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ABSTRACT

We present an analytic relation between the correlation function of dichotomous (taking two values, +1) noise
and the probability density function (PDF) of the zero crossing interval. The relation is exact if the values of the
zero crossing interval 7 are uncorrelated. It is proved that when the PDF has an asymptotic form L(7) = 1/7¢,
the power spectrum density (PSD) of the dichotomous noise becomes S(f) = 1/f” where 3 = 3 — c¢. On the
other hand it has recently been found that the PSD of the dichotomous transform of Gaussian 1/f noise has
the form 1/f% with the exponent 8 given by 8 = o for 0 < a < 1 and 3 = (o +1)/2 for 1 < a < 2. Noting
that the zero crossing interval of any time series is equal to that of its dichotomous transform, we conclude that
the PDF of level-crossing intervals of Gaussian 1/f* noise should be given by L(7) = 1/7¢, where ¢ = 3 — « for
0<a<land c=(5—a)/2for 1 < a < 2. Recent experimental results seem to agree with the present theory
when the exponent « is in the range 0.7 < o < 2 but disagrees for 0 < a < 0.7. The disagreement between the
analytic and the numerical results will be discussed.
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1. INTRODUCTION

Statistcal characterization of the level crossing of stochastic variable is in general a difficult problem." 2 Although
the study dates back to 1940’s, there are few rigorius solutions on this subject presented until now. So far, the
average density of the level crossing time point ¢,, has been obtained, but the probability density function (PDF)
of the level crossing interval: 7,, = t,, — t,,—1 is still unknown.

In this paper, we consider the simplest case of the level crossing, i.e., the zero crossing statistics. As far as
we know, except rather simple extreme cases, i.e., white noise and 1/f? noise (random work), any example has
not been found in which the PDF of the zero crossing interval can be obtained explicitly.®

We shall take a new approach to the problem, which will reveal an essential relation between the PDF of
the zero crossing interval and the power spectrum (or equivalently the correlation function) of the noise: If we
assume

1)the noise is stationary Gaussian with zero mean,
2) the zero crossing intervals are uncorrelated with each other,
then the PDF of the zero crossing interval is expressed in terms of the correlation functon.

This holds in general and if applied to 1/f¢ noise, the PDF can be given in an explicit form based on our
recent study in which it was proved that the power spectrum density (PSD) of the dichotomous transform of
Gaussian 1/f® noise is of power law type: ~ 1/f? and j3 is obtained from a.3

Recently, Mingesz et al. observed the PDF L(7) of the zero crossing interval 7 for Gaussian 1/f* noise and
obtained a-dependence of L(7).% In this paper, we shall show analytically that L(7) obeys the power law as
~ 1/7¢ for the Gaussian 1/f¢ noise, and present a-dependence of the exponent ¢. Our result will be compared
with Mingesz et al.’s experiments.
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2. DICHOTOMOUS TRANSFORMATION

Let us define the dichotomous transformation of stochastic time series data x(t) by

{ 1 fora(t) >0

y(t) = sgn (z(t)) = (1)

-1 for z(t) < 0

It is only assumed in this section that x(t) is stationary and symmetrically distributed, although Gaussian 1/ f¢
noise will be considered later. Since the dichotomous transform y(t) is also stationary, the correlation function
of y(t) is given by

ey(T) = (yt)y(t + 7)) = (y(0)y()) = Prob{y(0)y(r) > 0} — Prob{y(0)y(r) < 0} . (2)

Let us denote by P, (7) the probability that n zero crossings of (t) occur during the time interval between ¢t = 0
and 7, where

> Pu(r)=1. (3)

Because the zero crossing interval of z(t) is equal to the interval during which the dichotomous transform y(t)
keeps the same value 1 or —1, the correlation function in Eq. (2) can be expressed in terms of P,(7) as

o0
py(T) = D (=1)"Pu(). (4)
n=0
We assume in the present paper that the time series of the zero crossing intervals, 71,72, - - - is independent

identically distributed (i.i.d.).* Then an analytic relation between the PDF L(7) of the zero crossing interval 7
and the correlation function ¢, (7) will be obtained.

Suppose we start counting the zero crossing number from ¢ = 0, and let I,,(¢)dt (n > 1) be the probability
that the nth zero crossing occurs in the time interval between ¢ and t+dt. For n > 2, I,,(t) satisfies the following
recursion formula:

I,(t) = /01t I, (t)L(t —t')dt’, n>2. (5)

This formula assumes that the zero crossing intervals are uncorrelated. I1(t) is obtained as

L(t) = % /too L(7)dr, (6)

(r

() = /OOO TL(T)dT, (7)

which is shown in Appendix A.

Let us define the Laplace transform of function F(t) by
LF)[\] = F[\ = / F(t)e Mdt. (8)
0

The Laplace transformation of Eqs. (5) and (6) yields

LN = LINL 1[N, n>2, 9)
1
LN = G (1—L[A), (10)

*This does not necessary mean that z(¢) is i.i.d. We will assume in the next section that z(¢) is correlated Gaussian
with a power law spectrum.



and then )

(1) A

The probability that the number of zero crossing during the interval between ¢ = 0 and 7 is equal to or more
than n is given by

LN = LN 'L\ = —LN™ ' (1 - L)), n> 1. (11)

/T I,(t)dt = ZP]'(T) for n>1, (12)
0

which leads to

For n = 0, we obtain

RﬁﬁlATLWMﬂ (14)

The Laplace transforms of Eqgs. (13) and (14) are calculated as

P = § (L = Lo ) = g LA (L= Z)? for m> 1 (15)
and
RN = 5 (1= ) = § = 55 (1= L) (16)

Substitution of Egs. (15) and (16) into the Laplace transform of Eq. (4) results in

2 1- L[\
(T) A2 1+ L[N

%W=%— (17)

The above equation gives the relation between the PDF of the zero crossing interval of x(t) and the correlation
function of the dichotomous transform y(t). If L(7) is given, using L[] together with Eq. (7), we can obtain
@y[A] and so ¢, (7). Inversely, if ¢, (7) is known, we should calculate

(18)

to obtain L(7). Note that Eq. (7) cannnot be used for (7) because L(7) is unknown. In fact, it can be shown in
Apendix B that (7) is available from ¢, (7).

3. ZERO CROSSING OF THE NOISE WITH POWER LAW SPECTRUM

It will turn out that the PDF L(7) of Gaussian 1/f* noise exhibits the power-law dependence ~ 1/7¢ in a range
7> 1. We are going to derive the relation between two exponents « and c in this section.

Since our interest is in the asymptotic form of L(7), we may assume A < 1 in its Laplace transform L[)],
which corresponds to 7 > 1. Noting that the Laplace transform satisfies L[0] = fooo L(7)dr =1 and defining

I =1-L[\, (19)

"Equation (18), yielding L(7) expressed in terms of the dichotomous transform, only assumes that z(t) is stationary
and symmetrically distributed. It is shown in Appendix B that a further assumption that x(¢) is Gaussian makes it
possible to express L(7) directly, i.e., in terms of the correlation function of x(t) itself.



we can approximate [(\) < 1 when A\ < 1. Substituting Eq. (19) into Eq. (17), the Laplace transform of the
correlation function ¢, (7) is obtained as

1 2 I[A] 1 1[N I[A]
A o= - - 148, 2
ol PSS CE TSV S S C G R & (20)
1 Ry
~ == f 1. 21
INRREET or A <€ (21)
We consider two cases:
Case A) When 2 < ¢ < 3,
A
L(T) = m, A =C— ].7 (22)
1
~ = for 7> 1. (23)
-
Equation (22) leads to the average of 7 as
0= [ rrwir= (21)
T | TL(1)dr = —.
Case B) When 1 < ¢ < 2,
Be 0T c—1
L = — B= 2
(7) (14 7)e’ 1—e%<1T'(2 — ¢,d)’ (25)
1
~ = for1/d> 7> 1, (26)
-
where I'(z, p) is the incomplete gamma function:
P
T(z,p) =T(z2) — / e Tx* L, z >0, (27)
0
I'(z) =T(#,0) = / e x* z > 0. (28)
0

oT

The convergence factor e °” with a small positive value of § is necessary so that the average of 7 has a finite

value:
(c4+6 —1)ef6~C=IT(2 - ¢,8) — 1

{r) = 1— e%c1T(2 — ¢, 9) ' (29)

We do not consider the case of ¢ < 1, because the integral fooo L(7)dr does not converge.

Case A)
The Laplace transform of Eq. (22) is given by *
A e)\)\c—l
LIN=1- I'(3— 2
[A] c—2+ p— (3—1c,A), 3>c> 2, (30)

¥The expression including incomplete gamma functions is not unique because I'(z + 1,p) can be expressed in terms of
I'(z,p) for z > 0. Here, I'(z, p) is chosen such that the argument z is the smallest positive number.



which is derived in Appendix C. Substituting Egs. (19), (24) and (30) into the lowest order

©y[A]: Eq. (21), we obtain
Py[Al = e ATT(3 = ¢, N), 3>c¢>2,

which yields the inverse Laplace transform as

1
= L7H(NTI0B - e, = 3 2
@y(T) (6 ( Ca )) (T) (1 + 7—)(:72’ >c> 9
11
N m e for 7> 1,
where
b=c—2, 0<b<1.
Case B)
The Laplace transform of Eq. (25) is given by
L—eMON+8)IT(2 -, A+ 6
Iy =—= At TR—cA+9) 2>¢> 1.

1—€%¢<11'(2 — ¢, d) ’

approximation of

(31)

(32)

(33)

(35)

Substituting Eq. (35) into (19) and assuming 1 > A > ¢ (which corresponds to 1 < 7 < 1/ in T-space), we

obtain

ATINH6)IT(2 — e, A+ 6) — 26°7IT(2 — ¢, )

IA] = , 2>c¢>1,

1—¢%<1T(2 — ¢, d)
eANTIN(2 — ¢, \)
1—e%<11'(2 — ¢, d)

for 1> A>9, 2>c¢>1.

Substitution of Eq. (37) into Eq. (21) yields

1 1 N 67902 —¢ )
o= - iseerece 2770

and its inverse Laplace transform is calculated as

e =27 (3) 0 ey AT ) 0

which has a final form

ey(r) = 1+B' (1-(1+71)*°), 2>c>1,
B/
~ 1-B7r=1-—= forl<7<1/5
T
with
b=c—2, -1<b<0,
and
1 1
B = 2 >1
2 (et o162 -c,0) -1 Zezh
527c
2>c>1,

(c—1D(2-0)T(2-2¢)

2>c>1.



where Eq. (29) has been substituted.!® Equations (34) and (42) show that the exponent b of the correlation
function of the dichotomous transform relates to the exponent ¢ of the PDF of the zero crossing interval as

b=c—2 forl<c<3. (45)

When the correlation function obeys the power law like Eqgs. (34) or (42), the corresponding power spectrum

also obeys the power law : ~ 1/f% and the two exponents relate to each other as’
b=1—-0 for0<fg<2. (46)
Equations (45) and (46) yield
c=b+2=3-0 for0<p<2. (47)

This is the relation between the PDF of the zero crossing interval of x(¢) and the power spectrum of its dichoto-
mous transform y(t).

Now, let us assume that z(t) is Gaussian 1/f® noise, i.e., the power spectrum is S, (f) ~ 1/f<. It has been
proved® that the power spectrum of its dichotomous transform y(t) defined by Eq. (1) is also power-law type:
Sy(f) ~ 1/f5. The relation between these two exponents is

3 a, O<ax<l (48)
B atl l<a<?2
Equations (47) and (48) yield the final result which we want:
3 — a, 0<axl
c= . (49)
=, l<a<?2

4. SUMMARY AND DISCUSSIONS

We obtained the asymptotic form for the distribution of the zero crossing interval of Gaussian 1/f noise, by
assuming that the time series of the zero crossing intervals is i.i.d. The relation among the varous exponents in
the power law behavior is presented in Fig. 1.

It should be noted that the result derived in the previous section does not include the case of white Gaussian
noise: a = 0, which is a singular point in the present treatment and should be considered separately.

When z(¢) is white Gaussian, the spectrum of the dichotomous transform y(t) is also white: 3 = a = 0. The
correlation function of y(¢) can be given by a Debye type relaxation function with a short relaxation time 7:

@y (1) = e7ITl/m0, (50)
The PSD of y(t) becomes white in the limit of 79 — 0:

Sy(f) = /0 o~ T/T0 cos(2m fr)dr m ~ const. for frg < 1. (51)

Substituting the Laplace transform of Eq. (50): ¢, [A] = 1/(A + 79) into Eq. (17), we obtain L[] and its inverse

Laplace transform as
1
L(r) = —¢ /2™, (52)
2’7’0
The limit a — 0 in S, (f) ~ 1/f corresponds to 8 — 0 in S, (f) ~ 1/f2. In the previous section, it was shown
that this limit corresponds to b — 1 in ¢, (1) ~ 1/7° and ¢ — 3 in L(7) ~ 1/7¢, which does not tend to the
above exponential form.

$The expressions (40) and (41) are correct only when ¢, (7) > 0. This is guaranteed for 1 > 7 > 1/ and this range
can be large if the value of § is chosen small enough so that B’ is small.



exponent
-

Figure 1. Relation among the vatious expoments in power law behavior. When S, (f) ~ 1/f%, we obtain Sy (f) ~ 1/f,
0y(T) ~1/7° (for 0 < b < 1) or y(7) ~1—B'/7° (for 1 < b < 2), and L(7) ~ 1/7°.

The result can be compared with the recent experiment by Mingesz et al.’ The experimental results seem to
agree with our analytic relation: Eq. (49) for 0.7 S« < 2, but not for 0 < o <0.7. When a = 0, Eq. (52) is
applicable to the experimental results.

As mentioned already, the present theory has assumed that the zero crossing intervals are uncorrelated,
on which one might blame the origin of the discrepancy between the theory and experiment. However, the
correlation of 7 is reported to be rather small® especially for & <« 1 and 2 — o« < 1. Moreover the correlation
is of the same order in both ranges 0 < a<0.7 and 0.7< «a < 2, in the latter the agreement is good. We
therefore cannot conclude that the disagreement arises from the correlation. To invoke another candidate, we
should remember? that “1/f®” noise cannot be of 1/f type in the whole range of f. In other words, there
should be a high frequency cut off for 0 < @ < 1. We are thus suggested that the comparison between the theory
and experiment should be done by taking account of this point.

APPENDIX A. DERIVATION OF EQ. (6)

I, (t) is obtained as follows: Let Py (7)dT be the probability that the length of the time interval which includes
a specified point, say, ¢ = 0 is in between 7 and 7 4 d7. This probability is proportional to the length 7 of the
interval and to L(7)dr which is the probability that the length of the interval is between 7 and 7 + dr, and is
given as

Pp(r)dr = —L(7)dr, (53)

where

() = /000 TL(T)dT, (54)

so that

/0 S pu(rydr = 1. (55)

Hence the probability that the first zero crossing occurs between ¢ and t + dt is



and we obtain . -
Iwzmlem (57)

APPENDIX B. PDF OF ZERO CROSSING INTERVALS FOR GAUSSIAN NOISE

In Sect. 2, the correlation function of dichotomous noise ¢, (7) was derived when the PDF of the zero crossing
interval L(7) is given. Our subject is, however, the inverse problem of it. Here, we show how to obtain L(r)
from the correlation function of the original noise z(t) by assuming that z(t) is stationary Gaussian. Remember
that the correlation function

(1) = (2(t)2(t + 7)) = (2(0)2(7)) (58)
fully characterizes the statistics of 2:(t) because x(t) is Gaussian, i.e., the information of the zero crossing statistics
should be derived only from ¢, (7).

The correlation function of the dichotomous transform y(t) = sgn (x(t)) is given by *

2 .| P (7_):|
T) = —arcsin . 59
u(r) = 2 ancsin | 2205 (59)
Hence the Laplace transform in Eq. (18) is obtained as
a2 [ pa(T)
oy A = / e~ Z arcsin { } dr. 60

The quantity (7): the average interval of zero crossing defined by Eq. (7) is estimated as follows: First we note
that 1/ (7) is the average rate of the zero crossing. Consider P,(7), the probability that n zero crossings occur
during (0,7]. When 7 is small, P,(7) = O(7™). Specifically we have

Po(r) = 1- <Z—> +0(%), (61)
Pi(r) = - +0(). (62)

{r)
Substituting Eqgs. (62) and (61) into Eq. (4), we obtain
2
oy(T) = 1 — = + 0(?) (63)
(r)

for small 7. Differenciation of Eq. (63) yields

/
From Eq. (59), we have
izggi = sin {WSD;(T)} . (65)
Differenciation of the above equation twice leads to the well-known formula:!>2
1 1 /=0
o o 0
The PDF L(7) is determined by the inverse transformation of Eq. (18):
L(r) = L7H (L) (7), (67)

where (1) of Eq. (64) or (66) is substituted. L(7) thus obtained gives rise to the same average (7) because L[]
defined in Eq. (18) satisfies L'[0] = — (7).



APPENDIX C. DERIVATION OF EQ. (30)

Let us consider the Laplace transformation of the following function:

L(r) = (18;:)0, 2<c<3 (68)

The transform is calculated as
LA = (e—- 1)/ e T
0

(c— 1)6)\)\671/ e Tz~ %z, for A >0, (70)
A

1
(I+7)e

dr 2<c<3 (69)

which is not equal to the incomplete gamma function I'(1 — ¢, A) because 1 — ¢ is negative. By applying the
following recurtion formula

/ e P e = ——e M\ + f/ e *x¥dx (2 #£0,\>0) (71)
A z Z X
to Eq. (70) twice, we obtain Eq. (30).
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