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Abstract

This paperpresentsa MATLAB tool for interact-
ive transferfunction analysiswhich can be used
to enhancestudentsandengineersunderstanding
of systemcharacteristicsandbehaviour. It allows
a userto develop an intuitive feeling for the rela-
tionshipbetweentimeandfrequency domains,and
locationsof rootsof a transferfunction.

Keywords : Systemcharacteristics,Interactive
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1 Introduction

It has becomea common practice to use
numerically highly intensive algorithms to
designand analyzecontrol systems. Iterat-
ive, recursive and searchmethodsare part
of the standardtoolbox for a control system
designer. Examplesare the increasinguse
of MATLAB (which is after all a numerical
tool), � -synthesisfor Robustcontrol(in which
the non-convex problem is solved using D-
K-iterations[4]), applicationsof genetical-
gorithmsandlearningschemesfor neuralnet-
works. This trend is capableof trainunga
generationof engineerswho candesigncon-
trol systemson the fly, an yet do not have a
full understandingof the dynamicsandrela-
tionsthataccountfor asystemsbehaviour.

On theotherhandtherearecontrolsystem
scientists,whosolvefor controllersin ahighly
mathematicalfashion,not rarely only in the
frequency domain. Also here the scientists
have oftenlost the touchwith a physicalsys-
tembehaviour.

Indicationsfrom R&D centersin industry

point out that thereis an increasingneedfor
a systemsapproachtowardsdesign. A top
down approachandthusacomprehensiveun-
derstandingof thesystemurgesto bethewin-
ningmethodfor moderncontrolengineering.

The MATLAB softwaretool describedin
this paperallows for interactively designinga
systemdescribedby alineartransferfunction.
DuringthedesignprocessineithertheLaplace
domain,thefrequency domainor thetimedo-
main,thesystemcharacteristicswill besimu-
latedon-linein theotherdomains.Theeffect
andapplicationsfor interactive designmeth-
odologywill bediscusseafterwards.Similar
work hasbeendoneby [2].

2 Interactive Design

Figure 1 shows the MATLAB graphicalin-
terfacewindow for the interactive designof
a linear system,representedby the transfer
function��� � ���	� � ��
� � � � ��
� � � � � � � ��
� � �� ��
�� � � � ��
�� � � � � � � ��
� � � (1)��� � � ��
 � � � ��� � 
�� � � 
 � �� ��
��� � � � � 
	� � � 
� � � (2)

Thetransferfunctionequationsaredisplayed
in a text window. Threegraphsaredisplayed
for thissystem,thatpresentthesystemschar-
acteristics. They are the pole-zeroplot, the
Bode diagramand the step response. The
curvescanbegeneratedwith MATLAB, once
thenumeratoranddenomenatorareknown.

A usercaninteractwith thesoftwareusing
keyboardandmouseto
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Figure1: ScreenShotof themaininterfacewindow in theMATLAB Simulator.

1. designin thecomplex domainbymoving,
addingor deletingpolesandzerosonthe
s-plane,

2. designin thefrequency domainby modi-
fying the shapeof the gain in the Bode
diagram,

3. designin the time domainby modifying
the shapeof the transientin the stepre-
sponse.

The softwarewill draw a root-locus in the
Laplacedomainwhenrootsarechanged,due
to interaction in the frequency or time do-
main. Additional functionalityis listedby ty-
ing help idesign on theMATLAB com-
mandline.

We must point out that the effect of in-
teractive tools can hardly be explained in
words. The appreciationis beyond doubt
after hands-onexperiencewith the software.
A copy can be received by sending to
smid@oakland.edu. A livedemowill be
partof thepresentationof this paper.

In thenext sectionsit is explainedhow the
sequencefor interactionin either domainis

actually achieved. In eachdomain it is the
objective to derive a new transferfunction,
that can be simulatedin the threedomains.
Mostof thederivationscanbefoundin control
textbookslike [1].

2.1 Laplace Domain

Dragging a crossor circle in the pole-zero
planewill relocatethepolesandzerosof the
systemrespectively. Pressing will add a
zeroat thecurrentmouselocation,pressing!
will adda poleandpressing" !$#&% ' will delete
either.

Whenthe imaginarypartsof two complex
conjugatepolesor zerosarevery small, they
will bemergedto one. Similarly, whena real
poleor zerois draggedoff therealaxis,it will
besplit into a complex conjugatepair.

Obviously, changingthe poles and zeros
will automaticallyreturnthenew coefficients
for thenumeratoranddenomenator.



2.2 Frequency Domain

To representpolesandzerosonthefrequency
axis, their naturalfrequency (*) mustbe de-
rivedfrom theirdistancein theLaplaceplane,
to theorigin. So,for apole +�) ,
(*)-,/. +�) . ,10 Re2 +�) 3 4*5 Im 2 +�) 3 4 6 (3)

Thedampingratio 7 ) for apoleis represen-
tedby its anglewith therealaxis. Generally,
for acomplex pole +�) ,

7 )8,19�: ; <-= +�)8,19 Re2 +�) 3. +�) . 6 (4)

The steadystategain can be found from
Equation(2) as>@?*A ,	B C DE FHG I�J K L ,�M NO P (5)

If QSRUT , the systemis strictly properand
will thusattenuatefor high frequencies.TheVXW

gaincanbecalculateas>@Y*Z ,[B C DE FH\ I�J K L ,]M G. K P ^ N . 6 (6)

Polesin asystemrepresentphaselagsin the
Bodediagram.A singlerealpole(a lag) will
causethe gain-frequency curve to decrease
with aslopeof -20dB/dec.A complex double
pole causesa slopeof -40 dB/dec. A com-
plex doublepole also shows a narrow band
resonancegain, proportionalto its damping.
Zerosrepresentphaseleadsandwill causean
increasein gain for an increasingfrequency,
in a similar fashion.

Polesandzeroscanberelocatedto change
eitherthefrequency ordamping.A setof com-
plex conjugatepolesor zeroswill bemerged
toarealpoleor zero,if theirdampingratios 7 )
becomes1. Similarly, if a realzerois moved
downor arealpoleismovedup,it will besplit
into adoublezeroor pole.

For example,supposethesystemto beana-
lyzed hasonezeroandtwo poles, _ `a,�b�6 c ,+8`�,	b�6 d�5Xd&e and+ 4 ,	b�6 dH9fd&e . Thissystem
is representedby I�J g ( L in Figure2, which is
thesuperpositionof thezero(givenby h J g ( L )
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Figure2: TheSystemis factorizedandsuper-
posed,whenapoleor zerois changed.

andof the complex poles(given by i J g ( L ).
Notice that the dottedgain for the resonance
peakof the doublepole is equalto the gain
of the total systemrelative to the trendof the
zero.

To changea pole + N of thesystem,thefol-
lowing sequenceof actionswill takeplace.

1. Eliminated the pole from the transfer
function

2. Calculatethe dampingfrom the desired
gainrelative to thegainof theremaining
system

V J K L .
3. Fromthisgainandthedesiredfrequency,

derivea poleor doublepole

4. Add thenew poleor pole-pairto
V J K L by

convoluting it in thedenominator.

whereV J K L , I�J K L J K 5�+ N L , if real (7), I�J K L J K 5�+ N L J K 51j+ N L , if cplx(8)

Thegainoffset,relative to
V J K L is givenbyk V , I N. V J K L . l (9)

where I N is the desiredgain, which is just
the amplitude,pointedat with the mousein
theBodediagram,hencethey-positionof the



mouse.If m8n[o	p , thenarealpoleisassigned
at thecurrentfrequency. Thusq�r s t�u n r s t pr s�v�w*xHt�y (10)

where
w*x

is the frequency which the mouse
pointsat, hencethe x-positionof the mouse.
Toattenuatefurtherfor thisfrequency,thepole
shouldbemovedtoalowerfrequency orazero
shouldbeadded.

If m8n{z|p , the mousepoints above the
systemgain curve. Then the dampingcan
de calculatedas } x�u[~ � � � ~ �-r m8n t and the
complex polebecomes� xu1��w*x�r � � � r } x�t-v� � � �-r } x�t t (11)

Thedesiredsystemis calculatedasq�r s t�u n r s t pr s�v � xHt r s�v/�� x�t (12)

The similar derivation for changinga zero
holds,however theconditionsfor m8n arein-
verse.

PhaseandGain margins areprintedin the
Bodediagram,when‘i’ is pressedonthekey-
board.They aregivenby�

gain
u	� ��� � ������ pq�r � w�t ���� ���� � �8� � �&� ���$� (13)

andandthephasemargin by�
phase

u	�@v � q�r � w�t ��� � �8� � �&� � �$� � (14)

2.3 Time Domain

The unit stepresponse� r   t is usedto illus-
tratethesystemresponsecharacteristicsin the
time-domain.Dependingonthesystem,three
characteristicscanbechangedinteractively in
thestep-response.They arethe initial value,
theinitial slopeandthesteadystategain ¡@¢*£ .

For the first two characteristicswe make
useof theinitial valuetheorem.Sincethestep
responseis the integral of the unit impulse
response,theinitial valueandtheinitial slope
canbedeterminedfrom� � ¤¥ ¦H§ � r   t�u[� � ¤¨ ¦H© q�r s t y � � ¤¥ ¦H§�ª� r   t�u«� � ¤¨ ¦H© s q�r s t �

(15)
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+

Figure3: Separationof termsof anon-strictly
propersystem

Thetransferfunctionfor a non-strictlyproper
systemwith ² u	³ , canbesplit in termsasq�r s t�u	¯ § vqµ´ r s t y (16)

with q ´ r s t�u�¶ ¬® �$� r ¯ ® ��° ® ¯ § t s ¬ ±
®

s ¬ v ¶ ¬� �$� ° � s ¬ ± � � (17)

which is schematicallyrepresentedin Figure
3. Theimpulseresponsefor suchasystemwill
be
¯ § timestheimpulseinputplustheimpulse

responseof
q ´ r s t

. Thereforetheslopeat
 �u�

is infinity. The slopeat
 µuU� ·

, however,
canbefoundas� � ¤¥ ¦H§ ¸ � r   t�u[� � ¤¨ ¦H© s qµ´ r s t � (18)

From (16) and(18) it canbeseenthat the
unit stepresponseof a systemwith ² u[³
hasaninitial valuegivenby

� � ¤ ¥ ¦H§ � r   t�u	¯ §
andan initial slopegivenby

� � ¤ ¥ ¦H§ ¸ ª� r   tau¯ � �a° � ¯ § . Forstrictlypropersystemswith
³�u² � p , the initial valuefor thestepresponse

will bezero,but theinitial slopeis calculated
as
� � ¤ ¥ ¦H§ � r   tfu¹� � ¤ ¨ ¦H© q�r s tfuº¯ § . For

systemswith ²Uo ³»� p , theinitial valueand
theinitial slopewill bezero,

� � ¤ ¥ ¦H§ � r   t�u¼�
and
� � ¤ ¥ ¦H§ ª� r   t�u	� .

The envelope ½ r   t for any propersystem¾ r s t
canbefoundby consideringtheinverse

Laplacetransform¿�r   t�u p��� �»À�Á · � ©Á ± � ©
¾ r s t Â ± ¥ ¨ Ã s

(19)



whichcanbesolvedusingtheresiduetheorem.
By summingtheresidueswith realexponent,
theenvelope Ä�Å Æ Ç of È�Å Æ Ç canbefoundas

Ä�Å Æ Ç*É	Ê@Ë*Ì@Í|ÎÏÐ Ñ$Ò8Ó Ô@Ó Õ Ö�× Ø Ù&Ú Û (20)

where

Ô É/Å Ü�ÝXÞ Ð Ç È�Å Ü Ç ßßß à Ñ Ð Ø á (21)

Thesteadystategaincanbefoundusingthe
FinalValueTheoremasshownin Equation(5).

With theabove relationsbetweenthecoef-
ficientsof thesystemtransferfunctionandthe
slopeandinitial value,new valuesfor thenu-
meratoranddenomenatorcanbe derived in-
teractively.

3 General Applications

Becauseit providesa graphicalinterfacefor
intuitive interaction,this MATLAB software
serves well for controlscourses. Concepts
like stability, gainandphasemargins,settling
andrisetimesareintegratedin onedesignstep.
Especiallyfor students,theeffect of interact-
ivetoolsfor controleducationhasbeenproved
to besuccessful[3].

Controller design specificationsfor clas-
sicalcontrol,poleplacement,modelreference,
optimal control, etc are applicationsfor this
tool. A time domainconstraintlike settling
timeor maximumvaluecanbeset,andtheset
of polesandzeroscanbederived.

As anapplicationof advancedcontrol, the
tool couldbeusedto shapetheD-scalingsthat
maybeusedtoboundtheSSVin thefrequency
domainduring the processof â -analysis[4].
In thesamefashionit couldbeusedto shape
filters of any shapeandorder. The software
canalsobereadilyextendedfor optimalcontol
designby addingindicationsof performance
indexes.

A minor modificationwill allow the soft-
wareto displaya Fourier transformof anar-
bitrarysignalin thefrequency graph,in order
for a designerto fit a frequency behaviour of
any kind interactively.

The size and accessibilityof the codeal-
lows any engineermakeothermodifications
to interactively designin theNyquistdomain
or theimpulseresponseaswell.

4 Conclusion

Effective useof numericaltools can help in
understandingsystems.The interactionwith
systemcharacteristicsandtheability toseethe
effectof changingcharacteristicsin thediffer-
entdomainsdynamicallycanenhancedesign-
ers’ decisionmaking.
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