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A mathematical model which reproduces several qualitative 
features of cancerous tumor growth is proposed. The onset 
of unstable growth is characterized by a dimensionless number, 
which is defined in terms of the parameters describing the 
system. Patterns of mitotic activity of the model system are 
compared with experimentally observed patterns of mitotic 
activity in cancerous tissues. 

I Introduction 
LATERALLY spreading inhibitory and excitatory interactions 

play important roles in the development and stabilization of 
spatial patterns in a wide variety of biological systems. For ex­
ample, inhibitory synaptic connections in neural networks can 
lead to the observation of edge effects and Mach bands in visual 
perception [1, 2];2 regular spatial patterns of structures in a 
homogeneous field (hairs on insects, stomata on leaves, cacti in 
deserts) can arise as a result of inhibition of new structure 
formation in the region of a structure already present [3-5]; 
gradients of diffusing metabolites might determine developmental 
fields in simple organisms [6, 7] and embryogenesis [8, 9]. In the 
following we show how diffusible mitotic inhibitors can act to 
regulate tissue size in normal and cancerous growth. 

There is good evidence that control of cellular replication in a 
number of mammalian tissues is at least partially determined by 
a negative feedback from the tissue itself [10-12]. The agents 
of negative feedback, called "chalones," are tissue specific, 
mitotic inhibitors produced by the tissues. Chalones have been 
isolated (but not in pure form) [13-15] and have been found to 
inhibit mitosis via a sigmoidal curve [16]. For low chalone con­
centrations the mitotic rate is high, but as the chalone concen­
tration is increased through some critical range, the mitotic 
rate rapidly decreases and remains at a comparatively low basal 
rate for high chalone concentrations. It has been suggested that 
a breakdown in the normal functioning of this chalone mech­
anism may be responsible for the uncontrolled (but potentially 
controllable) tissue growth in at least some cancers [12]. Strong 
supporting evidence for this hypothesis comes from a study of 
the pattern of tumor growth [17], as well as experimentally in­
duced regression of tumors in rodents following treatment with 
solutions believed to contain tissue specific chalones [18-20]. 
In Section II we propose a theoretical model for tissue size 
regulation via negative feedback from the tissue itself. The 
model, which is schematic and confined to one dimension, il­
lustrates the qualitative properties of the chalone mechanism. 
In Section III, the observed patterns of growth for the model 
system and for cancerous tumors are compared. The results are 
discussed in Section IV. 

I! Instability in th@ Chalone Control Mechanism 
We assume the target tissue is of length, L, and extends 

x = — L/2 to x = L/2. The tissue produces chalone at a rate 
P(l~H~l), the chalone diffuses with a diffusion coefficient D(lH~l), 
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and decays at a rate \(l~l), proportional to its conccnirnr 
Beyond the target tissue, the chalone continues to diffuse • 
decay but is not produced. This system may be reprewiUo.,) i 
the diffusion equation ^ 

dC n d*C 

(1) 

where the source term, S(x), is given by 

S(x) = 1 \x\ <l 

S{x) = 0 |a;| > 
(*J 

We assume that tissue growth is regulated by the conc;MUriiti0I, 
of the chalone by a switch mechanism [16]. If M(l'lt') is t | ' 
mitotic rate, we have 

M = 0 C > 0 

M = Mo C < 0 (3) 

If the concentration of chalone is lower than threshold at M)mi: 
place in the tissue, mitosis and subsequent growth will occur 
This will result in a larger tissue and a new distribution uf 
chalone. The growth process, however, takes place very slowly 
with rapidly growing tumors enlarging at a rate of approximately 
0.1-0.5 mm/day [17], in comparison with the transport- nini-ha. 
nisms which rapidly establish new distributions of clmloiie fo 
perturbed tissues [16]. Consequently the size of the tissue nmv br 
considered stationary and the distribution of chalone computed. 
If a tissue grows until it reaches a size in which the distrihuiinn 
of chalone is everywhere greater than d, growth will con*!. 

The chalone concentration may be readily computed for this 
system by using Green's function techniques [21]. For i-qunlion 
(1) we find that for long times the concentration of chulonc ii 
given by 

C(x) 
s / —o 

dx'G(x - x')S(x') W 

where S(x) is given in equation (2) and the Green's function for 
the diffusion equation is 

G(x) 
2s/D\ 

exp Wlw) (5) 

Equation (4) may be immediately integrated to find the chalone 
concentration. After some algebra and simplification wo find 

e».J{.-[-*^.][^(-^i)J| 
for |x| < 

C(x) - ;,„k^l][»P(-y|w); 
for \x\ > - m 

For a tissue of any size, the chalone concentration is thorefow 
maximum at the center of the tissue and is given by 

cm = £ 1 — exp (~V££) (I) 

The chalone concentration monotonically decreases to & c0"' 
centration 

(|i|)-s['—(-VH] (« 
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Fig. 1 TI10 stable sizejrf the model tissue described in the text, 
plotted in units of V D/\, as a function of n. For n <1 , the model is 
unstable and limitless growth will occur. 

at the edge. As the size of the tissue increases, the concentration 
of the chalone reaches a limiting maximum value of P/\ at the 
center of the tissue and P/2\ at the edge of the tissue. In order 
for growth to cease, the chalone concentration must everywhere 
in the tissue be greater than 6. Defining the dimensionless 
variable, n, 

_P_ 

2X0 
(9) 

we find that limited growth will occur for n > 1. If this condition 
does not hold the tissue will be unstable and limitless growth 
will ensue. 

For tissues in which n > 1, the size of the tissue will be deter­
mined by the parameters governing the chalone production, 
decay and transport. Since the chalone concentration is a 
monotonically decreasing function of distance from the center 
of the tissue, the concentration of chalone will be everywhere 
greater than the threshold, 0, if it is equal to 0 at the edge of the 
tissue. Substituting in equations (8) and (9) we compute the 
size of the stable tissue L„, to be 

- a- (H-,) (10) 

for tissues in which n > 1. This dependence is plotted in Fig. 1. 
For this model, the singularity in equation (10) at n = 1 cor­
responds to the region of limitless tissue growth which is found 
m cancerous tumors. A small change in the parameters describing 
production and decay of the chalone, may be sufficient to switch 
a previously stable, well-regulated tissue to a system of limitless 
growth. Conversely, a system in the region of limitless growth 
can be brought under control by increasing chalone concentra­
tion artificially. In recent experimental work, remission of cancer 
has been achieved by administering chalone derived from the 
tissue of origin of the malignancy. Although further experimental 
verification and extension of these results is needed, remission 
"as been achieved for melanomata tumors in mice and hamsters 
'.V treatment with melanocyte chalone [IS], chloroma tumors in 
rats by treatment with granulocytic chalone [10], generalized 
Rfanulocytic leukemia rats by treatment with granulocytic 
jnalone |20|. These experimental results indicate that changes 
in the concentration of chalone can markedly alter the stability 
Properties of growing malignant tissue, in vivo. 
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Fig. 2 The fraction of tissue mass engaged in active mitosis, R, as 
a function of the size of the system, plotted In units of VD/x, for 
several values of the dimensionless variable, n 

III Mitotic Patterns in Stable and Unstable Growth 
For stable tissue growth (n > 1), the chalone concentration 

will everywhere be less than the mitotic threshold and mitosis 
will occur throughout the tissue when the tissue is small. As the 
tissue increases in size, the chalone concentration will exceed 
the mitotic threshold in the central tissue, resulting in a peripheral 
mitotic pattern. The growth zone will be confined to an in­
creasingly narrow region at the periphery of the tissue and will 
eventually disappear at the stable tissue size (Fig. 2). 

In constrast, for unstable tumor growth (n < 1), mitosis either 
occurs throughout the entire tissue for all stage of growth, or 
becomes confined to a peripheral zone which reaches a constant 
width as the tumor enlarges. The width of the zone of active 
mitosis can be computed for the unstable growth regime. Con­
sider a point located a distance W, internal to the tissue from 
the edge of a growing tumor of size L. The chalone concentration 
at W can be found from equation (6) and is given by 

C{W) " p > ~ 

OTp(~V£lr)-exp["V^(L" W) 

(11) 

If the chalone concentration at W is equal to 0, active mitosis 
will occur only in the regions lying peripheral to W. Further, 

for large tumor , s ( , » ^ ) the last term on the right-

hand side of equation (11) makes a negligible contribution to 
the chalone concentration at W, for the region in which W << L. 
Kquating the right-hand side of equation (11) to 6, and dropping 
the last term, we compute the width of the peripheral zone of 
active mitosis, Ws, to be 

W, -VF-(^T) (12) 

In Fig. 3 we give W, as a function of n. Three regimes are present. 
For n > 1, there is stable growth, equation (12) does not hold, 
and W, is zero throughout the range. For 0.5 < n < 1, there is a 
peripheral zone of constant finite width of active mitosis for 
large tumors. At n = 0.5 there is a singularity in equation (12), 
so that for n < 0.5 there is continuous active mitosis throughout 
the tumor for all tumor sizes. 

Mitotic patterns in cancerous tumors have been studied. In 
early work, Mayneord observed a peripheral mitotic pattern in 
rapidly enlarging tumors, but attributed the existence of this 
zone to cellular degeneration (necrosis) in the central tumor 
mass [221. In more recent, work, mitotic figures were observed 
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Fig. 3 The width of the zone of active mitosis for large tissues (/- > > 
V O/X) plotted in units of V D/\, as a function of n 

throughout the tissue for small tumors, while in larger tumors a 
peripheral mitotic zone was observed. For some specimens, 
close examination of the central mass of the growing tumors with 
peripheral mitotic zones revealed no evidence of necrosis, and it 
is possible that gradients of mitotic inhibitors were responsible 
for the observed growth pattern [17]. I t is interesting to note 
that a direct consequence of having an active mitotic zone of 
constant width is that tumors will grow at a constant linear rate 
(or equivalently, at a rate proportional to the cube root of 
tumor volume) [22]. In studies of the dynamics of tumor growth, 
this simple functional dependence has been observed [23, 24], 
However, in more recent work it has been argued that a better 
description of tumor growth is given by the Gompertz growth 
curve, and that the simple linear growth occurs over only a 
limited region of tumor growth [25]. 

IV Discussion 

The model presented here is schematic. Important factors in 
the systems regulating tissue size have been ignored in an at­
tempt to represent in simple mathematical form an instability 
which can lead to cancerous growth of tumors. I t is important 
to determine whether the qualitative features discussed will be 
preserved for more realistic mathematical models of growing 
tissues. For two and three dimensional systems, both the in­
stability and the peripheral growth zone will be observed. Of 
more critical importance is the effect of substituting experi­
mentally observed continuous mitotic control functions for the 
discontinuous switch assumed in equation (3). In recent studies 
of the dynamics of biochemical control networks, it was observed 
that important qualitative features of the dynamics of these 
networks remained invariant to modifications of control func­
tions of just the sort encountered here [26, 27]. Similarly, it is 
anticipated that the qualitative properties of the mitotic control 
network will also be preserved. However, for continuous control 
functions, the zone in which mitosis is actively occurring will 
not have a sharp boundary, but there will be a transition zone 
between regions of high and low mitosis. The width of the transi­
tion zone will depend on the slope of the mitotic control function, 
and will increase as the control function becomes less steep. 
Other modifications are needed if mitosis is never completely 
inhibited in the target tissue, but occurs continuously throughout 
the life of the organism. When this occurs, as it does for example 
in epidermal tissue, the rates of cell aging and cell death will be 
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important and must also be considered in determining tln> |j 
size [28]. For other tissues, in which the ability to replirii , •'" 
almost completely lost, (for example, neural tissue and -,lij.,| 
muscle) or for tissues in which replication is negligible ufior •' 
initial growth phase unless there is some perturbation |., ij 
tissue such as partial removal of tissue (for example, liver i; 
or renal tubules) [29], the aforementioned analysis will ilm.i 
For these systems, there will exist interrelationship between n" 
geometry of the growing tissue, mitotic patterns, and M-il)Jijt.. 
characteristics of the mature tissue after alteration of it-; m m " 
etry. 

I have analyzed a mathematical instability which will |(>n,| , 
uncontrolled growth. In order to determine whether thi-s th,, 
retical model is appropriate for studying cancer, careful expe, 
mental investigation of the parameters involved is nece-,ar„ 
Of primary importance is the isolation and characterisation I' 
pure chalone, so that accurate determinations of mitotic re^pm,. 
to varied extracellular and intracellular chalone concern nil ion, 
may be undertaken. An understanding of the control -.v-ileta, 
regulating cellular proliferation should lead to the develunmpni 
of successful therapies for malignant growth. 
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Adaptive Control of Respiratory Mechanics 

RAIMO p. HAM ALAS NEW 

A hierarchial model is proposed to describe the performance 
principles of the adaptive system controlling respiratory 
mechanics. The decision criterion of the controller is modeled by 
a two-level minimization criterion, where the inspiratory and 
expiratory flow patterns are determined on the lower level and 
the overall pattern of breathing on the higher level. The objective 
junctionals are related to the effedivity of breathing. An ex­
tension of the lower level model to include control of the rib cage 
and abdomen separately is also reported. 

introduction 

HIERARCHY and adaptivity are typical characteristics of 
physiological control systems. In order to gain a deeper insight 
into the function of the regulators in man, the systemic approach 
and mathematical modeling have to be used. Large scale human 
systems are often divided into seemingly independent, in reality 
highly interconnected, blocks. When examining these blocks it 
is impossible to control all the relevant inputs and outputs 
simultaneously under experimental conditions. The only way 
to try to cope with the increasing number of variables in dy­
namical subsystems is to build a simulation model. 

Simulation with black box models cannot, however, explain 
the ability of the system to learn, i.e., to adapt itself to new 
circumstances. To account for this adaptivity the model must 
include some kind of performance criterion. A natural choice is 
a minimization criterion. The system learns the new circum­
stances through a continuously active identification or self-
"ptimijiiiig process correcting the operation of the system so 
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that it minimizes the objective functional in question subject to 
the possible constraints on the control variables. 

The mechanical breathing process is a typically adaptive sys­
tem whose main purpose is to meet the ventilatory demand 
determined by the chemical state of the blood. The desired 
ventilation level can, however, be achieved in many ways, thus 
a decision is needed to choose between the different alternative 
control strategies for the mechanical system. Our work con­
centrates on the adaptive nature of the system. Its performance 
principles are studied with the aid of mathematical modeling. 
The models we have developed will be dealt with in this paper. 

Modeling Adaptivity 

The early works by Rohrer [ll]2 and Otis, et al. [8] were based 
on the minimum respiratory work rate criterion. They used a 
sinusoidal airflow shape and found that an optimal breathing 
frequency existed. Mead [7] showed that a minimum force 
amplitude criterion would give better results. Widdicombe and 
Nadel [13] included control of the airway dimensions in the 
former models and obtained an optimal dead space volume with 
respect to both criteria. There has been only one attempt [12] 
to find criteria that explain the shape of the respiratory airflow 
curve. The authors suggested minimum mean squared accelera­
tion as the performance function for humans. In closed form 
their solution is a parabolic curve for both inspiration and ex­
piration and it does not deviate much from a sine-curve. 

None of the previous models have been able to predict the 
effects of increased ventilation or external loading on the in­
dividual respiratory variables of test subjects. In these papers 
the aim has merely been to prove that breathing is optimal with 
regard to minimum effort or maximum gas exchange. Our main 
hypothesis, on the contrary, is that the system is adaptive, and 
thus it is also assumed that it must have some criterion for 
decision making in adaption. A similar idea is presented in the 
qualitative model of Priban and Fincham [10]. 

In the case of such subprocesses as breathing the criterion is 
probably not so clear and general as the principle of minimum 
energy expenditure, although energy cost seems to be an es­
sential component. It should be noted that in large scale systems 
partial optima need not necessarily yield the total optimum. 
Further, it is very difficult to define precisely all the tasks that 
different subsystems are performing, yet these tasks should be 
reflected in the corresponding performance criteria. 

In the first stage we have tried to find a physiologically meanr 
ingful performance criterion expressed in mechanical entities, 
that successfully explains the spontaneous breathing of test 
subjects . To do this it has been necessary to extend the number 
of variables studied and to make the assumptions less restrictive 
and more detailed. In the earlier studies, for instance, the dif­
ference in the duration of inspiration and expiration and the 
active role of the muscles in the expiratory phase were neglected. 
Moreover, as far as we know this is the first time that a model 
has been used to study the control of the rib cage and abdomen 
with respect to adaptivity. 

Nomenclature 

The following symbols are used in the two models: 
Common symbols 

VA — average alveolar ventilation, 1/s 
VT = tidal volume, 1 
Vo = change of end expiratory lung volume, 1 
h = duration of inspiration, s 
h = duration of expiration, s 
h = duration of end expiratory pause, s 
J = objective functional 

'Numbers in brackets designate References at end of Brief. 
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