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ON I R R A T I O N A L I T Y  M E A S U R E S  O F  T H E  V A L U E S  

OF G A U S S  H Y P E R G E O M E T R I C  F U N C T I O N  

ARI HEIMONEN, TAPANI MATALA-AHO AND KEIJO VA.~,N.~NEN 

The paper gives irrationality measures for the values of some Gauss 
hypergeometric functions both in the axchimedean and p-adic case. 
Further, an improvement of general results is obtained in the case of 
logarithmic function. 

I n t r o d u c t i o n  

We shall consider the irrationality measures of the values of Gauss hypergeo- 
metric function 

(1) F(z)  2F1 1 b ~ (b), , = ' Z . - ~ - 2 _ ~ 7 " - u - - Z  
c .=o ~c). 

where b,c • 0 , - 1 , - 2 , . . .  axe rational parameters, and (b)0 = 1, (b), = b(b + 
1) . . .  (b+ n - 1), n = 1, 2 , . . . .  The irrationality and linear independence measures 
of the values of F axe considered in many works both in the general case and in 
some interesting special cases, see [1] [2], [4], [6], [7], [8], [9], [10], [11], [13], [14], 
[15], [161, [17], [18], [19], [20] and [23]. Also the transcendence of the values of F 
at algebraic points is considered in the important papers [3], [5] and [24]. 

In the present work we first give using Pad6 type approximations an irrationality 
measure for F ( r / s )  with certain values r/s  6 Q, both in the axchimedean and p- 
adic case. In many special values of b and c these general results can be sharpened 
by the careful consideration of the arithmetic properties of the coefficients of the 
approximation polynomials. This idea was first realised for the binomial function 
by Chudnovsky [8], and then in some other cases in [10], [13], [14] and [20]. Here 
we shall deduce a general criterion to find a common factor for the coefficients of 
our approximation polynomials and then apply this criterion to the logarithmic 
function to obtain a generalisation of the nice work of Rukhadze [20]. 
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R e s u l t s  a n d  n o t a t i o n s  

We shall denote by Q ,  the v-adic completion of Q, where v E {oo,primes p}, 
in part icular  Qoo = 1R. For an irrational number  0 C Q , ,  we shall call an irra- 
tionality measure  m~(O) of 0 the infimum of m satisfying the following condition: 
for any e > 0 there exists an H0 = Ho(e) such that  

O -  Q ,, > H - m - ~  

for all rat ionals P / Q  satisfying H = max{[P  h IQI) > H0. In the following we 
denote rn~(O) = re(O). All our measures are effective in the sense tha t  H0 can be 
effectively determined.  

Throughout  this paper  we shall assume tha t  c > b > O, b = a / f ,  c = g /h ,  
where a, f ,  g, h are natura l  numbers  such tha t  (a, f )  -- (g, h) = 1. Let us denote 
B =  b - 1  = E L F ,  C = c -  b - 1  = G / H  with E,  G E 2Z, F , H  E1N, ( E , F ) =  
(G, H)  = 1. Further,  let L = 1.c.m.(F, H) ,  and use H* to denote the denominator  
of h / H  (therefore H* ]H).  We shall also need the notat ions 

p IF r  i=1 
(i,h)=l 

to s tate  the following result. 

T h e o r e m  1. I f  r / s  E ( - 1 ,  1) is a non-zero rationed number  satisfying 

(~,~) = 1, L H * , L , . . ~  ~(~) ( v q -  . / ~ - 7 )  ~ < 1, 

then 

21n ( x / ~ +  ~ -t- A(h) + l n ( L H ' # L # H . )  

21n [ v ~ -  ~,/7:~- ~t + A(h) + t n ( L H ' , L , , .  ) " 

As a p-adic analogue of this result we state the following sharpening of [17]. 

T h e o r e m  lp .  Suppose that p is a prime such that p X fh .  I f  r / s  > 1 is a rational 
number  satisfying 

Jr~sip < 1, ( r , s )  = 1, L H *  l~L#H, eX(h)rlr]~ < 1, 

then 
F 

21n [rip -t- l n r  -t- A(h) + ln (LH*#L#H*)  

(in writing rnp(f( .  . . )) we always think of  f as a corresponding p-adic series). 

If b = 1, c = 2, then Theorem lp  implies for the p-adic logar i thm the following 
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Coro l l a ry  lp. If r/s > 1 is a rational number satisfying 

then 

I, ' /sl. < 1, (,-,s) = 1, ~rl,l,~ < 1, 

In particular, for all pt > e we have 

21nlrlp + l n r  + 1" 

185 

for a l l z > _ _ l o r z < 0 ,  and 

for all z e [ -1 ,1 ) .  

R ( ~ ,  p, z) = ~ a x  t(1 - ~)~ 
o_<t_<l ( i  - zt )  ~ 

21 in p 
mP 0 ~  <- I ~ : 1 "  

For the real logarithm we obtain, by Theorem 1, the well-known result 

21n (eT+ ,/;-=7) + 1 r 

21nleT- ~4;=7- d + 1' 

if r/s E [-1,  1) is a rational number satisfying 

To get a sharpening of this result we define, for a rational a = u/v E (0, 1]~ u,v E 
IN, (u,v) = 1, the subsets h and /2  of {1,. . .  ,v - 1} such that 

iEI1  iff [cd]+l= [ai+2]  iEI2  iff fail= [a i+2]  

Let then 

where ~I' is the digamma function (see e.g. [12], pp. 15-20). Further with a given 
rational/~ _ a we define 

A(c~,fl, z ) =  rain ( ( p + l z t ) ( p + l z l - s g n z ) ~ )  
0<p<[z[+ t (1 - sgn  z) pet 
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T h e o r e m  2. / f  

Q ( a )  = e 2 . . . .  '(")[d~-~A a , 1 ,  r , n ( ~ )  = e 2 . . . .  '(~)lrl2s-"R a , 1 ,  s , 

then 
in O(a) 

r e ( l o g ( I - r ) )  < i n f *  1 l n R ( a )  J '  

where inf* means that for a given non-zero rational r / s  6 [ - 1 ,  1) the inf imum is 
c~ 

taken over a11 rationals a E (0, 1] satisfying R ( a )  < 1. 

As numer i ca l  examples  we give the following list, where  u.b.  m e a n s  the  o b t a i n e d  
uppe r  b o u n d  for re(log(1 - r /s ) ) .  

r a u.b.  u . b . ( a  = 1) 
8 

- 1  ~ 3.891399 4.6221 
7 . . . . . .  

2 1~ 9.7551 . . .  11.1449 . . .  
3 19  

3 30 53.8149 90.7656 
5 31  . . . . . .  

~A 3.3317 3.5474 2 13  . . . . . .  

i ~ 3.1105 3.2240 
3 17  . . . . . .  

7 
3 0  

1 6 0  
161  

3__ 
2O 

619.5803 . . .  

8-8 
8 9  

1 7 9 8 . 6 3 1 4 . . .  

1 578 2.3854 . . .  2.3862 . . .  
1 2 0  5 7 9  

! 68 2.6411 2.6535 
15  6 9  . . . . . .  

5.7392 . . .  5.7977 . . .  

In  the first row of this  list we have R u k h a d z e ' s  [20] measure  for log 2. However 
we no t e  t h a t  in some o ther  cases, e.g. if r / s  = - 1 / 2 ,  - 1 / 3 ,  we are no t  able  to 
reach the  measu res  a n n o u n c e d  in [20]. 

P a d 4  t y p e  a p p r o x i m a t i o n s  

We use I, m a n d  n to deno te  posi t ive in teger  p a r a m e t e r s  sa t is fying I < m i n { m ,  n}.  
In  the  proof  of our  theorems  1 a n d  l p  we shal l  use on ly  the  choice l = m = n ,  
b u t  in  some in t e re s t ing  cases like in T h e o r e m  2 some o the r  choices are  be t t e r .  
Therefore  we give our  next  l e m m a s  in  the  genera l  form. 

Let us define the  p o l y n o m i a l  At,m,,~(z) by 

(2) 
1 

A,,m,n(z) = zB(1 -- Z) c ~. "~z (Z"+B(1 -- Z)m+C), 

l k 

k=o k 

l! k l + m + C - I  I " 
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Thus the polynomial At . . . .  is of degree < n + m - l  and has a zero of order > n- l .  
By defining 

z 2"~.l~ra, n 

- -  l! -- 1)m-t2F1 b ~ 1 - z l + r n +  

( - r n - n - B - C ) , ( z _ l ) , n _ t 2 F a  ( - n - B , - I  I ) 
= l! - n - m - B - C  z 

we get a polynomial of degree < rn, where the last equality is obtained using the 
formula 2.10 (1) of [12]. 

The function F(z) has for all Izl < 1 an integral representation 

F(c) f '  ~(t) dr, ~(t) = ?-~(1 - (3) F(z) = r (~-V)r (b)  J0 1 - zt t)~ 

Therefore, for all 0 < Izl < 1, 

Qt,m,.(z)F(z) = r(c-V)r(b) L - ,~t 

r ( C ) r ( ~ _  V)r(b) ( z"+m-`- '  L ' At'm'n(1/z-~ ----tAt- - . . . .  (t)'w(t)dt 

/01 ) +zn+m_ t At,m,.(t)w(t) .+m-t-a ~---~ dt = z Bt,m,n(1/z) + Rt,m,n(z) 

with obvious definitions of the polynomial Bt . . . .  and the function Rt,ra,n. 
We next consider more closely the remainder function Rt,m,n. If 

f (z)  = z " + B ( 1 - z )  ~+c ,  

then, by paxtial integration and our assumption I < min{rn, n}, 

r(c) z.+m-t [a  f(t)(t ) 
(4) nt . . . .  (z) -- r ( c -  b)r(b) l ~  J0 ~ - - ~  dt 

(-1)tr(c) L' . . . . .  p_~_b~b)  Z,~+ m f(t) 
( 1  - zt) z+l dt 

=(_a) t z ,+mF(c)F(m+c-b)F(n+b ) ( / + 1 ,  n+b] ) 
~ : ~ S r - ~ y r - ( n - - ~  + c)2F1 n + m + ~  z . 

=,(-1)tzn+m(b)n(C'-~ a "  " ' ~ f l-t-1, nzt-b z~_ 
(c).+m \ n + r n + c  ) 

Therefore the Taylor expansion of Rt,m,n has rational coefficients and vanishes at 
z = 0 at least to the order n + m. 

By the above considerations we now have the approximation formula 

(5) Rl,~,~(z)=Qt,~,~(z)F(z) -Pt ,~ ,~(z) ,  
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where 

(6) 
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P, . . . .  . . . .  

is a po lynomia l  of degree n + m - l - 1. Thus  (5) is an ident i ty  wi th  ra t iona l  
coefficients, and  therefore we can use it also in other  metr ics  if the  series converge. 

T h e  e s t i m a t i o n  o f  t h e  p o l y n o m i a l s  a n d  t h e  r e m a i n d e r  t e r m  

Let us suppose  tha t  l =  [an], m = [fin], where a and /3  are ra t ionals  sat isfying 
0 < a < min{1,/3}, and let us denote 

Pn(z)  ~ PI  . . . .  (Z), Q,~(Z) = Qt,m,,(Z), Rn( z )  = Rl . . . .  (z). 

We shall first es t imate  the remainder  term Rn(z) .  Let * = d/(v) be 1, if v = oo, 
and 0, if v = p. By cl ,  c2 , . . ,  we shall  denote  posi t ive constants  independent  of n. 
We now ob ta in  the following 

L e m m a  1. I f  [z[~ < 1 and in the finite case v X fh ,  then we have 

In.(z)l  < c,n (IzPo+eR( ,/3, 

for all n >_ c2. In the archimedean case the bound on the right-hand side of  this 
inequality is an asymptot ic  for [R,(z)[  (n ---* oo). 

Remark 1. In the a rch imedean  case the bound  holds at  the poin t  z = - 1 ,  too. 

Proof. In the  archimedean case the result  follows immedia te ly  from the integral  
representa t ion  (4) of Rl . . . .  (z). 

To prove the finite case we denote 

m oo 

Q , ( z )  = ~ qjz j ,  F ( z )  = ~ f j z  j. 
j=o j=o 

By (5) we then  have 

R.(z)  = 

where 

E qjfk-j zk = zm+n ekzk~ 

kmrn+n j = 0  k=o 

ek = ~ q j fk+m+n- j ,  
j=O 

k = 0, 1 , . . . .  

Because qj are  v-integers (i.e.[qj[v _< 1), it  follows tha t  

lek[~ < max { I A + m + . - i [ , } .  
- o_<j_<m 

Here 

hk+m+"-Ja(a + f ) . . . ( a  + (k + m + n -  j - 1 ) f )  

h + m + , , - j  = f k + m + , - j g ( g  + h ) . . .  (g + (k + m + n - j - 1 ) h ) '  
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and therefore [ek[o _< p~(k) (V = p), where 

it< lntlal+(k+m+.)h) 
l ap  

in h([c[ + k + ( i  + /~)~)  
-< lnp  , k = 0, 1 . . . . .  

Thus 
I~kl~ < h(]cl + k + ( i  + ~)~),  k = 0 , i , . . . ,  

which implies the es t imate  

]~z~]v  < h(lel + k + (1 + n)~)lzl~ _< c ,~  

for all n > c2. This proves our lemma. [] 

The function f(t) = t n + B ( 1 - t )  m+c is analyt ic  in a complex domain  D ob ta ined  
by cu t t ing  the plane from 0 to infinity and from 1 to infinity. We choose these 
cuts in such a way tha t  they avoid the point  z. To es t imate  the po lynomia ls  P.(z) 
and Q,(z) we first consider the polynomia l  A,,(z) = At, ,n. , (z)  by using Cauchy 's  
integral  formula  to get 

1 l ( d )  t 1 1  Jr f ( t  ) 
(7) A~(z) - zB(1- z) c l! dz f(z)  = 27ri zS(1 L z)C (t _-~)),+z dt, 

where F is a simple closed curve in D. 

L e m m a  2. I f lz ]  > t o r z = - l ,  then 

'A,,(z)' <_ c3 (A(c~,~,z)'~ + iz i -~ (a ,~ ,  ! ) ' * )  , 

and i f - 1  < z < 0, then 

- ' / 3 ' 1  z " 

In the case a = ~3 = 1 we have 

IA.(z)l _< c ~  

1 for a110 < z < 1, if q = m a x { B , C }  >_ - ~ .  

Proof. We divide our proof  into four cases. Let first z > 1. Then  we cut the  
plane along the real line from 1 to - o 0 ,  and take F = 71 U 72 O 73 U 74, where 
71 : it - z I = p < z and 73 : Jt - 11 = r with some r > 0 (see P ic ture  1). Then  

___ 

< (p i),)" p~ 
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. 
0 7 1  ~. 

Picture 1. 

(this is all we need if p < z - 1). In the case z - 1 < p < z we have (with small ~) 

~ i  f ( t )  dt < 1 -~ de 1 ~ ( t -~+l  777~i L (1+ c~'~)"+B (c~'+)m+c 
_ -(Tu 
_< (1 + 8)n+B6 m+l"t'C 

(z - 1 - ~)l+l --+ O, when r --~ O. 

Further  it follows that  

dt 1/=' s(t) 
777~i = (t : 7 7 ~ + ,  = K .  _ .  (~ =77~+1 

2.lzl TM1 L' (1 -/(t)})'+' c~ ( ~)" <_ dt < -~-# R a, fl, . 

These estimates give the t ru th  of our lemma in this case. 
The cases z < - 1  and - 1  < z < 0 are analogous. 
In the ease a = ~7 = 1 our polynomial is connected with the Jacobi polynomial 

P(B'C)(z) by the formula 

A , ( z )  = P ( B ' c ) ( 1 -  2z), 0 < z < l .  

Therefore our result follows immediately from Theorem 7.32.1 of [22]. [] 

L e m m a  3. I f  [z[ < 1 and R(a ,  t3, z) <_ [z i -~A (a,13, ~), then 

max {IQ.(z)l, IP.(z)l}<cr (Izl~+~-"A (a,/7, 1))" 

If  a = /3 = l and z > 1, then 

max {IQ,,(z)l, Ip.(z)t} < cs,~q+21zl ". 

/'f o~ = J = 1, z <: --1, and z--~R { 1, ~_--:T) < A 1 ,  : (1, 1, '-~),then 

( (  m~x {tQ,,(z)h IP,,(z)l} < e~ I~IA 1,1, 7 " 
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Remark 2. Since (5) holds in the archimedean case at z = - 1 ,  the first pa r t  of our 
1emma is t rue at z = - 1 .  

Proof. Since 

Qn(z)=zn+m-'A,(1), 

the bounds  for Qn(z) follow from Lemma 2. By (5) 

Qn(z)F(z) - Pn(z) = R,(z) 

for all ]z[ < 1. If IP~(z)] > c10 ( I z l l + ~ - " A ( a , Z ,  1))~ with a sui table  c10 we have 

a contradic t ion with our hypothesis  R ( a , f l ,  z) < Izl-~A (a, fl, {). This  proves 
Lemma 3 in the case ]z I < 1. 

Next we assume tha t  a = fl = 1, z > 1. F rom the definit ion of Pn(z) it  follows 
tha t  

( ! )  F(c) folAn(u)-An(t)w(t)dt. P~(z) = z " - ' B .  , B . ( u ) -  r(cT~)r(b) ~ - t  

If 0 < u < 1, we give the integral  in the form (2  < 7 < L~.~) 

F(c) (fo~-+/~+~ ~ ) A,,(u)-A~(t).w(t)dt:iI+i2+i3 
B~(u)- r ( c - b ) r ( b )  ~ _ ,  + _ ,  u t 

say. Fo r  I_rll and I h l  we have the upper  bound  2cllnq/7 by L e m m a  2. Pur ther ,  
by the  mean value theorem 

/ u+~, 

I2 = A',(v)w(t) dt, 
. '  t t  - -  ~ [  

where v = v(t) is some point  between u and t. Here 

d 
P,(B'C)(1 - 2v) = - 2  ( P ( " c ) ) '  (1 - 2v), A'(v) = ~v 

and from Theorem 7.32.4 of [22] we obta in  

IA ' (v ) l  _< C12 nm-axl2+B'2+C'~} S C12 Ftq't-2' 

The case z < - 1  can be considered in an analogous way. Thus  L e m m a  3 is 
true. [] 

On the properties of the coefficients of Pn and Qn 

Let p be a pr ime and r 6 Q, r :fi 0. As usual  we define vp(r) by r = p~p(r)Tl/S, 
where (R, S)  = (R, p) = (S, p) = 1. In the  following we shall  also need the  no ta t ion  

~ ( J )  = I I / ' ( ~ ' ) .  
plF 



] 9 2  HEIMONEN ET AL. 

Using this notation we see that the coefficients 

�9 \ l - j /  

of the polynomial 

satisfy 

I 
An(z) = E ( - 1 ) m a j z n - J ( z  - I) m-l+j 

j=O 

1 1 
(S) a t E F J H t _ j # r ( j ) , u H ( l _ j  and aj e LZ#L "l'TZ't) j 0 , 1 , . . . , / ,  

where L = 1.c.m.(F, H).  Since 

I 

5=0 

it follows that 

(9) (r_- s)m-I 7z 

The polynomial A , ( z )  can also be given in the form 

(10) An(z) = 
n+m--I 

F .  cA1 - ~)J, 
j=m--l 

where 

cj = 

By (8) we have 

, 1,m_Jaj_m+l_ i n + m - - l - - j  + i  
i i=min{O,j--rn} 

1 1 
(11) cj E F j_ m+tHt# f ( j  _ m + l)#H(pTZ) and cj e )kZl#L rl----~TZ' 

j = m - l , . . . , n + m - l .  

Next we investigate the polynomial 

pn(Z) ~_ zn..l_m_l_ls ( ! )  zn+m_l_ 1 ~(c) ~ol An (1) -An(~,) 
n = r ( b ) r ( c  - b) } - :  ~ ~ ( t )  ~ .  

By (10) 

n+m--I j--1 c~ ~ s j-l-'r(b)r(i +c-b) 
~=m-z ~=0 r ( i + c )  
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where we have used the notat ion ~ = 1 - 1/z. Therefore we immediate ly  obtain  

n+m--l 
Pn(z) =-zn+rn-t-1 E 

j=m-I 

~-' ( C + l ) . . . ( c + i )  
cj ~ s , -~ - '  c(~ + 1) . . .  (~ + i - 1 )  

i = 0  

By the Gauss formula (see [12], p. 104, and [15]) 

2F~ ( - i '  a 
b 11) _ _  (b-a),(_~)7 \ 

we get 

hii[ 

g(g + h ) . . .  (g + (i - 1)h) 
(g/h - ( g / h -  1))i 

(g/h)i 

= I + E ( - I )  j g - h  1 
i=1 g + (j - 1)h e di(g-----~ 

where di(g,h) = 1.c.m.{g,g + h , . . . , g  + (i - 1)h}. Since h and di(g,h) have no 
common pr ime factors this implies 

(C + I ) . . .  (C + i) 
~(~ + 1 ) . . .  (c + i - 1) 

hi#h(i) 7].. 
C Hi#H(i)di(g ,h) " 

Combining these facts we are led to the result 

(12) r )  1 7Z, 
P,~ ~ E s ,+m_lL~H. ,+ ,~_ l#L( l )#H. (n+rn_ l )d ,+ , , , _ l (g ,h  ) 

where H* denotes the denominator  of h/H.  
We now use (9) and (12) to obtain the following 

L e m m a  4. t f  

sn+m-~LIH *'~+m-I "" (n + m ~n : #L[I)#H* -- l)d,+m-l(g,  h), 

then 

A p p r o x i m a t i o n  s e q u e n c e s  

The  above considerations are performed to find good approximat ion sequences 
(q,~,p,, r,~) for F(r / s ) ,  i.e. to find integers q,,p,~ such tha t  

where rn tends to zero as n ---* oo. 
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In considering the general case we note that 

~ - ~  < ~F(~) < ~ 

and, by [1], Lemma 1, 

lim 1 In d.(g,  h) - 

n - - o o  n 

h 1 
- = A(h), 

r i=1 i 
(i,h)=l 

We now use Lemma 4 to obtain the integers 

q. = ~ . Q .  ( r )  ( s )  , p .  = g / , , P , ,  . 

By denoting 
r~  , ,*I+~-a l+#-e (l+#--,~)A(h) 

OJ(Ot, ]3) = ~ 1=1 IAL]A H .  C , 

u(c~,#) = [rl~+#-'~/ c~,#, r ' 
(13) 

. (~ ,# )  = IrlX+#s-'~R ~,#, ~ , 

Q(~, #) = ~(~, #)~(~, #), R(~, #) = ~(~, #)~(~, #), 

we get, by Lemmas 1, 3 and 4, the following 

L e m m a  5. Let e > 0 be given. 
(i) Zf Ir/sl < 1 and R(a ,#)  < min{1, Q( . ,#)} ,  then the above q . , P .  

rn = q . F ( r / s )  - Pn satisfy 

max{lP.I, [q.[} _< Q(~,#)O+~)=, 

R(~,#) (1+')" _< Ir.I _< R(~,#) <~-~)" 
for a11 n >_ c13. 

(ii) / / p  is a prime such that p ](fh and Jr/sip < 1, then 

Ir,,lp _< cllrl(p ~+#-~)" 

for  g l  n _> c14. 
(iii) Suppose that a = ~ = 1. I f r / s  > 1 then 

max{[p~], ]q,]} _< @(1, 1)[rl) 0+~)", 

and i f r / s  < -I and ~_--~R(1, 1 , r / ( r  - s)) < A(1, 1,s / r ) ,  then 

max{lp-I, iq.I} -< Q(1,1) ~ 
for MI n >_ c15. 

and 

Some d e t e r m i n a n t s  

In the archimedean case we have an asymptotic formula for the remainder term 
r,, in the lemmas above. On the other hand it seems difficult to obtain such a 
result in the p-adic case. Therefore we need the nonvanishing of the determinant 

A.(z)-- Q.+l(z) P.+l(z) 

in the p-adic considerations. 
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I f  a = fl = 1 o r  l = m = n ,  then we have 

1)n(b) , , ( c -b ) , ,  ( - n - C ' ~ z 2 , .  
A n ( z )  = ( -  (c)2,, \ n + 1 ] 

195 

Proof. Clearly An(z) is a polynomial  in z of d e g A , ( z )  < 2n. Since Q , ( z ) F ( z )  - 
P , ( z )  = Rn(z) ,  we have 

An(Z)  = Qn+I(Z)t~n(z) - -  Q , ( z ) a , + l ( z ) .  

Thus ordz=0An(z)  > 2n and our l emma follows from (2) and (4). [] 

Proof  o f  T h e o r e m  1 a n d  l p  

In the archimedean case we may  use following well-known result (see e.g. [8], 
Corollary 3.3). Let x > 0 and y < 0 be given. Suppose that  for each e > 0 there 
exists a constant  c16 and rational integers Pn,qn satisfying for all n >_ c16 the 
inequalities 

1 
- - lnmax{Iqn[ ,  IPn[} < x + e, 
n 

1 
y - e  < - l n t r ~  [ < y + e ,  

n 

where r,, = qnF(r / s )  - pn. Then  the number  F ( r / s )  has an irrat ionali ty measure  
m ( F ( r / s ) )  not greater  than  1 - x /y .  

If tz[ < 1, then we have 

( 1) 
R ( 1 , 1 , z ) = ( l +  lx/TT~-z) -=,  A 1, 1, = iz I 

Therefore,  if z = r /s ,  then (13) implies 

Q(1,1) = w(1,1) ( v ~ +  x / 7 - ~  2 , 

R(1, 1) = ~(1, 1) (v~  + ~- ,Cg=7_ ~) ~ = ~(1 ,1)  ( v q  - , / 7 - : v )  = 

The  assumpt ion  L H * # L P H . e  x(h) (v /~--  x / 7 - ~  2 < 1 means tha t  R ( 1 , 1 ) <  1. 
Thus  ~he use of L e m m a  5 gives us an upper  bound 

In Q 0 , 1 )  
1 

In R(1, 1) 

for the irrationality measure  of F ( r / 8 ) .  This proves our Theorem 1. 
To give our p-adic results we prove the following simple lemma.  
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L e m m a  7. Let 0 E Qv be such that there exists a sequence (q,~,pn) of integers 
satisfying for MI n > c17 

max{lq,  l, lP-[} _< Q(p)", Pnqn+l -- qnpn+l 7 s 0, I~nlp < ClR(p)", 

where rn = qnO - pn. If  Q(p)R(p) < 1, then 0 has an irrationality measure 

lnR(p) 
rnv(O) <- In R(p) + in Q(p)" 

Proof. We shall find a lower bound for ILlv = IQO - PIp, where (Q, P )  is a non- 
trivial pair of integers with H = max{IQh IP[}. Since Q(p)R(p) < 1, the inequality 

(14)  1 < ( Q ( p ) n ( p ) )  n 
2clH - 

has only a finite number  of solutions n E IN. Let ~ denote the greatest of these. 
We choose H large enough, say H _> H0, to satisfy ~ _> c17. From the assumption 
P,~q.+l -q,~+lpn 7 t 0 it follows that  there exists a natural  number  N either = ~ +  1 
or = ~ +  2 such that  

is a non-zero integer. Hence 

1 < [AIIAIv <_ 2HQ(p) N IqNL-- QrN]v. 

By our choice of N we have 

2HQ(p) N [QrN[. <_ 2clH(Q(p)R(p)) N < 1, 

and therefore, by (14), 

1 
[LI v >_ [qNLIp >_ 

2HQ(p) g 

This proves our lemma. [] 

By (ii) and (iii) of Lemma 5 we may use Lemma 7, where 

> clsH-l+xn Q(v)/]n(q(v)R(v)). 

- * ,k "h" \ l + e  
Q(p) = (w(1, 1)r) 1+* = (LH  #L# .*e  ( ) r )  , R(p) = [rl2v -~. 

Since e > 0 may be chosen arbitrarily small, our Theorem lp follows immediately. 
The assumption r/s  > 1 is of course not necessary. To consider other cases we 

only have to use par t  (i) or the second part  of (iii) of Lemma 5. 

A c o m m o n  f a c t o r  o f  t h e  coef f ic ien ts  o f  Pn a n d  Q .  

It turns out that  in many cases the coefficients of the polynomials Pn and Qn 
have a big common factor which must  be eliminated to get sharp irrationality 
measures. This kind of idea appears already in Siegel's [21] paper, and it was used 
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in an ingenious way by Chudnovsky [8] to consider certain binomial series, see also 
[11]. Later this idea combined with Pad@-type approximations is used e.g. in [13], 
[14] and [20]. We shall now introduce a general criterion (see Lemma 10 below) to 
find a common factor of the coefficients of P~ and Q, ,  and then this criterion will 
be applied to the consideration of the logarithms. Using (2) and the definition of 
Qn(z) we see that  each common factor of 

is also a common factor for all the coefficients of Qn and Pn. Therefore we shall 
find out which primes p > c19v/-n divide the numbers (15). It was Chudnovsky's  
[8] observation that  only these big primes are really important  here. To find a 
criterion for primes dividing the numbers (15) we first give two lemmas. 

To state our lemmas we use for a rational number  r the notations p [ r or r - 0 
(mod p), if vp(r) >_ 1. Further, if vp(r) _> 0, then there exists a unique e E 
{0, 1 , . . .  ,p - 1} satisfying ~ -- r (mod p). 

L e m m a  8. Let r = R/S; E Q, (R ,S )  = 1, S > 0, i E IN, and le tp  b e a p r i m e  
satisfyingp IS, p2 > max{i, max {JR+ (j - I)S]}}. Let i = Ap+~. Then 

1 <_j<i 

vp ((r),) = A + 1 if and only if ----; < i. 

Further  

if and only if ~ < ~. 

Proof. First we suppose that  0 < ~- < ----7. Then 

vp ((r)i)) = vp (R(R + S)... (R + (i - 1)S)) 
= vp (R(R + S)... (R + (Ap-  1)S)) 

+ vp ( (R+ A p S ) . . . ( R +  (Ap + ; -  1)S)) = A + 0 = A 

because R + ( - r ) S  - 0 (mod p). On the other hand we have 

vp ( (R+ A p S ) . . . ( R +  ( A p + ; -  1)S)) = 1, 

if --'7 < ~-. Thus we have vp ((r)i)) = A + 1 in this case. This proves the first par t  
of our lemma. 

To prove the second part  we note tha t  

= ( - 1 ) i  i! 

Then vp ( ( - r ) i ) )  = A +  1 if and only if ~ < ~ by the above consideration. Moreover 
vp(i!) = A, which completes the proof. [] 
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L e m m a  9. Let rx = R1/S1, r~ = R2/$2 denote rationals satisfying (R1 ,SI )  = 
(R2,$2) = 1, $1 > 0 and $2 > 0, and let p be a pr ime satisfying % ( r l )  > 
0, vp(r2) > 0 and 

f 
p2 > max ~l, max {JR, + (j - 1 ) S l 1 : I . R 2 - ~  ( j  - 1 ) S 2 1 } ~  �9 

L ~_<j<t J 

/ f  

(16) 51 + 5 2 + 1 < l ,  

then 

P ( r i l ) ( l ~ i ) ,  i=O,  1 , . . . , l .  

Proof. Let us suppose that  l < 7. Then we have, by our assumpt ion  (16), 

f f + l  _<51 + 5 2 + 1  < 1 < 7 .  

By L e m m a  8 it follows that  p [(~i~). 
We now consider the case i _> 7 +  1. If gl + 1 _< 7, then p [(~t), again by L e m m a  

8. If 51 _> 7, then (16) implies 

5 2 + 1 < _ l - 5 1  < _ l - i = l - i .  

We use once again L e m m a  8 and obtain  p G~i)" This  proves L e m m a  9. [] 

L e m m a  9 gives immediate ly  the following. 

L e m m a  10 ( D i v i s i b i l i t y  c r i t e r i o n  fo r  t h e  coe f f i c i en t s  o f  Qn) .  Let P(n ,a ,  fl) 
denote the set of M1 pr imes  satisfying p ~FH, 

n + B + m + C + l < _ l .  

~ P ~ e n  

pEP(n,a,Z) i , , i = 0 , 1 , . . . , l .  

We now apply  this criterion to the logari thmic function. In this case B = C = 0, 
and we fur ther  choose fl = 1, i.e. m = n. To use L e m m a  10 we have to characterize 
the primes p > C20vfff satisfying 2 ~ +  1 < l. By denoting K = n - Np, l = l -  Lp 
this condition becomes 

07) o < 2(n-Np) <_ Z - L p - 1  < p - 2  

o r  

(is) r 2 n - l + l  / + 1  ~ n 
m a x , .  ~ / ~ - ~  ' L + I ] - < P < -  N"  
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Conversely, if p is in this interval for some L and N ( >  L), then p satisfies (17). 
We now consider carefully the inequalities (18) assuming n >_ c21. If 

2 n - / + 1  / + 1  n < - - < - -  
2 N - L  - L + I  N 

o r  

(i) 

then all primes in the interval 

satisfy (17). Further,  if 

o r  

(ii) 

then all the primes in 

O~ 
a N - 1  <L<_ a N - l + 2 ,  

(_l+ 1_ 
s +  I'N) 

l + 1  2 n - l + 1  n 
- - <  < - -  
L + I  2 N - L  N 

c ~ N -  I + ~ < L <  a N ,  

( 2 ~ - Z + l  N)  
97Y-- ~ ' 

also satisfy (17). 
We assume that  a = u/v ,  u ,v  E IN, (u ,v)  = 1, and set N = v K  + i, where 

i E { 0 , 1 , . . . , v  - 1}. Then  ( i ) i s  of the form 

Therefore,  if 

(19) 

u K  +on - 1 < L < u K  + a i  + -~ - 1. 

[.i + -/2l = [-i1 + 1, 

then L = u K  + [ai] satisfies (i) and all the primes p in the interval 

~K + [~i] + 1' ,Z~u  i 

satisfy our condition (17). 
By the pr ime number  theorem it follows (see [8]) tha t  the produc t  of all the 

primes in above intervals is asymptot ical ly  equal to e "p'* , where E1 is equal to 

vI~+i uK +[ai]+ l = -  ~ K~- ' 
7) i E ( 1 9 )  K = 0  u ~" ie(19) K=O v K + 
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and here i E (19) means that  i satisfies (19). By the well-known propert ies  of the 
d igamma function �9 (see [12], 1.7, (3)) we obtain 

In the same way, if 

(20) ~i # [,~i] = [,,i + ,~/2], 

then L = u K  + [~i] satisfies (ii) and this case gives an asympto t ic  e "~2, where 

i e ( 2 0 )  

Combining the above considerations we obtain an asymptotic e "n((~), where 
TI(~) = El + E2. The values of T~(c~) are given in the following graph (the interval 
of the subsequent arguments in the graph is of length 1/1000): 

. . 4  

.3 

i i i , i i 

0.5 0.6 0.7 0.8 0.9 

Picture 2. 

P r o o f  o f  T h e o r e m  2 

Let us assume tha t  B = C = 0, fl = 1. From the above considerations it 
follows tha t  for a given rat ional  a E (0, 1] there exists a common factor  D n  of the 
coefficients of Pn  and Q n  asymptot ica l ly  equal to e n r l (a ) .  Thus  the use of (13) 
and L e m m a  5 immediate ly  gives us the following result concerning the integers 

qn - D n  ' 

and the remainder  te rm 

r .  = q.  2F1 ( 
1 

k 

Pn -- D n  ' 

,11 ) 
2 - p""  
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Lemma 11. Let e > 0 be given, and let 

~.~,~--Wl(Ot)=e 2-a-r'(a), V(ol)~--0J1/2(o~,l), R(ot)=Wl/A(o~,l). 

Lf Ir/~l < 1 and R(~) < 1, then w e  have 

max{lpn[, [q.[} _< Q(a) (1+~)", 

R(~) (1+'~" < Irnl < R(~) r 

for all n > c22. 

By using this lemma we now get the truth of Theorem 2 analogously to the 
proof Theorem 1. 

We note that Lemma 10 may be used to obtain improvements of Theorem 1 in 
some other special cases, too. These will be considered in another work. 

Remark 3. All the numerical computations including Picture 2 are made using 
MATHEMATICA programs. 
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