D. Maékenzie
C. Nadarajah

J. Shi

Simple Bounds on Limit Loads by
Elastic Finite Element Analysis

A method for bounding limit loads by an iterative elastic continuum finite element
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analysis procedure, referred to as the elastic compensation method, is proposed. A
number of sample problems are considered, based on both exact solutions and finite

element analysis, and it is concluded that the method may be used to obtain limit-
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1 Introduction

In current practice, pressure vessel design by analysis is most
commonly based on elastic finite element analysis and the rules
defined in Codes such as the ASME Boiler and Pressure Vessel
Code Sections III and VIII (Division 2) [1] and BS5500 [2].
This approach gives rise to two significant problems in the
design: elastic analysis is used to assess possible inelastic fail-
ure mechanisms and the design by analysis rules are essentially
based on shell theory. These problems introduce the concept
of stress categories into the design procedure: the designer
performs the analysis and partitions the calculated stresses into
peak, primary and secondary stress categories, each of which
is associated with distinct failure mechanisms, (fatigue, gross
distortion and ratcheting, respectively) and subject to different
limiting values. Code guidelines are given for categorization
of stresses at particular locations arising from specific loading;
however, these guidelines are often based on shell theory con-
cepts such as membrane and bending stresses which are not
directly applicable to 2-D and 3-D solid finite element results.
A number of categorization techniques (such -as stress line-
arization [3] and reduced modulus categorization methods [4])
have been proposed to aid the designer in appropriate cate-
gorization of stress; however, to date, no satisfactory solution
has been found [5, 6] and stress categorization remains prob-
lematic.

The foregoing problems essentially arise from current prac-
tice: the Code rules in fact allow the designer to circumvent
categorization problems by performing plastic or limit analyses
of the component which, unlike elastic analysis, take account
of stress redistribution upon yield. (Indeed, it has recently been
argued that plastic analysis should be the preferred method
for assessing failure modes associated with gross distortion due
to a single application of pressure [7].) Plastic and limit analysis
can be performed using nonlinear finite element programs;
however, nonlinear finite element analysis is intrinsically more
difficult to perform than elastic analysis: material models
must be defined, the iterative solution procedure must be suit-
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load bounds for pressure vessel design by analysis applications with useful accuracy.

ably controlled, and much greater computing resources are
required. In order to make the transition from elastic to ine-
lastic or limit-load-based design for real structures, simplified
analysis methods are required.

One simplified method for calculating lower-bound limit
loads by iterative elastic finite element analysis has previously
been presented (see references [8-11]). The elastic compen-
sation method was developed from the reduced modulus stress
categorization method [12], in which the effects of material
inelasticity are simulated by repeated elastic analyses in which
the elasticity modulus of the component is systematically re-
duced at regions of high stress. Marriott proposed that this
method could be extended to limit analysis by using modulus
reduction techniques in conjunction with the lower-bound limit-
load theorem [13]. An alternative method of calculating limit
loads by repeated elastic analysis has been proposed by Ses-
hadri et al. [14]. In the GLOSS r-node method, statically de-
terminate stresses at locations referred to as r-nodes are
identified by iterative elastic analysis in which regions of high
stress have their modulus reduced, while regions of low stress
have theirs increased. The stresses at the r-node locations are
insensitive to the assumed material model and considered to
be reference stresses similar to creep reference stresses [15].

The object of the elastic compensation method as defined
in references [8-11] is to establish a stress field suitable for
substitution into the lower-bound theorem by systematically
modifying the local elastic modulus in a finite element model
S0 as to cause the stress to redistribute. Initially a conventional
elastic finite element analysis is performed for an arbitrary
load set, P;. This initial homogeneous isotropic solution is
taken as iteration zero in a series of linear elastic analyses, in

-which the elastic modulus of each element is modified ac-

cording to an expression of the form

On

5

where subscript / is the iteration number, ¢, a nominal stress
value, and o(;_j) the maximum (unaveraged) nodal equivalent
stress associated with the element calculated in the previous
iteration. This iterative procedure redistributes the stress in the
component and over a number of iterations the net effect is
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Fig. 1 Maximum stress for each iteration

to decrease the maximum stress in the model as illustrated in
Fig. 1.

A lower-bound limit load can then be calculated by invoking
the lower-bound limit-load theorem, which states that if a
statically admissable stress field in which the stress nowhere
exceeds yield exists for a given component under given loading,
the loading is a lower bound on the limit load. The elastic
compensation solution meets the first requirement of the lower-
bound theorem in that it is statically admissible (subject to the
usual finite element approximations). As the iteration solutions
are linear elastic, the stress magnitude is proportional to the
applied load. A lower-bound limit load can therefore be es-
tablished by calculating the load required to give a maximum
(unaveraged) nodal stress equal to the nominal yield strength
oy from proportionality. Considering the iteration giving the
lowest value of maximum nodal stress oz

=P
OR

where P; is the best estimate of limit load given by the foregoing
procedure. The applied load set P, is not restricted to single
loads and may represent multiple forces, moments, pressures,
etc., in the manner of proportional loading in conventional
limit analysis. This paper extends the foregoing method to
allow calculation of limit-load bounds by considering the up-
per-bound limit-load theorem.

2 Upper-Bound Limit Loads

The upper-bound limit-load theorem states that if, for a
given load set, the rate of dissipation of internal energy in a
body is equal to the rate at which external forces do work in
any postulated mechanism of deformation, the applied load
set will be equal to or greater than the plastic collapse load
[16]. Mathematically, a complete plastic collapse solution re-
quires definition of P and o, an equilibrium set of loads and
stresses respectively, and e and u, a geometrically compatible
set of displacement and strain increments, respectively. An
upper-bound solution requires only a partial or incomplete
plastic collapse solution to be defined; specifically, #* and ¢*,
representing any compatible sets of displacement and strain
increments, respectively, which define a geometrically possible
mode of deformation. The asterisk notation therefore denotes
a solution which is incomplete in the sense that the stress field

is not defined. Applying virtual work to the problem, it can

be shown [16]

D*dv 1)

EPL':*SS
14

where D* is the increment of dissipation of energy per unit
volume calculated for the incomplete solution. The increment
of energy dissipation per unit volume for a Tresca perfectly
plastic material is given by the expression
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where 1 &*| is the greatest principal strain rate magnitude. In
the case of a Mises perfectly plastic material, the more complex
expression

: 2 vy .
D*=0y\/'3' (512+ E;2+ 6;2)

is valid, where | é,-*lz i = 1, 2, 3 are the principal strain rates.

The upper-bound theorem requires the definition of a geo-
metrically possible mode of deformation for the compo-
nent: essentially, compatible sets of displacement and strain
increments must be defined. This is done automatically when
the elastic compensation iteration procedure is applied to a
finite element model. The elastic compensation procedure re-
sults in an anisotropic inhomogeneous linear elastic solution,
the compatible displacement and strain fields of which can be
used to define a geometrically possible mode of deformation
of the structure.

An upper-bound limit load for a structure can be obtained
by substituting the elastic compensation displacement incre-
ment field #* and strain increment field ¢” into the upper-
bound theorem as expressed in Eq. (1). However, this approach
can lead to practical problems as calculating the work term
can be laborious if corresponding load and displacement vec-
tors are not directly accessible in the finite element program,
(pressure loads on nonplanar surfaces present particular prob-
lems). In practice, it is more convenient to take advantage of
the linear elastic nature of the elastic compensation solu-

tion: as the solution is elastic, the external work done must
equal the elastic strain energy of the structure; thus
LPu* = S oe*dv
v

where o is the elastically calculated stress, and ¢ * the elastically
calculated strain increment. Thus, the upper-bound theorem
inequality may be written

S aé*stS D*av )
v’ 1 4

Example 1: Two-Bar Structure. The limit load of a simple
two-bar structure as illustrated in Fig. 2 was considered in
reference [8], where it was shown that the limit load given by
the elastic compensation method was identical to the exact
limit load, given by the expression

Fi _Ly(A +Ay)
where F; and Fy represent limit load and yield load, respec-
tively. The same result is found if the elastic compensation
solution is substituted into the upper-bound limit-load theorem
as given in the foregoing. The elastic stress in each bar may
be evaluated simply as

. FE\L, FE,L,
=—-————» a o ———
'""AE\Ly+ AEoL, 2 AE Ly + AE,L,

Transactions of the ASME

Downloaded From: https://pressurevesseltech.asmedigitalcollection.asme.org on 06/29/2019 Terms of Use: http://www.asme.org/about-asme/terms-of-use



Fig. 3 Beam under pure bending

where initially E, = E, = E,, Assuming bar 2 to be longer
than bar 1, first yield will occur in bar 1 when F = Fy
FyL,
o ==y
AL+ AL, T

Using elastic compensation, the elastic modulii in the bars
are corrected based on the results of the initial elastic analysis
according to the expression

S
E,=E,~
I

where E,, is the modified modulus, E, is the original modulus,
o the elastically calculated stress in the bar, and S an arbitrarily
chosen value of stress. Substituting the expression for corrected

modulus into the bar stress equations gives
F F
o= o=
WA+A, P A+ A,

that is, oy = o,. Applying the upper-bound theorem to the
elastic compensation analysis gives

S oedV-———S oyedV
v v

which simplifies to
2 2
Z 016, V= Z oyeVie oy =0,=0y
=1 i=1
for the simple bar structure. Substituting the expressions for
g1, oy and oy into the foregoing gives

FL_L, (A41+4,)
Fy AL,+AyL;
which agrees with the exact solution.

Example 2: Beam Under Pure Bending. The limit load of
arectangular beam under a pure bending moment as illustrated
in Fig. 3 was considered in reference [8], where it was shown
that the limit load given by the elastic compensation method
was identical to the exact limit load

3
ML:EMY

The same result is found if the elastic compensation solution
is substituted into the upper-bound limit-load theorem as given
in the foregoing. Applying the elastic compensation procedure
to the beam results in the following strain and stress distri-
butions [8}:

_ g2 Mz
€@ =TT oM
2 Mh
G(z)=E(z)€(z)=§‘}“

where E, is the initial elastic modulus, My the moment at first
yield, and « an arbitrary constant such that 0 < o < 1.
Considering symmetry, applying the upper-bound theorem
gives
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Fig. 4 Plot of strain energy and energy dissipation against applied
external load
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which simplified and rearranged yields the exact limit load

3
Mi==M
=5 My

3 Upper-Bound Limit Loads by FEA

In a linear elastic analysis, the upper-bound theorem may
be expressed by inequality (2)

S ot*dv= S D*dv
VvV |4

or
U=D
The strain energy U of a linear elastic body varies with the
applied load set squared. The dissipation of internal energy D
varies directly with the applied load set. Thus,

U= S o€ dv=AP (3a)
1 24

D= S D*dV=BP (3b)
14

Plotting strain energy and energy dissipation against applied
external load gives curves of the form shown in Fig. 4.

When the strain energy and energy dissipation curves inter-
sect, the load is an upper bound on the limit load. The inter-
section can be calculated by performing an analysis for an
arbitrary load set P; and evaluating the corresponding strain
energy U, and energy dissipation D;. Substituting the calcu-
lated values into Eqs. (3a) and (3b) gives

and the strain energy and energy dissipation may be expressed
as

U D
U=2 P D==P
1 Py
The applied load set P is an upper-bound limit P, load when
U = D; that is,
Y
P}
and, hence, the upper-bound limit load is given by the expres-
sion

D
Pﬁ=}:l'Pu
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Fig. 5 Beam under combined loading
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Fig. 6 Beam under combined loading limit-load bounds by iterative
elastic analysis

.Fig. 7 Nozzle/sphere intersection
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4 FEA Examples

In this section a number of example problems are investi-
gated by finite element analysis using the program ANSYS
[17]. The upper-bound solutions calculated in the finite element
analysis are approximate as the strain energy and energy dis-
sipation integrals are calculated approximately by a summation
based on element centroidal data and volume. Nonlinear elas-
tic-plastic finite element analysis, used for comparison pur-
poses, is based on an elastic-perfectly plastic material model.

Beam Under Bending and Tension. As an example of the
foregoing, consider a beam of unit width and depth under
combined direct and bending loading, as illustrated in Fig. 5.
The theoretical collapse load of a cantilever beam of unit width
under direct force P and moment M is given by the expression

-]

My 2
where, for a beam of depth d, Py = oyd and My = oyd*/6.
In the finite element model, 12 linear quadrilateral plane
stress elements were taken through the depth of the beam. Up
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Table 1 Series A nozzle dimensions
NOZZLE r, 7 R, R, H
(mm) {mm) (mm) {mm) (mm)
Al 150 155 500 505 600
A2 100 120 500 520 600
A3 250 255 500 520 460
A4 250 260 - 500 510 550

Table 2 Series A limit pressures (N/mm?)

NOZZLE Lower Bound E-P Upper Bound Robinson & Gill
[9]
At 2.09 2.34 2.6 2.15
A2 i5.9 17.8 18.4 18
A3 5.87 6.4 6.48
A4 4.08 4.86 4.4

Table 3 Series B nozzle dimensions

NOZZLE r r R, R, H
{mm) (mm) {mm) {mm) (mm)
B1 150 155 500 505 600
B2 100 120 500 520 600

Table 4 Series B limit pressures (N/mm?

Specimen § Lower Bound E-P Upper Bound Lower Upper
Bound [19] | Bound [19]

B1 47.5 57.5 63.7 33.71 37.46

B2 104.2 117 142,5 170 233.3

to 8 iterations were performed for each model and the modulus
correction equation used throughout was

20E3

E=E; n—
O (i—1)max
where o(;_ ymax i the maximum (unaveraged) nodal stress cal-
culated in the previous analysis. The bounded limit surface
given by the elastic compensation procedure is compared with

the exact solution in Fig,. 6.

Nozzle/Sphere Intersection. Limit-load bounds were cal-
culated for six thin nozzle/sphere intersections. The models
were created from higher order (quadratic) axisymmetric ele-
ments with three or four elements through wall thickness. The
modulus correction equation used was

200

O (i—1)max

E=E; y

where o (;_ jmax iS the maximum (unaveraged) nodal stress cal-
culated in the previous analysis.

Series A intersections, defined in Table I and Fig. 7, were
subjected to internal pressure loading only. Lower and upper-
bound limit loads obtained by the elastic compensation pro-
cedure are compared with elastic-perfectly plastic finite element
analysis, and the lower-bound results of Robinson and Gill

. [18] in Table 2. Series B intersections, defined in Table 3 and

Fig. 7 were subject to radial downward load on the nozzle
only.

Lower and upper-bound limit loads obtained by the elastic
compensation procedure are compared with elastic-perfectly
plastic finite element analysis and with rigid-perfectly plastic
analysis upper and lower-bound solutions in which the nozzle
was considered to be a rigid boss [19] in Table 4.

Torispherical Head. Limit-load bounds were calculated for
four torispherical heads as defined in Fig. 8 and Table 5.
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Fig. 8 Torispherical head geometry

Finite element models were created in ANSYS using a uni-
form mesh with six higher order (quadratic) quadrilateral
axisymmetric elements through wall thickness. The modulus
correction equation used was

where ;- ymax i the maximum (unaveraged) nodal stress cal-
culated in the previous analysis. The calculated limit-load
bounds are compared with the elastic-plastic calculated limit
loads (pressure at 1 percent equivalent strain) in Table 6.

5 Discussion and Conclusion

In general, the elastic compensation limit loads calculated
in the foregoing sample analyses are found to be of useful
accuracy, particularly in the case of the upper-bound loads,
which are very close to the inelastically calculated limit load.
However, it should be noted that the calculated upper-bound
limit loads may not be true upper bounds as the energy integrals
calculated in the sample analyses are approximate values, based
on centroidal stresses and strains. Elements which integrate
the energy terms by Gaussian quadrature are currently being
developed by a colleague of the writers and it may be that the
true upper-bound loads are higher.

The proposed method has several features convenient to the
design engineer: it can be implemented automatically in
standard linear elastic commerical finite element programs
(thus, minimal manual intervention is required) and, unlike
nonlinear methods, detailed inelastic material models, loading
histories and nonlinear iteration/convergence controls are not
required. However, investigation of the procedure is at an early
stage and further work is required to examine the effects of
mesh density, etc., on the accuracy of the solution [20].
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