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1 Introduction

In this paper we consider a controlled decoupled forward-backward stochastic differential

system of the type

dXY = b(X", ug)ds + o (XY, us)dWs,

dYY = —f(X", Y™, Z% ug)ds + Z4dW, + dMY, s € [t,T),
(M*, W), =0, s € [t,T),

Xt =, Y = O(X%), M =0,

(1)

where, on a given filtered probability space (Q,F, P,F), W is a d-dimensional Brownian
motion with respect to the not necessarily Brownian filtration F, X" Y" Z% are square
integrable adapted processes and M" a square integrable martingale that is orthogonal to
W. The control problem consists in minimizing the cost functional Y;* over all adapted

control processes u taking their values in a fixed compact metric space U :
V(t,xz) = essinf, Y. (2)

If the driver f of the backward stochastic differential equation (BSDE) doesn’t depend on

(y, z) the cost functional takes the particular form

T
Y,:“—E[fb(X%H [ et | 7] 3)

reducing the above control problem to the classical one, which has been well studied by a lot
of authors; the reader is referred, for instance, to the book [7] of Fleming and Soner and the
references therein. This classical stochastic control problem and its relation with Hamilton-
Jacobi-Bellman equations has been generalized by Peng in [11]: He characterizes the value
function V(¢,z) of the stochastic control problem (2) as the unique viscosity solution of
the associated Hamilton-Jacobi-Bellman equation (the reader is also referred to [13] for an
approach based on BSDE methods). Moreover, in [12] he derives a necessary condition for
the optimality of a stochastic control for (2), given in form of a maximum principle. At the
same period, motivated by applications in econometrics and mathematical finance, Duffie
and Epstein have introduced in [3] a similar cost function called “recursive utility”; their
cost functional Y;* corresponds to the solution of the above BSDE in (1) if the driver f is
supposed not to depend on z. For further contributions concerning this stochastic control
problem and its applications the reader is referred to [6], [4], [13], [1] and the references
cited therein.

The objective of our present work is to investigate the question of the existence of an

optimal control for the problem (2). In the case of a usual stochastic control problem with



classical cost functionals (3) it is well known that, in general, the existence of an optimal
control can be got only in the larger class of relaxed controls. However, by El Karoui,
Nguyen and Jeanblanc [5] and by Haussmann and Lepeltier [8] it has been proved that
an optimal control in the original “strong” sense exists under some convexity assumptions.
We prove an analogous result for the more general case of the controlled forward-backward
system of type (1). For this, we approximate (1) by a sequence of stochastic control systems
(6) with smooth coefficients. Since the Hamilton-Jacobi-Bellman equation associated with
a stochastic control system with smooth coefficients and strictly elliptic diffusion coefficient
admits a smooth solution, it is possible to determine explicitly an optimal feedback control
ud by applying a verification theorem. We prove that the value functions V? of these ap-
proximating systems converge to the value function V' of the original problem (2). Further,
the solution (X°,Y?, Z%) of the approximating control system with the optimal feedback
control u® can be approached by a sequence of simple forward equations satisfied by some
couple (X°,Y?) and depending on a couple of bounded controls (Z°,@%). This point of
view enables us to apply the well known theory of stochastic controlled forward-systems:
We claim that the sequence (X?,Y?) converges in law to some couple (X,Y), at least along
a subsequence, and that this couple satisfies a stochastic differential equation depending on
a relaxed control, that is optimal for (2). Finally, under a suitable convexity assumption
generalizing that of El Karoui, Nguyen and Jeanblanc [5], we deduce that this optimum is
also attaint by a control in the “strong sense”, i.e., an admissible control process u defined
on an appropriate reference stochastic system (2, F, P,F,W). Moreover, we discuss our
convexity condition and compare it with that of [5].

Our paper is organized as follows: In Section 2, we state the problem and give the main
result. Moreover we introduce necessary notations and recall known results which will be
used in what follows. Section 3 is devoted to the study of the approximating control problem
and the associated Hamilton-Jacobi-Bellman equation: we prove that for the approximating
control problem (¢) the essential infimum of the cost functionals is attained by a feedback
control u°, and that the value function V‘;(t, x) converges to V(¢,x). Finally, in Section 4,
we prove our main result concerning the convergence in law of the couples (X%, Y?) along
some subsequence ¢ \ 0, and the existence of an optimal control of (2) under an appropriate

convexity assumption. Finally, our convexity condition is compared with that of [5].



2 Notations, preliminaries and main theorem

Let T' > 0 be a finite time horizon and U a compact metric space. We call a reference

0 a complete probability space (Q2°, F9 P%) endowed with a filtration

stochastic system v
FO satisfying the usual assumptions (i.e. FY is right-continuous and .7-'8 contains all PY-null
sets in F) and, according to our needs, with one or two independent d-dimensional Brow-
nian motions: 1% = (Q°, F0 PO FO W) or 0 = (Q°, FO, PO FO WO, BY). This reference
stochastic system will vary all along this work. On 1°, we now introduce the following
spaces of processes:

For all dimension m € N* and any ¢ € [0, 7],

o 8% (¢, T;R™) will denote the set of R™-valued, F’-adapted, continuous processes
(U, s € [t,T]) that satisfy E[sup;<,<p |¥s]?] < oo,

o H2,(t,T;R™) is the set of R™-valued, FO-predictable processes (¥, s € [t,T]) that
satisfy E[ftT |W|?ds] < oo,

° Mio (t, T;R™) denotes the set of all R™-valued, square integrable cadlag martingales
M = (Ms)geje,r) With respect to FO, with M; =0,

e U,0(t) denotes the set of admissible controls, i.e. the set of F'-progressively measurable

processes (us, s € [t,T]) with values in U.

Let us now fix some initial reference stochastic system v = (2, F, P,F,W). For any initial
condition (t,z) € [0,T] x R? and any admissible control u := (us,s € [t,T]) € U,(t), we

consider the following decoupled forward-backward stochastic differential system:

dXs = b( Xy, us)ds + o(Xs, ug)dW,,

dY, = —[(Xs, Ye, Zs, us)ds + ZsdWy + dMs, s € [t,T],

Xe=z, Yr=9(Xp), My =0,(M,W) =0,

(X,Y,Z, M) € S,(t, T;RY) x S,,(t, T;R) x H,(t, T;R?) x M2(t,T;R?),

where
b:RIxU —-RY, 6:RIxU =R fF: REXRXxRIxU - Rand ®:R? - R
satisfy the following assumptions (see, e.g., [1] or [2]):
1. e b and o are bounded by some constant M > 0,

e for all x € R? b(x,-) and o(x,-) are continuous in v € U,



there exists some C' > 0, such that, for all z,2’ € R? and v € U,

bz, v) — b(a',v)| + oz, v) — o(a',v)] < Cla — .

2. e f and ® are bounded,

for all (z,y,2) € R* x R x R, f(x,y,z,-) is continuous in v € U,

for all z,2' € R%, 4,9/ € R, 2,2/ € R4 and v € U,

B(2) — ()| + | (2,5, 7,0) — F(0/, 2, 0) < Cllw — /| + |y — o' + |2 — 2)).

Under the assumptions 1.-2., the system (4) has an unique solution (X%%u ytou zhzu prtew) ¢

S, (t, T;RY) x S, (t, T;R) x H,(t, T;RY) x M2(t, T;R%), and
J(t,z,u) =Y
is well defined for all (t,x) € [0,T] x R? and u € U, (t) (see, for instance, [1]). We set
V(t,z) = essinfyeyy, 1)/ (¢, 2, u).

Further it is known (see, e.g., [1], [2]) that the a priorily random field V (¢, x) possesses a
continuous, deterministic version (with which we identify it) and solves in viscosity sense
the following Hamilton-Jacobi-Bellman equation:

%V(t, x) + in[fJH(:L‘,V(t,x),DV(t, z), DV (t,x),v) =0, (t,z) € [0,T] x RY,
veE

V(T,z) = ®(z), v € RY,

(5)

with, for all (x,y,p, A,v) € RI x R x R? x §% x U,
1
HGwop A,0) = { 510 (00" 00)A) 4 b0l + f a0 0,000}

where S? is the space of the symmetric matrices in R%*? and DV and D?V represent,

respectively, the gradient and the Hessian matrix of V.

Further we consider the following assumption:

For all (z,y) € R? x R, there exists a compact set A in R? x R? x U, with
A > { (o*(z,v)w,0,v)|v € Uyw € R? s.t. |o*(z,v)w| < K }

and such that the following set is convex:
(SS9, 2,0, 0), B, 9, 2,0, 0))] (2, 0,v) € A},

(H)



where, for all (z,y,z,0,v) € R* x R x R x R? x U, we have set

o(x,v) 0 bz, v)
6,v) = d 60) = '
Y(z,y,2,0,v) ( - " > and [(z,y,z,0,v) ( —f(z,y, 2,0) )

The main result of this paper can now be stated:

Theorem 1 Under assumption (H), for all (t,z) € [0,T] x R%, there eviste a reference
stochastic system v and an admissible control u € Uy(t) that is optimal for (2), i.e. if
(Xtwt ytwa zted \rtety ¢ ot T RY) x Sy(t, T;R) x Hy(t, T; RY) x M2(t, T; R?) is the

solution of (1) on v, we have
VPP = V(t,x) = essinf,ey, (t, x,u).

We prove this theorem in chapter 4. It is included in Theorem 3. Chapter 3 prepares this

proof by the introduction of an approximating control problem.

3 An Approximating Control problem

The purpose of this section is to study a sequence of stochastic control problems for which
we can explicitly determine an optimal feedback control process and whose value functions
converge to that of our original problem. For this end we have to approximate the coefficients
of our original control problem by smooth coefficients.

For an arbitrary dimension m > 1 we let ¢ : R™— R be a non-negative smooth function
on the Euclidean space R™ such that its support is included in the unit ball of R™ and
Jgm © () d§ = 1. For Lipschitz functions [ : R™ — R we set

s©=5 [ (=€) e (5)dg, cermsno
Then we can easily show that
s (§) =L < C1d, [ls (§) —ly ()] < 16 — &'|, for all § € R™, §,8" > 0, (6)

where C; denotes the Lipschitz constant of [.

For each 0 € (0, 1] we denote by bs, 05, fs and @5 the mollifications of the functions b, o, f
and @, respectively, introduced in Section 2, with [ =b(.,v), o (.,v), f(.,v) and ®(.). We
emphasize that the estimate (6) with [ =b(.,v), o (.,v), f(.,v) does not depend on v € U.



Let us now fix an arbitrary 6 € (0,1] and consider the following Hamilton-Jacobi-
Bellman equation

)
SV () + inf H? <3: (Ve, DV, D2VO) (4, x),v) =0, (t,z) €[0,T] x R,
ve

(7)
VO(T,z) = ®s(x), = € RY,

with the Hamiltonian

H(S (‘T?y’p>Av’U) = (tI‘ ((0-5O-§) (SL‘,’U) + 52]Rd) A) + bs (xﬂ U)p + f(5 ('Ia Y,DP0s (ac,v) 7”) )

N |

for (z,y,p, A,v) € R xR xR¥xS%x U. Since the Hamiltonian is smooth and (os50%) (z,v)+
§2Iga is strictly elliptic, we can conclude that the unique bounded continuous viscosity
solution V? of the above equation belongs to C’I} ’2([0, T] x RY). For this we can apply the
regularity results by Krylov [9] (see the Theorems 6.4.3 and 6.4.4 in [9]). This regularity
properties of the solution V¢ and the compactness of the control state space U allow to find
a measurable function v° : [0, 7] x R? — U such that, for all (¢,z) € [0,T] x R,

H (1‘ (Vé,DV5,D2V5)(t,m),v5(t,a:)) — inf H’ (1‘ (V5,DV5,D2V5)(t,x),v) :

Let us fix now an arbitrary initial datum (¢,z) € [0,7] x R? and consider the stochastic

equation

{ dX? = by (X2, 00 (s, X2)) ds + 05 (X2, 00 (s, X2)) dW, + 8dB,, s € [t,T), )
Since the coefficients bs (2/,v° (s,2”)) and o5 (2',v° (s,2’)) are measurable and bounded in
(s,2') and the matrix (507%) (2/,v%(s,2')) + 62T pa is strictly elliptic, uniformly with respect
to (s,2') € [t,T] x R, we get from Theorem 1 of Section 2.6 in [10] the existence of a weak
solution, i.e., there exists some reference stochastic system (95,.7-" 5 PO RS WO, B5) and an

F-adapted continuous process X = (Xg)se[t’T] such that, P-a.s.,

{ dX? = bs (X2,00 (5, X?)) ds + a5 (X200 (s, X?)) dW? + 6dB, s € [t,T),

For an arbitrarily given admissible control u € U, s (t), let X®* denote the unique F°-adapted

continuous solution of the equation

axI" = by (X2, 0, ) dt + o5 (X3, us ) dWS + 8BS, s € [t,T),

Xf’u = .



We associate the backward equation

AV = — f5(XO", YU, 2% wg)ds + ZOUAWS + USMdBS + dMS, s € [t, T,
Y,I(E,U — @6(X%U)’

(You, Zou U%") € 8% (t, Ty R) x H2,(t, T;RY) x H2,(t, T;RY),

Mo ¢ Mz(g (t, T;R?) is orthogonal to W and to B°.

9)

In analogy to our original stochastic control problem we define the cost functionals for our

approximating control problem with the help of the solution of (9):
Jo(u) =Y, e Uys(t).

We shall now identify the solution V% of the Hamilton-Jacobi-Bellman equation (7) as the
value function of our approximating control problem and give an estimate of the distance

between the value function V° and that of our original control problem:

Proposition 2 1) Under our standard assumptions we have
Jo(ud) = VOo(t,x) = essz’nfueuyé (t)Ja(u),

where ud := v°(s, X2, s € [0,T], is an admissible control from U, (t).
2) Again under our standard assumptions, there is some constant C only depending on the

Lipschitz constants of the functions o,b, f and ® such that,
\Vo(t,x) — V(t,z)| < C8Y2, for all (t,z) € [0,T] x R and for all § > 0.

Moreover, again for some constant C' which only depends on the Lipschitz constants and
the bounds of the functions o,b, f and ® but is independent of § > 0, the following holds
true for all t,t' € [0,T] and x € R%:

[VO(t, )| + |DVO(t, )|
[VO(t,z) — VOt z)|

C
C(1+ |z|)|t =1t

- (10)
<

Proof: 1) As it is well known that VO(t,z) = essinf,cy, 5(t),]‘s(u) (see, e.g., [1]) it only
remains to show that J%(u’) = V9(t,z). For this end we observe that from the uniqueness

of the solution of the controlled forward equation with control process u’ it follows that
X0 = X6, Moreover, let

Y2 =Vi(s,X?), 20 = DVO(s,X)os(X%,ul), US = 6DV(s,X?9), s € [t,T],

CREa]

and notice that the triplet (Y, Z%, U?) belongs to 836 (t, T;R) tzg (t, T;R?) ><H12/5 (t, T;RY).
Then we obtain from Itd’s formula (recall that V° & C’; 2([0,7] x R%)), combined with



the Hamilton-Jacobi-Bellman equation satisfied by V¢ and the definition of the feedback
control v%(s, z’), that (Y?, Z%, U?) satisfies BSDE (9) for u = u®. From the uniqueness of the
solution of BSDE(9) it then follows that (Yo, z0x’ {du’y = (y4 78 U%) and M**" = 0.
Thus, from the definition of Y we get, in particular, that

Y;&,u‘s _ Yt(s — V‘s(t,ﬂj).

2) Let &' € (0,7] and (t',2') € [0,T] x R%. Working on the reference stochastic system
we have introduced for our arbitrarily fixed 6 > 0 and (t,2) € [0,T] x R% at the beginning
of this section, we let X &t e 835 (', T;R?) denote the unique solution of the forward
equation

AFVASWANN) rgl o8 ATV APV
ng Al u — by (X;S A u ’ug> ds + og (Xsts o 7ug) dWsé—i-(S/ng, se [t/,T],

8 ¢ @ ud
X =z

AT
We extend this solution process onto the whole interval [0, T| by setting X St g , for

s < t'. Then, by putting

Py YA ! 8 ’ 1 4! / 1 1 4! !
Ftew = <68V‘5 (s, XJ 00y 2tr< ((owas) (X2 ) + 6T )

xDQV‘S(s,Xg’vt’@’v“é)) + b(;(Xg’vt’@’vué,ug)Dvy(s,Xg’vt’vx’vU“)), seltT),
we define a stochastic process in H2; (¢, T; R), and by applying [t&’s formula to V7' (s x5t
P Vo I ) ) y pp y g I S
we show that
YA, ’ VATV YA 7 VATV [AFTAUVAN.)
Y96 2t — V5 (S,Xg it u )’ Zg 2t — DV6 (S,Xg it u )0-6,(X§ 2t u 7“2);
7w, / (VAP 14l o
Ut = 5y (s, XIE M — 0, s e [t T,
is the unique solution of the BSDE
! 4! ! ~</ 4/ ! ) 1 3! ! 1 3/ ! ! 4! !
ay e — gttt ge 4 g8 quys 4 ot s gyt s e [, T,
5/,25', ’ 5/,15', ’
Yyt = 0a (X7,
(youthe! Z8a' goitaly e 82,(¢, T R) x H2, (', T;RY) x H2, (', T;RY),
M e M; (¢, T;R?) is orthogonal to W and to B°.

(11)

We want to compare the first component of the solution of (11) with that of the BSDE

5 8t ! ué 8t ! ucS
7}/577 ) )ZS7 s by u(5 dS

( 1 gl ol 8 T

di/s P —fd' (Xg b s Ug

8t ! 4 8t ! 5 8t ! S
+ZTT AW + U dBY + dMS T s € [, T,

§' ' ul 5.t @' ub
YT = (1)5(XT )7

(TP AN 1 gl 8 i
(Yohthatut zohtatu® grotha’ ) € 8% (1, Ty R) x H2, (', T RY) x H2, (¢, T; RY),

Mt ¢ M36 (', T;R?) is orthogonal to W and to B°.




For this we observe that from the Hamilton-Jacobi-Bellman equation with the classical

solution V¥ it follows that

5 b 5t S /
FOt §f5/<XS vl y it g x,u),se[t,T].

S

Then the Comparison Theorem for BSDEs yields le’tl’ml < lﬂdl’t/@,’ué, s € [t',T], P-as.,

and, consequently, due to 1),
/ 14l 5 (AT ) 5
V6 (t/, x/) - V6(t, x) _ Yt(/s ' }/t(;,u < }/té talu® }/td,u . P-as.

On the other hand, SDE and BSDE standard estimates show that there is some generic
constant C' which depends only on the Lipschitz and the growth constants of the involved
functions b(.,v),o(.,v), f(.,.,.,v) and ®(.) but neither on §,¢" € (0,1] nor on (¢, 2'), (¢, z),
such that, with the usual convention Ysy’t/@l’ué = Ytél’t,’x,’ué, Z{fl’tl’x/’u(S =0, Uf/7t/’x/’u6 =0,
and M2 — 0 for all s < ¢/,

&t b 5ud|2
E[ sup [Y3 et _ ysal)
s€[0,7T

T
+/ (‘Zg’,t’,:z:’,u‘s _ Zg,u‘s‘Q + ‘Ug’,t’,z’,u‘s _ Ug,u5’2) ds + <M6,t’,z/,u5>T‘ff
0

!4 ! u& ué
< C (6= 82+ Blsup,co X0 = X0 2|71 )
<CE =02 +CA+ |z + 2P|t —t|+ Cle — 2')?
(Recall that M 60 = 0). Consequently,

VIt a') = VOt ) = YU -yt <yttt oyt
<ClI5 =8+ CQA+ |z + 2| — t|V/? + Clz — 2],

and from the symmetry of the argument we get
V(¢ 2") — VOt a)| < O — &+ C(L+ |z| + |2/t — /% + Ol — 2.

It follows that, in particular,
|V6(t7x/) - V(S(t,ﬂf)’ < C’.’E - zl‘v
VOt ) — VO(t,z)| < C(1+ |||t/ —t/2,
and
Vo (t,x) — VO(t,z)| < C|l6— .

Moreover, a standard estimate for the BSDE satisfied by (Y‘s’“é, Z‘s’“(s7 U 5’“5, M 5’“6) yields
the boundedness of V¢, uniformly with respect to 6 > 0.

Therefore, the function V? converges uniformly towards a function V € Cy([0,T] x RY), as

10



§ tends to zero. Since the Hamiltonian H? converges uniformly on compacts to the Hamil-
tonian of the equation for V it follows from the stability principle for viscosity solutions
that V is a viscosity solution of the same equation as V. Thus, from the uniqueness of the
viscosity solution within the class of continuous function with at most polynomial growth
we get that V and V coincide. Consequently, V¥ converges uniformly to V, as &' — 0, and

from the above estimate of the distance between V9 and V¢ it then follows that

VO(t,x) — V(t,z)| < C6, for all § € (0,1] and (t,z) € [0,T] x R?. o

4 Convergence of the Approximating Control Problems

After we have shown that the value function of the approximating problem converges to
the value function of the initial problem, we will prove in this section that there exists a
sequence of approximating stochastic controlled systems (X Oon Y Oon Zn u5") that converges
in law to some controlled system, provided that the couple (Z%,u’") is interpreted as a
relaxed control. Then, under some additional convexity condition, we shall find on a suit-
able reference stochastic system some admissible control - now in the strong sense-, that is
optimal for the initial problem (2).

We begin this section with the introduction of this additional assumption, then we prove
the main result of existence of an optimal control for (2) and after we discuss the additional

assumption, in particular we compare it with that of [5].

For all k£ > 0, let us denote by Bj(0) the closed ball in R? of center 0 and radius .
We also introduce the constant K=CM, where C' > 0 stands here for the constant of the
estimates (10) and M for an upper bound of {|o(z,v)|, (z,v) € R? x U}.

We recall the definition of (X, ) : R x R x R? x RY x U — REFDx(d+D)  RA+L already
introduced in chapter 2:
For all (z,y,2,0,v) € R? x R x RY x R? x U, we set

Z(Wz’“):(gfx’v) S) and ﬁ(x,y,z,e,w:( o )).
“ —J\%Y, %0

We also recall the assumption (H):

For all (z,y) € R? x R, there exists a compact set A in R? x R? x U, with
A D { (o*(z,v)w,0,v)|v € Uyw € R? s.t. |o*(z,v)w| < K }

and such that the following set is convex:
(SS9, 2,0, 0), B, 9, 2,0,0))](2,0,v) € A}

(H)

11



Theorem 3 Suppose that assumption (H) holds and let (t,z) € [0,T] x R? and (p)nen C
(0, +00) with lim,_, 1o 0y, = 0. Then there exists a reference stochastic system
v=(Q,F,P,F,W), a quadruple (X,Y,Z, M) € S2(t,T;R%) x S2(t,T;R) x S2(t,T; R?) x
M2(t, T;R?), with M orthogonal to W, and an admissible control @ € Uy(t), such that

1) There is a subsequence of (X%, Y %), ey that converges in distribution to (X,Y),

2) (X,Y,Z, M) is the solution of the following system.:

dXs = b(Xs, tis)ds + o (X, us)dWs,
dYs = — f(Xs,Ys, Zs, Us)ds + ZsdWs + dM;, s € [t,T] (12)
Xt =, YT = @(XT),

3) For all (t,z) € [0,T] x RY, it holds that
Y, =V(t,x) = essinfycu, ) (6, u)
i.e. the admissible control u € Uy(t) is optimal for (12).

Proof: We shall first introduce an auxiliary sequence of forward-systems, for which the
convexity assumption (H) appears as the natural argument to guarantee the existence of
a subsequence whose solutions converge in law to a couple (X,Y) associated to a control
that is optimal for the original control problem. Then we will show that the initial sequence
(X% Y%),cn and the auxiliary one have the same limits.

1) For all n € N, let (X™,Y™) be the solution on v of the following controlled forward

system:

dX"_b(Xg, udr) ds + o (X7, ud )dWJn s €[t T,
VP =—f (X2 Y wlo (X2 uln) ,udn) ds + wlho (X2, udr) dWon s € [t, T, (13)

Xp:;n, Y=Vt x),

with w? = DV (s, X0).

We can rewrite the system (13) as follows:

dxs = Bxs,rs)ds + X5, r5)dWy, s € [t,T1,

n_ T (14)
v ) )

X" W(Sn
a=(5) vttty mawe- ()

Bon

with
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Since w? = DV (s, X%) and DV? is bounded by C, uniformly in § (Proposition 2), we
can interpret (rl,s € [t,T]) as a control with values in the compact set A of assumption
Now, in order to pass to the limit in n, we shall as usual embed the controls ™ in the set of
relaxed controls, i.e. consider " as random variable with values in the space V of all Borel
measures ¢ on [0,7] x A, whose projection ¢(- x A) concides with the Lebesgue measure.

For this, we identify the control process r™ with the random measure
q"(w,ds,da) = 6n(,)(da)ds, (s,a) € [0,T] x A,w € Q.

From the boundedness of {(X(z,v, z,0,v), B(x,y, z,0,v)), (z,9, z,0,v) € R x R x A} and
the compactness of V' with respect to the topology induced by the weak convergence of
measures, we get the tightness of the laws of (x",¢"),n > 1, on C([0,T];R% x R) x V.
Therefore we can find a probability measure @ on C([0,T];R% x R) x V and extract a
subsequence -still denoted by (x™, ¢")- that converges in law to the canonical process (x, q)
on the space C([0,T];R? x R) x V endowed with the measure Q.

Now, by assumption (H) on the coefficients of system (14), we can apply the result of [5],
that claims that there exists a stochastic reference system v = (Q,F, P,F, W) enlarging
(C([0,T];R? x R) x V;Q) and an F-adapted process ¥ with values in A, such that the

process Y is a solution of

dxs = ﬂ(XSa'FS)dS + E(X&'Fs)dws’ ERS [t,T],

Xt = ( V(t,az) >7

and has the same law under P as under (). Replacing ¥ and 3 by their definition and

X _ w _
setting y = ( v ), W = ( 5 ) and 7 = (Z,0,1u), this system is equivalent to

dXs = b(Xs, Uis)ds + o (X, Us)dWs,
dYy = —f(Xs, Yy, Zs,t1s)ds + ZsdWy + 0sdBs, s € [t,T]
Xi=2z, Y, =V(t ).
2) It follows from standard estimations that for some constant K > 0 and for all n € N,
E[Supse[t,T] |X§n - X?P] < Ko, (15)
Elsupsepe ) 1Y — Y2 < Kén.

This implies that if some subsequence of (X", Y"),cn converges in law, the same holds

true for (X% Y%),cn, and the limits have same law. Further we deduce from (15) and

13



Proposition 2, that Y = V (s, X;) for all s € [t,T] P-a.s.. In particular Y7 = ®(X7) P-a.s. .
Thus, if we set M, = fts 0,dB,., then (M, W), = f: 0,d(B,W), =0 and (Y, Z, M) satisfies
(12).

3) We have already seen that Y; = V (s, X;) for all s € [t,T] P-a.s. On the other hand,
it is well known that, for the unique bounded viscosity solution V' of the Hamilton-Jacobi-

Bellman equation (5),
V (t,x) = essinf,ey, ) J (¢, 2, u), P-as.

(see e.g. [1]). Thus assertion 3) of the theorem follows. e

We state now a proposition that relays assumption (H) to some convexity assumptions

concerning the parameters of the initial system (4).

Proposition 4 1) We suppose that the following assumption holds:

For all (z,y) € RY x R, the set

(H1) {((aa*)(ac,v), (co™)(z,v)w,b(z,v), f(x,y,o*(z,v)w,v)) |v € Uw € RY s.t. lo* (2, v)w| < K}
18 COnver.

Then (H) is satisfied.

2) We suppose that f doesn’t depend on z, i.e., for all (x,y,z,v) € R* x R x R? x U,

f($7y7 Z7U) = f(x? y?()?U) = f('r?y? U)'
Moreover, we assume that the following assumption is satisfied:

(H2) { For all (z,y) € RY x R, the set
{((ec*)(x,v),b(x,v), f(x,y,v))|v € U} is conver.

Then we have (H).

Remark 5 For the case of classical stochastic control problems with f independent of (y, z),
we find in (H2) the standard assumption which guaranties the existence of an optimal control

on a suitable reference stochastic system (see [5]).

Proof: 1) Let us fix (z,y) € RY x R. We will show that, under assumption (H1), there
exists a set A C R x R? x U such that

co{(2Z%) (x, 0" (z,v)w, 0,v), Bz, y, o*(z,v)w,v)) |(v,w) € U x R? s.t. |o*(z,v)w| < K}
= {((EX")(2,y,2,0,v), B(z,y,2,0,v)) |(2,0,v) € A},

14



(where, for any set E, ¢oFE stands for the convex hull of E) and that we can choose A
compact.

For this end, we consider an arbitrarily chosen probability measure p on the set I' =
{(v,w) € U x RY| |o*(z,v)w| < K}.

The first step consists in finding a triplet (2,0,7) € R x R x U such that

Jo(BE) (2, 07 (2, 0)w,0,0), Bz, y, 0™ (2, v)w, v) p(dv, dw)

o (16
= ((2¥)(2,9,2,0,0), B(x,y,
Set ®(v,w) = ((oo*)(x,v), (60™)(z,v)w, b(z,v)

, flx,y, 0" (z,v)w,v)). As assumption (H1)
is supposed to hold true, there exists a couple (v

,w) in T" such that

/F@(v,w)u(dv,dw) — (5, @). (17)

We set z = o*(x,v)w. Now the explicit calculus of (X3*)(x,y,o*(x,v)w,0,v) shows that,
for getting (16), it suffices to find § € R? such that

o= /Fw*(aa*)(x,v)w,u(dv,dw) —w*(oo®)(z,0)w = |0]%. (18)

But a is non negative, since it can also be written as
a= /F (o (x,v)(w —w)) (6™ (z,v)(w — w))* p(dv, dw) >0
Consequently, such 6 € R? satisfying (18) exists. Further let us rewrite (18) as
/F|U*(x,v)w|2u(dfu,dw) = |2)* + |0 (19)

Since the support of y is included in T, it follows that Zz and @ belongs to Bx (0).

Now we define B as the set of triplets (2, 6, ) for which there exist w € R? and a probability
measure g on I' such that

(i) z = o*(z,0)w, |z| < K

(7) the relations (17) and (18) are satisfied.

Consequently,

co {((2¥*)(x, 0*(x,v)w,0,v), B(x,y, o™ (x,v)w,0,v)) |(v,w) € T'}
= {((EX")(z,y,2,0,v),8(z,y,2,0,v))|(2,0,v) € B}.

Le A be the closure of B. From the boundedneess of B (C B (0) x Bx(0) x U) follows
the compactness of A. Moreover, since ((X¥X*)(z,vy,-,-,-),(z,y,-,,-)) is continuous, the
convexity of {((¥¥X*)(x,y, z,0,v),B(x,y,z,0,v))|(z,0,v) € B} implies that of
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{((Z2) (2,9, 2,0,v), B(z, 9, 2,0,v)) |(2,0,v) € A}. Finally, for all (7,w) € U x R? with
lo*(x,v)w| < K, (6*(z,0)w,0,0) € B C A (for pp = 05.4p).

2) As for 1), for all probability measure p on I'; we can find v € U such that
/F((00*)(%@),17(93,@),f(w,y, v)) p(dv, dw) = ((o0™)(z,0),b(x,0), f(2,y,7)).
We will show next that there exists w € R? such that
/F(aa*)(a:,v)wu(dv,dw) = (00")(z,v)w. (20)

Indeed, since the matrix (o0*)(z,v) is semidefinite positive, it can be written as
(c0™)(x,v) = TAT™,

A1 0
where T € R4 such that TT* = T*T = Iga, and A = € R4 with

0 Ad
AN > > N> 0.

For {ey,...,eq} the canonical basis of R?, we set fi, = Tey, k € {1,...,d}. Remark that
also {f1,..., f4} is an orthonormal basis of R?.
Now let [ € {0,...,d} besuch that \; > ... > X\ > 0= Ny = ... = Ng. If | =d, the

matrix (co*)(x,v) is invertible and to get (20), we just have to set
w = {(co*)(z,7)} /F(oa*)(x,v)wu(dv,dw).
Else, for all r € {l +1,...,d}, we have
((00™)(@,0) fr, fr) = (Aer,er) =0,
where (-, -) stands for the scalar product in R%. This implies that

Jo lo* (@ 0) o Pa(dv, dw) = fi{(00™) (@ 0) ., fr)p(dv, duo)
= ((Joloo") (@, v)u(dv. dw)) fr. f)
= ((00")(@,0)fr. f)
= 0.

In other words o*(z,v)f, =0, p-a.e., and
</(ao*)(x,v)wu(dv,dw),f,,) = / w*(oo™)(z,v) fru(dv,dw) =0,1+1<r<d.
r r
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Hence fUXBC(O)(UJ*)(x,v)w*p(dv,dw) € span{fi,..., fi}, and the existence of w € R?

satisfying (20) follows.

The end of the proof proceeds as for statement 1) : we chose some 6 € R? that satisfies

(18), we set Z = o*(z,v)w and prove that z and # necessarily belong to By (0). Then we

define A as for statement 1) . e
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