < A ﬁ b))y Ty fadx.
Qs Qs
On the other hand, on Q\Qg, we note that

01 >0>0,0>0">0, alx) =ay, bx)=b

and since A > A, we have A > —21— . Then
el < 7La1< 181%10%)&(61_18‘11710*%1)}/.
14 q
Hence
e(Mo] — [Voi|?) < edrgf
< el
< e
<a1(p_leﬁav%)a(q_lsﬁa*q%')y
P q

< Aa(x) iyl

A similar argument shows that:

e(AL 077 — Vo7 |7) < Ab(x)ylT Y.
Then we obtain from (2.3) , (2.4) and (2.11), (2.12) that

/ V|72 V|V fidx < A / DY frd,

/Q VYo 2V |-V fodx < A / iy fad.

Since Q =QsU (Q\Qg) , We obtain from (2.8), (2.9) and (2.13), (2.14) that

L v 9yal - Vadr < a [ vy i,

LVl 2 Vsl Vidx <& [ bowi v

we have shown that (y,y») is sub-solution.

Now, we will construct a super-solution (z1,z3) of (1.1). It is clear that:

—div(|Vz|P2Vz) = A, x€Q,

(2.8)

(2.9)

(2.10)

2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

2.17)
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—div(|Vz2|"?Vz) =B, x€Q. (2.18)

We denote
<1 (.X) :A€1(X),ZQ (.X) = Be, (.X), (2.19)

where the constants A,B > 0 are large and to be chosen later. We shall verify that is a
super-solution of (1.1).
Next, since A < A we have A < \bH A< HaH

since (i) hold, it is easy to prove that there exist positive large constants A,B such
that([3]):

- Let I1 = le1]lw, b = [le2]|,

AP et
(2.20)
> A|al|-B"113,
and
BB > AP
(2.21)
> A|b||.ATINE
These imply that:
APV > Qa(x)2%2l, B 2 Ab(x0) P (2.22)

Let fi € WyP(Q) , fo € Wy ?(Q) with fi,f> > 0. Then we obtain from (2.12)
(2.13) and (2.17) that

/S)|V21\p72|V21|'Vfldszpfl/Qfl(x A/ x)z1%227 fidx, (2.23)

/|sz\p ?|Vz|- Vfordx = BI~ l/fz l/ (x)z1"22P fodx. (2.24)

a.e. in Q. Thus, (z1,z2) is a super-solution of (1.1). Obviously, we have z;(x) >
yi(x) in Q with large A,B for i = 1,2. Thus, by Lemma 1, there exists a positive
solution (u,v) of (1.1) such that (w1, y,) < (u,v) < (21,22). This completes the proof
of Theorem 1. [
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