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Structure of diffeomorphism-invariant
Lagrangians on the product bundle of metrics
and linear connections
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Abstract. Let pc: C = CN — N be the bundle of linear connections on a smooth manifold N
and let pyr: M — N be the bundle of pseudo-Riemannian metrics of a given signature (n*,n~),
nT 4+ n~ =n = dimN on N. The structure of the first-order Lagrangians defined on the bundle
M X C — N that are invariant under the natural action of the diffeomorphisms of N, is determined.
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PRELIMINARIES

Jet bundles

Let p: E — N be an arbitrary fibred manifold, i.e., p is a surjective submersion;
we set dimN = n and dimE = m + n. An automorphism of p is a pair of diffeomor-
phisms ¢: N — N, ®: E — E such that, po® = ¢ o p. The group of all such auto-
morphisms is denoted by Aut(p), and its ‘Lie algebra’ is the space aut(p) C X(E) of
p-projectable vector fields on E. Equivalently, a vector field belongs to aut(p) if and
only if each transformation ®; of its flow belongs to Aut(p). A natural group homomor-
phism Aut(p) — DiffN, ® — ¢ exists, the kernel of which is the subgroup of vertical
automorphisms of the fibred manifold, denoted by Aut"(p).

Latin (resp. Greek) indices run from 1 to n (resp. m). A system of coordinates (x', y*)
on an open subset V C F is said to be a ‘fibred coordinate system’ for the submersion p
if (x') is a coordinate system for N on U = p(V).

Let p': J'E — N be the 1-jet bundle of local sections of p, with natural projections
p'0 J'E - E, p'O(jls) = s(x), jls denoting the 1-jet at x of a section s of p defined on
aneighbourhood of x € N. A fibred coordinate system (x,y*) on V induces a coordinate
system (xi,y“,yf)j‘-) on (p'0)~1(V) = J'V as follows: y,"j‘-(j;s) = (d(y* 05)/dx))(x).
Every morphism ®: E — E’ whose associated map ¢: N — N’ is a diffeomorphism,
induces a map

o J'E—J'E', @ (jis) = jj(@osod™!). (1)
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If &, is the flow of a vector field X € aut(p), then d)t(l) is the flow of a vector field
X € X(J'E), called the infinitesimal contact transformation of first order associated
to the vector field X. The mapping aut(p) > X — X1 € X(J'E) is an injection of Lie
algebras, namely, one has (AX + u¥) D = Ax® 4+ uy® and [x,¥]M =[x y ()] for
all A,u € R, X,Y € aut(p). In particular,

X = ui%+va%, u' € C°(N),v* € C(E),
R A I A I S G Ll ouk

o~ = - . —y%* -
o TV gy TVigye Vi = 5 TG Tk G

The bundle J! (M(N) xy C(N))

Let N be an n-dimensional orientable and oriented connected smooth manifold. Let
py: M =M(N)— N (resp. pr: F(N) — N, resp. pc: C =C(N) — N) be the bundle of
pseudo-Riemannian metrics of a given signature (n",n~), n" +n~ = n (resp. the bundle
of linear frames, resp. linear connections) on N, see [3, 10]. Every coordinate system (xi)
on an open domain U C N induces the following coordinate systems:

1. (x!,y;x) on (py) ' (U), where the functions y jx = yy; are defined by,

gr =Y ij(8e)(dx)x ® (dx))x, Vgx € (pa) ™' (V).

i<j

2. (x,x) on (pp) 1 (U), where the functions x’; are defined by,

u= ((8/8xl)x,...,(8/8x")x) . (x’j(u)) ,x=pr(u),Yue (pr) 1 (U).

3. (xi,Ail) on (pc)~!(U), where the functions Ail are defined as follows. We first
recall some basic facts. Connections on F(N) (i.e., linear connections of N) are the
splittings of the Atiyah sequence,

(PF)s
0 adF(N) — Tgyu F(N) 5 T(N) — 0.
(cf. [1, 4, 7, 9]) where adF(N) = T*(N) ® T(N) is the adjoint bundle,
TGinr)(F(N)) = T(F(N))/Gl(n,R), see [3, 6], and gauF (N) = ['(N,adF (N)) is
the gauge algebra of F(N).

We think of gauF (N) as the ‘Lie algebra’ of the gauge group GauF (N). Moreover,
pc: C — N is an affine bundle modelled over the vector bundle @*T*(N)® T (N).
The section of pc induced tautologically by the linear connection I'" is denoted by
sr: N — C. Every B € gl(n,R) defines a one-parameter group @f: U x Gl(n,R) —
U x GI(n,R) of gauge transformations by setting (cf. [3]), ¢Z(x,A) = (x,exp(tB) - A).
Let us denote by B € gau(pr)~! (U) the corresponding infinitesimal generator. If (E ;) is



the standard basis of gl(n,R), then E; =Y, x;;o'?/ax;l, is a basis of gau(pr)~1(U). Let
E'; = E%modG be the class of £} on adF (N). Unique smooth functions A% on (pc) ™" (U)
exist such that,

J J i ll
w(3w) = a0~ WheDE

for every st and A;k(l"x) = l";k (x), where l"j.k are the Christoffel symbols of the linear
connection I in the coordinate system (x'), see [8, III, Poposition 7.4].

Natural lifts

Let fir: M — M, cf. [10] (resp. f: F(N) — F(N), cf. [8, p. 226]) be the natural lift
of f € DiffN to the bundle of metrics (resp. linear frame bundle); namely fis(gx) =
(f 1) gx (resp. f(X1,...., %) = (fiX1,..., fiXn), where (Xi,...,X,) € Fe(N)); hence
pmo fu = fopu (tesp. prof = fopr), and fyy: M — M (resp. f: F(N) — F(N))
have a natural extension to 1-jet bundles fl&l): JY (M) — JY(M) (resp. f(V): J'(FN) —
JY(FN)) as defined in the formula (1), i.e.,

A (te) = by ogor™)  esp. U (jls) = jb (Fosor ).

As f is an automorphism of the principal GI(n,R)-bundle F(N), it acts on linear
connections by pulling back connection forms, i.e., I" = f(I") where wp = (f~')*or
(see[8, II, Propisition 6.2-(b)], [3, 3.3]). Hence, a unique diffeomorphism fC: cC—-C
exists such that, for every linear connection I', 1) pco fc = fopcand?2) fC OST = SF(p)-

If f; is the flow of a vector field X € X(N), then the infinitesimal generator of (f;)
(resp. f;, resp. (fi)c) in DiffM (resp. DiffF (N), resp. DiffC) is denoted by X, (resp. X,
resp. Xc) and the following Lie-algebra homomorphisms are obtained:

X(N)—X(M), X — Xy,
X(N)— X(F(N)), X—X,
X(N) — X(0), X — Xc.

If X = u'd/dx' € X(N) is the local expression for X, then
1. From ([10, egs. (2)-(4)]) we know that the natural lift of X to M is given by,

)

Fraady

i<j

XM:ul

ou” '+8uh ' 0 e x(M)
Oxi Yhj ox/ Yih ayij .



and its 1-jet prolongation

h
(1) < du > 0
X yh S Yhi
M ; Ixi J ox/ h 8ylj
22" 22u"
_;j (8x’9xk Yhj ox/ axkyhi

+8uh N du" N Ju” d
axl‘ yhj7k axj yhl,k axk yl],h ayu’k .

2. From [35, Proposition 3](also see [8, VI, Proposition 21.1]) we know that the natural
lift of X to F(N) is given by,
T 0 Lo ou' N 0
U ox dx! % 8x’ ’

and its 1-jet prolongation,

S (1) _ -8 ou' N d du .,  Jdu %ul )\ 0
R PR R AN A R )
J7
3. Finally,
- . 0 0%u ou' ou’ oul . 0
_ i i IR L4
Xe=u oxt (8xk8x1 ox" et ox kAfs+ dx/ lk) 91‘\j‘k7
(1 -9 .0 ‘ 0
R TR TR T
Jk
, 0%u! ou ou’ ou”
Wik =~ anian T aw T gy g )
; 3u %ul | Iu u .
Wikh = T3ga%ag T 9 ik~ 3w s T 3 Ak
J oxloxkdxi ~ dx"ox" dxox dxhox/
au o' . ou . u!
to ;’k,h_ﬁAljs,h_ﬁ ;k,h_ﬁ St 3)

Let p: M xy C — N be the natural projection. We denote by f = (fu, fc) (resp.
X = (Xy,Xc) € X(M x  C)) the natural lift of f (resp. X) to M x y C. The prolongation
to the bundle J' (M x5 C) of X' is as follows:

o (1 (1) ¢ . d 0
x(= <XM , )— +I<Z;V,Ja —l—l;v,jk Vi +ij8A’ —i—wjkhaAlkh,
where
ou" ou"
Vij = *W)%j*ﬁy}u‘a
o%u" 9%u" ou" ou ou”

Vijk = — 8x"8xkyhj - axjaxkyih - W}’hj,k - ﬁ)’ih,k - ﬁyij,ha



and w' e wi Sen Ar€ given in the formulas (2), (3), respectively.

DiffN- and X(N)-invariance

A differential form @, € Q"(J'(M x5 C)), r € N, is said to be DiffN-invariant—or invariant
under diffeomorphisms—(resp. X (N)-invariant) if the following equation holds: (f))*®, = w,,
Vf € DiffN (resp. Lgy@, = 0, VX € X(N)). Obviously, “DiffN-invariance” implies “X(N)-
invariance” and the converse is almost true. Because of this, below we consider X(N)-invariance
only.

A linear frame (Xj,...,X,) € F(N) is said to be orthonormal with respect to g, € My(N)
(or simply g,-orthonormal) if g,(X;,X;) =0 for 1 <i < j<n, g(X;,X;) =1for 1 <i<nT,
g(X;, X)) =—1fornt +1<i<n.

As N is an oriented manifold, there exists a unique p-horizontal n-form v on M X y C such that,

V(g..[y) (X1,...,X,) = 1, for every g,-orthonormal basis (Xj,...,X,) belonging to the orientation

of N. Locally v = pv,, where p = 1/ (—1)"" det(y;;) and v, = dx! A--- Adx". As proved in [10,
Proposition 7], the form v is DiffN-invariant and hence X(N)-invariant. A Lagrangian density A
on J!(M x C) can be globally written as A = .£v for a unique function .Z € C*(J'(M xy C))
and A is X¥(N)-invariant if and only if the function . is X(N)-invariant; that is X(1)(.£) =0,
VX € X(N). Therefore, the invariance of Lagrangian densities is reduced to that of scalar
functions.

As the values for u”, du’/dx, 0*u" /dx'dx/ (i < j), and d3u'/dx'dx/dx* (i < j<k)ata
point x € N can be taken arbitrarily, we deduce that the equation X (l)(f )=0,VX € X(N) is
equivalent to the following system of partial differential equations

0=2(9%), Vi
0=X/ (%), Vhi,

0=X*(¥), Vh,i<k, )
ikh

0=x/"(2), Vi,j<k<h,
where
; d d d d
Xl = — P V. l
IR ; . s e a , 9
]h aAr hk aAr ]k S aAh Jh,r aAj'l"r hk,r aA_ls‘k ]k hyar aA;k ; ?
- S R RN N R
= Jih — Ykh — Yhj — Yhj - -
" " Iy Iyi =~ Oyijx O 0AL AL,
d d d i d e
A gar A raar T An g Angar ~Airgas
aA]s i Jkii kr,i aAJ; Jik ink
9 9 ? 9 ? ?
; =

—t+t—— 77—ttt 57>
aAljk,h aAljh,k 8’4;11{, j 9A, jik A, Jih aA;ch, j
From the above expressions it is easy to prove that the number of equations in system (4) is

n—l—nz—l—n(”H) +n(n+2) n(n§3)'



As a simple computation shows, we have

Proposition 1 The vector fields 0 /dx', X} ,X;;k,Xij K are linearly independent and span an invo-

lutive distribution on J'(M x C) of rank n("?3 ) Hence, the number of functionally invariant

Lagrangians on J'(M xy C) is ¢ (5n* +3n® — 5n% + 3n) .

THE FACTORIZATION RESULT FOR THE INVARIANTS

Let By be the sub-vector bundle of all the tensors 7 € A2T*N @ T*N @ TN such that
Sxyzt(X,Y,Z)=0, VX,Y,Ze TN, Vx€E N, and let consider the following mapping

Y:J' (M xyC)—Mxy ((NPT*NOTN) & (APT*NOT*NQTN) & By),
T (jx (8:57)) = (g0 (VF = VE) o (R), X2 (i (g5r)) )
where Y° (jl (g,51)) (X,Y,Z) = (VL TV) (X,Y)+ TH(TV (X,Y),Z) — R (X,Y)(2).

Theorem 2 Every X(N)-invariant Lagrangian function £ on J Y(M xx C) factors through Y as
follows: £ = £ oY, where

ZL:Mxy((°T*NRTN) & (NPT*NRT*NQTN) &By) — R

is a smooth function t_hat is, in turn, invariant under the natural action of X(N) on such tensorial
bundle, namely, X (£) =0, for all X € X(N), where X denotes the natural lift of X € X(N) to
M xy ((@?T*N®TN) @ (N’ T*NRT*N®TN) @ By).
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