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COMPRESSIBLE NAVIER-STOKES EQUATIONS WITH
HYPERBOLIC HEAT CONDUCTION

YUXI HU AND REINHARD RACKE

ABSTRACT. In this paper, we investigate the system of compressible Navier-Stokes
equations with hyperbolic heat conduction, i.e., replacing the Fourier’s law by
Cattaneo’s law. First, by using Kawashima’s condition on general hyperbolic par-
abolic systems, we show that for small relaxation time 7, global smooth solution
exists for small initial data. Moreover, as 7 goes to zero, we obtain the uniform
convergence of solutions of the relaxed system to that of the classical compressible
Navier-Stokes equations.
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1. INTRODUCTION

The compressible Navier-Stokes equations with heat conducting in R™ x [0, +00)
(n > 1) can be written in the following form

Op + div(pu) = 0,

Oy (pu) + div(pu ® u) + Vp = divS, (1.1)

d(p(e + u?)) + div(pu(e + su?) + up) + divg = div(uS),
where p, u = (u1,ug, -+ ,uy,), p, S, e and ¢ represent fluid density, velocity, pressure,
stress tensor, specific internal energy per unit mass and heat flux, respectively. The
equations (1.1);, (1.1), and (1.1), are the consequence of conservation of mass,
momentum and energy, respectively.

To complete the system (1.1), we need to impose constitutive assumptions on p,
S, e and q. First, we assume the fluid to be a Newtonian fluid, that is,

S = pu(Vu+ (Vu)") + p/'Vdivu, (1.2)

where p and y' are the coefficient of viscosity and the second coefficient of viscosity,
respectively, satisfying

2
p>0, ) +—p>0.
n
The heat flux ¢ is assumed to satisfy

TOq + q+ kKVO =0, (1.3)
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which represents Cattaneo’s law (Maxwell’s law, ...) and gives rise to heat waves
with finite propagation speed. Here, 7 > 0 is the constant relaxation time and x > 0
is the constant heat conductivity. Moreover, in this paper, we consider the general
equations of state and assume that the pressure p = p(p,6) and e = e(p, ) are
smooth functions of (p, #) satisfying

pPep(p,0) = p(p,0) — Opo(p, 6), (1.4)

where 6 denotes the absolute temperature. In particular, the case of a polytropic
gas p = Rpf, e = c,0 is included here.
We consider the Cauchy problem for the functions

(p,u,0,q) : R" x [0,400) - Ry x R" x Ry x R"
with initial condition

(p(x, 0), u(:c, 0)7 9(1‘, O>> Q<x7 0)) = (pOa ug, to, QO)- (1'5)

For the limit case 7 = 0, the system (1.1)-(1.3) is exactly the system of classical
compressible Navier-Stokes equations, in which the relation between the heat flux
and the temperature is governed by Fourier’s law,

q=—rVo. (1.6)

Because of its physical importance and mathematical challenging, the well-posed
theory has been widely studied for the system (1.1), (1.2) combined with Fourier’s
law (1.6), see [1, 2, 3, 4, 6, 8, 11, 12, 14, 15, 16, 17, 18, 21, 23]. In particular, the
local existence and uniqueness of smooth solutions was established by Serrin [21] and
Nash [18] for initial data far away from vacuum. Later, Matsumura and Nishida [16]
got global smooth solutions for small initial data without vacuum. For large data,
Xin [23], Cho and Jin [1] showed that smooth solutions must blow up in finite time
if the initial data has a vacuum state. The existence of global non-vacuum smooth
solutions for large data is a famous open problem in fluid dynamics.

Although Fourier’s law plays an important role in experimental and applied
physics, it has the drawback of an inherent infinite propagation speed of signals.
Cattaneo’s law was among one of the physical laws describing the finite speed of
heat conduction. It has been widely used in thermoelasticity which results in the
second sound phenomenon, see [7, 19, 20] and the references cited therein. However,
a rigorous mathematical theory for the compressible Navier-Stokes system has not
been established with heat conduction described by Catteneo’s law. This is the
aim of the presented paper. Note that it is not obvious that the results which hold
for Fourier’s law also hold for Cattaneo’s law. Indeed and for example, Fernandez
Sare and Racke [5] showed that, for certain Timoshenko-type thermoelastic system,
Fourier’s law preserve the property of exponential stability while Cattaneo’s law
destroys such a property.

Moreover and naturally, it is interesting to study the relaxation limit 7 — 0 for
the system (1.1)-(1.5). As said above, for 7 = 0 in (1.3), the system turns into
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the classical compressible Navier-Stokes equation. We will show this convergence
rigorously and also obtain the convergence order with respect to 7.
Now, we introduce some notation. Denote by W™P?(Q2), 0 < m < oo, 1 < p < o0,

the usual Sobolev space with norm || - ||ym.». For convenience, H™(2) and LP((2)
stand for W™2(Q2) and W?(Q) with norms || - ||, and || - ||z», respectively. For
p = 2, we denote the norm || - |2 by || - ||. Denote by G := R, x R® x Ry x R" the

physical state space.

The outline of this paper is as follows. We first show a local existence theorem by
transforming the system (1.1)-(1.5) into a symmetric hyperbolic-parabolic type sys-
tem. Then, for small 7, we prove that the system satisfies the so-called Kawashima
condition, and therefore we get a global solution for small initial data. Finally, we
establish the convergence, as 7 — 0, to the classical compressible Navier-Stokes
system.

2. LOCAL AND GLOBAL WELL-POSEDNESS

In this part, we consider the local and global well-posedness for the system (1.1)-
(1.5). For this end, we need the following assumptions

e A.1. The initial data satisfy
{(Po, w000, 0) () : 7 € R"} C [pu, p°] % [~C1, CuJ" x [6.,6°] x [~Cr, C1]" = G,

where C7 >0 aswellas 0 < p, <1 <p*<ooand 0 <0, <1< 6*<oo are
constants.

e A.2. For each given GGy satisfying Go CC G; CC G, Y(p,u,0,q) € Gy, the
pressure p and the internal energy e satisfy

p(pv 0),]?0(/), 9),]%(;0, 9)766’()07 9) > C(Gl) > 07 (21>

where C'(G1) is a positive constants depending on Gj.
For the standard assumption A.2 see for example [9, 17].
Theorem 2.1. (Local existence) Let n > 1 and s > so + 1, with so > [5] + 1, be
integers. Suppose that the assumptions A.1 and A.2 hold and that the initial data
(po — 1,ug,00 — 1,q0) are in H*. Then, for each convex open subset Gy satisfying
Gy CC Gy CC G, there exists T > 0 such that system (1.1)-(1.5) has unique
classical solution (p™,u”,07,q") satisfying
(p"— 1,00 —1,q7) € C([0,T), H*) n C*([0,T), H* ™),

u™ € C([0,T), H*) N CY([0,T], H*?) (2.2)

and
(p",u",07,q")(x,t) € G1, V(x,t) € R" x[0,T].



4 YUXI HU AND REINHARD RACKE

Proof. We shall write the system (1.1) in symmetric form and use the classical theory
of symmetric hyperbolic-parabolic system to prove Theorem 2.1.
By using equations (1.1), and (1.2)-(1.4), the system (1.1) can be written as

op +uVp+ pdive = 0,
poyu + puNVu + pgVO + p,Vp = pAu+ (n+ 1) Vdivu,

2.3
pegdi + pequV 0 + Opgdivu + divg = §|Vu + (Vu)T|? + p/|divul?, (2:3)
1O+ q+ kVO =0,
with initial conditions
(p(a:,O),u(x,O),@(x, 0)7Q<x70)> = <p07u07907q0)' (24>
Let w := (p,u,d,q). Then we have
A (w)ow + LA (w)y,w — BB (w) 2. W T L(w)w = g(w, Dyw), (2.5)
where 3. .. always stands for X7_,, and where
20 0 0 Su-& 0 0
) 2¢T ways é&T 0
A= | 0 ol 00 YA = & plu- I, 50 ’
=10 Tt e o . 0 pof fu-g g
0o 0 0 5 0 0 s 0
0 0 00 000 O
; 0 puln,+( —i—)foOO 000 O
jke ¢ K 1+ p _
=BG = 00| t@=1000 o |
0 00 000 LI,
0
_ 0 2 _ n—1
g(w,wa) = %|VU + (VU)TP + %/‘divu|2 , € = pp’§ = (517527 afn) eSS
0

By assumption A.2, one can see that for all w € G satisfying Gy CC Gy CC G,
A%w) is a positive symmetric matrix and A’(w) is a symmetric matrix for each
7, while ¥ B*(w)&;&, is a semi-positive symmetric matrix. So, the local existence
theorem follows from [13] (or see [10]) immediately. O

Theorem 2.2. (Global e:z:istence) Letn > 2 and s > s + 1, with so > [5] + 1, be
integers. Suppose that 0 < 7 < (1 1)2 and (po — 1,ug, 00 — 1,q0) € H®. Then there

exists a positive constants § such that if ||(po — 1,u0,00 — 1,q0)||s < 0, then there
exists a global unique solution (p™,u™,07,q7) of system (1.1)-(1.5) satisfying

(p" — 1,07 —1,q7) € C([0,00), H*) N C*([0, 00), H*™1),
u” € C([0,00), H) N C*([0, 00, H*™?). (2.6)
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Proof. One can use the Kawashima condition to prove small global existence. Lin-
earizing the above system around the steady state w = (p,u,d,q) := (1,0,1,0), one
has

AY(@)Ow + LAY (@0)Dy,w — EBjk(cD)&%jka + L(w)w = 0, (2.7)
where
20 0 0 0 & 0 0
o, | 0 I, 0 0 iiene | @ET 0 peg” 0
A (w) - 0 0 é@ 0 ) ZA (w)éj - O 1395 0 g )
00 0 = 0 0 € 0
0 0 0 0 000 O
_ 0 puly+ (p+p)ETE 0 0 _ 000 O
0 0 0 0 000 iI,
c= 0(17 1)7 ﬁ@ = p9(17 1)a €9 = 69(17 1)75 = (517527 e 7571) S Sn_l‘

We choose K7 such that

0 & 0 0
. T 0 0 0
2G=al g 9 0 e |

0 0 -£ 0

€0

where v > 0 will be chosen later. Then, simple calculations imply

0 & 0 0
=2¢T
Je A0 _ —c€ 0 0 0
YKIEGAY = a o 0 0 ¢
0 0 —¢T o
and
et 0 DoC> 0
. 0 —cT¢ 0 0
SEKIANGG =a 0 x 0
0 —2¢T¢ 0 —%é“Tf

In order to satisfy Kawashima’s conditions from [13] (see also [22]) for proving the
global existence for small data, we notice that there are no quadratic terms of the
type (p — 1,u,0 — 1,¢)?, but essentially only of type |Vu|?. Hence one only has to
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check that

1 . . )

52 {KIAR&, + (KTAR6,)T Y + BB & + L

act 0 Tapyc® 0
3 0 pl+((p+p)—ac®)f™E 0 —ageehe o
- %O&ﬁgéz 0 aZ 0 '
0 —a%fo 0 %In — aéfo

is a positive definite matrix for any & = (&,&, -+ ,&,) € S"L. In fact, let n =
(1, M2, m3,m1) € RS where 11,13 € R and n, 7y € R3. Then we have

1

nMn" = (mac* + §n3aﬁeé2)n1+
D 1 L K D

(N2N + na(—axr-T€) ) + (Zmape + nsa=)ns + (—naaa-eT€ + Q)
2¢ey 2 T 2¢éy

where N = pl, + (p+ /) — ad®)¥¢ and Q = 21, — a%ng. Ifo<r< %, we
%
know that p
N =pp—4- <0,
T

So, for any a > 0, we have
o K
al'n? + al*pemns + a;ng > 0.
On the other hand, for small o, we know that the matrix N and () are positive
definite. So, we can choose a small enough such that

D,
n2 N1 — 047742—;5T5772 + 1n2Qn4 > 0.

Therefore, for sufficiently small o, we derive that nMn? > 0 for any n € R® which
implies that M is positive definite. This completes the proof. O

3. RELAXATION LIMIT: CONVERGENCE FOR 7 — 0

In this part, we show the uniform convergence of the relaxed system (7 > 0) to
the classical compressible Navier-Stokes equations (7 = 0). To this end, we need
the natural compatibility condition on the initial data, that is,

qo = _I{VH()?

which be assumed in this section. Let Gy be given satisfying Go CC G; CC G.
Define T, = sup{T > 0; (p"—1,v",0"—1,47) € C([0,T], H*), (p™,v",07,q¢")(z,t) €
Gy, V(z,t) € R" x [0,T]}. Then we have the following theorem.

Theorem 3.1. Let (p,u,8) be a smooth solution to the classical compressible Navier-
Stokes equations with (p(x,0),u(z,0),0(x,0)) = (po, uo, bo) satisfying

p e C(0,T.], H) nC*([0,T.], H*"?), (u,0) € C([0,T.], H*) n C*([0, T.], H*™)



NAVIER-STOKES EQUATIONS WITH HYPERBOLIC CONDUCTION 7

with T, > 0 finite. Then there are positive constants 1o and C' such that for T < 19,
1(e7, u™, 07)(, ) = (p,u, 0)(E, )|l < CT (3.1)
and
I(a™ + KVO)(t, )]s < C72 (3.2)
for t € [0,min{T,T;}), where C' does not depend on .
Theorem 3.1 in particular implies that 7). is independent of 7.
Theorem 3.2. Under the condition of Theorem 3.1, for any Gy satisfying
GoUG cc G, cc G, (3.3)

where G = {U(p,u, 0, —kV0)(x, 1), (z,t) € R" x [0,T.]}, we have that T, > T, holds
for 7 > 0 sufficiently small.

Proof. The proof of Theorem 3.2 follows the arguments in [24]. For the reader’s
convenience we sketch it here.
Suppose, there is a G satisfying (3.3) and a sequence {7} }x>; such that lim 7, = 0

and T;, =T, (G1) < T,. Then there exists G satisfying o
Uet{(psu, 0, —kV0), (z,t) € R" x [0,T,]} CC G cc Gs. (3.4)
Moreover, from Sobolev’s imbedding theorem and Theorem 3.1, we deduce that
(o7, u™, 07, q7) = (p,u, 0, =V 0)|
<Cll(p" w07, 97) = (p,u, 0, —KV0)||s < Cr2.
Thus, there exists a k such that (p7,u",07,¢7) € G for all (z,t) € R" x [0,T},). On

the other hand, it follows from
||(pT - 17u77‘9T - 17qT)HS
< ”(pT’uT’ eTvqT) - (p,u,@, _KVQ)HS + ”(p - 1au79 - 17 _HVH)HS

< Cr 4 ll(p— Lu,0 — 1, —xVO)|.

that ||(p” —1,u”, 0™ —1,q")||s is uniformly bounded with respect to ¢t € [0,T, ). Now,
we could apply Theorem 2.1 at a time ¢ less than 7', (k is fixed here) to continue the
solution beyond 77, (G;) which is a contradiction and the proof is completed. [

Remark 3.1. We note that if the initial data are sufficiently small, there exists a
global solution for classical Compressible Navier-Stokes equations, see [16]. There-
fore, we can establish a convergence results for any fired T' > 0 for small data.

Remark 3.2. A global convergence theorem on [0, 00) can not be obtained from the
above results. One would have to spend considerably more efforts to get this result

(if at all).
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Proof of Theorem 3.1:
We introduce the variable g := —kV6 and define
pr—p 4 U —u

pd = Jut = 04 = gt = ) (3.5)
T T T T

We want to show that, for small 7 and for ¢ < min{T,, T, },

1%, 00)(t, )]s < O IVTa'(t,)lls < € (3.6)

where C' > 0 denotes constants not depending on 7 or t. The equations for the
difference (p?,u?, 0%, q%) can be written as

Oup® +u"Vpe + ulVp + pTdivu® + pldivu = 0, (3.7)
PO’ + plou + pTuTVul + py Ve + p;Vpd

1 .
+— {70 — pu)Vu+ (0], = pp) Vo + (95 = po)VO} = plsu’ + (p+ ) Vdivas,

pTeg0,0% + pTepuT VO + 07 pydivu + divg? (3.9)
— u(Vu™ + (Vu')T + Vu + (Vu)")Vu? — i/ (dive” + dive)dive?
1 :
= {(pTep — peg)0id + (pTequ” — pequ) VO + (67 py — Opg)divu}
70,q° + ¢* + KVO' = —0,q. (3.10)

In order to use energy methods, we rewrite the above system as
ot + uTVpt + pTdivu? = —uVp — pidivu =: fi, (3.11)

T 7 1
o + u"Vu® + %V&d + %Vpd - E(u&ud + (4 ) Vdivu?)

1 1
= —Epdut “ {(p"u” = pu)Vu+ (p] = p,)Vp+ (p5 —po)VO} = fo, (3.12)
07 pp 1
0,0¢ + uTVO? + —pf_divud + Tdiqu
preg preg

1 .
=Tra {(pTey — peg)0il + (pTegu” — pequ) Vo + (07 py — Opg)divu}
0
/
+ L (Y + (Vu)T + Vu+ (V) )Vt + L (diveT + dive)diva® =: fs,
Preg rrep
(3.13)
70,q% + ¢* + KVO' = —0,q =: f4. (3.14)
Define
E = sup |(p,u,0)| gs+s + sup ||pl|lgs+2 + sup |[(ue, 0p) s+ (3.15)
0<t<T 0<t<T 0<t<T
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and
E:= sup [[(p%,u?, 0%, v/Tq") | s
0<t<T
Note that
E<C
and

1o, 07l < €+ 7B, |7, < C + VTE.
We need the following two lemmas to prove our theorem.
Lemma 3.3. For 0 < |a| < s, we have the following estimates
IVefill < CEY,
IV foll < C(E +7(B)?),
IV foll < C(B? +7(B)? + (B + [|VoFul|| + 7B Vertud]).

(3.16)

(3.17)

(3.18)

(3.19)
(3.20)
(3.21)

Proof. By Sobolev’s imbedding theorem and Moser inequalities, using (3.17), we

have
IVefill = IV (—u?Vp — pidivul|

< Vol e IV u]] + ] e [V o) + [[dival g [ Vo2 + [ 0% poe |V u

< CE“.
Therefore, (3.19) holds.

Remember that both (p, u, ) and (p™,u", 07, q") take values in a convex compact

subset of the state space, we have

< ]| o

1
Va(—ﬁpdut)

d d
va(%)‘+'%
P p

V|
oo

L
< CE'+ Ol p||o= V7| < C(B! + 7(EY)?).

Similarly, we have

‘va (T;T (pTu” — pu)Vu) ‘ < C(E*+ 7(EY?).

Recalling that p(p, ) is a smooth function of (p,#) and using the mean value theo-

rem, we obtain

ve (T; (o) — po) Vo + (0 — pe)W)) H

<C Hva (%(pd + 64 (Vp + VG)) H < C(E* + 7(EH?).
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Thus, (3.20) holds.
By assumption A.2 and using the mean value theorem, we have

1
HV“ ( - T(/feé - pee)9t>
pTe
o
<[ (i =) | <7 (o)
Tep pTeq

< C(E"+7(E)?),

where we used the fact that
IV (o el < M7l IVegll + llegllee Vo || < C + TE.

Similarly, we get

1
HVO‘ ( —(07py — Gpg)divu)
TpTep

‘ < C(E* + 1(E")?)

and

HV“ ( ! (pTegu” — pegu VQ) H < C(E* + 7(E%?).
TP ey

i

< [Vl e | V(= V) | + || vudIILooHVUII
pr 69

Moreover, we have

Hva (%(VUT + (V)T + Vu + VuT)Vud)

<0 |0 (S (vus 7ty )H

pTeq

o ar M
JFT|| ||L°o||V (Vu' - Vud)| +T||VU V|| |V (pTeT)H

0
< C(E’d +7(EY)? + (B + ||Vl + T B VEul]),

Similarly, we get

/
’Va <L(dlvu + divu)divu )
pTeq

< C(E* + 7(EN? + 72(EY? + ||Vod| + 7EY||\vottud|)).
So, (3.21) holds and this completes the proof. O

Lemma 3.4. we have

%(Ed)? < O(1+ (BY? + r(EY + 2 (BY)"), (3.22)
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Proof. Applying V® to the equations (3.11)-(3.14) and multiplying the result by
Povep?, pmvVoul, Pefe AVAT/ES éT Veq?, respectively, we get
p K

1d a d\2 T a, d\2 pTeg apnd\2 T a , d\2
s | {0ty s (ot 4 G+ vt e

1
+ / {u(vaﬂud)2 + (p+ i) (Vadivu®)? + W(vaqdf} dz
4 9
<Y (Fi+T)+) Gi+D, (3.23)

where

P = / ve fl%vapddx, Fy = / Ve " Voulde,
va d

[E

Fy= / VeV gd, Fy = / Vi
T, = / (%) (Veph)2da, Ty = / pg(vaud)de,
t
_ P ey apdy2 _ 1 a dy2
ti= [(52) e = [ () (7

1
b= / {Va ( (n&su® + (p+ ') Vdiva )) = Vbt (n u’)Vdivud)} dz,

G, = /Vo‘(uTVpd)p—iVO‘pddx, Go = /V“(pTdivud)%Vo‘pddm,
Gs = /V“(uTVud)pTV“udda:, Gy = /V“(%Vpd)pTVauddx,
Gy = / va(fiived)pTvauddx, G = / \ATCTia v/ L A vET/EK Py

97’
G; = /VO‘ ( s ~divu ) %V“Qddx,
a,d

Gy = / va( _divg ) pe - P gogldy, Gy — / vo( ved)z 9‘] dz.

From Lemma 3.3, we know that
Fy SC((BY)? + 7(BY)? + 72(B)Y) + |V ad|?,

C depending on ¢, for each i = 1,2,3 and Fy, < C + ¢||V*®¢?||? (here we use that
q = —kV0; and ||0;|s11 < C). Now, we estimate G; for each i.
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T wnT
Gl — / {(va(u'rvpd) o u'rva-l-lpd)%vapd + %voﬁ-lpdvapd} dzr

TonT
u"py

< CUVA Il V|| + (IVuTll e [V o DIV s + IV ( o ) [ v

[\

< O((BY)? +7(E7)?).
(g can be estimated the same way.

G+ Gy

= /(Va(pTdivud) — pTdiVVaud)%Vo‘pddx

a Py T T a
+/{V (p—iV,od)p Voul — pr vttty ud}da:
: o T pT (6% (0%
< C||(divu?, Vo)l (Vo7 || + ||V(p—f)||)(\|v P+ [ Veud])
- P o o
+ ||(Vpd,Vpp,p—i)||L°°HV uI[VEplll < C(ED)? + m(ET)?).

G5 + G7 and can also be estimated similarly, while

Gs + Gy
1 mer 1 1
- / {va (—diqu) P Cogagd _ ~ yagivgdvegd — V(—)vaedvaqd} dz
pTeg 97’ 97‘ 97’
: (07 1 « 1 « «
< Cldivg o= 19" (NI + (T (), T = Va1 7°6))
0 P €y

< el VeellP + CU(EY)? + 7(BY) + m2(E7)),

Gy < CIIV* (w Tu) [ Vo)
< C(lu7 || oo IV u | + ([ V]| oo [ V0T ) | V0|
< e[V 4 Ce) ((EY) + 7(E)?)
and
T3] < [1(p7, 07 )| e (B)? < C(1+7]l(pf, 07)]] oo ) (E)?
< C(L+7(E* 4+ (B + |¢°)|)(EY)?
< C((EY)? + 7(EY)? + 72(E)") +ell¢”|I2.

By choosing ¢ sufficiently small and using assumption A.2, we conclude that (3.22)

holds and this completes the proof.

OJ
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Using Lemma 3.4, we can show that E? is uniformly bounded. In fact, from
Lemma 3.4, we derive that

d —~
77 <C(l+g+7%¢%, (3.24)

for some C' > 0, where g := (E%)?. We assume a priori that
g < 2T _ 1, (3.25)

We will show that g < %((EQGT — 1) holds if we choose 7 small enough such that

2 < 6251T—1‘ This justifies the a priori estimate (3.25) and thus proves our result.

In fact, if 72 < ﬁ, we get g < % and thus 7%¢g*> < g. Hence, the inequality
(3.24) turns into

%g < C(1+2g). (3.26)

Solving the above inequality, we immediately get g < %(eQaT —1). This finishes the
proof of the main Theorem 3.1.
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